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We have recently developed some simple continuum models of static granular media which display
“fragile” behavior: They predict that the medium is unable to support certain types of infinitesimal
load (which we call “incompatible” load$ without plastic rearrangement. We argue that a fragile
description may be appropriate when the mechanical integrity of the medium arises adaptively, in
response to a load, through an internal jamming process. We hypothesize that a network of force
chains(or “granular skeleton’} evolves until it can just support the applied load, at which point it
comes to rest; it then remains intact so long as no incompatible load is applied. Our fragile models
exhibits unusual mechanical responses involving hyperbolic equations for stress propagation along
fixed characteristics through the material. These characteristics represent force chains; their
arrangement expressly depends on the construction history. Thus, for example, we predict a large
difference in the stress pattern beneath two conical piles of sand, one poured from a point source and

one created by sieving. @999 American Institute of Physid$§1054-15009)00303-]

Granular materials are microscopically heterogenous.
Despite this, it is natural to search for continuum models
that can describe their static and dynamic behavior. The
problem of granular statics implicitly requires knowledge
of the construction history of the medium. At the micro-
scopic scale, the construction history determines exactly
where every grain is, and how it has been deformed from
its original shape. Given this information, the micro-
scopic forces follow from the local contact mechanics. But
such a microscopic description of granular materials is,
in practical terms, impossible and unlikely to be a useful
guide to their macroscopic behavior. For example it is
often assumed that if elasticity governs the local contact
mechanics, the continuum behavior of the assembly as a
whole must be elastic. This may be unjustified: the phys-
ics of the granular assembly involves additional, strongly
nonlinear physics—namely, whether each contact is actu-
ally present or not. If, as we believe, the contact network
is an adaptive structure that has organized itself to sup-
port the specific load applied during construction, it may
obey continuum equations quite unlike those of conven-
tional elastic or elastoplastic media.

I. INTRODUCTION

chanics of a Hookean elastic soljderhaps with a very high
modulug. But this implicitly assumes that each granular con-
tact is capable equally of supporting tensile as compressive
loads. For a cohesionless medium this is certainly untrue:
Cohesionless granular assemblies are therefore not €elastic.
The question is not one of principle, but of degree—how
important is the prohibition of tensile forces? This is not
completely clear; some would arduhat it represents a neg-
ligible effect and that an elastic model remains basically
sound, so long as the mean stresses in the material remain
compressive everywhere. However, a fully elastic granular
assembly would be one in which grains were, effectively,
glued permanently to their neighbors on first contact. Be-
cause the packing is microscopically disordered, it is pos-
sible that, during subsequent loadiagignificant fractionof

such contacts would become tensile, even if the load being
applied remains everywhere compressiveaverage If so,

the absence of tensile forces is a major, even dominant, fac-
tor.

Notice that the absence of tensile forces is a distinct
physical effect from the one addressed by most elastoplastic
continuum theories of granular mediaee, e.g., Ref.)3
These are like elastic models, but they allow for the fact that
the ratio of shear and normal forces at a contact cannot ex-
ceed a fixed value determined by a coefficient of static fric-
tion; this is usually assumed to translate to a similar condi-

In this paper we consider assemblies of cohesionlesgy, on the bulk stress components acting across any plane.
rough particles, whose rigidity is sufficient that individual 1hg yesylting plasticity is similar to that arising in metals, for
particle deformations remain always small. Such assemblieg,ample, and not related to the prohibition of tensile forces:
are sometimes argued to be governed by the continuum Mgy 4lies equally for cohesive contacts. Of course, in apply-
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ing such theories to cohesionless media one should assume
that the mean stresses are everywhere compressive: How-
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crete particles, not unrelated to our own approaches, which
yield continuum equations quite unlike those of
elastoplasticity>~1® More recently, dynamicahypoplastic
continuum models have been develofedhich, as ex-
plained by Gudehd8 describe an “anelastic behavior with-
out [the] elastic range, flow conditions and flow rules of
elastoplasticity.” Our own models, though not explicitly dy-
namic, are similarly anelastic in a specific manner that we
describe as fragile.

In Sec. Il below, we describe a generic “jamming”
mechanism for the construction of a granular skeleton that,
we argue, points toward fragile mechanical behavior. This
scenario is related, but not identical, to several other current
ideas in the literature on granular medifat’'°-?These in-
clude the emergence of rigidity by successive buckling of
force chaing' and the concept of mechanical percolattén.
FIG. 1. (a) Granular skeleton in two-dimensional frictional hard spheres by_In partI_CUIar there is a strong link bet\/\_/een fraglle_ medla and
F. Radjaiet al. (Ref. § (Figure courtesy of F. Radjai(b) The jamming  iSoOstatic models of granular assemblit® In an isostatic
transition in a sheared colloid. The data are from a computer simulation of metwork, the requirement of force balance at the nodes is
hard sphere coI_IoidaI syspension@#0.54 which has peen strained m enough to determine all the forces acting, so these can be
=0.22. Shown in the figure aranly those spheres which have come into. . 1ated without reference to a strain or displacement vari-
very close contact£10 > radiug with at least one neighbor. As seen from . . . A
the figure, the contact geometry is strongly anisotropic and suggests th@bl€. Isostatic networks require a mean coordination number
formation of “force chains” running top left to bottom rightThe simula-  with a specific critical valueZ= 2d with d the dimension of
tion is by J. Melrose, Cavendish Laboratory; the figure is courtesy of)him. spacg. In this sense, isostatic contact networks are “excep-
tional,” and may appear remote from real granular materials.

However, it is increasingly cle&t?® that almost all dis-
ordered packings dfictionlessspheres actually approach an
that individual contact forces aml compressive as is actu- isostatic statg in lthe rigid.part.icle limit. Sinc&_a friction is ig-
ally required. nore(_j, there is still a mlssmgllmk be_tween thls result and the

