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Ripples and dunes in a turbulent stream.
Part 1: Turbulent flow over a wavy bottom
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Using a second order turbulent closure, the turbulent flow over a wavy bottom is derived
as a systematic expansion with respect to the amplitude of the corrugation. The article
is focused on the analysis of the dynamical mechanisms controlling the different regions
of the flow. It aims also at calculating the shear and normal stresses applied to the
ground, which constitute key ingredients of the morphodynamics of ripples and dunes.
Amongst the non-linear effects, we investigate the relation between the geometry of the
bottom and the resulting hydrodynamical roughness. We also show that most of the
first non-linearities exert a negative feedback on the basal stress. Finally, we study the
influence of the presence of a free surface at distance from the ground comparable to
the bottom wavelength. Due to the resonance of gravity surface waves, the phase lag
between the shear stress and the bottom profile shifts downstream. This is a crucial
point to understand ripples and dunes instabilities, detailed in part 3.

1. Introduction

The formation of ripples and dunes at the surface of an erodible sand bed results from
the interplay between the relief, the flow and the sediment transport. The aim of this
article is to propose a coherent and detailed picture of the phenomenon in the important
case of a unidirectional turbulent stream. The first part is devoted to the study of the
stationary flow over a wavy rough bottom. In the second part we propose a common
theoretical description of the different modes of sediment transport. In the third and
last part, we revisit the linear instability of a flat sand bed submitted to a water shear
flow and show that, by contrast to that of ripples, the formation of sub-aqueous dunes
is non-linear and therefore cannot be described by a linear model.

It has long been recognised that the mechanism responsible for the formation and
growth of bedforms is related to the phase-lag between sediment transport and bed
elevation (Kennedy 1963, Reynolds 1965). It has been shown in the context of aeolian
dunes that this lag comes from two contributions, which can be considered as independent
as the time scale involved in the bed evolution is much slower than the hydrodynamics
relaxation (?, Kroy & al. 2002). First there is a shift between the bed and the basal
shear stress profiles, a shift which results from the hydrodynamics only. Its sign is
not obvious a priori and the stress maximum can be either upstream or downstream
the bed crest depending on the topography. The second contribution comes from the
transport: the sediment flux needs some time to adapt to some imposed shearing. This
relaxation mechanism induces a downstream lag of the flux with respect to the shear.
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FIGURE 1. Iso-velocity lines over a wavy bottom (data after Poggi et al. 2007). The fluid
is flowing from left to right along the z-axis. z is perpendicular. The bottom profile is
z = Z(x) = (cos(kx). In that experiment, the wavelength and amplitude of the bumps are
A =27/k =3.2m and ¢ = 0.08 m, for a water depth H = 0.6 m). The point of maximum shear
on the bump is located upstream the crest.

When the sum of these two contributions results in a maximum flux upstream the bed
crest, sediment deposition occurs on the bump, leading to an unstable situation and thus
to the amplification of the bedform. Conversely, when the phase-lag between transport
and bed profiles moves the maximum flux downstream the crest, the bump is eroded and
the bedform cannot grow. In this part 1, we shall focus on the first of these contributions,
the second one being treated in the part 2.

In order to obtain the basal shear stress and in particular its phase, we consider the
generic case of a turbulent flow over a fixed sinusoidal bottom of wavelength A (see figure 1
for an illustration of the geometry and for the main notations). In the viscous limit, the
hydrodynamics has been solved rigorously and analytically by Charru & Hinch 2000.
The turbulent case is more problematic as it requires the introduction of a turbulent
closure. The first attempts to model turbulence in this geometry have dealt with potential
flows (Kennedy 1963, Reynolds 1965, Parker 1975, Coleman & Fenton 2000), for which
the velocity field does not present any lag with respect to the boundary. The shallow-
water approximation (Gradowczyk 1970) implies that the ripples spread their influence
on the whole depth of the flow. However, patterns at small wavelength A only have
an influence within a vertical distance of the order of A from the boundary. It is then
crucial to compute the shape of the modes explicitly, taking into account the rotational
character of the flow (Engelund 1970, Smith 1970, Fredsge 1974).

We revisit the problem, following an approach initiated in four important articles. The
first is due to Jackson & Hunt 1975 who have analytically computed the shear stress
for asymptotically large patterns, in the absence of free surface. Richards 1980 used
a k-epsilon closure and investigated the presence of a free surface. In the context of
computational fluid dynamics, 7 have compared the influence of the closure scheme on
the linear flow over a relief. More recently, Colombini 2004, Colombini & Stocchino 2004
have computed numerically the flow over ripples and dunes using a Prandt] mixing length
closure. Experimental data as well as large eddy simulations of this type of flow are also
available (see e.g. Gong et al. 1996, Henn & Sykes 1999, Poggi et al. 2007).

Here, our goal is not to provide a new closure or a new computational technique —
except for the noticeable non-linear calculations, our modeling is very close in spirit to
that of Colombini 2004 — but rather to address new questions, or to revisit issues, related
to the development of ripples and dunes. What is the range of amplitudes in which the
linear approximation is quantitatively valid? How can we describe the separation of
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streamlines and the formation of a recirculation bubble in the lee sides of the bumps?
Is there a direct proportionality between the geometrical bottom roughness and the
hydrodynamical one? What is the physical origin of the phase lag between the bottom
shear stress and the relief? What is the effect of the corrugation amplitude on this phase?
What is the effect of the free surface? Is it responsible for a new instability, namely that
of dunes?

The article is structured as follows. In the next section, we derive a non-linear solution
for the structure of the turbulent flow just above the wavy bottom. In section 3, we study
the linear solution in the case of wavelengths much smaller than the flow depth. Section
4 is devoted to the derivation of the first non-linear corrections. We discuss in particular
the effect of the bottom corrugation on the apparent roughness far from the boundary.
Finally, we investigate the effect of the free surface in the case of wavelengths comparable
or larger than the flow depth (section 5) and derive a simple — analytically tractable —
friction force model whose results compare well with those of the full equations (section
6).

2. Surface layer
2.1. Turbulent flow over a uniform bottom

We consider the turbulent flow over a relief. Following the Reynolds decomposition
between average quantities and fluctuating ones (denoted with a prime), the equations
governing the mean velocity field u; can be written as:

Oyu; = 0, (2.1)
Dyu; = Oyu; + w;0ju; = —0;7i; — Oip, (2.2)

where 7;; = Tu; is the Reynolds stress tensor (?). For the sake of simplicity, we omit
the density factor p in front of the pressure p and the stress tensor. The aim of this
paper is to describe quantitatively the stationary flow (in a statistical sense) over a fixed
corrugated boundary within this framework.

The reference state is the homogeneous and steady flow over a flat bottom, submitted to
an imposed constant shear stress 7,, = —u2. This bottom is assumed to be characterised
by an hydrodynamical roughness zp. In the absence of transport, 2 is usually related
to the geometrical bottom roughness, i.e. to the grain diameter d or to the wavelength
and amplitude of the ripples, depending on the scale considered. It is precisely one
of the goals of the present paper to establish the connection between geometrical and
hydrodynamical roughness’. In the case of dunes, when the flow velocity is sufficiently
large to transport sediments, the negative feedback of the moving particles on the flow
modifies the velocity profile close to the bottom. We will detail the feedback mechanisms
and discuss the relation between the apparent roughness and the wind speed in the part
2. For now, zq is assumed to be a known parameter. In most of the relevant situations,
zp is larger than the viscous sublayer thickness. In this case, it is well known that the
velocity has a single non zero component along the x-axis, which increases logarithmically
with z (Tritton 1988):

Uy = 2 (1 + i) . (2.3)
K Z0

The velocity is assumed to vanish on the bottom (z = 0). We emphasize again that this
is still valid in the case of bed load transport, provided a redefinition of z = 0 and zg
(see part 2).
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This logarithmic profile is consistent with a first order turbulent closure between the
shear stress and the velocity gradient

Tor = —K2L?|0.uz|0- s, (2.4)

where the mixing length is L = z + 29 and & ~ 0.4 is the von Kédrmén constant. As
originally shown by Prandtl 1925, this results from dimensional analysis: as the turbulent
regime is characterised by the absence of any intrinsic length and time scales, the only
way to construct a diffusive flux is to take the velocity gradient |0,u,| as the relevant
mixing frequency and the geometrical distance to the bottom as the relevant mixing
length scale. Similarly, the normal stresses can be written as:
1
Tex = Tyy = Tzz — ngh (25)
= K2X2L2|0,u, %, (2.6)

where y is a second phenomenological constant estimated in the range 2.5 — 3. Note that
x does not have any influence on the results as it describes the isotropic component of
the Reynolds stress tensor, which can be absorbed into the pressure terms.

