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Static Avalanches and Giant Stress Fluctuations in Silos
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We propose a simple model for arch formation in silos. We show that small pertubations (such
as the thermal expansion of the beads) may lead to giant stress fluctuations on the bottom plate of
the silo. The relative amplitudA of these fluctuations is found to be power-law distributedAas,

7 = 1. These fluctuations are related to large-scale “static avalanches,” which correspond to long-range
redistributions of stress paths within the silo. [S0031-9007(96)02166-7]

PACS numbers: 46.10.+z, 05.40.+j, 83.70.Fn

Although granular matter is very familiar, it does turbation) is that the network of stress paths is extremely
display extremely interesting and unexpected featuresensitive to small perturbations. A stress path reaching
For example, the stress distribution below a heap of side wall (which can be seen as a partly absorbing
sand shows a counterintuitiv@inimumright below the boundary for the stress) might change its direction and
apex of the pile [1], reflecting the presence of “arches’rather reach the bottom plate, leading to a sudden upward
(or line of forces) within the pile [2—4]. Another very “jump”in W. Conversely, the apparent weight can jump
common geometry is that of the silo. In this case, itdownas a path reaching the bottom plate is transformed
is known since Janssen in 1895 that the weigf into one colliding with the side walls.
supported by the bottom plate of a tall silo is only a The model we use to describe more quantitatively this
small fraction of the total weight of the grains containedeffect is an extension of the one considered in [9,10] to
in the silo—most of the weight is “absorbed” by the allow for the formation of arches. For a two dimensional
side walls [5,6]. Very recent experiments actually reveapacking, each “grain” is labeled by two integéf, n)
an even more striking effect: the “apparent” weight  giving its horizontal and vertical positions. (Extension
depends very sensitively on temperature [7,8]. Moreof the model to three dimensions is left for future
precisely, a variation of temperature of a few degreesvork.) Each grain supports the weight of its two upstairs
induce rather erratic and abrupt changes Wf of the neighbors, and shares its own load randomly between
order of several percent, while relative change in thdts two downstairs neighbors. The corresponding scalar
size of the grains due to thermal expansion is onlyequation for weight propagation is thus
19*5—10*4. Furthermore, these changes are With  w(; )= g, (i — 1,n — DW(i—1,n—1)
signs and hysteretic: the apparent weight/ is not
a unique function of temperature. Another aspect of +tq-(+1Ln—DWi+Lan—-1)+w, (1)
this phenomenon is the following: repeating the samevherew is the weight of the grains, assumed to be con-
experiment of filling a silo with precisely the same stant. ¢-(i,n) is the fraction of the weight transmitted
quantity of beads lead to an apparent weight which  to the grain(i = 1,n + 1), and is a random variable
fluctuates by more tha20% [7]. between zero and one, subject to the mass conservation

It has been long recognized that stress propagationonstraintg.(i,n) + g—(i,n) = 1. These random coef-
within granular media is strongly inhomogeneous, withficients model the randomness of the local packing, size,
clear “stress paths” appearing in birefringence experiand shape of the grains, etc. The walls are at *L,
ments. This leads to large stress fluctuations which havand are simply defined by the fact that(=L,n) = 0,
been recently investigated experimentally [8,9], numeri-and g+ (=L, n) randomly chosen between zero and one; a
cally, and theoretically [9,10], through a simple “scalar” fraction1 — g=(*L, n) of the incoming weight is there-
model of stress propagation, where only tze(vertical)  fore absorbed by the wall.
component of the stress tensor is considered. Although As shown by Liuet al. [9], when g is uniformly dis-
oversimplified, this model leads to predictions in quali-tributed, the resulting asymptotic local weight distribution
tative and perhaps quantitative agreement with observas given by P(x = 2W /{W)) = x exp—x, where(W) is
tions. From a theoretical point of view, it can be shownthe average weight. Whep,. = 0 or 1, the distribution
[11] that the full tensorial stress propagation model carbecomes much broader, decaying only as a power law
indeed reduce, in some particular limits, to the scalar cas# ~*/3 [10].
considered by Litet al. [9,10]. We want to include the possibility that when the local

