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Physics of porous medium  
 

   
  
 Gaz stiffness      Dynamic permeability 

 
       
       >>  l 
  

 
Features of acoustic P2 waves 
 

 Diffusive at low frequency    
 (viscous dominated) 

 
 Propagative at high frequency   
 (inertia dominated) 

 
 
Contrasted porous media ? 

Acoustic of porous media 



    Double porosity media

  
Porous media - C  

 
 

Micro-porous media - R   
 
 
 
 
 
 

Permeability Contrast / Pore size contrast 
 
 
 
 
Homogenization 
 
Auriault et Boutin, TIPM, 1994 ;  Boutin et al ,IJSS, 1998 
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Homogenization 

Scaled governing equations  

 
 
 
C constituent           

   pc
(0) = P(0)(x)  & ≈ Impervious micropores 

 
 
R constituent  
 
 
 
 
 

  
   Visco-inertial : diffusive regime 



Macro – description 
 
 
 
 
 
Non-conventional effect 
 

 Source on mass balance 
 

 Usual permeability  ; Unconventional  stiffness, complex valued 
  

 Visco-inertial "resonator" : No band gap 
 

 Limited dispersion 
 

 Enhanced damping 

 

    Double porosity model



Experimental Evidence 

[Olny, Boutin, Jasa 03] 



Porous media with resonators

C-constituent  Porous medium    
   
   
  

 
 

 Gaz stiffness  ;  Dynamic permeability 
       
       

  >>  l 
 
 
 
R-constituent   Helmholtz resonator  ω0 ≈ ω    

    
 Inner resonance by morphological contrast      Ω’ 
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Homogenization  Boutin, Jasa, 2013  
 

  
 

  
 
 

  
 
 
 
 
Helmoltz resonator :  Source on mass balance 
 

 Usual permeability  ; Apparent stiffness 
 
 
 

 Long wavelenght   Dispersion 
    Band gaps  

Inner resonance poro-acoustics 

E(ω) < 0   ω0  < ω  <  ω*0            E(ω0 )  << E(ω*0 ) >>



Experiments on Prototype(s) 

Spheres of diameter 4cm - Resonator or Impervious 
 
Resonnator frequency : 125 Hz ; 314 Hz 
 
Same Periodic  arrangement ; H = 13.8cm 

Boutin & Becot,  Wave Motion, 2015 



Same general principles      ε = 2π l/Λ   ≈ λR/ ΛC    
 

Carrying constituent (connected)     &   Resonant constituent 
 

 Forcing motion    Forced regime 
 
High contrast     
 

     
Effect of the resonator 
 

Source term on the macroscopic  balance 
 

 Momentum balance    Atypical mass  
 

 Mass balance    Atypical stiffness 
   
Physics of the resonator  

 
Visco-inertial : No poles   Limited dispersion NO band gaps 
 

      Enhanced damping 
 
Elasto-inertial system : poles   High dispersion and band gaps 

Learnings 
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Ribbed Plates 

 
   

 Fossat, Boutin, Ichchou ; IJSS, 2018  

??? 
Complex wave dispersion 1D – 2D Ribbed plates 



 
Inner resonance ? 

 
   

 la vibration simultan«ee `a 
grande «echelle dans la poutre  et `a petite 
«echelle dans la plaque  est 
une situation atypique non d«ecrite par les 
mod`eles de poutre/plaque 
classiques. 
⇒  Objectif : donner une description 
homog«en«eis«ee en situation de 
r «esonance interne 
dans quelle(s) condition(s) la r «esonance 
interne existe-t-elle ? 
quelle m«ethodologie adopter pour la 
d«ecrire ? 
quel est le mod`ele analytique final associ 
«e ? 

At the same frequency 
 

 Vibration at large scale in the beam B 
 Vibration at small scale in the plate P 

 
Conditions of contrasts ? 
 
What is the corresponding plate model ? 



 
The mechanical system 

 
   

 la vibration simultan«ee `a 
grande «echelle dans la poutre  et `a petite 
«echelle dans la plaque  est 
une situation atypique non d«ecrite par les 
mod`eles de poutre/plaque 
classiques. 
⇒  Objectif : donner une description 
homog«en«eis«ee en situation de 
r «esonance interne 
dans quelle(s) condition(s) la r «esonance 
interne existe-t-elle ? 
quelle m«ethodologie adopter pour la 
d«ecrire ? 
quel est le mod`ele analytique final associ 
«e ? 

