Coherent light transmission by a dew pattern
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We study both theoretically and experimentally the transmission of co-
herent light by a drop pattern (dew). The theory is based on the Kirchhoff
scalar approach to diffraction. The polarization of the diffracted wave in the
zero diffraction order is analyzed separately. The intensity in the zero diffrac-
tion order in the far zone is an oscillatory function of the drop size. These
oscillations are observed with a pattern of water drops growing on glass. The
model allows the evolution of the important parameters of the drop pattern
(average radius and surface coverage) to be obtained from the light intensity
in the zero diffraction order.
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1 Introduction

Depending on the wettability of the surface on which vapor condenses, dew
forms a transparent film or a diffuse assembly of droplets. The knowledge
of the properties of dew, “breath figures” or, generally speaking, dropwise
condensation, opens a vast field of applications ranging from high-technology
processes of film growth [1] to soil desinfection in agronomy [2], sterilization
in pharmacology [3] and water recovery in dew condensers [4]. The optical
properties of dew have received considerable attention from the scientists
who studied the natural physical effects (see, e.g. [5,16]) and from those who
are interested in industrial applications [7, §].

The morphology and kinetics of dew formation were investigated ex-
tensively both theoretically and experimentally (see e.g. [9, [10] and refs.
therein). Its growth can be characterized by several physical values, the most
important of which are the mean radius (a) of the drops and the surface cov-
erage ¢2, which is the fraction of surface area covered by the projections of
the drops on the surface.

Two regimes of growth can be identified. At the beginning of the con-
densation process the drops grow independently, (a) follows a power law
(a) ~ t" where t is the elapsed time, and the surface coverage increases.
When the temperature of the substrate is kept constant, py = % When the
drop radius becomes large enough, coalescences between drops occur and the
exponent changes to another value 1 = 3py. The growth is then self-similar
and the surface coverage reaches a saturation value €2 as well as all the sta-
tistical characteristics of the drop pattern, except (a). When the surface is
ideally smooth and clean 2 =~ 0.55 independently of the wetting properties
(characterized by the contact angle ¢, see Fig.1)). For a nonideal surface, the
pinning of the contact lines by the surface heterogeneities leads to a hystere-
sis of the contact angle, i.e. to a significant difference between the advancing
and receding contact angles. The shape of the drop is no more a spherical
cap. In this case €2, becomes dependent on the hysteresis, and since the hys-
teresis effects are stronger for small contact angles [11], €2, becomes higher
as ¢ is smaller. This dependence will be used in section 3/ to determine the
contact angle. In the analysis below, the drops are considered to be spherical
caps and the influence of gravity, which is important only when the drop
reaches a size of ~ 2mm (the water capillary length), is neglected.



2 Theoretical description

Despite its importance, the optical properties of a dew pattern has up to
now been investigated to our knowledge by geometrical optics only [2, 6].
Indeed, the light scattering by a random set of nearly hemispherical drops
with different size is quite difficult to describe. Here we give a solution in a
particular, but important, case: we calculate the intensity of the zero order
of the far zone diffraction, i.e. the transmission of a coherent light through
the dew pattern.

2.1 Optical properties of a single drop

Let a monochromatic linearly polarized plane wave with amplitude E* travel
through a transparent substrate and then fall normally on the interface be-
tween the transparent substrate and a water drop (see Fig. [1). The wave
is partially reflected, and the amplitude of the wave just after the plane
substrate-water interface is [12] 2n,E*/(n, + n,), where ng and n, are the
refractive indices of the substrate and water respectively. Passing through
water, the wave gains a phase shift. Thus the complex amplitude of the wave
just before the water-air interface is

Ei = 2/ (N + 105 E5 exp(ikonl), (1)
where kg = 2w/, X being the wavelength in vacuum, and

l=VR?—1r?— Rcos ¢, (2)

is the geometrical path of the ray inside the water drop. Here r is the
distance of the ray from the center of the drop (Fig. 1), R is the radius of
curvature of the drop and ¢ is the contact angle. Then the ray is refracted
and its polarization changes according to the Fresnel formulae [12]. While
the component of the field which lies in the plane of incidence is transformed
according to

2sin 3 cos
sin(a + 3) cos(a — 3)’

Eﬁ = Eﬁt” With tH = (3)

the component which lies in the perpendicular plane is

2sin (3 cos

B! = Eit,, with t, = 07
L LA, W + sin(a + )



where a and (3 are the angles of incidence and refraction respectively (see
Fig. 1). These angles are related through the Descartes-Snellius law

Ny Sin @ = n, sin G, (5)
where n, is the refractive index of air and « is defined directly by r:
sina =r/R. (6)

