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Elasto-dynamic with correctors 

 Boutin, Auriault, I.J.E.S. 1993   

ε = 2π l/Λ < 1 ⎝   Correctors  



Double scale formulation

E (u)  = ε-2 E-2(u)  + ε-1E-1(u)  + E0(u)  
 

E-2(u) = divy[a(y):e y(u)] 
E-1(u) = divy[a(y):e x(u)] + divx[a(y):e y(u)]
E0(u) = divx[a(y):e x(u)]  +  ω2ρ(y) u

Series of local Ω-periodic problems 
  

u =  u0 + εu1 + ε2u2 + ε2u2 +... σi = a(y):[e x(ui) +  e y(ui+1)]

è E-2(u0) = 0 divy[σ-1] = 0
E-2(u1) + E-1(u0) = 0  divy[σ0] + divx[σ-1]  = 0
E-2(ui+2) + E-1(ui+1) + E0(ui) = 0 divy[σi+1] + divx[σi] + ω2ρ(y) ui = 0

è <divx[σi]> + ω2<ρ(y) ui > = 0

Recursive resolutions 
 

  Each ui depends upon the previous terms : Multiple gradients

Asymptotic process 



Recursive resolutions  
  
u0(x,y) = U0(x)

 
u1(x,y) = U1(x) + ξ1(y).ex(U0) 

 
u2(x,y) = U2(x) + ξ1(y).ex(U1) + ξ2(y)..∇xex(U0) 

i > 2

ui(x,y) = Ui(x) + ξ1(y).ex(Ui-1) + ξ2(y)..∇xex(Ui-2) + ξ3(y).(.∇x )2ex(Ui-3) + ... + ξi(y).(.∇x)i-1ex(U0)

Local fields and global balance 

è ξi    Real & elastic  tensors of rank i+2   < ξi> = 0 
 
⎝ σi = a(y):[e x(ui) +  e y(ui+1)]

è <divx[σi]> + ω2<ρ(y) ui > = 0

High order Correctors 



Mean cell motion   
   

 U(x) = U0(x) + U1(x) + U2(x) + U3(x) +… Ui(x) = εiUi(x) 
 
Series of balance equations (x !) 
 
div(C0 : e(U0)) +  <ρ>ω2 U0 = 0

div(C0 : e (U1)) +  <ρ>ω2 U1 =  - [ div(C1...∇e(U0)) + ω2 R1e(U0))] ε

div(C0 : e (U2)) +  <ρ>ω2 U2 =  - [ div(C1...∇e(U1)) + ω2 R1e(U1))] ε2

- [div(C2....∇∇e(U0)) + ω2 R2∇e(U0))]

div(C0 : e (U3)) +  <ρ>ω2 U3 =  - [ div(C1...∇e(U2)) + ω2 R1e(U2))] ε3

- [div(C2....∇∇e(U1)) + ω2 R2∇e(U1))]
- [div(C3.....∇∇∇e(U0)) + ω2 R3∇∇e(U0))] 

Classic Elastodynamics  &   Homogenized diffracted sources  
    Ci = O(ali) ; Ri =O(rli)  
    Real & frequency independant 
    Non local Elasticity,  Non local Mass 

 
Correctors  « Weak » dynamic local regime

Macro Description with Correctors 



Principle ≅ Huygens   U0 à Diffracted Source à U1 à Sources  à U2 à Sources ....
 
 

EM (U0) = 0
EM (U1) = - S1(U0) ε
EM (U2) = - S1(U1) - S2(U0) ε2

EM (U3) = - S1(U2) - S2(U1) - S3(U0) ε3

Order 0    è U0 = A e(-ikx.p)    k(p, A) : p propagation ; A polarization (B, C) 

 
Order 1    S1(U0) ≈ dU0/dx   ≈ -ikl e(-ikx.p)   S1(U0) ⊥ A !   

 
  è U1 = ikl (b1B + c1C) e(-ikx.p)  

 
Order 2   S1(U1) + S2(U0) ≈ (-ikl)2 e(-ikx.p)    S1(U1) + S2(U0) ‖A, B, C 
 

  èU2 = (-ikl)2 (-ikx.pa2A + b2B + c2C ) e(-ikx.p)  

 
Order 3  S1(U2) + S2(U1) + S3(U0) ≈ (-ikl)3 e(-ikx.p)   S1(U2) + S2(U1) + S3(U0) ‖A, B, C

  
  èU3 = (-ikl)3 (-ikx.pa3A + (b3-ikx.pβ)B + (c3-ikx.pγ)C ) e(-ikx.p)

Plane wave propagation 



≠ Orders  U0 = A e(-ikx.p)  

 

   U1 : depolarized,  in quarter of phase    
 

  U2  : A component linearly amplified, in quarter of phase    
 

  U3  : A component linearly amplified,  in phase opposition  
   other  components linearly amplified  

Global field   U(x) = U0(x) + U1(x) + U2(x) + U3(x) +… ≅ A’ exp(-ik’x.p)  

  è  A’ ≅ A  + (ωl/c) (b1B + c1C) +....         k’ ≅ k( 1 + (ωl/c)2 κ + i(ωl/c)3 κ’)
 

Rayleigh scattering 
   

  Correction of polarization  O(ωl/c) 
 

  Dispersion of velocity  O((ωl/c)2)
 