Two small parameters 
 

 Beam   εb = l/L << 1 
 

 Plate  εp = d/D << 1 
 
 
Possible  contrasts ? 
 

 Thickness     d/l   
 

 Modulus  Ep/Eb 

 
 Density     ρp / ρb 



 
Inner resonance conditions 

 
   Resonances 

 
Beam   EbIb ∂4

x1U = ρblb ωb
2
 U  ωb

2 = O(Ebl2/ρbL4) 
    
Plate  EpJp ∂4

x1U = ρpd ωp
2
 U   ωp

2 = O(Epd2/ρpD4) 
 

ωb
 = O(ωp)   

 
 
“Non-homogeneous” kinematics 
 

Non-symmetric beam/plate coupling  
 
Beam : forcing  ;  Plate : forced  
 
∂x1Tb = Tp     EbIb U/L4 = O(EpJp ∂3

x1U ) = O(Epd3/D3)U   
  
   Eb l4/L4 = O(Epd3/D3) 

O 



 
Scaling 

  

O 

Requirements 
 

 Eb l4/L4 = O(Epd3/D3) 

 
              << 1 

 
Geometrical contrast   
 
  Slenderness   ε = εb = l/L = εp = d/D   Similar 
 

 Thickness     d/l  = D/L = O(√ε)  Thin & narrow plate   
 
 Mechanical contrast   
 

 Modulus  Ep/Eb = O(ε)   Soft plate 
  

 Density     ρp /ρb = O(1)   Similar   



PACAM XI - 2010 

Asymptotic process 

Beam 
 

  
    

 

  

 

Plate 
 
 
 
 
 
 

        AND      w = U(x1)  on Γ  
  

    w(x1, x2)  = φ0(x2) U(x1)  
 

  



PACAM XI - 2010 

Coupling 

Plate :  Moment      M =            = 0     = 0  (clamping on Γ : σ12 = 0 ) 
 

 Force   F =    
 

 Integration of plate dynamic balance 
    

 w(x1, x2)  = φ0(x2) U(x1)   
 

 F =  
 
   

 Effective apparent inertia (ω) 

U(x1)  



PACAM XI - 2010 

Effective hybrid beam-plate model 

Active beams U(x1) ≠ 0 

Passive beams U(x1) = 0 

EbIb ∂4x1U = ω2 (Λb + λpD<φω>)U(x1) 

E’pIp ∂4x2w = λpω2w(x2) 
 
w(x1, xΓ)  = 0 on Γ   
 
w(x1, x2)  = (φ0(x2) – 1)exp(ikx1)  
 

  Symetric eigenmode : Guided wave 

δ4 = ω2λp/(E’pIp) 



Inner resonance effect 

Band gap 

Heterogenous Kinematics 

Effective mass 



PACAM XI - 2010 

Hybrid beam-plate model - Torsion 

Active beams θ(x1) ≠ 0 

Passive beams θ(x1) = 0 

E’pIp ∂4
x2w = λpω2w(x2) 

 
∂x2w(x1, xΓ)  = 0 on Γ   
 
w(x1, x2)  = φ1(x2) exp(ikx1)  
 

   Non symmetric eigen mode : Guided wave 



Theory versus direct WFEM computation  



Theory versus direct WFEM computation  



Theory versus direct WFEM computation  

 
≠ Modes 
 
 
Slow 
Wave   
(guided)  
 
 
 
Fast 
Wave  
  



Theory versus direct WFEM computation  



Theory versus direct WFEM computation  



Experiments 



Dispersion for ≠ inner boundary conditions 



Same general principles      ε = 2π l/Λ   ≈ λR/ ΛC    
 

Carrying constituent (connected) &   Resonant constituent 
 

 Forcing motion    Forced regime 
 
High contrast  

 
Codynamic regime and  asymetric coupling       
 

     
Effect of the resonator 
 

Source term on the macroscopic  balance 
 

 Momentum balance   Unconventional mass 
 
   
1D specificity 

 
Existence of guided slow waves  
 
Stop band in torsion with unconventional mass and spring     

Learnings 