Introducing the strain rate tensor 4;; = 0;u; + d;u; and its squared modulus |¥|? =
%”’yijﬂ'yij, we can write the above expressions in a general tensorial form:

(1 o .
75 = k2L <§X2|”Y| 05 — ”Yij) . (2.7)

2.2. A second order turbulent closure

As already stated in the introduction, to solve quantitatively the ‘dune problem’; we
need to take correctly into account the effects inducing a phase shift between the stresses
and the relief. As a matter of fact, a first order closure assumes that the turbulent
energy adapts instantaneously to the mean strain tensor. To take into account the lag
between the stress and the strain tensors, one needs to formulate a second order turbulent
closure. The dynamical equations governing the second-order moments 7;;, can be derived
rigorously. Under the assumption of turbulence isotropy at the dissipative scale, it can
be written under the form:

2
DtTik = 6157_1’1@ + UjajTik = —Tkjajui — TijajUk - 6j¢ik — Tk — géik& (2.8)

€ is the dissipation rate; ¢, = wjujuj is the spatial flux of turbulent energy induced

by fluctuations; the pressure term 7;, = u} 0;p’ + u,0kp’ conserves energy and is usually
responsible for the isotropisation of fluctuations.

We wish also to keep a model sufficiently simple to allow for an analysis of the results
in term of dynamical mechanisms. Here, we simply assume that the stress tensor relaxes
towards its steady state expression prescribed by equation (2.7). Again, for dimensional
reasons, we write the relaxation rate under the form |y|/3, where g is a phenomenological
constant, and keep the mixing length L fixed by the geometrical distance to the wall.
The second moment equation then takes the form of a first order relaxation equation:

S SN o] § BCTTY DI TIYC R
DyTix = OrTik + ujOjTig = 3 kL 6z]§x 517 = 1% ) — 7| - (2.9)
Setting § = 0, one recovers the stationary solutions (2.7). A finite value of 3 introduces a
lag between a change of the flow velocity field and the point/time at which the Reynolds
stress readapts to this change.



2.3. Equations for 2D steady flows

In this paper, we focus on 2D steady situations, i.e. geometries invariant along the y-
direction, see figure 1. As they are of permanent use for the rest of the paper, we express
the components of the velocity and stress dynamical equations in the z and z directions.
The Navier-Stokes equations read:

Optiy + Oyu, = 0, (2.10)
uwamum + uzazum = —0xpP — aszz - awTwwa (211)
umamuz + uzazuz = _6zp - aszz - 6ITZ:E7 (212)

and the stress relaxation equations are the following:

=

uzamez + uzaszz = ﬁ [_H2L2|’.Y|;Y1Z - Tl‘z] 9 (213)
3 1

U Oy Tow + Uz s Tyy = % [—KﬁLQHHM + 552X2L2|7|2 - TM] , (2.14)
3 1

UpOyToz + 1,07, = % [—Kﬂszhzz + §f<o2x2L2|7|2 - Tzz] : (2.15)

In these expressions, the strain tensor components are given by
Vpz = Yoz = OxUg + Oy, Apz = 202u, and 4., = 20,u, = —Yuu, (2.16)
and the strain modulus by:

|/7/|2 = 2(amu;v)2 + 2(6zuz)2 + (azum + 6muz)2 = 4(amu;v)2 + (azuac + 8muz)2' (217)

2.4. Surface boundary layer

We first wish to solve the problem of the flow over the surface of the bottom under
the boundary layer assumption. For this, we consider a layer of typical depth ¢ above
the surface characterised by a typical horizontal scale A — later on, A will denote the
wavelength of the bottom corrugation and 2¢ its amplitude. The full dynamical equations
can be simplified in the limit (/A < 1. From the equation of continuity, we get the
relation between the orders of magnitude of the vertical and horizontal velocities:
_ ¢

O(uy) = X O(uyg). (2.18)
The shear rate thus goes like O(|Y]) = O(F.2) = O(us)/¢, and the anisotropy of the
normal strain rates as well as that of the normal stresses is negligible: O(%., — Yzz) =
O(uz)/N < O(]¥]). We introduce the notation o = p + 71/3 for the pressure. The
Navier-Stokes equations then simplify into

O.p=0 and 0Oyp+ 0.7, =0. (2.19)

The surface boundary layer is characterised by a unique dimensionless parameter A,
which compares the driving by the pressure gradient and that by the basal shear stress
Ty = |up|up:

_ 200zp
 fusfus

(2.20)

As seen in figure 2, a negative value of A corresponds to situations where the two driving
forces have opposite directions. As the pressure p does not depend on z, one can integrate
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(a) Schematic of the generic boundary layer entrained both by a shear stress 7

FIGURE 2.
and a pressure gradient d;p. When the two effects are antagonists, a recirculation zone may
appear close to the boundary. (b) Velocity vertical profiles for different values of the parameter A

comparing the shear stress and the pressure gradient effect (from left to right: —0.5, —0.1, 0, 0.2,
0.5 and 1). The curve A = 0 (dotted line) corresponds to the logarithmic case u, o< In (1 + z/20).
Note that the sign of the velocity changes for A < 0. The height at which the velocity vanishes

scales roughly as —1/A.

the above equation into:
. z
Tez = —|up|lup — 20,0 = —|up|up|s|s, with [s|]s=14+A4 - (2.21)
0

The convective terms of the shear stress relaxation equation (2.13) are smaller than the
right hand side terms by a factor ¢/A. As a consequence, the stress-strain relation reduces
to T4, = —,%2(2 + zo)2|ﬁ|%z, where z denotes the vertical distance to the floor. We then
get the differential equation:

0 2 A-1

Ol _ 2Up |y AT | (2.22)

0s K [s|]s+.A4—1

whose solution depends on the sign of s.
First case: s > 0 — The assumption of a positive s corresponds either to A > 0 or to

A < 0and Az/zy > —1. The velocity can be expressed as:
(2.23)

Ky  f° A-1
_/1 {1_702+A—1]d0'

2ub

Ky 1 s—vV1I—-A
=s5s—1+-vV1-Al
STty An<s+\/—1—AX1—x/1—A
VIt A2 -VI=A 1+\/1—A>

2ub
z 1
_ heaZ st
20 2 n<\/1+Az/z0+\/1—A Vi A

For A < 1 this immediately integrates into:
14+v1—
i A) (2.24)




Now, for A > 1 we get instead:

ﬂ:s—l—\/A—l[arctan

2.25
2ub ( )

s 1

- t JE—
VA-1 o \/ﬁ}
=V1+Az/zp—-1-VA-1 [arctan L+ Az/z —;{21/20 — arctan \/%1 .

Second case: s < 0 — The assumption of a negative s corresponds to A < 0 and
z > —zy/A. We thus have now to integrate

K T 1-A 0 A—-1
w1 e [ e e

which gives

Klg 1 Vi—-A+1 s
2Ub = S — 1 + V 1 _A _5 ln (m) — arctan m] (227)

1 (\/1—A+1> /1—0—./42/,20]
—In| ———— ) +arctany/ —————| .
2 VI—A-1 A-—

These vertical velocity profiles are displayed in figure 2(b) for different values of A.
The logarithmic case u,/up, = £~ 1In (14 2/z0) is recovered for A = 0. Interestingly,
this family of profiles allows for the possibility of recirculation when A is negative, i.e.
for a velocity which changes its sign. In practice, horizontal variations of pressure and
shear stress are generated by the presence of a bump. For example, as the velocity is
larger at the crests than in the troughs, there is a pressure gradient which is negative on
the stoss side and positive on the lee side of the bump. The separation of streamlines
and the formation of a recirculation bubble are commonly observed on the lee side of
obstacles, which is consistent with a negative value of A as the back flow corresponds to
up < 0. Field measures have already evidenced that the vertical velocity profiles along
dune surfaces is not well fitted by the logarithmic law (7). In particular, this makes
difficult the estimate of the basal shear stress from the average velocity profiles. Our
result suggests a simple way to overcome this problem by decomposing the flow field into

a succession of profiles parametrised by the basal shear velocity uy(x) but also by the
dimensionless number A(z).

