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We propose a simple model for arch formation in silos. We show that small pertubations (
as the thermal expansion of the beads) may lead to giant stress fluctuations on the bottom p
the silo. The relative amplitudeD of these fluctuations is found to be power-law distributed, asD2t,
t . 1. These fluctuations are related to large-scale “static avalanches,” which correspond to long-
redistributions of stress paths within the silo. [S0031-9007(96)02166-7]
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Although granular matter is very familiar, it doe
display extremely interesting and unexpected featu
For example, the stress distribution below a heap
sand shows a counterintuitiveminimum right below the
apex of the pile [1], reflecting the presence of “arche
(or line of forces) within the pile [2–4]. Another ver
common geometry is that of the silo. In this case,
is known since Janssen in 1895 that the weightW

supported by the bottom plate of a tall silo is only
small fraction of the total weight of the grains contain
in the silo—most of the weight is “absorbed” by th
side walls [5,6]. Very recent experiments actually rev
an even more striking effect: the “apparent” weightW
depends very sensitively on temperature [7,8]. Mo
precisely, a variation of temperature of a few degre
induce rather erratic and abrupt changes ofW of the
order of several percent, while relative change in
size of the grains due to thermal expansion is o
1025 1024. Furthermore, these changes are ofboth
signs and hysteretic: the apparent weightW is not
a unique function of temperature. Another aspect
this phenomenon is the following: repeating the sa
experiment of filling a silo with precisely the sam
quantity of beads lead to an apparent weightW which
fluctuates by more than20% [7].

It has been long recognized that stress propaga
within granular media is strongly inhomogeneous, w
clear “stress paths” appearing in birefringence exp
ments. This leads to large stress fluctuations which h
been recently investigated experimentally [8,9], nume
cally, and theoretically [9,10], through a simple “scala
model of stress propagation, where only thezz (vertical)
component of the stress tensor is considered. Altho
oversimplified, this model leads to predictions in qua
tative and perhaps quantitative agreement with obse
tions. From a theoretical point of view, it can be show
[11] that the full tensorial stress propagation model c
indeed reduce, in some particular limits, to the scalar c
considered by Liuet al. [9,10].

The basic idea to explain the “giant” stress fluctuatio
induced by temperature changes (or any other small
0031-9007y97y78(2)y231(4)$10.00
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turbation) is that the network of stress paths is extrem
sensitive to small perturbations. A stress path reach
a side wall (which can be seen as a partly absorb
boundary for the stress) might change its direction a
rather reach the bottom plate, leading to a sudden upw
“jump” in W . Conversely, the apparent weight can jum
down as a path reaching the bottom plate is transform
into one colliding with the side walls.

The model we use to describe more quantitatively th
effect is an extension of the one considered in [9,10]
allow for the formation of arches. For a two dimension
packing, each “grain” is labeled by two integersi, nd
giving its horizontal and vertical positions. (Extensio
of the model to three dimensions is left for futur
work.) Each grain supports the weight of its two upstai
neighbors, and shares its own load randomly betwe
its two downstairs neighbors. The corresponding sca
equation for weight propagation is thus

W si, nd ­ q1si 2 1, n 2 1dWsi 2 1, n 2 1d

1 q2si 1 1, n 2 1dWsi 1 1, n 2 1d 1 w , (1)

wherew is the weight of the grains, assumed to be co
stant. q6si, nd is the fraction of the weight transmitted
to the grain si 6 1, n 1 1d, and is a random variable
between zero and one, subject to the mass conserva
constraintq1si, nd 1 q2si, nd ­ 1. These random coef-
ficients model the randomness of the local packing, si
and shape of the grains, etc. The walls are ati ­ 6L,
and are simply defined by the fact thatq6s6L, nd ; 0,
andq7s6L, nd randomly chosen between zero and one
fraction 1 2 q7s6L, nd of the incoming weight is there-
fore absorbed by the wall.

As shown by Liuet al. [9], when q1 is uniformly dis-
tributed, the resulting asymptotic local weight distributio
is given byPsx ­ 2WykW ld ­ x exp2x, wherekW l is
the average weight. Whenq1 ­ 0 or 1, the distribution
becomes much broader, decaying only as a power l
W24y3 [10].