The basic idea to explain the “giant” stress fluctuationsshear on a given grain is too strong, this grain can slip
induced by temperature changes (or any other small peaend lose contact with one of its downstairs neighbors and
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therefore only transmit its load to the neighbor which 050 silo 61x610
is in the direction of the shear. Since we work with a ' ‘ '
schematic (scalar) model where sheaa igriori absent, a

simple possibility is to assume that the transmitted shea
stress from(i,n) to (i = 1,n + 1) is also proportional 0.60
to g+(i,n)W(i, n); i.e., that shear and normal stresses are
locally proportional. Theslip conditionis then written in

a usual way as

g+(i — 1,n — DWGE — 1,n — 1)—
g-(i +1,n —1DHOWGE + 1,n — 1) > R.W(,n), (2)

where R . is a certain threshold (related to the friction
coefficient between grains). If Eq. (2) is satisfied, then
g-(i,n) = 0 =1 — ¢+(i, n), meaning that the link to the

left of (i, n) is removed. In a symmetric fashion, if 0003 02 04 06 08 10

g-(i +1,n — 1)W(G + 1,n — 1)— threshold R,

0.40 -

normalized weight

G W L~ )= R, @) gD o s st 2. ek
then g, (i,n) is set to zero. Note that foR. = 1, the thick line is an average over 1000 samples, while the thin line
model of Liu et al.is exactly recovered (all the links are 'S & Particular realization of the disorder.
present). Conversely, fdR,. = 0, the g~ can only take
values0 or 1.

This rule is interesting because it potentially leadsThis picture is very similar to the “shocks” in Burgers’
to “static’ avalanches in the following sense: R, is  turbulence [13]. Thus the full statistics of th¥&/(R.)
slightly decreased, a link somewhere is removed—saycurve can be decomposed into two aspectsasityof
g—(i,n). Then it is quite probable that the threshold will @valanches and tremplitudeof these avalanches.
also be exceeded on site+ 1,n + 1), thereby inducing The densityp(R ) of “avalanches” or shocks was ob-
g_(i + 1,n + 1) to vanish, and so on. In other words, tained by plotting the probability that no shocks occur in
very long arches can suddenly appear or disappear whe interval of length6 R, which is very well approxi-
R is changed (see Fig. 3 below). mated by exp-[p§R.] (independent shocks). Fgruni-

Physically, R, is expected to depend on the friction formly distributed between zero and one, we found that
coefficient between the grains, and to be related to the(R.) is of the formHLf(R.), wheref is a function of
density ¢ = na? of the packing { is the dimension of orderl with increases rather rapidly witR .. Typically,
space), where: is the number of grains per unit volume for # = 200 grain size and an aspect rafity D of 1, the
and a the size of the grains. The reason is that thedensity of shocks is-10000.
slip condition depends on the local packing geometry, The relative value of the jump oW when an avalanche
itself related to the density: high densities will presumablyoccurs will be denoted ad. Interestingly, for an as-
make arch formation more difficult. It is thus reasonablePect ratio of1, but independently oR . (and thus of the
to assume thatR. will vary with temperature, with density p), A is distributedaccording to a power law

8R./R. « 8a/a. P(A) < |A]77, with 7=0.94 = 0.01 (see Fig. 2). On the
The total weight on the bottom plate of the silo is largest sampleH{ = D =201), this power law is observed
obviously defined as on nearly five decades, cutoff abowe= 1, which corre-
L sponds to relative change of the weightl60%.
W = Z Wi, H), (€] From a practical point of view, it means that far =
i=—L D = 200 (in grain size units), a small change &R . as

whereH is the height of the silo. Figure 1 showd as low as10~> will, with probability p6R . = 10~!, induce

a function of the threshol® . for a given sample (i.e., a relative changé of the apparent weight, distributed as
a given set ofg- uniformly chosen between zero and A™" up to A = 1. Sincer is small (close tol), huge
one [12]) and averaged over many samples (thick line)elative changes of the weight between, sag] and 1

for a silo of sizeD = 2L + 1 =61, H = 610. W is have a probability given by=1 — (0.01)'~7, which is of

a constant for smallR., and then rapidly grows with the order of0.25. Hence, small perturbations typically
R ., but reveals enormous fluctuations around the averagaduce large responses.