We consider a polar coordinate system in a plane parallel to the substrate,
see Fig. 2. It is chosen in such a way that its reference point coincides with
the drop center O and the reference direction (called the &-axis below) is the
direction of polarization of the incident wave. Then for an arbitrary point
with coordinates (7, )

| = E'costp, Ei| = E'sin. (7)

Using the £On Cartesian coordinate system (Fig. 2), it is easy to check with
the help of Eqgs. 3, 4 and [7 that

Ef = E'(t) cos® ¢ +t, sin’¢), (8)
E! = E'(t, —t)sint cos . 9)

n

Waves of different polarization do not interfere and can be analyzed sep-
arately. The n-components of the waves, emitted by two mirror symmetrical
points (r, 1) and (r, —1) of the drop surface satisfy the following relation

E;;(r, ) + E;(r, —1) =0. (10)

Because the drop is a spherical cap and the incidence is normal, the angles
a and [ as defined by Eqs. 5land 6l are independent of the 1)-coordinate of the
incident ray (Fig.2). Thus ¢ and ¢, as defined in (3) and (4) are independent
of ¥ too. Then (10) follows from (9). Therefore, as far as only the zero order
of diffraction is concerned, the n-polarized components of the waves which
come from two these points annihilate each other. Since this argument is
applicable to every two symmetrical points, the n-polarized components of
the waves yield no contribution. Therefore, the wave in the zero order of
diffraction (unlike any other point in the image plane) is polarized in the
&-direction, i.e. in the direction of polarization of the incident wave. This
allows the index £ to be omitted hereafter and the scalar wave theory for
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the £&-component to be applied. The key parameter of this theory [12] is the
complex transparency of the drop which we introduce now.

The visible radius of the drop a can be related to its curvature radius R
through the contact angle ¢ (see Fig. [1):

¢ a :{ sing, if ¢ < 7/2, (1)

R 1, otherwise.

We neglect the contribution of the rays which are multiply reflected or
refracted before leaving the drop. Each reflection or refraction decreases
strongly the amplitude of the corresponding fields according to the Fresnel
formulae, the angles of reflection or refraction being there large. An addi-
tional attenuation is due to the light absorption by water. Another reason
for amplitude decrease is the angle factor K, which is small for the large
angles of refraction (see below).

When the angle of incidence at the surface of the drop « (see Fig. [1)) is
larger than .., which is defined by the relation

Sin Qe = Y = N /Ny

full internal reflection occurs. Therefore, two regions can be defined in a
drop: an inner transparent region of radius ¢’ < a and an outer annular
“black” region. The ratio y = '/ R is easy to determine by using Fig. [ after
straightforward geometrical arguments:

v, if e, < ¢ < — g,

= . . 12

X { sin ¢, otherwise. (12)

The contribution of the rays which have to cross an air layer before entering

the drop when ¢ > 7/2 is neglected in accordance with our “single-refraction”
assumption.

The complex transparency of the drop with visible radius a can be written

as
peta el O (p)etolmemnal =l if 0 < r < d,
Ta(F) = 4 0, ifa/ <r<a, (13)

1, if r > a,

where p is the coefficient of light absorption. It is negligible for visible light
and we put g = 0 in the following. The function C (1)) is given by

C(¥) =t cos® ¢+t sin® . (14)

Eq. 13 follows from (8)) after substitution of (1)) and division by the amplitude
of the wave unperturbed by the presence of the drop.
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2.2 Diffraction by a single drop.

Kirchhoft’s formula [12], reduced for the diffraction in the far zone, gives
the following expression for the amplitude depending on the direction to the
point of observation k:

E(k) = //Ta VK exp|—ing - (ko + k)] d7, (15)

where 7, is the complex transparency of the object and K is the angle factor
given by

1
2kg

The integration in (15) is performed over the reference plane parallel to the

K=——(ky+k)-1. (16)

substrate, 77 is a unit normal to it (Fig. 1), ko is a normal vector to the wave
front which falls on the reference plane, |ko| = |k| = ko. Expression (15)
holds just for the small scattering angles, i.e. for k close to koit (in the case
considered here k = kofi exactly). Thus (16) reads

For the diffraction by the drop (see Fig. 1) this expression reduces to
1
K = Q[cos(ﬁ —a)+1]. (17)

In the familiar case of the Fraunhofer diffraction by a hole or by a quasi-
flat phase object, ko does not depend on 7, ko = kon, and E(k) is just the

Fourier-transform of 7,(7). In the case of a drop, the direction of ko is a
function of 7, and E(k) is the Fourier transform of the function

7.(F) = 7o(7) K exp(—ing7 - ko). (18)

Note that 7,(7) = 7,(7) = 1 outside the drop.