These considerations suggest a physically very differenphysics of real granular media—a link provided by the con-
picture of granular media, already well developed and reC€Pt of force chains, as we show beldec. 11B. More
spected in the sphere of discrete modefiifyin this picture, generally, the |Qea that the'granular_skeleton. could engineer
nonlinear physics is dominant, and the contact network ofitself to malntaln an isostatic or fragllg statell.s closelyzzcon—
grains is always liable to reorganize as loads are applied: It i§€cted with the concepts of self-organized criticalBpQ
an “adaptive structure® The contact network defines a (S€€ also Ref. 27 The concepts provide a generic mecha-
loadbearing granular skeleton shown in Figa)l This is  NiSm whereby an overdamped dynamical system under ex-

often thought of as a network of “force chains,” or roughly ternal forcing can come to re_st at_a margi_nally sta(bh%t_i-
linear chains of strong particle contacts, alongside which th&2) State. In the SOC scenario, this state is characterized by
other grains play a relatively minor role in the transmissionh'eramh'cal (fractal) correlations and large noise effects

of stres<® If these ideas are true, the continuum mechanicéCOmpare Fig. @)]. In this article we ignore these compli-
of the material has to be thought about afresh. Since thigations and describe only our minimalist, noise-free models

widely accepted picture of force chains implies a microscopi®f the granular skeleton; these represent, in effect, regular

cally heterogeneous character of the contact network in th@'mays of force chains. The effect of noise on the resulting
material, it is not necessarily obvious that a continuum deSOntinuum equations is of great interest, but these require a
scription of it is possible at all. However, we have in recentS€Parate discussion, which is made elsewfité.
years developed continuum models for granular material§. COLLOIDS, JAMMING, AND FRAGILE MATTER
which, we now believe, do capture some of the physics 01;\ Colloids
force chains, and of their geometrical dependence on the-
construction history. This interpretation, which has evolved  We start by describing a simple model of jamming in a
significantly beyond the empiricism of our early wdrfiis  colloid, sheared between parallel platBsThis is the sim-
developed below. plest plausible scenario in which an adaptive skeleton forms
The proposal that granular assemblies under gravity carin response to an applied load; we believe it sheds much light
not properly be described by the ideas of conventional elasn the related problem of dry granular media as discussed in
toplasticity has been opprobriously dismissed in some quarSec. Il below. We will first use it to illustrate some general
ters: We stand accused of ignoring all that is “long andideas on the relationship between jamming and fragility.
widely known] among geotechnical engineéPsHowever, Consider a concentrated colloidal suspension of hard
we are not the first to put forward such a subversive proparticles, confined between parallel plates at fixed separation,
posal. Indeed workers such as Trollbband Harf? have to which a shear stress is appli¢Higs. 1b) and 2a)].

long ago developed ideas of force transfer rules among disAbove a certain threshold of stress, this system exhibits en-

ever, as emphasized above, this constrdimgs notensure
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sure tensomp;; (defined asp;j=—oj;, with oy; the usual
stress tens@must obey
p|]:P5|]+A ninj. (1)

HereP is an isotropic fluid pressure, ard >0) a compres-
sive stress carried by the force chains.

FIG. 2. (8) A jammed colloid(schematig. Black: force chains; gray: Other B, Jamming and fragile matter
force-bearing particles; white: Spectato(ts). Idealized rectangular network
of force chains. Equation(1) defines a material that is mechanically very

unusual. It permits static equilibrium only so long as the
applied compression is alormg while this remains true, in-

. . o gremental loadgan increase or decrease in stresses at fixed
ters a regime of strong shear thickening; see, e.g., Ref. 2c'om ression axis of the stress tensman be accommodated
The effect can be observed in the kitchen, by stirring a con- P

centrated suspension of corn-starch with a spoon. In fac{eversmly, by what i%at the particle contact scalan elastic

. . . . hechanism. But the material is certainly not an ordinary
computer simulations suggest that, at least under certain ide;_ . s . i

. . i - eélastic body, for if instead one tries to shear the sample in a
alized conditions, the material will jam completely and cease

to flow, no matter how long the stress is maintaif@dh slightly d|fferenFd|recppr(causmg arotatlon_of the prmqpal
. . . ) stress axesstatic equilibrium cannot be maintained without
these simulations, jamming apparently occurs because th . . : . .
. . . . changing the directon. Now, n describes the orientation of
particles form force chaiffsalong the compressional direc- . ; ;
. : ) . ..~ aset of force chains that pick their ways through a dense sea
tion [Fig. 4(b)]. Even for spherical particles the lubrication . . . i
. . ) . . of spectator particles. Accordingly cannot simply rotate;
films cannot prevent direct interparticle contacts; once these

: ; ; Ihstead, the existing force chains must be abandoned and
arise, an array or network of force chains can indeed support

the shear stress indefinitelWe ignore Brownian motion, new ones created with a slightly different orientation. This

here and below, as do the simulations; this could cause thentalls dissipative, plastic, .reorganlzatmp, as .the particles
: T start to move but then re-jam in a configuration that can
jammed state to have finite lifetime. ;
. . . _support the new load. The entire contact network has to re-
To model the jammed state, we start from a simple ide- . o
. S . . construct itself to adapt to the new load conditions; within
alization of a force chain: A linear string of at least three

- . . . . . . the model, this is true even if the compression direction is
rigid particles in point contact. Crucially, this chain can only PR

. o ) . rotated only by an infinitesimal amount.
support loadslong its own axigFig. 3@ ]: Successive con- . L . .

. . . Our model jammed colloid is thus an idealized example
tacts must be collinear, with the forces along the line of

contacts, to prevent torques on particles within the chain. of fragile matter: It can statically support applied shear

Note that neither friction at the contacts, nor particle aspher_stresses(wnhln some rangg but only by virtue of a self-

. - - . . organized internal structure, whose mechanical properties
ity, can change this “longitudinal force” rulg/Particle de- : . . )

. . have evolved directly in response to the load itself. Its incre-
formability, however, does matter; see Sec. Il C bejow.

As a minimal model of the jammed colloid, we there- mental response can be elastic onlyctompatibleloads;in-

fore, take an assembly of such force chains, characterized bcompanbleloads(m this case, those of a different compres-

. . . . Yon axig, even if small, will cause finite, plastic
a unique director(a headless unit vectom, in a sea of A . . ) .

. Y : ; : . ._reorganizations. The inability to elastically suppsoimein-
spectator” particles, and incompressible solvent. This is_. . ~_ . : T
) Sl . . finitesimal loads is our chosen technical definition of the
obviously oversimplified, for we ignore completely any in- . 16
) ; . tErm fragile:
teractions between chains, the deflections caused by wea : . .
) . . . We argue that jamming may leagknerically to me-
interactions with the spectator particles, and the fact that . o . i .
. X . chanical fragility, at least in systems with overdamped inter-
there must be some spread in the orientation of the force : s .

. . . nal dynamics. Such a system is likely to arrests as soon as it
chains themselves. Nonetheless, with these assumptions, in e i )

: o . : can support the external load; since the load is only just
static equilibrium and with no body forces acting, the pres- )

supported, one expects the state to be only marginally stable.
Any incompatible perturbations then force rearrangement;
this will leave the system in a newly jammed by the
same argumeiequally fragile state. This scenario is related,
but not identical, to several other ideas in the
literature!”19-2The link between jamming and fragility is
schematically illustrated in Fig. 4.

