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Context : generalities about metasurfaces

What is a meta-surface ?

 A meta-surface (also called metafilm) is a plane material, made of thin and densely 
packed planar arrays of sub wavelength elements.

 This is the 2D version of periodic meta-material

Sheng Liu, Polina P. Vabishchevich, Aleksandr Vaskin, John L. Reno, Gordon A. Keeler, Michael B. Sinclair, 
Isabelle Staude & Igal Brener, Nature Communications, 2018

Holloway-Kuester-Gordon-O’Hara-Booth-Smith 12, Glybovski-Tretyakov-Belov-Kivshar-
Simovski 16…



Context : generalities about metasurfaces

Why are the metasurfaces interesting ?

 Meta-surfaces take less physical space than 3D metamaterial structures.

Kuester-Holloway and co-authors 03-05-09-10-11-14….

Possible applications: 
• angular-independent surfaces,
• absorbers, 
• controllable smart surfaces, 
• wave guiding structures.



Context : generalities about metasurfaces

Why is it important to model meta-surfaces ?
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What is the macroscopic effect of the micro-structure ? 

• Numerical issues 
• 3D periodic homogenization does not apply directly.



Outline of the talk

1- Investigation of a 2D-model problem

3- 3D time-harmonic Maxwell’s equations

2- Extensions and numerical illustrations

4- Homogenization in presence of corners



1- Investigation of a 2D-model problem
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1- Investigation of a 2D-model problem
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1- Investigation of a 2D-model problem
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(P)Proposition: let                  . Problem       has a unique solution                     
that satisfies the following stability estimate:
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1-Description of the problem 
Well-posedness and stability property

ku�kH1(⌦�)  C kfkL2(⌦�)

1- Investigation of a 2D-model problem



1-Description of the problem 

Objective:  
• behavior of     with respect to   as   tends to 
• replacement of the periodic layer with an approximate transmission 

condition posed on the limit interface

u� �� 0
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construction of an asymptotic expansion of     w.r.t    u� �
Method: 

derivation of an approximate problem

1- Investigation of a 2D-model problem
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 Near field zone around the thin periodic layer

1-Summary of the results in the 2D case

 Far field zones far from the periodic layer

 Matching zones

�

Van Dyke 64, Il’in 92,Maz’ya-Nazarov-Plamenevskij 00, Tordeux-Joly 06, Claeys 08, Hewett-
Hewitt 16, Marigo-Maurel 16-18, Maurel-Marigo-Pham 18-19, Mercier-Maurel-Marigo 17…

Method of matched asymptotic expansions

1- Investigation of a 2D-model problem



 Far field zones far from the periodic layer
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✓ They are not necessarily continuous across �

✓  The macroscopic terms     are defined inuq ⌦+ [ ⌦�

⌦+

⌦� Macroscopic (far field) terms

Method of matched asymptotic expansions: far field equations

1- Investigation of a 2D-model problem
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⌦+

⌦� Macroscopic (far field) terms

Method of matched asymptotic expansions: far field equations

1- Investigation of a 2D-model problem
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 Near field zone around the thin periodic layer
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1- Investigation of a 2D-model problem
Method of matched asymptotic expansions: near field equations



1- Investigation of a 2D-model problem
Method of matched asymptotic expansions: near field equations
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We assume that the near field terms are not exponentially growing at infinity

UqThese equations determined     up to the determination of the kernel       of the 
Laplacian operator in the periodicity cell    (with homogeneous Neumann 
boundary conditions)

B
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1- Investigation of a 2D-model problem
Method of matched asymptotic expansions: near field equations
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Proposition:            

UqThe near field terms      are defined up to the specification of two functions of    , 
linked to their behaviour at infinity.
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 Matching zones
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 The missing information (4 functions of     ) will be provided by the matching 
conditions 
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Far and near field series coincide in the matching zones 
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1- Investigation of a 2D-model problem
Method of matched asymptotic expansions: matching conditions
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1- Investigation of a 2D-model problem
Method of matched asymptotic expansions: matching conditions