We want to include the possibility that when the loc
shear on a given grain is too strong, this grain can s
and lose contact with one of its downstairs neighbors a
© 1997 The American Physical Society 231
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therefore only transmit its load to the neighbor whic
is in the direction of the shear. Since we work with
schematic (scalar) model where shear isa priori absent, a
simple possibility is to assume that the transmitted sh
stress fromsi, nd to si 6 1, n 1 1d is also proportional
to q6si, ndW si, nd; i.e., that shear and normal stresses a
locally proportional. Theslip conditionis then written in
a usual way as

q1si 2 1, n 2 1dWsi 2 1, n 2 1d2

q2si 1 1, n 2 1dWsi 1 1, n 2 1d . RcW si, nd, (2)

where Rc is a certain threshold (related to the frictio
coefficient between grains). If Eq. (2) is satisfied, the
q2si, nd ­ 0 ­ 1 2 q1si, nd, meaning that the link to the
left of si, nd is removed. In a symmetric fashion, if

q2si 1 1, n 2 1dWsi 1 1, n 2 1d2

q1si 2 1, n 2 1dWsi 2 1, n 2 1d . RcW si, nd, (3)

then q1si, nd is set to zero. Note that forRc ­ 1, the
model of Liu et al. is exactly recovered (all the links are
present). Conversely, forRc ­ 0, the q6 can only take
values0 or 1.

This rule is interesting because it potentially lead
to “static” avalanches in the following sense: ifRc is
slightly decreased, a link somewhere is removed—s
q2si, nd. Then it is quite probable that the threshold wi
also be exceeded on sitesi 1 1, n 1 1d, thereby inducing
q2si 1 1, n 1 1d to vanish, and so on. In other words
very long arches can suddenly appear or disappear w
Rc is changed (see Fig. 3 below).

Physically,Rc is expected to depend on the frictio
coefficient between the grains, and to be related to
densityf ­ nad of the packing (d is the dimension of
space), wheren is the number of grains per unit volume
and a the size of the grains. The reason is that th
slip condition depends on the local packing geomet
itself related to the density: high densities will presumab
make arch formation more difficult. It is thus reasonab
to assume thatRc will vary with temperature, with
dRcyRc ~ daya.

The total weight on the bottom plate of the silo i
obviously defined as

W ­
LX

i­2L

W si, Hd, (4)

whereH is the height of the silo. Figure 1 showsW as
a function of the thresholdRc for a given sample (i.e.,
a given set ofq6 uniformly chosen between zero an
one [12]) and averaged over many samples (thick lin
for a silo of sizeD ­ 2L 1 1 ­ 61, H ­ 610. W is
a constant for smallRc, and then rapidly grows with
Rc, but reveals enormous fluctuations around the avera
trend. More precisely, we find that for a small chang
dRc of the threshold, then with probabilityrdRc ø 1,
there is a “static avalanche” in the sense thatW changes
by a finite amount,which is independent ofdRc, and
with probability 1 2 rdRc, W does not vary at all.
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FIG. 1. Evolution of the apparent weightW as a function of
the threshold for a silo of sizeD ­ 61, and H ­ 610. The
thick line is an average over 1000 samples, while the thin
is a particular realization of the disorder.

This picture is very similar to the “shocks” in Burger
turbulence [13]. Thus the full statistics of theW sRcd
curve can be decomposed into two aspects: thedensityof
avalanches and theamplitudeof these avalanches.

The densityrsRcd of “avalanches” or shocks was ob
tained by plotting the probability that no shocks occur
an interval of lengthdRc, which is very well approxi-
mated by exp2frdRcg (independent shocks). Forq uni-
formly distributed between zero and one, we found t
rsRcd is of the formHLfsRcd, wheref is a function of
order1 with increases rather rapidly withRc. Typically,
for H ­ 200 grain size and an aspect ratioHyD of 1, the
density of shocks is,10 000.

The relative value of the jump ofW when an avalanche
occurs will be denoted asD. Interestingly, for an as-
pect ratio of1, but independently ofRc (and thus of the
density r), D is distributedaccording to a power law
P sDd ~ jDj2t , with t ­ 0.94 6 0.01 (see Fig. 2). On the
largest sample (H ­ D ­ 201), this power law is observed
on nearly five decades, cutoff aboveD ­ 1, which corre-
sponds to relative change of the weight of100%.

From a practical point of view, it means that forH ­
D . 200 (in grain size units), a small change ofdRc as
low as1025 will, with probability rdRc . 1021, induce
a relative changeD of the apparent weight, distributed a
D2t up to D . 1. Sincet is small (close to1), huge
relative changes of the weight between, say,0.01 and 1
have a probability given by.1 2 s0.01d12t, which is of
the order of0.25. Hence, small perturbations typicall
induce large responses.

Figure 3 shows the stress paths (i.e., grains on wh
the load exceeds a certain arbitrary value) for two v
close thresholds such thatW has changed dramatically. A
small perturbation indeed induces a noticeable rearran
ment of the stress paths (which could perhaps be dire
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FIG. 2. Distribution of shock amplitudesD, in log-log coordi-
nates, forRc ­ 0.6 andD ­ H ­ 201 (thick line), andD ­
H ­ 21 (dotted line). We obtain the value of the exponentt
by fitting the linear region of the plot (betweenD ­ 1026 and
1021) for the larger sample, to findt ­ 0.94 6 0.01 (the error
only includes statistical—and not systematic—errors).