Now consider again the idealized jammed colloid of
[Fig. 2@]. So far we allowed for an external stress field
(imposed by the platgsbut no body forces. What body
forces can the system suppaevithout plastic rotation of the

FIG. 3. (a) A force chain of hard particle@ny shapgcan statically support director? Various models are possible One is to assume that
only longitudinal compression. Note that neither friction at the contacts, nor ’ )

particle aspherity, can change this “longitudinal force” rulb) Finite de- _Eq- (1) Continu_es to gpply, Wit_”P(r) andA(r) now \_/arying
formability allows small transverse loads to arise. in space. IfP is a simple fluid pressure, a localized body
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tion number describes the skeleton, rather than the medium

as a whole; but otherwise it is the same rule as applies for
Elastic Solid packings offrictionless hard spheres. These also obey the
LFR—not because of force chains, but because there is no
friction. Regular packings of frictionless spheréshich
show isostatic mechanicshave been studied in detail
recently>**2% and Moukarzel has argued that disordered
frictionless packings of hard spheres are also generically
. fragile?® (see also Ref. 25 These arguments appear to de-
© pend only on the LFR and the absence of tensile forces, so
they should, if correct, equally apply to any granular skeleton
that is made of force chains of three or more completely rigid
FIG. 4. Schematic “phase diagram” of a jamming system. If, as load orParticles.
density is increaseddashed arroyy the granular skeleton arrests on first
being able to support the applied load, it can remain indefinitely on theC Fixed principal axis model
“marginal manifold” separating conventional solids from liquidlike pack- ~* €d principal axis mode
ings. Incompatible loads will move the system to another point on the same
manifold.

Load

Density

Returning to the simple model of E@2), the chosen
values of the three directordwo in d=2) clearly should
depend on how the system came to be jamrtied“con-
struction history”). If it jammed in response to a constant

force can be supported only if it acts alongThus(as in a  external stress, switched on suddenly at some earlier time,

bulk fluid) no static Green function exists for a general bodygne can argue that the history is specified purely by the stress
force. [Note that, since Eq(l) is already written as a con- tensor itself. In this case, if one director points along the
tinuum equation, such a Green function would describe thenzjor compression axis then by symmetry any others should
response to a load that is localized in space but nonethelegg at right angles to ifFig. 2b)]. Applying a similar argu-
acts on many particles in some mesoscopic neighborfioodment to the intermediate axis leads to the ansatz that all three

For example, if the particles in Fig.(@ were to become girectors lie along principal stress axes; this is perhaps the

subject to a gravitational force along then the existing  simplest model ird=3. One version of this argument links

force chains could not sustain this but would reorganize. Apforce chains with the fabric tensdf,which is then taken
plying the longitudinal force rule, the new shape is easilycoaxial with the stres$(The fabric tensor is the second mo-
found to be a catenary, as realized by Hodkand empha-  ment of the orientational distribution function for contacts
sized by Edward$? On the other hand, a general body force andjor interparticle forcek.

can be supported, in three dimensions, if there are several \yjith the ansatz of perpendicular directors as just de-

different orientations of force chain, possibly forming a net-scribed, Eq.(2) becomes a “fixed principle axes(FPA)

work or granular skeletofr.>*” A minimal model for this is  model®®13 Although grossly oversimplified, this leads to

2) nontrivial predictions for the jammed state in the colloidal

) ] ] problem, such as a constant ratio of the shear and normal

with n,m,| directors along three nonparallel populations of ¢tresses when these are varied in the jammed regime. Such

force chains; the\’'s are compressive pressures acting alongconstancy is indeed reported by L&Brn the regime of

these. Body forces cause, ;3 to vary in space. strong shear thickening: see Ref. 16.
We can thus distinguish two levels of fragility, accord-

ing to whether incompatible loads include localized body
forces[bulk fragility, e.g., Eq.(1)], or are limited to forces lll. GRANULAR MATERIALS

pij:Al ninj+A2mimj+A3|i|j,

acting at the boundarjboundaryfragility, e.g., Eq.(2)]. In We believe that these simple ideas on jamming and fra-
disordered systems one should also distinguish betweegility in colloids are equally relevant to cohesionless, dry
macro-fragile responses involving changes in tireanori-  granular media constructed from hard frictional particles. For

entation of force chains, and the micro-fragile responses adlthough the formation of dry granular aggregates under
individual contacts. We expect micro-fragility in granular gravity is not normally described in terms of jamming, it is a
materials(see Ref. 2, although the models discussed here,closely related process. Indeed, the filling of silos and the
which exclude randomness, are only macro-fragile; in pracmotion of a piston in a cylinder of grains both exhibit jam-
tice the distinction may become blurred. In any case, theseing and stick-slip phenomena associated with force chains;
various types of fragility should not be associated toosee Ref. 31. And, just as in a jammed colloid, the mechanical
strongly with minimal models such as Ed4) and(2). Itis  integrity of a sandpile entirely disappears as soon as the load
clear that many granular skeletons have a complex networkn this case gravityis removed.
structure where many more than three directions of force In the granular context, a model like E@) can be in-
chains exist. Such a network may nonetheless be fragile. terpreted by saying that a fragile granular skeleton of force
Fragility in fact requires any connected granular skeletorchains is laid down at the time when particles are first buried
of force chains, obeying the longitudinal force r@ld-R), to  at a free surfacésee Fig. %; so long as subsequent loadings
have a mean coordination numbet 2d with d dimension are compatible with this structure, the skeleton will remain
of space{e.g., Fig. 2Zb) in two dimension$ This coordina- intact—if not grain by grain, then at least in its average prop-
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Poing Source where B=1. Herez,r, and y are cylindrical polar coordi-
nates, withz the downward vertical. We take=0 as a sym-
r metry axis, so thatr, = o,,=0; g is the force of gravity per
h unit volume;oy; is the usual stress tensor which is symmetric
in i,j. The equations fod=2 are obtained by setting
; . =0 in Egs.(3) and (4) and suppressing E@5). These de-
| HO 3N scribe a wedge of constant cross section and infinite extent in
G the third dimension.
: The Coulomb law states that, at any point in a cohesion-
Vo o) P Yo | AP ; less granular medium, the shear force acting across any plane
4 must be smaller in magnitude than tartimes the compres-
=(m/2- )2