Proposition:            
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1- Investigation of a 2D-model problem
Method of matched asymptotic expansions: construction of the first terms

mean value 

Notation: mean value and jump value across the limit interface            �
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1- Investigation of a 2D-model problem
Method of matched asymptotic expansions: construction of the first terms

Near field term of order 0:          

1

in B

on

-periodic1

8
>>>>>><

>>>>>>:

@b⌦hole

��XU0(x1,X) = 0
<latexit sha1_base64="5Uitj1Os3t56Ct3LxaHUq5ZtEd8="></latexit><latexit sha1_base64="5Uitj1Os3t56Ct3LxaHUq5ZtEd8="></latexit><latexit sha1_base64="5Uitj1Os3t56Ct3LxaHUq5ZtEd8="></latexit><latexit sha1_base64="5Uitj1Os3t56Ct3LxaHUq5ZtEd8="></latexit>

@nU0 = 0
<latexit sha1_base64="dpTQ84UHohZKO/KJNZJ+gkilfpc="></latexit><latexit sha1_base64="dpTQ84UHohZKO/KJNZJ+gkilfpc="></latexit><latexit sha1_base64="dpTQ84UHohZKO/KJNZJ+gkilfpc="></latexit><latexit sha1_base64="dpTQ84UHohZKO/KJNZJ+gkilfpc="></latexit>

U0
<latexit sha1_base64="HwNmZ68MvBLTPSDkw/6uMLlQxDY="></latexit><latexit sha1_base64="HwNmZ68MvBLTPSDkw/6uMLlQxDY="></latexit><latexit sha1_base64="HwNmZ68MvBLTPSDkw/6uMLlQxDY="></latexit><latexit sha1_base64="HwNmZ68MvBLTPSDkw/6uMLlQxDY="></latexit>

U0 ⇠ u±
0 (x1, 0)

<latexit sha1_base64="5RgF47t2Blg2fH+KiGQAFP4JJMA="></latexit><latexit sha1_base64="5RgF47t2Blg2fH+KiGQAFP4JJMA="></latexit><latexit sha1_base64="5RgF47t2Blg2fH+KiGQAFP4JJMA="></latexit><latexit sha1_base64="5RgF47t2Blg2fH+KiGQAFP4JJMA="></latexit>

X2 ! ±1
<latexit sha1_base64="pZTvCABK0h0X8TlVXTgykt1KD/s="></latexit><latexit sha1_base64="pZTvCABK0h0X8TlVXTgykt1KD/s="></latexit><latexit sha1_base64="pZTvCABK0h0X8TlVXTgykt1KD/s="></latexit><latexit sha1_base64="pZTvCABK0h0X8TlVXTgykt1KD/s="></latexit>

U0 2 K
<latexit sha1_base64="9r4U+1Xca1gqUp/NgUYXuBViDdc="></latexit><latexit sha1_base64="9r4U+1Xca1gqUp/NgUYXuBViDdc="></latexit><latexit sha1_base64="9r4U+1Xca1gqUp/NgUYXuBViDdc="></latexit><latexit sha1_base64="9r4U+1Xca1gqUp/NgUYXuBViDdc="></latexit>

U0 = ↵(x1) + �(x1)N
<latexit sha1_base64="li4sUbtS7MMlCNOUPHvy5So0OIo="></latexit><latexit sha1_base64="li4sUbtS7MMlCNOUPHvy5So0OIo="></latexit><latexit sha1_base64="li4sUbtS7MMlCNOUPHvy5So0OIo="></latexit><latexit sha1_base64="li4sUbtS7MMlCNOUPHvy5So0OIo="></latexit>

U0 ⇠ (↵(x1)± �(x1)N1) + �(x1)X2
<latexit sha1_base64="47Im/QaeX48Mcx27ePL6oP0QJtI="></latexit><latexit sha1_base64="47Im/QaeX48Mcx27ePL6oP0QJtI="></latexit><latexit sha1_base64="47Im/QaeX48Mcx27ePL6oP0QJtI="></latexit><latexit sha1_base64="47Im/QaeX48Mcx27ePL6oP0QJtI="></latexit>

