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Homogenization of discrete media -1

Discrétisation A A

Variables nodales cinématiques : Inconnues
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Homogenization of discrete media - 2

Discretized system

Homogenisation 1D (2D)

—~Macro variable x I =¢L=dx N
-U(n) = U(x,) , Variables continues (
-Variables = cinématiques Développées en ¢

~Incréments sur

~Forces nodales (/,...)

~Normalisation (¢!) de
-Développements ==>

croissant

U(x) = 2 e'Ul(x)

Séries de Taylor
Macro Dérivée
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Vibrations Transverses / Longitudinales

Cellules symétriques

Deux jeux de variables cinématiques indépendantes

Transverse

U; o

level n ¢

Mouvement de corps rigide de section

Deformation de section

Longitudinal
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Homogenization of discrete media -2

Expansion of the efforts

A. compression wavelength in the elements
A\, bending wavelength in the elements

=>» Classical homogenization [<<A <<
c

Expansion of N, M, T =»Newtonian macro dynamics cS

=» Bending resonance [~ N, << A,

Expansion of N, only = Atypical dynamics

I traction

compressio

I traction
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Scale separation

I/H=¢ec<<1

2D-In plane Periodicity
Scaling of parameters

Soil / Pile contrast

Scaling
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Scaling of motions

Almost free beam
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Inner bending/Second gradient continua

Interpretation of the balance equation

E 1 1
~p pa y70 18 0
S Ua’xlxlxlxl C 2 Uﬁ »X1X] = O
BENBING SHEAR

« Matrix » loaded by transverse force of beams
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Beam loaded by shear forces in the « matrix »
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Influence of boundary conditions

Beams clamped at both extremities

L
sinh(H/ L)

Ulxy) = (,{_\-, — [cosh(x)/L)— cosh((x; — H)/ L) + cosh(H/ L) — l]}

Beams clamped on x= H, free on x =0

Ulxy) = u{x. — sinh(x ;’L)}

cosh(H/ L)

Beams free at both extremities

U(xy) = ax
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General Kinematics
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Transverse kinematics U,(x,) D
Resolution

Beam Matrix

o W, =U,(x)

I
& Pl =y, 9U,/0x,

— Pel = -[1 ] y,0U,/dx, my0) = Uy(X,) Q

Pol), =-E, y,dU,/0x, [m6']=0 -

Pz = ...

8 P!, /0%, + divy([Po?]) = 0 div, (["0?]) = 0

= myl, = - P(y)dU,/ox, 'Ql
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Modes of a Soil-Pile reinforced layer

Eigen modes and frequencies depends on

Soil & Pile boundary conditions

Bending/Shear ratio K = EI/GSH?
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To sum up

Complement of

Usual composite Léné 78, Sanchez-Palencia 1980, Postel 1985
Multiphasic DeBuhan 1999
Energetic Pideri & Seppecher 1997

Experimental evidence of second gradient effects

h*= Log(H/t)

Leading order _ -
. N S Q?l}?hyg!%dla ; %A -
Dynamlcs 52(130 n L—boulzlndlary layer <(°Qy | Generalized
nz:elgig , V// : media
Validity for real media N i N B L
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1_82101 e . - 101
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Longitudinal Kinematics U,(x,)

Macro dynamics & Matrix inner dynamics
L = A2 = O(V Pu/<p>)
m)\/27t = OV ™u/<p>) = O(eV Pu/<p>) = O(e L) = O(/) :