sive normal force. Her@ is the angle of friction, a material
z parameter which, in simple models, is equal to the angle of
repose. We accept this here, while noting thatp in prin-
FIG. 5. Definition of | ruction historv of a pile. Th sl ciple depends on the textufer fabric) of the medium and
. 2. Deftinition or normal construction nistory ot a pile. e grains 1a . . . .. . . .
down from the point source on the pile and roll down the slopes, which arf!'ence on its construction hIStOM) fora hlghly anisotropic

at the repose anglé. The height of this pile i#1(t). Sketch of the geom- Packing, the existence of an orientation-independgnis
etry of the FPA model: The stress ellipsoid has fixed inclination awglés guestionablejiii) the identification of¢ with the repose

ellipticity varies from zero at the center of the pile to a maximum in the gngle ignores some complications such as the Bagnold hys-

outer region. The outward and inward stress propagation characteristics . . . .
indicated by short-dashed and long-dashed lines; these are at right angjt%reSIS effect(which may in tum be coupled to density

and coincident with the principal axed of the stress ellipsoid. changes Setting these to one side, we note that the Cou-
lomb law is aninequality Therefore, when combined with
stress continuity, it cannot lead to closed equations for the
erties. If in addition the skeleton is rectilinegrerpendicular granular stresses. To close the system of equations, further
directors this forces the principal axes to maintain foreVerassumptions are clearly required. One choice is to assume
the orientation they had close to the free surfdB®A  that the material is an elastic continuum wherever it does not
mode). However, we do not insist on this last property andyjip|ate the Coulomb conditior(This is the simplest possible
other models, which correspond to an oblique family of di-type of elastoplastic modglA second choice it to treat the
rectors in Eq.(2), will be described below:">*° Coulomb condition as though it were aquality. This is the
In what follows we review in more detail the nature of pasis of the so-called “rigid plastic” approach to granular

our fragile models and the role they might play within a media. We return to both of these modeling schemes after
continuum mechanical description of granular media. Wesjrst describing our own approach.

will mainly be concerned with thetandard sandpilewhich

we define to be a conical pile, constructed by pouring cohe1. constitutive relations among stresses
sionless hard grains from a point source onto a perfectly
rough, rigid support as shown in Fig. 5. We assume that this. . . S o )
construction leads to a series of shallow surface avalanch%%g'd particles held up by friction. The stafic indeterminacy

whereby all grains have come to rest, at the point of burial, fnctlpnalhforces tcan, Wef argue,lthert; btet (;!rcum\lletpted by
very close to the free surface of the pil@/ery different assuming the existence ot some locahstituive retations

conditions may apply fovedgesof sand; see Ref. 15An (c.r.’s) among components of the stress ter/s8iThe c.r.’s
alternative history is thsieved pile which is a cone created among siress components are taken to encode the network of

by sieving a series of concentric discs one on top of thecontacts in the granular packing geometry; they therefore,

other. In the standard sandpile, it is well known that thedepend explicitly on its construction history. The task is then

vertical normal stress has a minimum, not a maximum, be'EO postulate and/or justify physically suitable c.r.’s among

neath the ape®® A striking feature of our modeling ap- SU€SS€S: of which only oriéhe primary c.r.) is required for
proach is that it not only accounts for this “stress-dip” rea- systems with two dimensional symmetry, such as a wedge of

sonably well, but predicts that it should be entirely absent fOtSan; f%r ?éthree dlmdensmnal;yrrmetnc;s;erﬂﬂy coni-

a sieved pile. This proposal is currently being subject to caret' Sandpli¢ a secondary c.r. 1S aiso needed. .

ful experimental verificatiod? The above nomenclature has caused confusion to some
commentators on our work. In solid mechanics the term

A. Continuum modeling of granular media “constitutive relation” normally refers to a material-

The equations of stress continuity express the fact thafi€Pendent equation relating stress and strain. In fluid me-
in static equilibrium, the forces acting on a small element ofchanics one has instead equations relating stressiande

material must balance. For a conical pile of sand we have, irgeneral case of a viscoelastic fluigtrain-rate history. In-
d=3 dimensions stead, our models of granular media entail equations relating

stress components to one another, in a manner that we take
0r 0+ 3,05= B(oyy— o )T, (3)  to depend on the construction history of the material. Clearly
such equations are intended to describe constitutive proper-
ties of the medium: They relate its state of stress to other
d,0;=0, (5) discernable features of its physical state. We see no alterna-

We view cohesionless granular matter as assembly of

00+ 3,0,,=9— Bo,Ir, (4)
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tive to the term constitutive relations for such equations. 10 ‘ \ \ ‘

In the simplest case, which is the FPA mddedne hy- =33’ ::igim
pothesizes that, in each material element, the orientation of 08| OH;O:4$
the stress ellipsoid became “locked” into the material tex- AH=05m
ture at the time when it last came to rest, and does not % <4H=055m
change in subsequent compatible loadings. This is a bold, 08 ;:ig'gemm

simplifying assumption, and it may indeed be far too simple,
but it exemplifies the idea of having a local rule for stress
propagation that depends explicitly on construction history.
At first sight the idea of locking in the principal axes seems 02
to contradict the conception of an adaptive granular skeleton

which can rearrange in response to small incremental loads. I ]
Remember though that this locking in only applies for com- %6 0z 04 06 os 10

patible loads—those which the existing skeleton can support. 8

Any incompatible load will cause reorganization. We, there-gig. 6. comparison of FPA model using a uniaxial secondary cloges.
fore, require that any incompatible loads are specified in des and 9 with scaled experimental data of Smid and NovogRef. 32 and
fining the construction history of the material. (*) that of Brockbanlet al. (Ref. 33 which was averaged over three piles.

