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Moving Frames in Quantum Mechanics

Many-body systems may have a ground state that breaks spontaneously a symmetry. In

some cases, this breaking is not strict, but rather the result of an approximation: the system

may then recover its symmetry by ‘moving collectively’ in the direction of the symmetry

group. This will definitely be the case at non-zero temperature or ~ in a finite system.

A textbook example is the classical Heisenberg model in a finite lattice: the system orients

in some direction, but, since the size is finite, the average angle of magnetisation diffuses

slowly. Thus, the rotational symmetry is recovered.

The problem appears also, and is more subtle, for quantum systems. Consider the case

of deformed nuclei: these are systems of fermions that are well described by a Hartree-

Fock approximation where all nucleons move in a mean field, which in some cases may be

deformed (ellipsoidal) 1. In such cases, apart from the ‘intrinsic’ particle excitations, one

also observes low-energy excitations corresponding to the collective rotation of the system.

One wishes to treat this collective rotation in terms of Euler angles, but then one encounters

the problem that the basis (nucleon coordinates + angles) is overcomplete. At the level

of perturbation theory, the problem manifests itself in the appearence of zero modes (flat

vibrational directions) that make perturbations divergent.

A third example is the quantisation of soliton excitations: once again, the collective

motion of the soliton does not lend itself to a perturbative treatment, and once one introduces

collective coordinates to describe it, one has an overcomplete set of variables.

The natural way of getting rid of the overcompleteness is to fix the moving frame to follow

the system, but what does this mean quantum mechanically? Gervais, Jevicki and Sakita 2

realised that in fact the overcomplete problem (of collective + ’intrinsic’ coordinates) is in

fact a ‘gauge’ problem. To see this, consider the Lagrangian of a particle in a radial potential

in two dimensions:

L =
ẋ2

2
+

ẏ2

2
− V (x2 + y2) (1)

Now go to the rotationg frame: x = x′ cos θ + y′ sin θ and y = x′ sin θ − y′ cos θ. The new

1 A. Bohr, BR. Mottelson - Nuclear Structure Reading, Mass: Benjamin, 1975
2 J-L Gervais, A. Jevicki and B. Sakita, Phys. Rev. D 12, 1038 - 1051 (1975)
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Lagrangian:

L =
ẋ

′2

2
+

ẏ
′2

2
+

θ̇2

2
(x

′2 + y
′2) + 2θ̇(ẋ′y − ẏ′x)− V (x

′2 + y
′2) (2)

has three variables that can be treated on an equal footing, but it has also a gauge symmetry

– changing θ and the primed coordinates accordingly, in an arbitrary time-dependent way –

that has to be fixed. Gervais et al. proposed to treat this gauge problem with the formalism

that was usual at that time (due to Fadeev and Popov 3). However, when applied to the

collective rotations of the nuclear many-body problem, the method of Gervais et al. gave

results that depended on the (entirely arbitrary) way of fixing the moving frame to the

particle system.

In order to solve this problem, together with my Thesis advisor D. Bes and S. Cruz

Barrios, we implemented the same program, but treating the gauge problem with the (at the

time new) BRST quantisation scheme. Just as in all gauge problems, the BRST treatment

removed all ambiguities 4. It may be introduced at the operator level, so that one is not tied

to a path-integral approach.

The method, as is described in Ref [2], in the Lecture Notes [6], and in several other

papers, amounts to an elementary way of treating rotating frames in quantum mechanics, at

the same time preserving the collective coordinates and avoiding the pitfalls due to Goldstone

modes.

The method has been applied in several many-body and soliton-quantisation problems 5.

In many cases the limitation turns out to be in the perturbative expansion itself: the prob-

lems are either non-perturbative in nature, or lead to nonrenormalisable theories. The most

interesting perspective remains, in my view, to see whether one can use this construction in

the context of fermion systems with constraints, as appear in systems of strongly correlated

electrons.
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4 Whose origin was a subtle question of non-linear gauge-fixing terms and boundaries of integration, some-

what unavoidable in our case.
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