trend. More precisely, we find that for a small change Figure 3 shows the stress paths (i.e., grains on which
S8R . of the threshold, then with probability6R. < 1, the load exceeds a certain arbitrary value) for two very
there is a “static avalanche” in the sense thétchanges close thresholds such that’ has changed dramatically. A
by a finite amount,which is independent o6 R., and small perturbation indeed induces a noticeable rearrange-
with probability 1 — p6R,., W does not vary at all. ment of the stress paths (which could perhaps be directly

232



VOLUME 78, NUMBER 2 PHYSICAL REVIEW LETTERS 13 ANUARY 1997

Shock Amplitude Distribution in the ground state conformation [16—19]. In the same

' ‘ family of problems, one should actually cite spin-glasses,
which have also been argued to be “chaotic,” i.e., very sen-
sitive to temperature or disorder changes [20,21].

An interesting consequence of our model is that in
the region where small perturbations lead to substantial
effects, there is a large fraction of links which take a
valueg+ = 0,1. Thisin turn, according to the arguments
of [10], should lead to a power-law distributioiif ~*/3
for the local stress on the bottom plate. Figure 4 shows
that the stress distribution foR,. = 0.9 can be fitted
to W% Note, however, that the arguments of [10]
assume no correlations between the = 0, 1, which is
‘ ‘ not the case here since broken links appear precisely along
6 -4 o0t 2 0 arches. FofR,. = 1, the distribution has exponen_tial tails

° [10]. We thus expect that these giant fluctuations tend
FIG. 2. Distribution of shock amplitudes, in log-log coordi-  to disappear as the packing density is increased, since
nates, fOI'RC =06 andD = H = 201 (thICk Iine), andD = contacts will be harder to remove.

H = 21 (dotted line). We obtain the value of the exponent ; ; ; ;
by fitting(the linear Zegion of the plot (between = 10*EJ and When Fhe aspect |_’at|0H/D INCreases, th? situation
10-1) for the larger sample, to find = 0.94 + 0.01 (the error ~ changes in the following way. When a static avalanche
only includes statistical—and not systematic—errors). occurs “far” from the bottom plate, the resulting change
of weight is screened out by the presence of the (partly)
) . , absorbing walls. A simple argument allows one to under-
detected by acoustic emission [14]). This phenomenolgiang that the avalanche size distributiBA) is now cut

ogy is actually very close to the one of quantum CON-ott heyond a certaimmay Which decreases as the aspect

ductance fluctuations in strongly disordered samples [8ly4tig increases. This is precisely what we observe numeri-
where small changes of the chemical potential or the mags,)y - Fyrthermore, one observes a progressive “localiza-
netic field lead to a complete chgnge in the optimally consion” of the stress on a unique path, which, for large aspect
ducting paths [15]. The logarithm of the conductanceaiigs and smalR,, carries a finite fraction of#. This

then also shows large variations. Another similar situationgtar effect is. however. an artifact of the model. where

is that of “directed polymers” in random environments, 5 ches necessarily propagate along diagonals of the lat-
where small changes of the local (disordered) potentiahjce e have investigated a generalization of the model

or a small external force, can lead to a large-scale changg, 5jiowing the weight to be distributed among four (rather
than two) neighbors. This results in much more “diffuse”

log,,P(a)
N

Stress Paths (w>5w, )
200.0 :

o0 o Weight Distribution
o O &P o B f 2 T |g T

/ 1w

1.08

100.0 -

log,,P(w)

0.0
-100.0

00 o R-05539245,W,=0.735  100.0 . . ‘ ‘
+ R,=0.5539246, W,=0.845 3 2 ] 0 1 2
log, W

FIG. 3. Chaoticity of stress paths. We show the large stress o

paths for two very close values & ., separated by a shock, FIG. 4. Distribution of the local stred&; on the bottom plate,
and H = D = 201. For the second value dR., the paths for R, = 0.9 and a sample of siz& = D = 201. The best
have been translated by— x + 2 for clarity. As one can fit of the linear region gives an exponentl.08 + 0.04 for the

see, some large-scale features of the stress network have beexponent. This value is not far from the valueg expected
modified; the total weight carried by the bottom plate hasfrom the analysis of Coppersmitt al. [10], valid wheng- are

changedW = 0.735t0 "W = 0.845. independent and can only take the valOes 1.
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