=—y-1-Az/20—-1+V1-A

3. Unbounded turbulent boundary layer over a wavy bottom

We now consider the turbulent flow over a wavy bottom constituting the floor of an
unbounded boundary layer. In rivers, this corresponds to the limit of a flow depth H
much larger than the bed-form wavelength A. The solution is computed as a first order
linear correction to the flow over a uniform bottom, using the second order turbulent
closure previously introduced.

3.1. Linearised equations

For small enough amplitudes, we can consider a bottom profile of the form Z(z) =
¢ cos(kx) without loss of generality. A = 27 /k is the wavelength of the bottom and ¢ the
amplitude of the corrugation, see figure 1. The case of an arbitrary relief can be deduced
by a simple superposition of Fourier modes. We introduce the dimensionless variable
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1 = kz, the dimensionless roughness 1y = kzp and the function:

1 U
w(n) - In (1 + 770) (3.1)
We also switch to the standard complex number notation: Z(x) = (e’** (real parts of
expressions are understood).

We wish to perform the linear expansion of equations (2.10)-(2.17) with respect to the
small parameter k(. The mixing length is still defined as the geometrical distance to the
bottom: L = zp 4+ 2z — Z. We introduce the following notations for the first two orders:

Uy = Uy [p1+ k(eikmU} ; (3.2)
U, = ukCe™W, (3.3)
Taz = Top = —u [1+ kCe™S] (3.4)
1 .
P+ Tzz =po+ ui |:§X2 =+ kcelkzsn] ) (35)
1 _
Tzz = ui [§X2 + kcedmszz] ) (3-6)
1 ,
Tex = Ui |:§X2 + kCelkmSmm] . (37)

The quantities U, W, etc, are implicitly considered as functions of 7. An alternative
choice is to consider functions of the coordinate £ = n—kZ. Such alternative functions are
denoted with a tilde to make the distinction. This important — but somehow technical —
issue of the choice of a representation is discussed in appendix A. Although the curvilinear
and Cartesian systems of coordinates are equivalent, the distinction between the two is
of importance when it comes to the expression of the boundary conditions, and for the
range of amplitudes ¢ for which the linear analysis is no more valid (see section 4). In
particular, vertical profiles in the forthcoming figures will be mostly plotted as a function
of the shifted variable €.
The linearised strain rate tensor reads

Aoz = Vow = kit + u k2Ce™ (U 4 iW), (3.8)
Yoo = 2iuk?ZU, (3.9)
Yoz = 2u k2 ZW, (3.10)
9] = ezl (3.11)

and the stress relaxation equations can be simplified into

(1 +1Bp)S; = 2(U" +iW) — 2% (1 + o) ", (3.12)

2 2
(W' +iBp)Spe = =200 + (U +iW) = Xk, (3.13)

2 2
(W +ifp)S.. = —2W' + §x2(U/ +iW) — §X2H,ul2. (3.14)

Finally the Navier-Stokes equations lead to

W' = —iU, (3.15)
S; = il + p'W + Sy, +iSypz — 152, (3.16)

S! = —iW + iS,. (3.17)



Taking the difference of equations (3.13) and (3.14), one can compute
41U
Sez— Spe = —— 3.18
W+ iBu (3.18)

to obtain four closed equations:

U = —iW + Mst 4 Ii,u,/2

5 , (3.19)

W' = —iU, (3.20)
S) = (z + > U+ p'W +iS,, 3.21
S! = —iuW +iS;. (3.22)
(3.23)

Introducing the vector X = (U, W, S, Sp), we finally get at the first order in k¢ the
following compact form of the equation to integrate:

0 -, l/+2iﬁu 0 Ii,u/Q

d - oo —4 0 0 0 R 0

— X =PX+S, withP=]/. 4 , | and S = . (3.24)
0 i i 0 0

3.2. Resolution of the linearised equations

Four boundary conditions must be specified to solve equation (3.24): two on the ground
and two at infinity. Concerning the upper boundary condition, we impose that the
vertical fluxes of matter and momentum should vanish asymptotically. This means that,
for z — oo, the first order corrections to the shear stress and to the vertical velocity
must tend to zero: W(oco) = 0 and Si(oco) = 0. On the bottom, we require that both
components of the velocity vanish. This leads to W(0) = 0 and U(0) = —x/(0) =
—1/(km0).

The solution is a linear superposition of a particular solution X, and the two general
solutions Xt and )?n defined by:

. —1/(kno)
= . . . 0
p X =PXHS  with X0 = 0 : (3.25)
0
0
d o o . . 0
G Xi=PXewith o X0 = | (3.26)
0
0
d ” . - o
X =PXa with - %0 = | (3.27)
1

Writing the solution under the form X = XS + atX't + aan, the boundary conditions
on the bottom are automatically verified, and the top ones are encoded into algebraic
equations on the real and imaginary parts of a; and a,. In practice, the equations are
solved using a fourth order Runge-Kutta method. A boundary at finite height H (at
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ny = kH) is introduced at which we impose a null tangential stress S;(ng) = 0 and
vertical velocity W(ng) = 0. Then, we consider the limit H — +o0, i.e. when the
results become independent of H.

3.3. Alternative boundary conditions

This derivation presents two important limits. The first is practical and concerns its
numerical cost: indeed, one needs to resolve the inner length scale zy even for very large
values of \/z. The second is physical: the expression In (1 + z/2¢) is convenient but is an
accurate description of real flows only far from the boundary. This suggests to perform
an asymptotic matching between the physics valid at the scale zy and that valid at the
scale A. In the limit 179 — 0, one can expand the solution of equation (3.24) in powers
of n and In nﬂo For this purpose, one can make use of the surface layer approximation
developed in the previous section, replacing the variable z by the actual distance to the
bottom z — Z. The limit of small 7y corresponds to z — Z > zp, and the linearity
condition is satisfied if |A| (z — Z) < zp. Under these assumptions, the velocity profile
(2.24) is expressed at the first order as

uy, (A(n—kZ) n—kZ) up, n—kZ Orp
Uy ~ — + In =—1In + —kZ). 3.28
K < 219 Mo K Mo 2kk|up| ( ) ( )
In terms of S; and S,,, we express u, and 0, as
u? = u? [1+ kCe™*®S8,(0)] and .9 =i u? k*Ce™*® S, (0), (3.29)
so that u, reads
. S:(0) 1 15, (0)
_ ikx t o n
Uy = Uy [u(n) + ke ( 5 w(n) s t— )| (3.30)
where
1. n , 1
~ —In— and ~— 3.31
pln) ~ — 0 p'(n) p (3.31)

corresponds to the function given in (3.1) in the limit ny < 7. Altogether we finally get
the following expression of the modes:

S,(0)  n  iS,0) 1

U(n)=71n%+7n—ﬁ—n, (3.32)
~iS,(0) n S, (0) i n

Si(n) = Si(0) +i5n(0)n, (3.34)

Sn(n) = Sn(0) (3.35)

In this limit, the general solution of the linear equations (3.24) can be decomposed
over four modes:

p? /4 (/2 1 in/ (2r)
= 1 —inp/2 —in n°/(4k) >
X ~a +a +a . +a ) + X,
n—0"" 1 : 1 S oinpn) “1oin
—n?p? /4 in —n” pu(n) 1

(3.36)
where X s is the particular solution of equation (3.25). The next terms in this expansion
are O(n In? %), which means that these expressions are excellent as soon as 7 is smaller
than 1, whatever the value of 7.

The alternative boundary condition thus corresponds to a selection of two of the four
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FIGURE 3. Vertical profiles of the first order corrections to velocities and stresses for 1o = 104
and = 0. £ = n — kZ is the distance to the soil rescaled by the wavenumber. In all panels,
the solid lines represent the real parts of the functions, whereas the dashed lines represent the
imaginary ones. We note S;(0) = A +iB and S, (0) = C + iD. Close to the boundary, for
&€ < 1072, a zone of constant shear stress can be observed, which corresponds to the logarithmic
zone. It is embedded into a larger layer of constant pressure (§ < 1071) in which the shear
stress varies linearly. Above this layer, all quantities decrease over one wavelength.

asymptotic behaviours: a3 = 0, aa = S¢(0), a3 = 0 and ay = S,(0). It allows to
solve the two problems risen above. First, in the limit of small 7y, these asymptotic
expansions leads accurately to the same solutions and can be used to speed up the
numerical integration of (3.24). As a matter of fact, one can start the Runge-Kutta
algorithm at an initial value of 1 much larger than 7y (it should verify nln? n% < 1).
Second, it is important to compare the solutions obtained with one or the other boundary
condition. In the range of parameters for which they collapse, the details of the processes
responsible for the hydrodynamic roughness can be safely ignored.
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FIGURE 4. Flow streamlines above a wavy bottom (see appendix ?7). The flow direction is from
left to right. Note the left-right asymmetry of the streamlines around the bump and the presence
of a recirculation in the trough. The thick line in the top right corner shows the positions that
maximises the velocity along a streamline.
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FIGURE 5. Vertical profiles of the first order correction to the horizontal velocity for no = 107*
and 8 = 0. The solid lines correspond to the real part and the dashed line to the imaginary
one. (a) and (b) focus on the upper region, where the behaviour of the flow is that of a
potential flow (exponential decrease, long dashed line). The frictional boundary layer above the
bottom is shown in the semi-logarithmic plot (¢). The thin lines represent the boundary layer
approximation close to the bottom: the frictional layer extends roughly up to n = 10~ 2.