Resolution

Beam Matrix

Pl =U,(x))
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Instrumentation

& SETRA P e
« MEMS

// -
<
P / \
T

SETRA : 1D, 30 grams each, 8 cm-
wide base plate




Shakings

04— "White Noise _ o[ White'Noise '
0.2f 1 < 10 | A ) [l Y
§ j | 3 81 | |‘./||||’:|f' l IL Jll h"} '“ ‘!“
~ O * ||| ‘AI ‘I' ‘W qu | L l| “ &, 6f h."(\/'l‘\\"\r“l.bl
‘l { i 23
-0.2f | | | | (2): _ J/V o
100 101 102 103 0 2 4 6 8 10 12 14 16 18 20
1.2 — . 14 ——————
I Ricker pulses 1 Ricker pulses
I ] 12t
0.8 \ ol
- : 2 gl P
} I .'ul 1 Ei, 6
-~ O ————— ”/\-—-- messms——————a———————————————————etmetitootmssomosnemne] r ,MH
I “\ ] e al ///‘ \
0.4 y N S s _ |
_08.., . : \ - \ \ 4 OL // ~ . ‘ ~~i':~;vs;¢,.,:.,\.,
) 1 2 3 0 2 4 6 8 10 12 14 16 18 20
0,4 T T T n T T 250 T T T T T
i Harmonics ] Harmonics
200t
0.2 NN =
= | 1 ~ 150
~ -
S [ VAVAVAVAVAVAVAVVaVV.V VoV AVaVaViV VAV aVaVaVaVe = 100}
I 1 =~
.............. N S50F
. . , . 0 , L pI I Ll .
10 11 12 13 0 2 4 6 8 10 12 14 16 18 20

t ( sec)

f(Hz)

In X

resonant direction

iny

inert direction

at 45°

superposition of X and Y




Drastic changes in spectrum Surface/Table
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1 resonator : usual layer’'s resonance
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37 resonators : in X resonant direction : drastic change in layer’'s resonance
37 resonators : in Y inert direction : usual resonance peak

City impedance analysis : qualitatively and quantitatively accurate
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Short Wavelengths

Weakly Contrasted Composites

Diffraction

Phononic crystal

—

Weakly
Contrasted

K MMLJ\LWWM

Bloch waves

Highly
Contrasted

No scale separation for U

Then ? A /ERV > 1 A /ERV <1

3? Macrodescription = Daya et al., 2002 ; Craster et al., 2010 ; Boutin et al.,2012



Augmented Paradigm of Scale Separation

Continuum modeling for the modulated vibration
modes of large repetitive structures

El Mostafa Daya ®, Bouazza Braikat b Noureddine Damil ®, Michel Potier-Ferry®

2 Laboratoire de physique et mécanique des matériaux, UMR CNRS 7554, Université de Metz, ISGMP,
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Université Hassan II - Mohammedia, Casablanca, Maroc

Received 13 February 2002; accepted after revision 4 M

Note presented by Evariste Sanchez-Palencia.

Abstract By homogenization theory, one can predict the vibrations of long repetitive structures in the - -
low frequency range. Beyond this range, many modes have a modulated shape. Based on L —1
a multiple scale analysis, a continuum model is presented, that is able to account for this . -
class of modes. This model involves a real coefficient that can be computed from the finite

element resolution of problems defined on a few basic cells. An application in 2D elasticity
is presented. To cite this article: E.M. Daya et al., C. R. Mecanique 330 (2002) 333-338.
© 2002 Académie des sciences/Editions scientifiques et médicales Elsevier SAS

computational solid mechanics / solids and structures

Modéele continu pour les modes de vibrations modulés des longues
structures répétitives

Résumé Grice 2 la théorie de I"'homogénéisation, on peut prédire les basses fréquences de vibrations
des structures longues et répétitives. Pour des fréquences moyennes, beaucoup de modes
ont une forme modulée. Nous présentons ici un modéle continu qui permet de prendre en
compte cette classe de modes, grice a la méthode des échelles multiples. Ce modele dépend
d’un paramétre réel qu'on peut calculer en résolvant par éléments finis des problémes
définis sur quelques cellules de base. Une application est présentée dans le cas de 1'¢€lasticité
2D. Pour citer cet article : E.M. Daya et al., C. R. Mecanique 330 (2002) 333-338. © 2002
Académie des sciences/Editions scientifiques et médicales Elsevier SAS