2.3 Zero-order diffraction by a dew pattern

The theory of diffraction by an assembly of objects is presented in [13] under
the assumption of applicability of the conditions of Fraunhofer diffraction
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when the amplitude in the image plane is the Fourier transform of the object
transparency. It is shown in [13] that the intensity in the zero diffraction
order is defined by the so-called “Debye volume scattering term” which can
be written within a constant as

Iy = |E(k=0)]* = |(r)], (19)

where 1
— 7, (7) dr). (20)

51

(s1)

Here sy is the total illuminated area of the substrate divided by the total
number of the drops and the angle brackets mean an average over the size
distribution. Although the theory was developed for a real transparency
7,(7) (called “density” in [13]), it can be easily generalized for the complex
case. The invariance with respect to the spatial distribution of the drops is
an interesting feature of expression (19).

As already discussed, the function 7,(7) should be used in (20) instead of
7,(7). It is easy to check that this function is radially symmetric which is a
necessary condition of the applicability of the results [13]. Thus

Ta 1 ng+ng ny T .
T = —?1+;1 T + 70 naO/JKT’eXp{’lkoK na)l+naT81n( )]} dT
(21)
where

27

J= [Cw)av =n(t + 1),
0

In order to find an average of (21)), one needs to introduce the distribution
H(a), which defines the probability to find a drop with the visible radius a.
Since the two important physical values are the average size (a) and the
polydispersity ¢ = ((a?) — (a)?)"/?/{a), a distribution with only two free
parameters can be considered. We choose for this purpose the Maxwellian
distribution as described in [13]:

H(a) = B0 <“>me—<a/a0>2, (22)




where B(m) is a normalization constant. The free parameters m > —1 and
ap can be related to g and (a) [13] through

g~ (2m+2)7Y2 (23)
(a) ~ ao|(m + 0.5)/2]"/2. (24)

These approximations become accurate within less than 1% when m > 4.
The mean surface coverage €* is related to s; by €2 = w(a?)/s;. Note
that it is defined here by the projected area covered by the drops, not by
the actual area in contact with water. The set of Eqs. 21-24 allows one to
calculate (7) as a function of the parameters (a), g (or ag, m) and &2:

1
na—i—ns 22(1 + v+ vr — 2%)?
<>_1_8+C2’y nw+ns / do ¢ (v+2z)(ve + 1 — 2?)
1—x2
/ e i, 001 =) - cos0) — (1= Ao~ )] - 7 (29

where v = /a2 +~2 — 1. The intensity of the zero diffraction order I can
now be calculated by using (19).

Let us analyze now the function Iy({a)) with g and €* as parameters. This
choice reflects the growth kinetics of the self-similar regime (see section 1)
when the only growing parameter is (a). Oscillations of the function I({a))
can occur due to the exponential dependence of 7ag, the latter being related

o (a) by (24).
The asymptotic values of the function Iy({a)) can be calculated explicitly:

2

€2 ng + ng /1 f2(1+7+vx—x2)2dx (26)

v+z)(ve + 1 —2?)
1—x2

Io((a) — o00) = (1 —€*)%.(27)

The interesting feature of these expressions is that they do not depend on
the polydispersity and, therefore, on the form of the function H(a). While
(26) is not particularly useful for practical purposes (since > = 0 always
when (a) = 0, giving Iy = 1), Eq. 27 is more interesting because it relates
Io(t — o) to €%, Tt is easy to see that the value (27) gives the geometrical
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optics limit and corresponds to the transparency of an assembly of black
spots. In this case (1) = 1 — &2 and I, depends either on the shape or on
the size of the spots through £? only. One can therefore conclude that the
presence of the oscillations is connected to the phase shift of the transmitted
wave by the drops.

The results of the calculations of the function Iy({a)) for different constant
values of the other parameters are presented in Figs. 3 and 4. We recall
here that in a real condensation experiment g and £ are not constant in
the beginning of the growth (see section [1)). Thus the curves presented in
Figs. 3 land 4 cannot be observed experimentally. For example, it is generally
impossible to obtain € = 0.6 for small values of (a), while the curve which
corresponds to this surface coverage is plotted for all values of (a) in Fig. 4.

Figs. |3 and 4 show that the amplitude of the oscillations of the function
Iy({a)) is controlled mainly by the polydispersity, while the “mean” level,
around which the intensity oscillates, depends strongly on 2. A large poly-
dispersity suppresses the oscillations. The positions of the extrema of Iy({a})
are practically independent of €2 and g over a wide range of the parameters.
However, the dependence of the positions of the extrema on the contact an-
gle ¢ is stronger. It is presented in Fig. 5. These features allow the values
of the parameters (a) and £? to be determined experimentally as will be
demonstrated below.