3.4. Results

The velocity and stress profiles resulting from the integration of equation (3.24) are
displayed in figure 3 for the case 8 = 0. Looking at panels (c¢) and (d), one can see a region
close to the bottom where the stresses remain constant. These plateaus correspond to a
boundary layer in which the flow is locally that of a uniform bottom, as computed above.
Away from the bottom, all profiles tend to zero, so that one recovers the undisturbed
flow field (2.3). The shape of these modes are very consistent with the work of ?, which
means that the precise choice of the turbulent closure is only quantitatively important.
In order to visualize the effect of the bottom corrugation on the flow, the flow stream-
lines are displayed in figure 4 (see appendix ?? for explanations about their computation).
It can be observed that the velocity gradient is larger on the crest than in the troughs
as the streamlines are closer to each other. The flow is disturbed over a vertical distance
comparable to the wavelength. A more subtle piece of information concerns the position
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FIGURE 6. Coefficients A, B, C and D as a function of 1790 = kzo. These plots show the de-
pendence of the basal shear and normal stresses with the number of decades separating the
wavelength A from the soil roughness zp, for a given bump aspect ratio. The solid line corre-
sponds to the regularised base flow = £~ In(1 4 1/m0) and the dotted line to the asymptotic
matching with the surface layer (i.e. to u = k= "In(n/no). The results are very close to each
other for n9 < 1072, The dashed lines represent the analytical formula deduced from Jackson
& Hunt work (Jackson & Hunt 1975, Kroy & al. 2002). They all agree well at very small 7no.

along each streamline at which the velocity is maximum. These points are displayed on
the right corner of figure 4. Away from the bottom, they are aligned above the crest
of the bump. Very close to it, however, they are shifted upstream. In other words, the
fluid velocity is in phase with the bottom in the upper part of the flow, but not in the
surface layer where the basal shear stress is exerted. This asymmetry of the flow can be
also seen, comparing the streamlines up and down stream the bump: they are closer to
each other on the stoss face.

An inspection of the velocity profile evidences two distinct regions (see figure 5(a)-
(c)). First there is a region above the bottom ( > 107!), where the profile decreases
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FIGURE 7. Effect of the parameter 3 on the vertical profiles, here exemplified with the horizontal
component of the velocity U=U+ ' for o = 107", 3 is a non dimensional parameter encoding
the time lag between a change in the strain rate and that of the Reynolds stress. The three
panels (a), (b) and (c) are for 3 = 0, 3 = 1 and 8 = 10 respectively. One can see that the
profiles develop oscillations as ( increases, but that the behaviour close to the bottom (in log
scale) remains the same. In panels (d) and (e), we plot the coefficients A, B, C' and D wvs 3
(still for no = 1074). They are weakly affected, meaning again that the behaviour close to the
bottom is almost unchanged.

exponentially with 7 (figure 5(b)). Seeking for asymptotlc solutions decreasing as e~ 7",
one has to solve the eigenvalue problem PX = —0X for asymptotically large values of
1. At the two leading orders, the decrease rate o is given by:

2i (0" + 1) yk? + (0 — 1) 1nnﬁ —0. (3.37)
0
The asymptotic behaviour is an oscillatory relaxation corresponding to o = (1 414)/v/2.
However, the observed decrease corresponds to the intermediate asymptotic regime n <
In io for which the solution is ¢ = 1. This behaviour is reminiscent from that of a
potential flow.

In contrast, very close to the bottom, the profile matches very well the asymptotic
expression (3.32) computed in the frictional surface boundary layer approximation (thin
lines in figure 5(c)). This zone is responsible for the asymmetry of the flow as well as
the upstream shift of the maximum velocity discussed above. Let us emphasize again
that this is the physical key point for the formation of dunes. One can understand the
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reason of the phase shift with the following qualitative argument. Consider the perfect
flow around a symmetric bump. The streamlines are symmetrical too, as the flow is
solely controlled by the balance between inertia and the pressure gradient induced by
the presence of the bump. A a consequence, the velocity is maximum at the crest. Now,
inside the frictional layer close to the bottom, this flow must be slowed down. Due to
inertia, the velocity needs some time to re-adapt to a change of shear stress. Thus, the
shear stress is always phase-advanced with respect to the velocity. Focusing on the region
of matching between the external and surface layers, one concludes that the shear stress
is phase-advanced with respect to the bump. This can be rephrased from a geometrical
point of view. The stream function measures the flow discharge between the floor and a
given height. As the frictional surface layer is introduced, the streamlines computed for
a perfect flow must be moved up in response to the slowing down of the fluid. Because
this process is more pronounced for a larger stress, and taking into account the inertia of
the fluid, the streamlines must be moved up more downstream the crest than upstream.
As a result, the point at which the streamlines are squeezed the most is shifted upstream.

As mentioned in the introduction, we are especially interested in the shear stress and
pressure distributions on the bottom. We note 5',5(0) = A+iB and S’n(O) =C +iD.
The upstream shift of the basal shear stress with respect to the bottom profile then
corresponds to a positive coefficient B. The four coefficients A, B, C' and D are displayed
as a function of 7y in figure 6. Their overall dependence with 7y is weak, meaning that
the turbulent flow around an obstacle is mostly scale invariant. More precisely, following
Jackson & Hunt’s work (Jackson & Hunt 1975, Kroy & al. 2002), it has been shown that,
for asymptotically small 79, one expects logarithmic dependencies:

_ I (#*/no)* n (¢?/Ing)°
2(In ¢)? 2(lng)*

where Euler’s constant is vz ~ 0.577, ¢ is defined by the equation ¢ln¢ = 2xk2® and
with ® = 7/(2n9). Note that A tends to 2 at ny = 0, as expected from a simple Bernoulli
argument. These expressions agree well with our numerical results for very small 7.
For realistic values of 79 however, e.g. 107% < 19 < 1072, this approximation cannot be
accurately used as it leads to errors of order one — note that Jackson & Hunt expressions
tend to diverge. For 19 < 1073, the results are fairly robust with respect to the physics
at the scale of zy. Indeed, the curves obtained starting from a base flow of the form
p=r"1In(l 4+ n/no) and p = k= In(n/no) are close to each other. However, one sees
significant differences for 17y > 1072,

The normal stress coefficients C' and D are much more robust to the details of the
model. In the limit of a perfect flow, the pressure varies as the square of the velocity.
Here, one needs to consider the velocity at the scale A of the perturbation, say u.u, where
the logarithmic factor u should be evaluated for n of order unity. From this, we predict
that the pressure coefficient C' should scale as the square of Inng (a parabola in figure 6),
which is very accurately verified. More precisely, C' = [u(1/4)]? is an almost perfect
approximation. Finally, it can be observed that the normal stress is also phase-shifted
upstream with respect to the bottom profile. The coefficent D is positive and found to
vary linearly with In7q.

Lastly in figure 7, we show the effect of the parameter 5. We recall that 8 encodes
the time lag between an increase of the mean shear strain rate and the corresponding re-
adjusment of the fluctuations of the shear stress. From dimensional analysis, we expect
to be of order one. As expected for inertial effects in a relaxation process, finite values of
[ generate oscillations in the vertical profiles of the velocities and stresses. The example

(1+1n¢+21ng+4”y;3) and B=r (3.38)
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FIGURE 8. Vertical profiles of the homogeneous second order corrections Uy (a) and Sio (b).
These curves have been computed with 179 = 2.1075. Up tends towards a negative constant
value —F at large €. Notice also that, close to the bottom, Sio has a constant value, reminiscent
of the surface boundary layer.

of the horizontal velocity is displayed in the panels (a), (b) and (c¢). The amplitude and
the frequency of these oscillations increase with (. Interestingly, these oscillations do
not affect much the behaviour of the modes close to the bottom. As a consequence, the
coefficients A, B, C' and D are weakly affected by 3, see panels (d) and (e). As expected,
this dynamical mechanism induces a downstream phase shift of the shear stress: the
value of B decreases as [ increases.