- . Upper and lower curves denote normal and shear stresses. The data is used
For the standard Sandp”e geome(spe Fig. 3 where to calculate the total weight of the pile which is then used as a scale factor

the ma’Feria' comes to rest on a Sl-_”’face_S”p plane, such |05}¢<§ stresses. The horizontal coordin&er tan(¢)/H is scaled by the pile
do not in fact arise after material is buried. The FPA consti-heightH.

tutive hypothesis then leads to the following primary c.r.
among stresses:

044

normalized stresses

0= 04— 2 tando,, (6) plane, yields one equation linking and u to ¢; thus, for a
sandpile geometry, the OSL scheme represents a one-
where ¢ is the angle of repose. E¢f) is algebraically spe- parameter family of primary c.r.’s. The OSL models were
cific to the case of a standard sandpile created from a poijeveloped to explain experimental data on the stress distri-
source by a series of avalanches along the free surface. Th@tion beneath a standard sandpfié33 with a plausible
conceptual basis of the FPA model is not so narrow: Indeetshpice of secondary c.tof which several were tried, with
we applied it already to jammed colloids in Sec. Il. More gnly minor differences resultingthe experimental datig.
generally the FPA model is arguably the simplest possiblg) s found to support models in the OSL family with
choice for a history-dependent c.r. among stresses; but thigose, but perhaps not exactly equal, to unitje FPA
does not mean it will be sensible in all geometries. value. This is remarkable, in view of the radical simplicity
A consequence of E{6) for a standard sandpile, is that of the assumptions made.
the major principal axis everywhere bisects the angle be-  Ag explained by Wittmeet al.?®the OSL models, com-
tween the vertical and the free surface. It should be note@ined with stress continuitiEq. (8)] yield hyperbolic equa-
that in cartesian coordinates, the FPA model reads tions havingfixed characteristic ray$or stress propagation.
In fact they are wave equatioAs;moreover they are essen-
tially equivalent to Eq(2), with (in general an oblique trip-
wherex= *r is horizontal. From Eq(7), the FPA constitu- et of directors(these become mutually orthogonal only in
tive relation is seen to be discontinuous on the central axis ohe case of FPA The constitutive property that OSL models
the pile: the local texture of the packing has a singularity ondescribe is that these characteristic réysd not, in general,
the central axis which is reflected in the stress propagatiothe principal axeshave orientations that are locked in on
rules of the model(This is physically admissible since the burial of an element, and do not change when a further com-
centerline separates material which has avalanched to the lgfhtible load is applied. As demonstrated already in Sec. II,
from material which has avalanched to the rigfithe para- there is every reason to identify such characteristics, in the
doxical requirement, on the centerline, that the principal axegontinuum model, with the mean orientations of force chains
are fixed simultaneously in two different directions has ain the underlying material.
simple resolution: The stress tensor turns out to be isotropic  Note that unless the OSL parameter is chosen so that
there (see Fig. % The constitutive singularity leads to an 4 =0, a constitutive singularity on the central axis, as men-
“arching” effect for the standard sandpile, as previously puttioned above for the FPA case, remaifiEhe characteristics
forward by Edwards and Oakeshdtand others:° are asymmetrically disposed about the vertical axis, and in-
The FPA model is one of a larger class of O%br  vert discontinuously at the centerlixe=0.) The case.=0
“oriented stress linearity) models in which the primary corresponds to one studied earlier by Bouchatdl.,” and
constitutive relation(in the sandpile geometrys, in Carte-  of the OSL family it is the only candidate for describing a
sians sieved pile, in which the construction history clearly cannot
) lead to a constitutive singularity at the axis of the pile. The
resulting Bouchaud, Cates, and Clau@8CC) model could
with #,u constants. Note that the boundary condition, thatbe called a “local Janssen model” in that it assunhesal
the free surface of a pile at its angle of repagas a slip  proportionality of horizontal and vertical compressive

Oyy= 05,2 SignxX)tangaoy,,

Oxx= N0 77+ 1 SIGN(X) 07,
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stresses—an assumption which, when appiiethallyto av-  pendentand the underlying geometry of the contact network
erage stresses in a silo, was first made by Jan¥séhe in the medium. In contrast, this link arises naturally in the
BCC model predicts a smooth maximum, not a dip, in theOSL framework.

pressure beneath the apex of a pile. This is what we expect,

therefore, in the case of a sieved pile. 3. Elastoplastic models

The simplest elastoplastic models assume a material in
which a perfectly elastic behavior at small strains is con-
2. Rigid-plastic models joined onto perfect plasticitythe Coulomb condition with

A more traditional, but related, approach is one based Or(]equallty) at larger ones. In such an approach to the standard

- . . ndpil n inner elastic region conn nto an r plas-
the (Mohr—Coulomb rigid-plastic modeP® To find so-called -2 dpile, a er elastic region connects onto an outer plas
- . . ) tic one. In the inner elastic region the stresses obey the
limit state solutions in this model, one postulates that th

o . 39 avier equations, which follow from those of Hookean elas-

Coulomb condition is everywhere obeyedth equality® L L . .
. o ; ticity by elimination of the strain variables. The correspond-
That is, through every point in the material there passes some

lane across which the shear force is exactlygaimes the Ing strain field is usually not discussed, but tacitly treated as
P near x ¥ infinitesimal: The high modulus limit is taken. It has been
normal force. By assuming this, the model allows closure

(modulo a sign ambiguity discussed be)owi the equations grgued that, for a san(.jp|.le on arigid support FI.DA'“ke solu-
. . ) . - tions can be found within a purely elastoplastic model, at
for the stress without invocation of an elastic strain field.

T : - ) . least in two dimension® However, since these show a cusp
This limit-state analysis of the rigid plastic model is . : . . ot
. : o i . . in the vertical stress on the centerline, they imply an infini-
equivalent to assuming a “constitutive relatiofiSometimes imal displ field i ible with :
called “incipient failure everywhere® tesmg isplacement el incompatible with a pqntlnuous
elasticity across the midlineOn the other hand, it is pos-
sible to obtain a stress dip, in an elastoplastic model, by

1
arr=azz?[sin2 d+1 assuming that the supporting base is not rigid but subject to
cos ¢ basal sag. This explanation cannot explain the data of
+2 sing1— (cotpo, To,0)?], ©) Huntley*® which involves an indentabl@ather than sagging

base'® Moreover, it would predict a similar dip for a sieved
whereas the Coulomb inequality requires only that lies  pile, unlike or own models; experiments on this point are
between the two valuesH() on the right. It is a simple ex- now available, and suggest that indeed no dip is seen in this
ercise to show that for a sandpile at its repose angle, only ongase®*
solution of the resulting equations exists in which the sign  Objections to the elastoplastic approach to modeling
choice is everywhere the same. This requires the negativéandpiles can also be raised at a much more fundamental
root (conventionally referred to as an “active” solutipand  |evel 1>16 Specifically, to make unambiguous predictions for
it shows a hump, not a dip, in the vertical normal stresshe stresses in a sandpile, these models require boundary
beneath the apex. Savatfehowever, draws attention to a information which, at least for the simpler models, can be
“passive” solution, having a pronounced dip beneath thegiven no clear physical meaning or interpretation. We return
apex>® The passive solution actually contains a pair oftg this point below.
matching planes between an inner region where the positive
r_oot _of Eq.(9) is taken, and an outer region where the negag Fragile vs elastoplastic descriptions
tive is chosen. In factsee Ref. 1bthere are more than one
such matched solutions, corresponding to different types of- Problems defining an elastic strain
discontinuity in the stresgor its gradient at the matching In the FPA model and its relatives, strain variables are
plane and/or the pile center. Moreover, there is no physicahot considered. No elastic modulus enters, and there is no
principle that limits the number of matching surfaces; byintrinsic stress scale. The resulting predictions for a conical
adding extra ones, a very wide variety of results might bepile therefore obey what is usually called radial stress-field
achieved. (RSP scaling. Formally one has for the stresses at the base