mécanique des solides numérique / solides et structures

1. Introduction

Large structures exhibiting a repetitive form are used in many domains, as aerospace industry. Generally,
the eigenmodes of these structures can appear as overall modes or modulated ones. For instance, let us
consider a structure as the one pictured in Fig. 1. If the displacement is locked at one or several points
of each basic cell, only modulated modes exist, sometimes together with a few localized modes [1]. On
the contrary if all the basic cells have stress free boundaries except the first and the last one, the smallest
eigenfrequencies correspond to overall modes, also called beam modes. In these two cases, most of the
eigenfrequencies are closely located in well separated bands, see Fig. 2. Typical shapes for the modulated
modes are presented in Fig. 3: they appear as slow modulations of a periodic mode. The latter property

E-mail address: daya@lpmm.univ-metz.fr (E.M. Daya).

© 2002 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. Tous droits réservés
$1631-0721(02)01464-X/FLA 333
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Moustaghfir, Daya, Braikat, Damil, Potier-Ferry, IJSS 2007
Craster, Kaplunov, Pichugin , PRSA 2010
Boutin, Rallu, Hans, JMPS 2012



Macro Description ?

Local dynamics (p constant)

(w) + pu?u=0

J\L ) “w

Q

a; p 2 — periodic

Q2-Eigen modes at eigen frequencies

G(@)+mi2’ =0 , on 0

&7 Q — periodic

®J(y) of constant MODAL amplitude
Scale separation

Modal amplitude varying at large scale

Ulxy) =Ax) P(y) W = 0y



Two-scale Formalism = Homogenization

Modifications -
Frequency range o = O(wg) W= w K+Z gt u(d)
Q-periodic Multicell

Classic steps
e =l/L<<1 X=Ey,;y

u(z,y) = ) e'ul) (z,y) G—G,+eg,  +e ziz

=y
G,2(u) = div,

—Y

(2,
G,.(u) =div, (0 )-I— div (g u)
))

—Y

g,2(u) =div, (gl

Series of local problems in Q



Leading Order

Local dynamics at my
G, )+ p%u® =0 , on 0
u® Q— periodic

Simple mode

uO(z,y) = AQ(z)@¥ (y)

Double mode

4O (z,y) = AO(5) 8K (y) + AO (2) 8K (y)

Multiple mode



First Order Problem - Simple Mode

y-Eigen value problem + Source

Q(O) (g, g_/) = A(O) (@)QK (g)

A

gy2 (g(l)) + Wf{ ’t_l,(l) + ‘5(1)(@(0)) =0 , on 0

{ SU@®) =6, ) +2pwx w® o

\ uV Q- periodic

G(PK) -A@K=0 ; Gu)-Mu+S=0 > <SHK>=0

<§(1)(1_L(°))-9K > =0

Fredholm alternative

Periodicity <gy (u(?).8K) = ! sgrad (A0 (z)).V (2K, 0X) =0
e (Vo) 7
2 7\ of  ref\ @\
v(@heh) = (VP <gy(%)‘ Z gy(\fp)'\/ﬁ>_ v(e'e)

Frequency corrector & ‘w =0



Resolution

Source

SW () = G (u(©) Forcing in grad (A)

Modes : Orthonormal basis

A (z,y) = AD(R)aK () — 3 | Ee (A7) V(@ 2T)

. foxd
J#K <\//_’>2(w§< — w3) ol

Exact expression



Second Order Problem - Simple mode

y- Eigen value problem + Sources

’

G,2(u?) + i u® + VW) + 8P W) =0 , on 0
(1) (,,(1)y — (1)

S@ W) =G () + 2 pwx w® 1

’l_L(2) () — periodic

Fredholm alternative
<[§(1)(@<1)) +S® (@(0))],9K> =0

..... Governing equation for A'!

div, (2"@35 (A(o) (g))) > (\/ﬁ)sz w® A0 () =0



Macro-modulation of Simple Mode

Governing equation of Macro-modulation

Effective Elasto-Inertial 2"d Rank tensor

V (@7, %) @ V (27, 9K)
oK =T (0¥, &X) + S ,
2 =X ) J; (V/P) (wh — w?)

