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Homogenization of discrete media -1 

Discrétisation 
  

Variables nodales cinématiques :  Inconnues 
 
Intégration de la dynamique de poutre :   

       Forces nodales 
Equilibre des Forces nodales     

      
Discrétisation exacte de la dynamique du système   
 
 

Séparation d’échelles  
  

 Taille de cellule l      <<  Longueur d’onde (modale)   
 
 � = lcell /L <<   1       

  



Homogenization of discrete media - 2 

Discretized system 

Homogenisation  1D (2D)  
– Macro variable x   l  = ε L = dx 

– U(n) = U(xn) ,….   Variables continues  

– Variables  cinématiques  Développées en ε  
     U(x) = Σ εiUi(x)   

  

– Incréments sur l    Séries de Taylor   
    Macro Dérivée 

– Forces nodales (l,…)   Développées en l = ε L  

– Normalisation (εi) de  am/lm ; ap/lm ; ω/ωr    
– Développements ==>  Equilibres nodaux 

     Résolution par ordre 
croissant 



Vibrations Transverses  /  Longitudinales 

Cellules symétriques 
Deux jeux de variables cinématiques  indépendantes 

Transverse       Longitudinal 
         

U ; α   Mouvement de corps rigide de section   V 
θ        Deformation de section    Δ ; φ   



 Homogenization of discrete media -2 

Expansion of the efforts 
 
λc compression wavelength in the elements 
λb bending wavelength in the elements 
 
è Classical homogenization  l<< λb << λc  
 
Expansion of N, M ,T èNewtonian macro dynamics 
 
è Bending resonance  l ≈ λb << λc   
 
Expansion of N, only èAtypical dynamics 
  



Complementary slides

on

Reinforced media



Scaling  

 Scale separation 
 

l/H = ε << 1   
 
2D-In plane Periodicity 

 
Scaling of parameters 
 

 Soil/Pile contrast      
 

           G = EI/SH2 = E(l/H)2 = ε2Ε 
 
Scaling of motions        
 

Almost free beam    
   



Inner bending/Second gradient continua 

« Matrix » loaded by transverse force of beams 

Beam loaded by shear forces in the « matrix »  

Interpretation of the balance equation  



Influence of boundary conditions 

Beams clamped at both extremities 
 
 
 
 
Beams clamped on x= H, free on x = 0  
 
 
 
 
Beams free at both extremities 



General Kinematics 



Beam       Matrix 

Pu0
2 = U2(x1) 

Pu1
1 = -y2 ∂U2/∂x1   

Pe1 = -[Iν] y2∂U2/∂x1  mu0
2 =  U2(x1) 

Pσ1
11  = -Ep y2∂U2/∂x1  [mσ1] = 0

Pu2
  =  ….

∂ Pσ1
11/∂x1 + divy([Pσ2]) = 0 divy ([mσ2]) = 0

mu1
1 = - Ψ(y)∂U2/∂x1  

  Transverse kinematics U2(x1) 

 Resolution  



PACAM XI - 2010 

 Eigen modes and frequencies depends on  
 
  Soil & Pile boundary conditions 
 
  Bending/Shear ratio  K = EI/GSH2 

 

Modes of a Soil-Pile reinforced layer 

Clamped - Free 



Complement of  
 Usual composite  Léné 78, Sanchez-Palencia 1980, Postel 1985  

  Multiphasic   DeBuhan 1999  
  Energetic   Pideri & Seppecher 1997  
  
Experimental evidence of second gradient effects   
 

 Leading order 
 Dynamics 

 
Validity for real media   
 
 

To sum up 

L  =   (EpIp/µmS)1/2 



 
 
L = Λ/2π = O(√ Pµ/<ρ>)   

mλ/2π = O(√ mµ/<ρ>) = O(ε√ pµ/<ρ>) = O(ε L) = O(l) : 
 
 
Beam  Matrix 

Pu0
1 = U1(x1) 

Pe1 = -[Iν] ∂U1/∂x1  

Pσ1
11  = -Ep ∂U1/∂x1  

Pu2
  =  ….

∂ Pσ1
11/∂x1 + divy([Pσ2]) = -Pρω2U1 divy ([mσ2]) = -mρω2 mu1

1
      mu1

1 =  ζ(y, ω)U1

Longitudinal Kinematics U1(x1) 

Resolution  

Macro dynamics & Matrix inner dynamics 
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Short  Wavelengths   
--- 

 Weakly Contrasted Composites
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Bloch waves 

No scale separation for  U 
 
Then ?  
 