It is interesting to compare the mathematics, and phys-

ics, of Eq.(9) with that of the OSL models introduced above. aij=ghs;(r/ch), (10
The rigid-plastic model yields a local c.r. among stresseswhereh is the pile heightc=cota ands;; a reduced stress:
like OSL the resulting equations are hyperbolic. It also ex-« is the angle between the free surface and the horizontal so
hibits fragility: Because a yield plane passes through everyhat for a pile at reposey= ¢. This form of RSF scaling,
material point, certain incremental loads will cause reorganiwhich involves only the forces at the batamight be called
zation. Therefore, anyone who defends the rigid-plastiche “weak form” and is distinct from the “strong form” in
model as a cogent description of sandpiles cannot reasonablyhich Eg. (10) is obeyed also wittz (an arbitrary height
object to these same features in our own models. Converselfrom the apex replacingh (the overall height of the pije
we cannot object in principle to a model in which a CoulombOur OSL models obey both forms; only the weak form has
yield plane passes through every material point. Howeverheen tested directly by experiment but it is well-confirmed in
we still see no reason why it should be a good mddel; many system$Smid and Novosatf Huntley*).
particular we cannot see how to make a link between the The observation of RSF scaling, to experimental accu-
characteristic rays in this modélhich are always load de- racy, suggests that elastic effeaised not be considered ex-
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plicitly. This does not of itself rule out elastic or elastoplastic fz/

behavior which, at least in the limit of large modulus, can @ b

also yield equations for the stress from which the bulk strain oo S

fields, and hence also the modulus, can@dbte that it is

tempting, but entirely wrong, to assume that a similar can- : .

cellation occurs at theoundariesof the material; we return / \

to this below) The cancellation of bulk strain fields in elas- ;

toplastic models disguises a serious problem in their appli- : D

cation to the standard sandpile and related geoméfriés. /

The difficulty is this: There is no obvious definition of strain f

or displacement for such a construction history. To define a

physical displacement or strain field, one requiresfarence FIG. 7. (a) The response to a localized force is found by resolving it along

state In (sa;) a triaxial strain test(see e.g. Ref. 42an characteristics through the point of application, propagating along those

initial state i de b d ' ibl ! d a/hich do not cut a surface on which the relevant force component is speci-

It '?‘ state 1S made by some repro L_1C| e P“?CG L_jr_e' an_ ed. For a pile under gravity, propagation is only along the downward rays.

strains measured from there. The elastic part is identifiable i) Admissible boundary conditions cannot specify separately the force

principle, by removing the applied stresgesaintaining an  component at both ends of the same characteristic. If these forces are un-

isotropic pressujeand seeing how much the sample recoveI,é)alancectafter allowing for body forces static equilibrium is lost.

its shape. In contrast, a pile constructed by pouring grains

onto its apex is not made by a plastic and/or elastic defor-_ . . . .
. P I yap . switches off the body force, tensile forces will arise long

mation from some initial reference state of the same continu: .

. o before g has gone to zero. In this sense, the response to

ous medium. The problem of the missing reference state oc-__". . Lo :

gravity of a cohesionless pile is completely nonlinear. Cor-

curs whenever the solidity of the body itself arises purely . . : .
because of the load applied. Thus, for the jammed coIIoiJeSpondmgly’ In an unglued pile, no smooth deformation can

considered in Sec. Il above, the unloaded state is simpl gonnect the state of a pile created under gravity with an
. L : . PY Bnloaded state of the same contact network: As the load is
fluid. For the sandpile, it is grains floating freely in space. On

. . ) . o7 removed, such a pile will undergo large-scale reorganization.
cannot satisfactorily define an elastic strain with respect to P g g g

either of these reference states.

A route to defining a strain variable does however éist, 2. Boundary conditions and determinacy in
so long as one ignores the fact that tensile forces are prohiglPérbolic models
ited. In effect, one assumes that when grains of sand arrive at Models, such as OSL, that assume local constitutive
the free surface, each one forms permanent orglued” elasequations among stresses provide hyperbolic differential
tic contacts with its neighbor$; this contact network can equations for the stress field. Accordingly, if one specifies a
then, by assumption, elastically support arbitrary incrementatero-force boundary condition at the fregpe) surface of a
loads. This is an admissible physical hypothesis, though corgranular aggregate on a rough rigid support, then any pertur-
tradictory to our own hypothesis of an adaptive, fragilebation arising from a small extra body for¢e two dimen-
granular skeleton. We do not yet know which hypothesis issions, for simplicity propagates along two characteristics
more correct; the test of this lies in experimefit.does not  passing through this point. In the OSL models these charac-
lie in a sociological comparison of how physicists and engi-teristics are, moreover, straight lines. Therefore the force at
neers approach their work, as offered by Savage. the base can be found simply by summing contributions from

If the “glued pile” model is correct, then a strain vari- all the body forces as propagated along two characteristic
able is defined from the relative displacement that has ocrays onto the support; the sandpile problem is, within the
curred between adjoining particles since the moment theynodeling approach by Bouchaetlal.” and Wittmeret al.2°
first were glued togethérHowever, the resulting displace- mathematically well posed. There is no need to consider any
ment field, found by integrating the strain, is unlikely to be elastic strain field and the paradoxes concerning its definition
single valued. Put differently, if a glued assembly is createdn cohesionless poured sand, discussed above, do not arise.
under gravity and then gravity is switched off, it will revert Note that in principle, one could have propagation also
to a state in which there are residual elastic strains throughalong the “backward” characteristidsee Fig. 7a)]. This is
out the material, even though there is now no body forcdorbidden since these cut the free surface; any such propaga-
acting [Fig. 9a)]. This is because the particle contact net-tion can only arise in the presence of a nonzero surface force,
work was itself created under partially loaded conditions.in violation of the boundary conditions. Therefore, the fact
Many elastic and elastoplastic calculations, such as all thosthat the propagation occurs only along downward character-
reviewed by Savage,entirely ignore the problem of istics is not related to the fact that gravity acts downward: it
guenched stresses, and therefore embody an implausibégises because we know already the forces acting at the free
“floating model” of a sandpile shown in Fig.(B). surface(they are zerb Suppose we had instead an inverse

Note that these effects do not become small when th@roblem: A pile on a bed with some unspecified overload at
limit of a large modulus is taken; the quenched stresses reahe top surface, for which the forces acting at the base had
main of order the stress that was acting during formationpeen measured. In this case, the information from the known
and can take both sigrigensile as well as compressié  forces could be propagated along th@wvard characteristics
So, if one creates a glued pile under gravity and then slowlyo find the unknown overload. More generally, in OSL mod-
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els, each characteristic ray will cut the surface g€anvex ) b) 0
patch of material at two points; the sum of the forces along
the ray at the two ends must then be balanced by the longi-
tudinal component of the body force integrated along the ray
[see Fig. 7(b)]. These models are thus “boundary fragile.”