4. Weakly non-linear expansion

In this section we investigate the non-linear effects at finite values of the bottom
corrugation amplitude (. In particular, we wish to address two issues: first, can one
relate the hydrodynamic roughness to geometrical quantities; second, can we aim to
describe with a weakly non-linear theory, the separation of streamlines, the formation of
a recirculation bubble and their effect on the basal stress coefficients A, B, C' and D.
These results will be used in the third part of this paper, to determine the equilibrium
height of dunes.

4.1. Ezxpansion in amplitude

We perform an expansion with respect to the bottom corrugation amplitude up to ¢3
and introduce non-dimensional functions for the different orders:

Uy = Uy [+ (k)™ Uy + (k) Uo + (k¢)*e* Uy + (k¢)*e™™Us]

w. = uy [(KQ)e™ Wy + (kC)*Wo + (k()?* Wy + (k()Pe™ W5,

Toz = —tl [14 (kQ)e™ Sp + (kQ)*Sio + (kC)?*™ S + (k¢)e™ i3]
P+ T2z = po + ul [(kQ)e™ Sn1 4 (kC)?Sno + (kC)?€* 7 Spna + (k)%™ Sys]
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FIGURE 9. (a) Vertical profiles of the homogeneous component of the velocity u + (k¢)?Up for
k¢ =0, k¢ = 0.2 and k¢ = 0.3. The extrapolation to 0 of the upper part of the curves gives the
value of the apparent roughness z,. (b) Coefficient F as a function of n9. For a given aspect
ratio kC of the bottom corrugation, z, increases with E. Thus, the apparent roughness gets
larger as the separation between the wavelength A and the bottom roughness 2y increases.

oz — Tow = U2 [(KQ)e™ Sa1 + (k¢)?Sao + (kC)?e*™ Sgg + (k¢)e™ Sus] . (4.5)

The non-linear effects result from the expansion of the mixing length (terms in (k¢)?) and
from the self-interaction of the linear perturbations: in particular, the combination of
terms (k()e’*® generates second order terms in (k¢)2. All functions are complex, except
p and those related to the second order homogeneous corrections (index 0).

Although the principle of the expansion in amplitude is simple, the actual calculations

are painful, and the technical details have been gathered in appendix B. In summary,
one obtains a linear hierarchy of linear equations:
C%Xa =PoXa + Sa, (4.6)
where Xa = (Ua, Wa, Stas Sna).  Of course, P; and gl are the matrix and vector of
expression (3.24) — for simplicity we set § = 0 in this section. We have P3 = Py, Po is
slightly different and Py is very simple:

0 —i 40
Py =P ! v 47
1 =Ps (w+§) 0 : (4.7)
0 —pi o1 0
—2i 0000
= d Po= 48
P 2(w+§) w02 |0 ™= 0000 (48)
0 —2ui 2i 0 0000

All the heaviness of the method is in the expression of the right hand terms S.: the
components of such vectors at a given order depend on the lower order functions X o and
their derivatives. The integration has thus to follow the hierarchy of the equations, one
order after the other.
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4.2. Boundary conditions

Some boundary conditions must be specified in order to perform the integrations. As
before, both components of the velocity should vanish on the bottom z = Z. These con-
ditions express easily in the shifted representation, i.e. written in terms of the curvilinear
coordinates (see appendix A): they simply read U,(0) = 0 and W,(0) = 0. In terms of
the Cartesian functions, we get:

U1(0) = =4/ (0), (4.9)
Uo(0) = — 4" (0) ~ 3 (0) — 51'(0) [Su (0) + 57 (0)], (1.10)
U(0) = 3" (0) — 5wn(0) = 1(0)S01(0), (4.11)
Us(0) = — " (0) + 212/(0) — SK2(0) = 2 [1/(0) + 25 (0)] [250a(0) + 57 (0)]
s (0)501(0) [S1a(0) + 2557, (0)] — 14 (0) 2570 (0) + 55, (0)]
—1(0) [250(0) + S:2(0)], (4.12)
and
W1(0) =0, (4.13)
Wo(0) =0, (4.14)
Wa(0) = —1(0), (115)
W5(0) = — 1" (0) — 2 wp(0) — 21t'(0) 2501 (0) + 571 (0)]. (4.16)

Asi in { the previous section, for each order, the solution is a linear superposition of the
form: Xa = Xsa + ame + a,ana, where the different vectors are solutions of the
following equations:

Ua(0)
d - L .
4 R = PuXun+ 5, with K0y = | VO | (4.17)
dn 0
0
0
4% = PuX ith X)) = | (4.18)
d"] ta — NaMta w1 ta - 1 ) .
0
0
9 %= PuX ith  Xua(0)= | Y (4.19
d’[] no — « no w1 na( ) - O * )
1

For the top boundary conditions, we introduce a lid at finite height H, impose Sto(nm) =
0 and W, (ny) = 0, and look at the limit H — 400, i.e. when the results become inde-
pendent of H. These conditions lead to two equations on as, and a,,, whose solutions
give S;4(0) and Sy, (0) respectively.
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FIGURE 10. Vertical profiles of the third order corrections to the stresses: 5}3 (a) and S'n3
(b). The solid lines represent the real parts of the functions, whereas the dashed lines repre-
sent the imaginary ones. These curves have been computed with 7o = 2.107®. Notice again
the surface boundary layer where the stresses are constant. We note gtg(O) = A3 + 1B3 and

Sn3(0) = C3 + iD3. Note that both A3 and Bs are negative.

4.3. Results

We first consider the corrections to the homogeneous base solution (index 0). The cor-
responding velocity profile Uy and shear stress profile Sy are displayed in figure 8. The
component in ¢2 of the velocity decreases continuously from z ~ 2y to z ~ A and tends
towards a negative constant —F far from the ground. Correspondingly, the shear stress
decreases and tends to 0 far from the ground, as requested. The calculation thus predicts
an increase of the turbulent drag (i.e. of the basal shear stress) with the corrugation am-
plitude, due to the non-linearities. In terms of the velocity profile, this corresponds to
an increase of the apparent roughness z, of the surface, defined by:

Uy ~ B2, (4.20)

K Za

Identifying the expressions far from the ground, we get:
Inz, = Inz + k(k()*E, (4.21)

As a consequence, z, increases with £ and with the aspect ratio k(. For the seek of illus-
tration, several vertical profiles of the homogeneous part of the velocity p + (k¢ )2U0 are
plotted in figure 9(a) for different values of k(. z, is the extrapolation of the asymptotic
part of the curves to vanishing velocities. Interestingly, the hydrodynamic roughness z,
cannot be related to a single geometrical length (e.g. to the corrugation amplitude ()
only. In particular, we predict that the macroscopic roughness z, associated to a wavy
surface still depends on the microscopic roughness zg: as shown in figure 9(b), for a given
aspect ratio, the apparent roughness z, gets larger as ny gets smaller.

The first non-linear corrections to the harmonic terms scale on ¢3. In figure 10, we
show the horizontal and vertical stress profiles. As in the first order case, there exists a
boundary layer close to the bottom where the stresses are almost constant. As requested,
both components vanish far from the ground. We note S;3(0) = As + iBs and S,,3(0) =
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F1GURE 11. Third order stress coefficients Az, B3, C3 and D3 as a function 79. Comparing
the signs with those of A = A1, B = By, C = Cy and D = Dy, it can be inferred that the
non-linearities oppose the linear effects. In particular, as the amplitude increases, the point of
maximum shear stress drifts downstream: B + Bs C2 decreases.

C3 + iD3 the shear and normal stresses acting on the boundary. These coefficients are
plotted as a function of 7y in figure 11. Both A3 and Bj are negative while A = A; and
B = By are positive, which means that the first non-linearities oppose the linear effects.
We will show in part 3 of this article that this is responsible for the selection of the dune
height. Note as from now that the upstream phase shift of the shear stress disappear
when B + (k¢)?Bs = 0, when the aspect ratio of relief 2¢/\ is of the order of 1/10. This
corresponds nicely to the aspect ratio of dunes. More generally, whatever the quantity
on which the analysis is done, one observes that the non-linearities start playing a role
of order one when k(¢ is of the order of 1/4.