J K
T (2%, 97) = (vp)’ <%§—ﬁ>

Symmetry : 3 # Principal values >0 or <0

Effective « Differential Inertia» >0or<0 = ~ Guided waves



Features of simple mode modulation

Modulation in a principal direction

CTEA" + (W —W3)A =0

Alz) = AL exp(+iraX) + A_exp(—irkaX)

Modulation number

/ ‘2 —_— 2 IS ] / .
e (G \/ 2K (1 Real /Imaginary
T " wie

Aa(w) = A K\/ g ~ ! High dispersion
W — WK



First Order Problem - Double Mode

Double mode

1 1 2 2
uO(z,y) = A0 (z) 2 (y) + AV (2) 2% (y)

Same y- Eigen value problem + Source

,

G,2(u) + pufu + 8V W) =0 , on Q

N

S () = ny(g(O)) + 2pwi w4

\ ’l_L(l) () — periodic

Fredholm alternative x 2

1
(Q(l)(Q(O))QK) -0

2
<§(1)(y(0)).g Ky =0



Macro-modulation of Double Mode

Coupled equations

¢ 2 1 2 ] 1
grad (A 0)(a)).V (@K’ QK) +2 (v wx w® AO(2) = 0

1 2 1 ) 2
gMQ&Mm@DM(QKQK)+2hﬁVwKM”AmWQ=0

Governing equation of Macro-modulation

Effective Elasto-Inertial 2" Rank tensor

1 2 1 2
% (QK,M) RV (QK,9K>

RE —

RE = — =>» Principal values =0, 0, 0!
a (V)" wi

Effective « Differential Inertia » >0



Feature of double mode modulation

Modulation in the principal direction
C2RE A" + dw — wK)QA =0

Alz) = AL exp(+iraX) + A_exp(—iraX)

Modulation number

1 /4w —wg)? 2|w—wk|
oyt _ 2w —wk| Real
Hw) c\/ RE T C JRK -
Modulation length

RE w
Ak (w) = Ak y/ 1w _I;K‘ > AK High dispersion



In quasi-statics ?

Modulation in the principal direction
C2RE A" + dw — wK)QA =0

Alz) = AL exp(+iraX) + A_exp(—iraX)

Modulation number

o(w) = l\/‘l('w‘ —wi)? _ 2w — wi]
w=e RE C JVRE
Modulation length

|RE W
AK(w) = \i K > i
4 |w—wg]

Real

High dispersion



In quasi-statics ?

Scaling w?= (ew™)?

Leading order

Elastostatic
Triple static eigenmode u® = U;O(x)e; + U,O(x)e, + U;O(x)e,

First order

Fredholm alternative trivially satisfied

u® as in classical homogenization

Second order

Fredholm alternative (ej; e,;e;) : 3 balance equations
=>» Classical homogenized elasto-dynamics

Effective parameters expressed on the modal basis



Highly

Modulation versus Enriched Elasto-dynamic

Weakly

2 B oS N/ ’
= 7 L \
8 :
ZI Enriched
E | .
= Elasto-dynamic
O W\ vl
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N ~ - . \\ /l
g
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7
S
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Single modelling

3 Variables: Motion amplitudes

Stress concept

} Enriched
Inertia concept

\
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|
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CARAMBA ! TouT €ST A
LL RECOMMENCER -'---_,r

HF Modulation

A/ ERV <1

Multiple modelling : Mode & Multi-cell

1-N variables Mode(s) amplitude (s)

Stress concept

} Fundamental change
Inertia concept



Illustration - 1D

2 Cells -1

4 Cells-2
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