In three dimensions, the mathematical structure of these
models is somewhat alterédyut the conclusions are basi-
cally unaffected. The propagation of stresses is governed by (.
a Green'’s function which is the response to a localized over-
load; OSL models predict that fgsay) sand in a horizontal
bed, the maximum response at the base is not directly be-
neath a localized overload but on a ring of finite radjoim-
portional to the depthwith this as its axi<. (This could be
difficult to test cleanly because of noise effects, but there are|c. g. starting from an elastic cone or wedge on a rough support, any
related consequences for stress—stress correlations which dmigal stress distribution can be converted to another by displacements with
discussed in Ref. 13 and 34Dn the other hand, for different respect to the rough “pinning” surfad@)— (b). Taking the limit of a high

. . . - modulus(b)— (c) at fixed surface forces, an arbitrary stress field remains,
geometries, such as sand in a bin, the stress pmpagat'gv}ﬁile recovering the initial shape of the cone and satisfying the free surface

problem is not well-posed even with hyperbolic equations poundary conditions. This shows the physical character of “elastic indeter-
unless something is known about the interaction between thginacy” for an elastic or elastoplastic body on a rough support.

medium and the sidewalls. But by assuming a constant ratio

to shear and normal forces at the walls, further interesting

pred|ct|ons can be made, for example th?t the totgl We'gh&istribution while generating neither appreciable distortions
increment measured at the base of a cylindrical silo, in res the shape of the cone, nor any forces at its free surface
sponse to an overload on the top, is @ nonmonotonic functionilh. ds 10 a i ,Tf " 0 at fixedYu wh '
of the height of the filt'® These predictions represent clear IS corresponds to a imit ¢, U= al Tixed Yu where
signatures of hyperbolic stress propagation and, if confirmeg is the modulus and the displacement field at the base.

experimentally, would be hard to explain by other means. Analogous Tema?rks a_lpply to any S|mple_ elastoplas_tlc
theory of sandpiles, in which an elastic zone, in contact with

part of the base, is attached at matching surfaces to a plastic
zone. A natural presumption for the standard sandpile might
The well-posedness of the standard sandpile is nope thaty u=0 (that is, the basal displacements vanish before

shared be models involving the elliptic equations for an elasthe high modulus limit is taken This is consistent with the

tic body. For such a material, the stresses throughout thglued pile interpretation of elastic models—one assumes that
body can be solved only if, at all points on the boundary,glue also firmly attaches grains to the support as they arrive.
either the force distribution or a diSpIacement field iSHowever, the same interpretation, as shown above, also re-
specified'* Accordingly, once the zero-stress boundary con-guires explicit consideration of quenched stresse® Fig.

dition is applied at the free surface, nothing can in principleg). Note in any case that elastic and elastoplastic predictions
be calculated unless either the forces or the displacements at

the base are knowfand the former amounts to specifying in
advance the solution of the problenThe problem does not
arise from any uncertainty about what to do mathematically:
One should specify a displacement field at the base. Difficul-
ties nonetheless arise if, as we argued above, no physical
significance can be attributed to this displacement field for
cohesionless poured sand.

To give a specific example, consider the static equilib-
rium of an elastic cone of finite modulus, which is placed in
an unstressed statewithout gravity onto a completely
rough, rigid surface; gravity is then switched on. This gen-
erates a pressure distribution with a smooth parabolic hump u=0
as in Fig. 8a). (The roughness can crudely be represented by Rough
a set of ping. Starting from any initial configuration, another
can be generated by pulling and pushing parts of the bod§!G. 9. (8 Quenched stresses in afasticsandpile. Layers are added in a
horizontally across the bagee., changing the displacements state of zero stress to a pre-existing, gravitationally loaded pile. Such a pile

. T N . . . (if gravity is removed will spring into a new shape, characterized by a
th.ere), 'f. this is roth' th_e newl _Sta:te will S.tlll b.e p|nned and nonzero internal stress field which includes tensile stresses. These require
will achieve a new static equilibrium. This will generate a rearrangements if the grains are cohesionless; the response to gravity is
stress distribution, across the supporting surface and withiitrinsically nonlinear.(b) The “floating” model of a sandpile. An un-

the pile that differs from the original one. Indeed. if a |argestrained, isotropic elastoplastic cone is brought into contact with a rough
! ’ ! surface and gravity then switched on. This is the only construction history

enough modulus is now takdm_ fixed f_orce};. this_ Proce- e can think of that completely avoids quenched stresses in the formation of
dure allows one to generate arbitrary differences in the stresse pile.

\j
y

X

3. The problem of elastic indeterminacy
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for the sandpile are indeterminate, in a rigorous mathematiwheren lies parallel to the major principal ajisand® ()
cal sense, if ther—co limit is taken before the basal dis- = ¢ otherwise.(There is no separate need to specify the
placementsl have been specified. . second, orthogonal plane across which shear stresses vanish,
Experimentgreviewed in detail in Catest al.) report  since this is assured by the symmetry of the stress tensor.
that for sandpiles on a rough rigid support, the forces on th@y a similar argument, all other OSL models can also be cast
base can be measured reproducibly; and, although subject {§ terms of an anisotropic yield condition, of the fofa,,
statistical fluctuations on the scale of several grains, do not onntart¥ (6)|<o,,tand(6) where ®(6) vanishes, and
vary too much among piles constructed in the same way. I ¢) is finite for two values of. (This fixes anonzeroratio
contrast, for any simple elastic or elastoplastic model thabf shear and normal stresses across certain special planes.
does not include a specification of the basal displacements, At this purely phenomenological level there is no diffi-
there is a very large indeterminacy in the predicted stresgyity in connecting hyperbolic models smoothly oiighly
distribution, even after averaging over any statistical fluctuaanisotropic elastoplastic descriptions. Specifically, consider
tions. An elastoplastic modeller who believes that the experiz medium having an orientation-dependent friction angle
ments measure something well-defined is then obliged to exp( g) that does not actually vanish, but is instead very small
plain why and how the basal displacemensven if (<e, say in a narrow range of angleay of ordere)
infinitesima) are fixed by the construction history. Note that 5,5und 0= (m—2¢)/4, and approacheg elsewhere(One
basal say'’is not a candidate for the missing mechanism, interesting way to achieve the required yield anisotropy is to
since it does not resolve the elastic indeterminacy in thesgaye a strong anisotropy in treastic response, and then

models; the latter arises primarily from theughnessrather  jmpose a uniform yield condition to the strains, rather than
than the rigidity, of the support. An alternative view is that of stresses.