detected by acoustic emission [14]). This phenomen
ogy is actually very close to the one of quantum co
ductance fluctuations in strongly disordered samples
where small changes of the chemical potential or the m
netic field lead to a complete change in the optimally co
ducting paths [15]. The logarithm of the conductan
then also shows large variations. Another similar situat
is that of “directed polymers” in random environmen
where small changes of the local (disordered) poten
or a small external force, can lead to a large-scale cha

FIG. 3. Chaoticity of stress paths. We show the large str
paths for two very close values ofRc, separated by a shock
and H ­ D ­ 201. For the second value ofRc, the paths
have been translated byx ! x 1 2 for clarity. As one can
see, some large-scale features of the stress network have
modified; the total weight carried by the bottom plate h
changedW ­ 0.735 to W ­ 0.845.
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in the ground state conformation [16–19]. In the sam
family of problems, one should actually cite spin-glasse
which have also been argued to be “chaotic,” i.e., very se
sitive to temperature or disorder changes [20,21].

An interesting consequence of our model is that
the region where small perturbations lead to substan
effects, there is a large fraction of links which take
valueq6 ­ 0, 1. This in turn, according to the argument
of [10], should lead to a power-law distributionW24y3

for the local stress on the bottom plate. Figure 4 sho
that the stress distribution forRc ­ 0.9 can be fitted
to W21.08. Note, however, that the arguments of [10
assume no correlations between theq6 ­ 0, 1, which is
not the case here since broken links appear precisely al
arches. ForRc ­ 1, the distribution has exponential tails
[10]. We thus expect that these giant fluctuations te
to disappear as the packing density is increased, si
contacts will be harder to remove.

When the aspect ratioHyD increases, the situation
changes in the following way. When a static avalanc
occurs “far” from the bottom plate, the resulting chang
of weight is screened out by the presence of the (part
absorbing walls. A simple argument allows one to unde
stand that the avalanche size distributionP sDd is now cut
off beyond a certainDmax which decreases as the aspe
ratio increases. This is precisely what we observe nume
cally. Furthermore, one observes a progressive “localiz
tion” of the stress on a unique path, which, for large aspe
ratios and smallRc, carries a finite fraction ofW . This
latter effect is, however, an artifact of the model, whe
arches necessarily propagate along diagonals of the
tice. We have investigated a generalization of the mod
by allowing the weight to be distributed among four (rathe
than two) neighbors. This results in much more “diffuse

FIG. 4. Distribution of the local stressWi on the bottom plate,
for Rc ­ 0.9 and a sample of sizeH ­ D ­ 201. The best
fit of the linear region gives an exponent21.08 6 0.04 for the
exponent. This value is not far from the value2

4
3 expected

from the analysis of Coppersmithet al. [10], valid whenq6 are
independent and can only take the values0 or 1.
233
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stress paths, which actually look much more like those
served experimentally. Qualitatively, however, the pictu
of shocks of wildly fluctuating amplitudes (Fig. 1) and th
arch structure are unaffected.

Finally, let us discuss the above phenomenon from
slightly different point of view. Instead of fixing the dis
order (i.e., theq6) and changing the thresholdRc, one
can fix Rc and change the disorder. This would corr
spond to repeating the same experiment of filling a s
thereby building different local arrangements of the grai
As expected by a kind of ergodicity argument, the res
ing distribution of apparent rescaled weightW ykW l is
quite broad. As soon as the aspect ratio exceeds5, this
distribution is very close to a Gaussian and independen
H, with a relative root mean square of,s20 30d%. This
compares rather well with the experiments. In the sa
spirit, hysteretic effects can be accounted for by the f
that when a contact is lost and then reformed when
temperature comes back to its initial value, the new val
of q6 have no reason to be the same as before, since
local environment has slightly changed.

We have also investigated this model in the heap (sa
pile) geometry. WhenRc ­ 1, the stress distribution a
the bottom of the pile is maximum just below the apex
the pile. However, whenRc is less than a certain criti
cal value, arches spanning the size of the system sudd
proliferate, and adip at the center of the pile is created,
observed experimentally. The importance of long arc
to understand the “dip” was stressed in [2,4]. The pres
model could be a microscopic foundation of this idea;
extension to account for all components of the stress
sor is, however, needed.

As a conclusion, we have shown that a motivat
extension of the model proposed by Liuet al. to account
for arch formation can explain the rather spectacu
giant stress fluctuations induced by small temperat
changes. The basic idea is that of long-range modifica
of stress paths induced by a small perturbation, wh
can be seen as static avalanches. Actually, our mod
close in spirit to the large class of “SOC” (self-organiz
critical) models [22,23], initially proposed to describe tr
“dynamical” avalanches in granular media. The iro
would be that these scale invariant avalanches sho
rather be looked for in static properties.

We want to thank M.E. Cates, E. Clément, J. D
ran, J. Rajchenbach, and J. Wittmer for many fruit
discussions.
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