[u0](x1) = 0
<latexit sha1_base64="8bDJBQF+vykwgO/5icTEHHXP4Ck="></latexit><latexit sha1_base64="8bDJBQF+vykwgO/5icTEHHXP4Ck="></latexit><latexit sha1_base64="8bDJBQF+vykwgO/5icTEHHXP4Ck="></latexit><latexit sha1_base64="8bDJBQF+vykwgO/5icTEHHXP4Ck="></latexit>

U0(x1, X1, X2) = hu0i(x1)
<latexit sha1_base64="gAj02Z2hWWXBKrG/0bOT6jEGS1k="></latexit><latexit sha1_base64="gAj02Z2hWWXBKrG/0bOT6jEGS1k="></latexit><latexit sha1_base64="gAj02Z2hWWXBKrG/0bOT6jEGS1k="></latexit><latexit sha1_base64="gAj02Z2hWWXBKrG/0bOT6jEGS1k="></latexit>



1- Investigation of a 2D-model problem
Method of matched asymptotic expansions: construction of the first terms

Near field term of order 1:          

1

in B

on

-periodic1

8
>>>>>><

>>>>>>:

@b⌦hole

��XU1(x1,X) = 0
<latexit sha1_base64="G//m18kwaeqRQsDvesAra/4TOxY="></latexit><latexit sha1_base64="G//m18kwaeqRQsDvesAra/4TOxY="></latexit><latexit sha1_base64="G//m18kwaeqRQsDvesAra/4TOxY="></latexit><latexit sha1_base64="G//m18kwaeqRQsDvesAra/4TOxY="></latexit>

@nU1 = 0
<latexit sha1_base64="9ldlONVcObLP11vFDJR4NTxJN8U="></latexit><latexit sha1_base64="9ldlONVcObLP11vFDJR4NTxJN8U="></latexit><latexit sha1_base64="9ldlONVcObLP11vFDJR4NTxJN8U="></latexit><latexit sha1_base64="9ldlONVcObLP11vFDJR4NTxJN8U="></latexit>

U1
<latexit sha1_base64="fa7xwqxK8Up5lDpFjZed7Vgo7O4="></latexit><latexit sha1_base64="fa7xwqxK8Up5lDpFjZed7Vgo7O4="></latexit><latexit sha1_base64="fa7xwqxK8Up5lDpFjZed7Vgo7O4="></latexit><latexit sha1_base64="fa7xwqxK8Up5lDpFjZed7Vgo7O4="></latexit>

X2 ! ±1
<latexit sha1_base64="pZTvCABK0h0X8TlVXTgykt1KD/s="></latexit><latexit sha1_base64="pZTvCABK0h0X8TlVXTgykt1KD/s="></latexit><latexit sha1_base64="pZTvCABK0h0X8TlVXTgykt1KD/s="></latexit><latexit sha1_base64="pZTvCABK0h0X8TlVXTgykt1KD/s="></latexit>

U1 ⇠ u±
1 (x1, 0) + X2 @x2u

±
0 (x1, 0)

<latexit sha1_base64="t21NdON8hq40Nk7ivuS2Mqsc08g="></latexit><latexit sha1_base64="t21NdON8hq40Nk7ivuS2Mqsc08g="></latexit><latexit sha1_base64="t21NdON8hq40Nk7ivuS2Mqsc08g="></latexit><latexit sha1_base64="t21NdON8hq40Nk7ivuS2Mqsc08g="></latexit>

U1 2 K
<latexit sha1_base64="EHHNvZRENPr/QgU0Is3SSNlRZT8="></latexit><latexit sha1_base64="EHHNvZRENPr/QgU0Is3SSNlRZT8="></latexit><latexit sha1_base64="EHHNvZRENPr/QgU0Is3SSNlRZT8="></latexit><latexit sha1_base64="EHHNvZRENPr/QgU0Is3SSNlRZT8="></latexit> U1 = ↵(x1) + �(x1)N