Evesqué'® who directly confronts the issue of elastic inde- Such a material will have, in principle, mixed elliptic/

terminacy and seemingly concludes that the experimental rgsy nerholic equations of the usual elastoplastic type. The re-
sults themselveare and must be indeterminatee argues g jting elastic and plastic regions must nonetheless arrange
that the external forces acting on the base of a pile are effeGnemselves so as to obey the FPA model to within terms that
tively chosen at will, rather than actually measured, by the 4nish ase 0. I € is small but finite, then for this elasto-
experimentalistsee also Ref. 46To what extent this view-  pjastic model the results will depend on the basal boundary
point is based on experiment, and to what extent on an imgngition, but only through these higher order corrections to
plicit presumption in favor of elastoplastic theory, is 10 UShe |eading FPA) result. Thus, although elastoplastic models
unclear. do suffer from elastic indeterminadyhey require a basal
displacement field to be specifiedhe extent of the influence

of the boundary condition on the solution depends on the
model chosen. Strong enoudflabric-dependentanisotropy,

We have emphasized above the very different modelingn an elastoplastic description, might so constrain the solu-
assumptions of the fragile and el@gilasiic approaches to tion that it isprimarily the granular fabric(hence the con-
granular media. However, we have recently shown that hystruction history and only minimally the boundary condi-
perbolic fragile behavior can be recovered from an elastotions which actually determine the stresses in the body. For
plastic description by taking a strongly anisotropic liffit. models such as that given above there is a well-defined limit
Moreover, the crossover between elastic and hyperbolic bevhere the indeterminacy is entirely lifted, hyperbolic equa-
havior, at least for one simple model of the granulartions are recovered, and it is quite proper to talk of local
skeleton'® is controlled by thedeformabilityof the granular ~ stress propagation “rules” determined by the construction
particles. For simplicity in this section, we restrict attention history of the material. Our continuum modeling framework
to the FPA model. is based precisely on these assumptions.

The FPA model describes, by definition, a material in The crossover just outlined can also be understood di-
which the shear stress must vanish across a pair of orthogeectly in terms of the micromechanics of force chains, at
nal planes fixed in the medium—those normal to (fieed) least within the simplified picture developed in Sec. Il. We
principal axes of the stress tensor. According to the Coulomigonsider a regular lattice of force chairsee Fig. 2b)], for
inequality (which we also assuméhe shear stress must also simplicity rectangulafthe FPA casg which is fragile if the
be less than tag times the normal stress, across planes ori-chains can support only longitudinal forces. As mentioned in
ented in all other directions. Clearly this combination of re-Sec. Il C, this is true so long as such paths consist of linear
quirements can be viewed as a limiting case of an elastoplaghains of rigid particles, meeting at frictional point contacts:
tic model with an anisotropic yield condition The forces on all particles within each chain must then be

collinear, to avoid torques. This imposes {fPA) require-

|0l < 0nntan®(6), (1D ment that there are no shear forces across a pair of orthogo-
where 6 is the angle between the plane nornmabnd the nal planes normal to the force chains themselves. Suppose
vertical (say and t-n=0. An anisotropic yield condition now a small degree of particle deformability is introduc@d.
should arise, in principle, in any material having a nontrivial This relaxesslightly the collinearity requirement, but only
fabric, arising from its construction history. The limiting because the point contacts are now flattefsee Fig. 3b)].
choice corresponding to the FPA model for a sandpile isThe ratio e of the maximum transverse load to the normal
D (0)=0 for 6=(m—2¢)/4 (this corresponds to planes one will, therefore, vanish witlisome power ofthe mean

C. Crossover from fragile to elastic regimes
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compression. This yield criterion applies only across twoand-tested modeling strategies until these are demonstrably
special planes; failure across others is governed by somaroven ineffective is quite understandable. We find it harder
smooth yield requirementsuch as the ordinary Coulomb to accept the suggestiththat anyone who questions the
condition: The ratio of the principal stresses lies betweergeneral validity of traditional elastoplastic thinking is some-
given limits). The granular skeleton just described, whichhow uneducated.
was fragile in the limit of rigid grains, is now governed by a In summary, we have discussed a new class of models
strongly anisotropic elastoplastic yield criterion of preciselyfor stress propagation in granular matter. These models as-
the kind described above. This indicates how a packing ofume local propagation rules for stresses which depend on
frictional, deformable rough particles, displaying broadlythe construction history of the material and which lead to
conventional elastoplastic features when the deformability isyyperbolic differential equations for the stresses. As such,
significant, can approach a fragile limit when the limit of a their physical basis is substantially different from that of
large modulus is taker{lt does not prove thaall packings conventional elastoplastic theory. Our approach predicts
become fragile in this limij. Conversely it shows how a fragile behavior, in which stresses are supported by a granu-
packing that is basically fragile in its response to a gravitadar skeleton of force chains that respond by finite internal
tional load could nonetheless support very small incrementalearrangement to certain types of infinitesimal load. Obvi-
deformations, such as sound waves, by an elastic mechausly, such models of granular matter might be incomplete
nism. in various ways. Specifically we have discussed a possible
The question of whether sandpiles are better described asossover to elastic behavior at very small incremental loads,
fragile, or as ordinarily elastoplastic, remains open experiand to conventional elastoplasticity at very high mean
mentally. To some extent it may depend on the questiorstresseswhen significant particle deformations apiselow-
being asked. However, we have argued, on various groundsyer, we believe that our approach, by capturing at the con-
that in calculating the stresses in a pile under gravity a fragiléginuum level at least some of the physics of force chains,
description may lie closer to the true physics. may offer important insights that lie beyond the scope of
previous continuum modeling strategies.
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