3 Experimental: determination of the char-
acteristics of a dew pattern

The sketch of the experimental setup is shown in Fig. 6. It is derived from
the setup in [14]. It permits simultaneous observation of the scattered light
and measurement of the intensity on the optical axis. No direct visualiza-
tion of the droplets was sought. Dew is produced by blowing air saturated
with water vapor on a cooled glass slide coated with a hydrophobic layer of
silane, which plays the role of the substrate from the optical point of view.
The process of glass coating is described in [10]. The coherent light beam
generated by a 5mW He-Ne laser (A = 0.6328um) passes through the glass
plate and the dew pattern. The diffracted light is collected by a large lens
(10cm diameter) placed at its focal length. The diffraction pattern is visual-
ized through a translucid screen. The pictures are recorded by a CCD video



camera and digitized for further analysis. A mirror placed at the center of
the lens deviates the transmitted light perpendicularly towards a photodi-
ode. The distance between the photodiode and the mirror is chosen so as to
provide the conditions of Fraunhofer diffraction [12] in the photodiode plane.
The size of the mirror and the pin-hole in front of the photodiode correspond
to the width of the laser beam. This allows all the light to be collected in
the absence of scattering by dew. When condensation starts, the photodiode
measures the intensity of the zero diffraction order. The temperature of the
glass slide is stabilized by an attached large copper block connected to the
Peltier element and a power supply. The temperature is controlled during the
experiment. The video image and the photodiode signal are simultaneously
recorded when vapor is blown onto the glass slide.

A typical Iy recording is shown in Fig. [7. The time evolution of I can
be understood on the basis of the model considered in the previous section.
The sharp decrease of the “mean” value with respect to the oscillations re-
flects the evolution of the surface coverage 2. The latter increases until
it reaches the value €2 . Several oscillations appear, in agreement with the
above theoretical prediction. Moreover, the model gives an opportunity to
determine the parameters of the dew pattern by using the time dependence
of Iy (Fig.[7). The algorithm for the determination of €* and (a) as functions
of time t can be described as follows.

1. The value of I at large time corresponds to the saturation value (27).
Here we obtain I, = 0.16, thus €2, = 0.6.

2. The data [11] where £2 is plotted versus contact angle shows that this
value corresponds to an average contact angle ¢ ~ 90°. We thus use the data
calculated for this particular value of ¢.

3. Because the positions of the extrema of the function Iy({a)) are nearly
independent of €2 and g, we can determine with high accuracy the values of
(a) at the times which correspond to the extrema of the function /y(t). They
are plotted versus ¢ in Fig. 8l

Fig. 3 shows that the value of I is independent of the polydispersity g
in the inflection points [15] of the function Iy((a)). By making use of this
property, we can obtain the values of €2 by the following steps.

4. The time values at the inflection points and the corresponding values of
the intensity are extracted from Fig. [7.

5. The values of (a) at these values of time are determined by the interpola-
tion of the dependence (a)(t) obtained in step 3.
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6. Eq. 25 can be rewritten in the form
(1) =1-¢&"+*(A+iD), (28)

where the quantities A and D are independent of €2, Then (19) with the
substitution of (28) can be easily solved for 2:

2 ={1-A—{L[D*+ (1 -A)?* D} /2/[D* + (1 - A)?%. (29)

Since A and D can be calculated for an arbitrary value of g (we took g = 0.16)
and values of (a), obtained in the step 5, the corresponding values of £* can
be determined from (29) by using the values of I, from step 4. These data
for €%(t) are plotted in Fig. 8 with the saturation value from the step 1.

One can see that the curve €%(t) is similar to the curve obtained by
numerical simulation [10]. The time evolution of (a) can be compared with
that of k,.'. The value of k,, is defined as the wavevector corresponding to
the maximum intensity in the diffraction pattern (ring). It is obtained by
the image analysis of the diffraction picture as recorded by the video camera.
One can see that for large times the growth laws of k! and (a) are the same.
They correspond to the growth exponent p ~ 1.

4 Conclusions

The theoretical model developed here deals with the intensity of the coherent
light transmitted by a time dependent dew pattern. The theory explains the
oscillations of the intensity observed in the zero diffraction order in the far
zone. In addition, the model allows the evolution of the two most important
parameters of the drop pattern to be assessed: the average drop radius and
the drop surface coverage.

V. N. would like to thank the direction of DRFMC, CEA/Grenoble for
its kind hospitality and the Ministere de I'Enseignement Supérieur et de la
Recherche of France for financially supporting this work.
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Figure 1: The geometry of a drop. See text for the explanations.

Figure 2: The top view of the drop in Fig. [1l with £On Cartesian and rOv
polar coordinate systems.
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Figure 3: The function Iy({a)) for 2 = 0.6, ¢ = 90° and for different values
of g.
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Figure 4: The function Iy({a)) for g = 0.16, ¢ = 90° and for different values
of 2.
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Figure 5: The positions of the four first extrema of the function Iy({a)) versus
the contact angle ¢ for g = 0.16 and % = 0.6.
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Figure 6: Schematic diagram of the experimental setup.
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Figure 7: Experimental time evolution of I,. The data are normalized by
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