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It is a concept coming from quantum mechanics.

It is commonly believed that the Hamiltonian must be Hermi5an in
order to ensure that the energy spectrum is real and that the
probabili+es are conserved in +me.

Although this axiom is sufficient to guarantee these proper+es, it is
not necessary.

Carl M. Bender (C. M. Bender and S. Boe<cher, Phys. Rev. Le<. 80, 5243, 1998)
demonstrates that there is a more physical alterna+ve axiom, which
he refers to as space-+me reflec+on symmetry (PT symmetry). This
symmetry allows for the possibility of non-Hermi5an and complex
Hamiltonians but s+ll leads to a consistent theory of quantum
mechanics.
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Hermi+an acous+cs

Loss

Gain

No Loss, no gain

Non-Hermi+an acous+cs

Par+cular case : Gain = Loss

can lead to PT -symmetry
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ScaEering matrix

Reciprocity Sr = tSr

Energy conserva+on

Time-reversal invariance SrS⇤r = Id

tS⇤r Sr = Id

t = tR = tL
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Hermi+an acous+cs 

Energy conserva+on
Reciprocity
Time-reversal invariance

Sr is a unitary matrix

(2 of those proprie+es
imply the third one)
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For Hermi+an acous+cs:

�2
1 and �2

2 are the eigenvalues of tS⇤r Sr

�1 and �2 are the eigenvalues of Sr

�1 < |�1| < |�2| < �2

singular values for Sr

�1 = �2 = 1 ) |�1| = |�2| = 1

(real and positive)
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Introduc+on to PT–symmetry

Loss

Gain

with Gain = Loss

�x ! ��x
t ! �t

P operator (Parity operator)

T operator (Time operator)

2 diaphragms
in a tube
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ScaFering with PT–symmetry
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Introduc+on to PT–symmetry

� =


0 1
1 0

�

Pauli matrix

Unusual conserva+on rela+on

or

Sr =


rL t
t rR

�

(Sr�) (S
⇤
r �) = I

Different from the energy 
conserva+on rela+ons:

S is a unitary matrix
Sr

tS⇤r = I

StS
⇤
t = I

St = S� =


t rL
rR t

�

St
tS⇤t = I
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Introduc+on to PT–symmetry

r⇤RrL + tRt
⇤
R = 1

r⇤LrR + tLt
⇤
L = 1

r⇤RtL + rRt
⇤
R = 0

r⇤LtR + rLt
⇤
L = 0

,StS
⇤
t = I

Generaliza+on of the more familiar 
conserva+on rela+on                           , 
which applies for energy conserva+on

|r|2 + |t|2 = 1

r⇤RrL + |t|2 = 1
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Introduc+on to PT–symmetry

exact PT symmetric phase

broken PT symmetric phase

S 1 = s1 1s1, s2 eigenvalues of S

 1,  2 eigenvectors of S S 2 = s2 2

|s1||s2| = 1PT–symmetry implies:

if |s1| = |s2| = 1

if |s1| = 1/|s2| 6= 1
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How to make acous+c gain with flow

Thick diaphragm:

P ⇥ ��0

Z

V
⇤⇥fcor . ⇥upot⌅dx3

Powell-Howe analogy 
Important parameter: Strouhal number

St =
f t

Ud ~fcor = ~⌦⇥ ~uconv

P > 0 : gain P < 0 : loss
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Thick diaphragm: velocity 
conserva+on

u1 = u2 ) p+1 � p�1 = p+2 � p�2

p1 = p2 + Zu2

Z = R+ jX

Resistance

Reactance

if R > 0 ) Loss

if R < 0 ) Gain

t ⌧ c0
f

Impedance

How to make acous+c gain with flow
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How to made acous+c gain with flow

�upot

U0

~uconv ' U0

2
~ex

P ⇥ ��0

Z

V
⇤⇥fcor . ⇥upot⌅dx3

vp = ~upot.~er

~fcor = ⌦
U0

2
~er

~⌦ = ⌦ ~e✓

Poten+al
flow ➜
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How to made acous+c gain with flow

⌦ = ⌦0e
!x/U� sin(!(x/U� � t))

vr = vr(x) sin(!t)

x

x

Saturated

P ⇥ ��0

Z

V
⇤⇥fcor . ⇥upot⌅dx3

St = f t/U0

Gain

Loss

�⌦ vr

�h⌦ vri

Averaged in 
+me

Integrated
in space

P

zone of Gain

Loss
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How to made acous+c gain with flow
Thick diaphragm:
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An acous+c PT symmetric system with flow
Loss Gain

L

convec+on neglected

Preliminary measurements: 
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An acous+c PT symmetric system with flow

Loss Gain
convec+on neglected

tR = tL

D
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An acous+c PT symmetric system with flow

rL

rR

Unidirec+onal 
invisibility

Unidirec+onal 
invisibility

Loss Gain
convec+on neglected

D
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An acous+c PT symmetric system with flow
Loss Gain

convec+on neglected

Unidirec+onal  “invisibility”:
Zero reflec+on only form one side

r⇤RrL + |t|2 = 1

rR = 0 rL = 0

(rL = 0 or rR = 0)

D
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An acous+c PT symmetric system with flow

Loss Gain
convec+on neglected

Non-unitary S
(energy not 
conserved)

PT symmetric 
property for S

kScS⇤c � Ik
kSctS⇤c � Ik

D
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An acous+c PT symmetric system with flow

Measurements 

Exact PT
symmetric phase

Broken PT
symmetric phase

eig(St)
SVD

Loss Gain

L
convec+on neglected
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An acous+c PT symmetric system with flow

Loss Gain

L
convec+on neglected

Taking into account 
addi+onal losses 
in the tube
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An acous+c PT symmetric system with flow

Exact PT
symmetric phase

Broken PT
symmetric phase

|eig(St)|

|t| > 1

incident
scaIered
total
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An acous+c PT symmetric system with flow
Loss Gain

L

Measurements

PT symmetric
CPA-Laser

eigenvalue of Sc
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An acous+c PT symmetric system with flow

PT symmetric
CPA-Laser

eigenvalue of Sc

Coherent Perfect Absorber (CPA) Laser