5. Effect of a free surface

In this section, we investigate the effect of the additional presence of a free surface
at a finite distance H to the bottom. This situation is relevant for the study of ripples
and dunes on the bed of rivers (see part 3 of this article). We follow the outline of the
section 3, stay with linear calculations, and keep also to two-dimensional situations.

5.1. River equilibrium

In the case of a river inclined at an angle 6 to the horizontal, the shear stress must
balance gravity. It thus varies linearly as 7., = g(z — H)sin# and vanishes at the free
surface. By definition of the shear velocity w., we also write 7., = u2(z/H — 1). In the
context of a mixing length approach to describe turbulence, this length should vanish at
the free surface. For the sake of simplicity, we take L = (z + 29)+/1 — z/H. This choice
results in a base flow that is logarithmic as in the unbounded situation:

Uy = 2 (1+i). (5.1)
K

This is consistent with field and experimental observations. The stress balance equation
along the z-axis allows to get the pressure, which reads:

2

p—l—Tzz:po—l—g(H—z)cosH:po—l—ts;e (1—%). (5.2)
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We define the Froude number as the ratio of the surface velocity to the velocity of gravity
surface waves (in the case of a flat bottom):

1wy H 1 H
F=——In(l4+4— | =—In(14 — | Vsin6. 5.3
\/gHﬁn<+ZO) Hn<+2’0> o (53)

The Froude number can be quite large for sloppy rivers. Take care that F is in general
small for large natural rivers, as they flow on very small slopes.

5.2. Disturbances

In the same manner as in section 3, we consider now a wavy bottom Z = (e**. We note
again n = kz and ng = kH. We write the first order corrections to the base flow as

Uy = Uy [+ k(eikmU} , (5.4)
U, = ukCeFTW, (5.5)
Tez = Tzx = _Ui |:1 - i + kgeikmst] ) (56)
NH
P+ T2 =po+ ’U,i |: <1 - i) + kcemwsn] , (57)
tan 6 Ny

where the function 4 is still defined by the relation (3.1). The free surface is also disturbed
and we denote H + A(x) the flow depth at the position x. The modified expression for
the mixing length then reads

[H+A—-2

Linearising the free surface profile as A(z) = 6Ce?*?, one can expand L to the first order

as
- 1 1
KL= (n+m0)y /1 — {1 k(e | —— = — 5 —— T | L. (5.9)
NH n+mno  2nm QH%(l_L)

nNH

The shear stress relaxation as well as the Navier-Stokes equations can be linearised in
the same way as before, and we finally get at the first order in Z a system of differential
equations which can be written under the following form:

d — — — —
d—nx =PX +5+3S;, (5.10)
with
0 —i— B W +iBu 0
P=l , 0 0 0, (5.11)
, .
0 — e 1 0
/ _ ny’
ST i (1-7)
S = 0 , and Sj= 0 (5.12)
0 0
0 0
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FIGURE 12. A and B as functions of ng for F = 0.9 and H/zo = 10* (solid line) or H/z = 10"
(dotted line). In the right part of the plots, the curves collapse on the shape displayed in panels
(a) and (b) of figure 6. They differ at smaller 79, showing a resonance peak and a divergence
at o — 0. This graph clearly shows the distinction between the hydrodynamics of ripples, that
are not influenced by the free surface, and dunes, dominated by the free surface effect.

5.3. Resolution of the linearised equations

Again, making use of the linearity of the equations, we seek the solution under the form
X =Xy + @t Xy + a, X, + 0Xs, where the vector X is solution of equation:

d - L. .
—Xs =PXs5+Ss with X5(0) =

p (5.13)

OO OO

while X, X; and X, are still solutions of equations (3.25)-(3.27). The bottom boundary
conditions U(0) = —1/(kno) and W (0) = 0 are then automatically satisfied. At the free
surface, we impose the material nature of the surface, W(ng) = ip(ng)d, and vanishing
stresses: S¢(nm) = d/ng and S, (ng) = 6/(nmg tan ). These last three conditions select
the coefficients a; and a, as well as the value of §. Finally note that the analytical
approximation of the solution close to the bottom in the limit 9 — 0 is the same as in
the unbounded case — it does not depend on the position of the upper boundary — and
expressions (3.32)-(3.35) are thus still correct in the limit H > zo.
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FIGURE 13. Velocity profiles for kH = 1.65 (a)-(b), and kH = 0.03 (c), with H/z = 10*.
The solid lines represent the real part of the modes, and the dotted lines the imaginary ones.
(a) and (b) show the very same profile, but with a logarithmic scale in (a) to emphasize the
region close to the bottom. The thin lines in (a) and (c) represent the asymptotic surface layer
approximation. Those in (b) correspond to a sum of an increasing and a decreasing exponential
of the form exp(£n) (as for a potential flow).
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FIGURE 14. (a) Streamlines of a flow over a sinusoidal bottom close to the free surface resonance
conditions (¢ = 7/2). The flow is from left to right. Note the squeezing of the lines downstream
the crest of the bump. Amplitude (b) and phase (c) of the free surface as a function of kH for
F = 0.8. The peak in amplitude and the phase shift from 0 to m correspond to the resonance.
The two schematics illustrate the situations in phase or in phase opposition.
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FIGURE 15. The phase (a) and amplitude (b) of the rescaled free surface deformation 6 = A/¢
as a function of kH for F — 0 (dotted dashed line), F = 0.2 (dashed line), F = 0.4 (thin solid
line), F = 0.6 (long dashed line), F = 0.8 (dotted line) and F = 1 (solid line), and H/zo = 10°.
Crossing the resonance, the phase shifts from 0 to 7. (c¢) and (d), same for the friction force
analytical model.

5.4. Results

In order to shed light on the role of the free surface, we have plotted A and B as functions
of np in figure 12. For large enough wave-number k (small enough wavelength \), one
recovers the plots of the panels (a) and (b) of figure 6, independently of H/zy. This
means that for a bottom wavelength much smaller than the flow depth H (e.g. for sub-
aqueous ripples), the free surface has a marginal effect and the results of section 3 apply.
For smaller g however, the curves exhibit a peak, whose position depends on the value of
H/zp, followed by a diverging behaviour when 79 — 0. As discussed below, these peaks
can be ascribed to a resonance effect with the free surface, meaning that the proper scale
is now H and not zp. As the ratio A\/H is the key parameter separating ripples from
dunes, we shall turn extensively in part 3 to this point.

Velocity profiles for different values of kH are plotted in figure 13. For kH of order
one, as for the unbounded case the flow can be thought of as being divided into two
regions: close to the ground where it can be described by the frictional surface layer
approximation, and away from the bottom where it behaves like a potential flow. In
the latter case, the modes can be decomposed into the sum of decreasing and increasing
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exponentials e*". For smaller values of kH, the potential flow-like region progressively
vanishes and the whole flow is controlled by the frictional zone (figure 13(c)).

We display the phase and amplitude of the free surface as a function of kH in fig-
ure 14(b-¢). The sharp phase shift as well as the amplitude peak are typical of a reso-
nance effect. For kH larger than the resonance value, the bottom and the surface are
in phase. For smaller kH, they are in phase opposition. The streamlines in figure 14(a)
have precisely been computed for ¢ = /2. Interestingly, the streamlines are squeezed
downstream to the crest at the resonance.

The precise value of kH at which the resonance occurs depends on the Froude number.
¢ and |4| are displayed in figure 15 for different values of F. One can see that a larger
Froude number gives resonating conditions for smaller values of kH, with a larger peak in
amplitude. For very small F, the phase curve is more complicated, with an overall shift
of w/2. But note that this corresponds to a vanishing amplitude §. For kH — 0, the free
surface amplitude seems to converge to some finite value, but the phase slowly goes back
to 0. This gentle crossover is indeed expected at very large wavelengths with respect to
the water depth, for which the free surface must follow the bottom topography.

The basal shear stress and pressure and subsequently the coefficients A, B, C' and D
are modified by the presence of the free surface when kH is of order one and below. In
figure 16, the coeflicients are plotted vs kH for different values of the Froude number. One
can see that these resonance peaks are more pronounced for larger F — they are actually
not visible when F is too small. In agreement with the streamlines of figure 14(a), which
shows a squeezing downstream the bump crest, the peak of B is negative, corresponding
to a phase delay of the stress with respect to the bottom. Furthermore, the curves
corresponding to the presence of a rigid lid at the same height H do not exhibit these
peaks. Finally, the diverging behaviour of B as kH — 0 is also a free surface effect as,
in the same limit, B reaches a plateau in case of a rigid top boundary.