∃? Macrodescription  è 

Diffraction  
 Phononic crystal  

Daya et al., 2002 ; Craster et al., 2010 ; Boutin et al.,2012 



Augmented Paradigm of Scale Separation  

Craster, Kaplunov, Pichugin , PRSA 2010 
  
Boutin, Rallu, Hans, JMPS 2012 

 Moustaghfir,  Daya,  Braikat,  Damil,  Potier-Ferry,  IJSS  2007  



Macro Description ? 

Local dynamics (ρ constant) 
 
 
 
 
 
Ω-Eigen modes at eigen frequencies 
 
 
 
 

  ΦJ(y) of constant MODAL amplitude 
 
Scale separation 
 

 Modal amplitude varying at large scale 
 

 U0(x,y)  = A(x) ΦJ(y)  ω ≈ ωJ   



Two-scale Formalism ≈ Homogenization 

Modifications 
 Frequency range  ω  ≈ O(ωK)     

 
 Ω-periodic   Multicell   

 
Classic steps 
 

 ε  = l/L << 1   x = εy ; y     
  
   

 
 
 
 
 
 

  
  
    
  
 Series of local problems in Ω 



Leading Order  

Local dynamics at ωK 
 

        
 
 
 
Simple mode 
 
 
 
Double mode 
 
 
 
Multiple mode 
 

  … 



First Order Problem - Simple Mode

y-Eigen value problem + Source  
 
 
 
 
 
 
 
 
Fredholm alternative  G(ΦK) –λKΦK = 0     ;  G(u) – λKu + S = 0    è   <SΦK> = 0 
  
 
Periodicity 
 
 
 
 
Frequency corrector  è 



Resolution

Source    
  
     Forcing  in gradx(A) 

 
 
Modes : Orthonormal basis 
 
 
 
 
 

 Exact expression 



Second Order Problem - Simple mode

y- Eigen value problem + Sources 
 
 
 
 
 
 
 
 
Fredholm alternative  
 
 
  
….. Governing equation for  A ! 
 
 
 
 



Macro-modulation of Simple Mode

Governing equation of Macro-modulation 
 
 
 
 
 
Effective Elasto-Inertial 2nd Rank tensor  
 
 
 

   
  

 
 

 Symmetry  : 3 ≠ Principal values  > 0 or < 0 
 
Effective « Differential Inertia »  > 0 or < 0  è ≈ Guided waves 



Features of simple mode modulation

Modulation in a principal direction 
 
 
 
 
 
Modulation number 
 

        Real /Imaginary  
 
 
Modulation length   
 

        High dispersion  
 



Double mode 
 
 
 
Same y- Eigen value problem + Source 
 
 
 
 
 
 
Fredholm alternative x 2   
 

First Order Problem - Double Mode



Macro-modulation of Double Mode

Coupled equations 
 
 
 
 
 
Governing equation of Macro-modulation 
 

         
 
 
Effective Elasto-Inertial 2nd Rank tensor 
 

     
       è Principal values  ≥ 0, 0, 0 !   

 
 
Effective « Differential Inertia »  > 0    



Feature of double mode modulation

Modulation in the principal direction 
 
 
 
 
 
Modulation number 
 

        Real    
 
 
Modulation length   
 

        High dispersion  
 



In quasi-statics ?

Modulation in the principal direction 
 
 
 
 
 
Modulation number 
 

        Real    
 
 
Modulation length   
 

        High dispersion  
 



In quasi-statics ?

Scaling ω2 = (εω(1) )2

Leading order 
 

 Elastostatic    
 

 Triple static eigenmode  u(0) = U1
(0)(x)e1 + U2

(0)(x)e2 + U3
(0)(x)e3 

 
First order 
 

 Fredholm alternative trivially satisfied  
 

  u(1) as in classical homogenization  
  

Second order 
 

 Fredholm alternative  (e1; e2 ; e3) : 3 balance equations   
 

 è Classical homogenized elasto-dynamics 
 

 Effective parameters expressed on the modal basis 
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HF Modulation 

Multiple modelling : Mode & Multi-cell   
 
 
1-N variables Mode(s) amplitude (s)  
 

  
Stress concept   

  Fundamental  change  
Inertia concept 

Modulation versus Enriched Elasto-dynamic 

Single modelling  
 
 
3 Variables: Motion amplitudes  
 
 
Stress concept 

   Enriched 
Inertia concept   

Enriched  
Elasto-dynamic 



Illustration - 1D 

1-Cell 

2 Cells -1 

3 Cells-2 

4 Cells-2 



More than 
30 years after … 