  Apparent attenuation  O((ωl/c)3)
 

   B , C  amplified : Mode conversion A è B , C of ε order : d > λ/ε1/2 = (ω/cl) 1/2  
 

  ! Correctors èNo change of direction of propagation   
 

Rayleigh scattering 





Moderately 
 Contrasted 

λ / ERV <1 
Highly 

 Contrasted  λ /ERV > 1 

Classic  
Elasto-dynamic 

Rayleigh 
Scattering 

Learning : Enriched Elastodynamics 



Part 1 : Homogenization and Inner Resonances 
 

  Generalities on homogenization 
  Elasto-dynamics of composites 
  Enriched elasto-dynamics   
  Inner resonance in elastic composites 

 
Part 2 : Inner Resonances in Different Physical Contexts 
 

  v 
Concluding remarks  

Content 



Dynamic phenomena  
at micro and macro scales  

”Co-dynamics" regime  
only possible in heterogeneous media

Unconventional effective parameters 
Properties impossible to reach

  with classical materials.  
 

Inner resonance media ? 
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An « old » Idea 

Maxwell J.C.  1869 ; L. Rayleigh, 1899  



 
 
 
 



Inner resonance media 
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Condition for a « Co-dynamic » regime

Two Phase media (C, R) 
 

 Long and short wave lengths at ω 
 

  
C-constituent   ΛC >> l    
 

 Scale separation  ε = 2π l/Λ <<1    
   
 è Quasi static local regime   

 
 C-carrying constituent (connected) 

  
 
R-constituent   λR ≈ l    

    
 è Dynamic local regime    

 
  R-resonating constituent 

 
 
Scale separation and large contrast    
 

  ε = 2π l/Λ   ≈ λR/ ΛC    Depends on the physics 

ΩR

ΩC



PACAM XI - 2010 

High contrasts ? 

Change the basic/implicit  assumptions     
 
Contrast of properties : O(1)  

  
Inner Geometry : O(1) 
 

Possible candidates 

Contrast  ≠ O(1) 
       Highly contrasted continuous media 

Geometry : O(1)     
 
 
Contrast  : O(1)  

      Discrete Reticulated media 
Geometry ≠ O(1)       
 





Inner Resonance by Stiffness Contrast 

Homogenization 
 

  Auriault et Bonnet, Arch. Mech, 1985   
 
  Auriault et Boutin, IJSS, 2012  

Contrasted  Elastic Composites     
 

  
 ε = 2π l/Λ   ≈ λR/ ΛC     

è 

ΩR

ΩC



Scaled governing equations  

 
 
 
C constituent 
 
 
 
 
 

è Local quasi-statics -  As without R  

Homogenization - 1   

ΩC

ΩR



Next order  - C constituent 
 
 
 
 

  è Partial balance 
 
 
 
 
Leading order  - R constituent  
 
 

  

 è Local dynamics - Eigen modes of R

Homogenization - 2   

ΩC

ΩR



Inner resonant field α 
 
 
divy(ar:ey(α)) = -ω2ρ(α +U(0))  in Ωr 
 

α = 0 over Γ 
  

Eigen modes of Ωr 
 

divy(ar:ey(φ)) = -ω2ρ φ   in Ωr 
 

φ =0 over Γ   è {ωi ; φi}  ;  ∫Ωr φi. φj dv = δij   

Modal decomposition of α 
 

∫Ωr φi(divy(ar:ey(α))+ω2ρ(α +U(0)))dv – ∫Ω α (divy(ar:ey(φi)) + ωi
2ρ φi)dv  = 0 

α  = ∑j βj
 φj 

ω2ρ (βi + ∫Ωr φi.U(0) dv) – ωi
2ρ βi = 0  ⎝ βi = (∫Ωr φi.U(0) dv) (ω2 – ωi

2)-1 

Homogenization - 3   

ΩC

ΩR



Global R&C balance 
 
 
 
 

  
 
Unconventional dynamics  
 

 Usual elasticity 
 

 Apparent mass  Tensor 
   Frequency dependent  

 
 Long wavelenght   Dispersion 

    Band gaps   

Inner Resonance Description 



Cylindrical, spherical inclusions 
 

 Analytical solutions [Bonnet, Monchiet JASA 2015] 
 
 
Composite inclusion in matrix 
 

 No symetry : rotation inertia 
 
 
 

  
  
 

Viscoelasticity  
 

 Damping , Regularisation of singularities  

Many other possible geometries 



General principles       ε = 2π l/Λ   ≈ λR/ ΛC    
 

Carrying constituent (connected)     &   Resonant constituent 
 

 Forcing motion    Forced regime 
 
 
High contrast     
 

     
Resonant constituent  

 
 Source term on the macroscopic  balance 

 
 Momentum balance    Atypical mass  

   
 Local out of equilibrium regime 

 
 Elasto-inertial system : poles  High dispersion and band gaps 

 
 Inner resonance media governed by hyperbolic and parabolic dynamic equations. Principles and examples 
  C. Boutin, J.L. Auriault, G. Bonnet   
  In  Generalized Models and Non-classical Approaches in Complex Materials 1- Chap 6 pp. 87-138 
  Advanced structured materials, Vol. 89, Part 4, 131-141  
  Springer Eds. H. Altenbach, J. Pouget, M.  Rousseau, B.  Collet, T. Michelitsch (2018) 

Learnings 
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