6. A friction force closure

In order to get a better physical understanding of the role of the free surface, we now
derive an analytical approximation of the flow field, starting from a very crude turbulent
closure. We will show that the properties are interestingly close to those of the above
full equations.

6.1. Reference state

We start from the Navier-Stokes equations for a perfect flow, with an additional turbulent
friction term as an approximation of the stress derivatives:

Opty + Oru, = 0, (6.1)

UgOptly + U0, = —0rp + gsinf — Q%ﬂum, (6.2)
2Uy

Uy Optl, + U, 0,u, = —0,p — gcosf — Qﬁuz, (6.3)

where 7 is identified below as the mean flow velocity. Physically, the force applied to a
fluid particle is directly related to the relative velocity with respect to the ground. At
an angle 0, the following plug flow is an homogeneous solution of the above equations:

n- /oo, (6.4

: (6.5)

Ug

Il
o

Uy
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FIGURE 16. A, B, C and D as functions of kH, for F = 0.1 (dotted dashed line), F = 0.8
(dotted line) and F = 1 (solid line). The dashed lines correspond to a rigid boundary at the
same height H. The plots have been computed for H/zy = 10°. Comparing a free surface to a
rigid boundary condition (or to the case H < \), it can be inferred that the hydrodynamics is
controlled by the surface waves. In particular, the resonance leads to a drop of the shear stress
component B i.e. to a downstream shift of the point of maximum shear stress.)

p=gcost(H — z). (6.6)

In order to estimate the value of the friction coefficient, one can make use of the fact
that typical turbulent velocity vertical profiles are logarithmic. However, as the logarithm
varies slowly when z is much larger than zo, we write 7 ~ 4 fOHdz Ug(2) ~ 2= (ln % - 1).

2
*

Identifying the shear stress on the bottom as w
relation (6.4)

= gHsinf, we finally get with the
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For H/zy in the range 103-10%, we get a typical value for  of the order of few 1073, We
now normalize quantities by @ and H and get a single non-dimensional (Froude) number:
u
F=—. 6.8
v/gH cosf (6.8)

6.2. Disturbance

The starting equations can be linearised around the above reference state. Looking a the
flow over a corrugated bottom Z(x) = (e*® it is easy to show that the solution is of the
following form

Uy =0 + akCe™ [—aret® +a_eF], (6.9)
u, = uik(e™™ [aie" +a_e 7], (6.10)

Ceilm

p=gcosO(H — z) +u*(kH — i29) [are? —a_e ], (6.11)

where a4 and a_ must be determined by the boundary conditions. This exponential
form is characteristic of potential flows.

6.3. Boundary conditions

We require that the velocity normal to the bottom vanishes. Following the notations of
the previous sections, we define A such that the free surface is at the altitude H + A. It
is a material line where the pressure vanishes. The three boundary conditions are then:

u.(z = 0) = iukCe™, (6.12)
u.(z = H) = iudk(e™*?, (6.13)
-2
u ikx
pz=H) = e 5Cetk (6.14)

where we, as before, § is defined as A(x) = 6Ce?*®. The constants ay and a_, as well as
¢ are thus solution of

ay +a_ =1, (6.15)
are fa_e P = ¢, (6.16)
0
kH —kH
_— . == .1
dre s mase (kH — i2Q)F2’ (6.17)
from which we get:

kH —i2Q)tanh kH — 2

=1 {1 _ (bH — 20) tant ’”] , (6.18)
2 (kH —i2%) — = tanh kH
kH —i2Q)tanh kH — 25

o =1 {1+ (RH - %) o 7”] . (6.19)
2 (kH —i2%) — = tanh kH

6.4. Basal shear stress and pressure

The shear stress is not part of the variables of this model, but we can consistently define
it as 7 = —Qu2. Looking at the shear stress 7, and normal stress p, on the bottom, in
accordance with the notations of the previous sections of the paper, we introduce the
coefficients A, B, C and D as

7, = —Qu? [1 + (A + iB)k¢e™ ], (6.20)
py = gH cos 6 + Qu*(C + iD)k¢e™®, (6.21)
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FI1GURE 17. Values of the coefficients A, B, C' and D predicted by the friction force model as
functions of kH, for F = 0.1 (dotted dashed line), 7 = 0.8 (dotted line) and F =1 (solid line).
These plots have been computed with H/zg = 103.

which gives

[(KH)? +49% + 1] tanh kH — % kH[tanh® KH + 1]

A=2 4 : (6.22)
(kH — % tanh kH)” + 402
2 j—
B 2_(; [tanh* kH 12] 7 (6.23)
F2 (kH — 2 tanh kH)~ + 402
1 208
C=:5 <—A - ﬁ) : (6.24)
1 204
D=5s (—B - ﬁ) : (6.25)

6.5. Results

These coefficients are plotted as a function of kH in figure 17 for different values of the
Froude number. One can notice the presence of the resonance peaks corresponding to
the condition: F2kH = tanh kH. As the hyperbolic tangent is approximately equal to 1
as soon as kH is of the order of unity, one immediately gets that the resonant condition
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is for

(kH )yos ~ (6.26)

1
F2
This approximation is in good agreement with the solutions of the full equations and
gives (kH )yes between 1 and 20 for Froude numbers in the range 0.2-1. Furthermore, the
phase and amplitude of the surface are displayed in figure 15(c)-(d), bearing a remarkable
quantitative resemblance with the panels (a) and (b). Boundary conditions corresponding
to a rigid lid instead of a free surface at height H are obtained by setting ¢ to 0 in equation
(6.16) and removing equation (6.17) as the pressure would not then be imposed any more.
As a result, the solution would be independent of the Froude number with no possibility
of generating a peak.

The behaviour of A, B, C' and D at small kH (below the resonance condition) can
be also analyzed within this simple model. For kH — 0, but still with kH (and thus
1/F?) larger than Q, we get A < 1/(kH) and B « —1/(kH)?. Similarly, C o< 1/(kH)?
and D oc 1/(kH)?. These scalings again fit fairly well the solutions of the full equations.
For values of kH even smaller than €, however, we get that A o kH, B and D tend to
constants and C' diverges like 1/(kH), which are this time specific to the model.

Finally, it is worth noting that the friction force model predicts negative values of B for
any kH. This means that there is always a phase delay of the shear stress with respect
to the bottom, which is a clear disagreement with the full solution (see figure 16(b)).
In particular, as will be detailed in the part 3, it cannot describe the ripples primary
instability, which is related to an upstream phase shift of the shear stress. In order to fix
this flaw, one would need to empirically introduce an imaginary part to 2. Finally, this
discrepancy shows that a precise description of the phase between the basal friction and
the relief is a subtle and difficult issue that fully justify the use of a rigourous but heavy
formalism.

7. Conclusion
7.1. Summary of the results

The part 1 of this article is focused on the analysis of a turbulent flow over a wavy bot-
tom. The hydrodynamical equations were closed with a second order turbulent closure.
Close to the bottom, the full non-linear solution has been derived. When the local shear
stress and pressure gradient are antagonist, recirculating flows are obtained. Away from
the boundary, we have performed a systematic expansion of the equations with respect
to the amplitude of the bottom corrugation ¢, up to the third order. We were particu-
larly interested in the basal shear stress profiles, and in the calculation of the phase-lag
between the shear and the topography. We found that the bottom corrugation has a
negative non-linear feedback on the shear. We also showed that it increases the appar-
ent hydrodynamical roughness. Finally, we study the influence of the presence of a free
surface in the situation where the water depth is comparable to the bottom wavelength.
We evidenced that, due to the resonance of gravity surface waves, the phase-lag between
the shear stress and the bottom profile shifts downstream around kH ~ 1/F?2. A second
shift is observed when kH < 1/F?2. These effects have been recovered within a simple
friction force model as a crude stress closure, for which analytical expressions of the linear
solution of the flow can be derived.

7.2. Towards sediment transport and ripples and dunes formation

The results of this work will serve as inputs in the modeling of sediment transport as well
as the understanding of ripples and dunes instabilities. These issues are discussed in the
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parts 2 and 3 respectively. In particular, we shall study the relation between the shear
stress and the transport, and the corresponding phase-lag between the two. Another
important point is the effect of the feedback of transport on the flow. Does it result in
a new bottom boundary condition for the flow as suggested by Colombini 20047 Does
transport lubricate or increase friction with the bed? With precise hydrodynamical and
transport models at hand, one can investigate the mechanisms controlling the formation
of sub-aqueous ripples and dunes. Is the dune instability associated to a new destabilizing
mechanism induced by the free surface as proposed by Richards 1980 or Colombini 2004,
Colombini & Stocchino 20047 What controls the ripple or dune wavelength? We shall
see in the part 3 that regions of negative B correspond to stable bedform wavelength.
Finally, our non-linear results will make possible the study of the amplitude selection of
the bedforms.

The fundamental reason for the upstream shift of the maximum shear stress was medi-
tated with Brad Murray. This work has benefited from the support of the french minister
of research with an ‘ACI Jeunes Chercheurs’. We thank 1'Eouvé for hospitality, where
part of this paper was written.

Appendix A. Representation of the disturbances
A.1. Linear order
Recall that Z(x) = (e™** is the bottom profile whose wavelength is A\ = 27/k, and

n = kz the dimensionless vertical coordinate. At the linear order, we write all the
relevant quantities under the form:

f=F0) +k¢e™ fi(n). (A1)
An alternative is to use the curvilinear coordinates £ = n — kZ and write the field f as:
F=F(©) +k¢e™ fi(©). (A2)

We call these expressions respectively the ‘non-shifted” and ‘shifted’ representations of
f. They lead to the same linearised equations as they are related to each other at the
linear order by

A=h+T. (A3)
In practice, this is especially relevant for U, for which f = p is not constant: U=U+ wis
the shifted representation of the first order correction to the horizontal velocity. However,

W=W,S5 =5, and S, = S,,. Importantly, note that the range in 1 for which these
two representations are valid is not the same a priori.

A.2. Representations for the non-linear expansion

All fields are expanded up to the third order in k(, neglecting also non-harmonic terms

in (k¢ )3eii3kf’3. Non-shifted representation of the streamwise velocity:
Z—j = u(n) + (k)™ U1(n) + (k¢)*Uo(n) + (k¢)*e* ™ Uz(n) + (k¢)*e™Us(n).  (A4)
Shifted representation of the same quantity:
== u(€) + (KO T (€) + (k) To(€) + (2>  Un(€) + ()P ™ Ts(€). (A D)

U
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Expanding the functions f,(n—FkCe™®*) with respect to kC, one can relate a representation
to the other as:

U1201—,u/, (A6>
- 1 1 - -

UO = U() + Z’u// — Z(U{ + U{*), (A 7)
- 1 1~

U2:U2+ZILLN—§U{, (AS)

U :U _1 ///_U/_EU/_Flﬁ//_i_lU//* (AQ)

3 3 8'“ 07 5Y2 T M g 1 -

Conversely:

[71 =U; + ,u/, (A 10)

. 1 1

U0:U0+Z/LN+1(U{+U{*>, (All)

. 1 1

U2:U2+Z/LH+§U{, (A12)

[7 U 1 " 1 " 1 1% / 1 4

3= 3+§,u + ZUI +§U1 +U0+§U2- (A13)

The passage from a representation to the other for the other fields works the same, except
that there is no zeroth order (function p) in the expressions.

Appendix B. Stream function

To compute the streamlines, we introduce the so-called stream function ¥(x, z), defined
by 0¥ /0x = —u, and 0¥ /9z = u,. This function is such that - V¥ = 0, so that the iso-
contours ¥ = Cst precisely show the streamlines. Using the continuity equation (2.10),
it is easy to show that a solution is ¥ = [dZu,. This integral is computed between
Z = Z (the bottom) and Z = z. Noting that U =W’ (equation (3.20)), we end up with

= % (n—kZ) [(n — kZ) = 1] + k¢Ce™™ [iW (n — kZ) + p(n — kZ)] } . (B1)

In the situation with a free surface, one can use the following representation for the
field f:
F ikx [ : z—Z
=10+ k™ fi(§), with {= TN 7
This curvilinear variable £ vanishes on the bottom 2z = Z, and § = ny at the surface
z = H + A. The new function f; is related to those of the non-shifted representation f
and f; as:

(B2)

Fo=n©+(1+6-05) o), ®3)

For f = u,, we have f = 1 and f; = U = iWW’. Consequently, the new stream function
is

wrs =52 elute) - 1+ ke (9 + o)+ G- DLE L

One can check that the free surface is indeed a streamline itself, as one of the top boundary
conditions is W (ng) = ip(nm)d.
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Appendix C. Weakly non-linear calculations

Definition of the different functions involved in the expansion:

Uy = uy [+ (k)™ UL + (kC)?Uo + (kC)2e*™ U, + (k¢)3e™* Us] (C1)
u, = u, [(kQ)e™ Wy + (k¢)2e* M Wa + (kC)3e™ W3] (C2)
Toe = —u2 [1+ (kQ)e™ Sy + (k)2 Sio + (kC)?e** Sio + (kC)*e™™ Sy3] , (C3)
P+ Tee = po + 2 [(kQ)e™ Sny + (kC)*Sno + (kC)?€®* Spa + (kC)*e™ Sps] , (C 4)
Toz — Tow = U2 [(KQ)e™ Sa1 + (k¢)*Sao + (kC)?e*™ Sag + (k¢)e™ Sus] . (C5)
Expansion of the mixing length:
R = 1 = 20+ B0+ B (ke (o)
Expansion of the strain tensor components:
Yoo = 2 ((kQ)e™ iU + (kC)2e**2iUs + (kC)*e™iUs3) | (C7)
Yoz = —Yaz, (C8)
Yoz = '+ (KQ)e™ (U] +iWh) + (kQ)?Ug + (k()*e*™ (U + 2iW5)
+ (kQ)*e™ (Ug + iW3), (C9)

which gives for the strain modulus:

. ik - %1% ik i Uz
1= 0+ (U 4 i3) + (02 |05+ L5 | (reypees o+ 2ivw, - 1|

U,Uy U? AU U
D@ +iw) + (ot —iwn) + 2] (e

+ (k¢)3eth® [Ug +iWs3 —
and then

LY = 4+ (b [Ww{ LW - 24

2,/ *
5 | K21 K . R 1 U,U7
+ (k¢) { 5 ——2M,(U{+U{ +1W1—1W1)+F(U{)+ 7

2,/ 2
2 2ikx | FTH K . 1 . Ul

k2 UL (2U; — U
+ (k¢)3eike [% (U + U + 2iW, — W) — 5 (2U{) PC et YY) L D U, + 2iW2)

1 . U, Uy ) U? o rrrs 4UTUs
t o (U§,+2W3 - 7(U{ +iWi) + E U —iWy) + — : (C11)
Expressions of the different functions corresponding to the normal stresses 7,, — Ty,

4i

Sa1 = —Un, (€12)
I

Sao = e (UL (U} —iW5) — UF (U] +iWh)) + 2ik(UF — Uy), (C13)
8i 2i ;. .

Sd2:_,U2+_/2U1(U1 +’LW1)—4ZKJU1, (014)
I It
4i 44 e ) L9 » ([ —

Sas = —Us + U (UT* —iWY) — 8ikUs + ik (2U7 — UY) + —= U7 U5 (C15)

; W 113
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+ 7([]{ +ZW1)(U1 - Ul) - 7U1(U{ — ZWl) + FUlU() — FUl (Ué + 2ZW2).

Expressions of the different S

H‘u/2
5 0
Si=1o | (C16)
0
2 /3
—= = g UL+ W)U —iWY)
. + S UL+ U +iWh — W) — U UT
So=10 : (C17)
(WU + WiDY)
(LW = Ui W)
S (U 4 W) 4 kil (Uf + W) + 5 U
3 0
52 = - , C18
? WU + 5U7 + 535U (U] +iWh) — 8kUL (C18)
0
26p'Uo + §ULQ2UF = Un) + kil (U + 2iWs) — FUUs
— WL+ W) [~ £ (U] + 207 + W1 = 20W7) + 2 U]
— B —iWP) [ + (U + 2i)|
= 0
5= iUy + LULUT + UiWh + WU + SWaUT (C19)
+ ?UQ(U{* —iWy) = 8kUs + K21/ (2U = UY) + s UFUT
+ (UL + W) (UF = Uh) = 50U = iW7) + e Uh U
— 22 UT (Us + 2iWs)

—iUgW1 — EWLUT + LU, Wy
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