<latexit sha1_base64="Rc9uo4ti3dYsVDKh04MNdsCQ4ec="></latexit><latexit sha1_base64="Rc9uo4ti3dYsVDKh04MNdsCQ4ec="></latexit><latexit sha1_base64="Rc9uo4ti3dYsVDKh04MNdsCQ4ec="></latexit><latexit sha1_base64="Rc9uo4ti3dYsVDKh04MNdsCQ4ec="></latexit>

U1 ⇠ (↵(x1)± �(x1)N1) + �(x1)X2
<latexit sha1_base64="Ep4ArXVKqWb9b/W9Gqukz1zEYKA="></latexit><latexit sha1_base64="Ep4ArXVKqWb9b/W9Gqukz1zEYKA="></latexit><latexit sha1_base64="Ep4ArXVKqWb9b/W9Gqukz1zEYKA="></latexit><latexit sha1_base64="Ep4ArXVKqWb9b/W9Gqukz1zEYKA="></latexit>

[@x2u0](x1) = 0
<latexit sha1_base64="uaDpYBQfxprtNPkAYVLr1qG7cvw="></latexit><latexit sha1_base64="uaDpYBQfxprtNPkAYVLr1qG7cvw="></latexit><latexit sha1_base64="uaDpYBQfxprtNPkAYVLr1qG7cvw="></latexit><latexit sha1_base64="uaDpYBQfxprtNPkAYVLr1qG7cvw="></latexit>

[u1](x1) = 2N1 h@x2u0i(x1)
<latexit sha1_base64="bb3iuH/faLKbx9PImV+bPTu3YaE="></latexit><latexit sha1_base64="bb3iuH/faLKbx9PImV+bPTu3YaE="></latexit><latexit sha1_base64="bb3iuH/faLKbx9PImV+bPTu3YaE="></latexit><latexit sha1_base64="bb3iuH/faLKbx9PImV+bPTu3YaE="></latexit>

U0(x1, X1, X2) = hu1i(x1) + h@x2u0i(x1)N (X1, X2)
<latexit sha1_base64="qDbP6zre9613xfLX52v9BpJhG5s="></latexit><latexit sha1_base64="qDbP6zre9613xfLX52v9BpJhG5s="></latexit><latexit sha1_base64="qDbP6zre9613xfLX52v9BpJhG5s="></latexit><latexit sha1_base64="qDbP6zre9613xfLX52v9BpJhG5s="></latexit>



1- Investigation of a 2D-model problem
Method of matched asymptotic expansions: construction of the first terms

Near field term of order 2:          

on

-periodic1

8
>>>>>><

>>>>>>:

@b⌦hole@nU2 = 0
<latexit sha1_base64="HFqKgrIJQGsJPppZOY49HafVQt8="></latexit><latexit sha1_base64="HFqKgrIJQGsJPppZOY49HafVQt8="></latexit><latexit sha1_base64="HFqKgrIJQGsJPppZOY49HafVQt8="></latexit><latexit sha1_base64="HFqKgrIJQGsJPppZOY49HafVQt8="></latexit>

U2
<latexit sha1_base64="tG0vqnCvI2SKcG4odPGmesz4pF0="></latexit><latexit sha1_base64="tG0vqnCvI2SKcG4odPGmesz4pF0="></latexit><latexit sha1_base64="tG0vqnCvI2SKcG4odPGmesz4pF0="></latexit><latexit sha1_base64="tG0vqnCvI2SKcG4odPGmesz4pF0="></latexit>

X2 ! ±1
<latexit sha1_base64="pZTvCABK0h0X8TlVXTgykt1KD/s="></latexit><latexit sha1_base64="pZTvCABK0h0X8TlVXTgykt1KD/s="></latexit><latexit sha1_base64="pZTvCABK0h0X8TlVXTgykt1KD/s="></latexit><latexit sha1_base64="pZTvCABK0h0X8TlVXTgykt1KD/s="></latexit>

��XU2(x1,X) = @2
x1
hu0i(x1) + 2@x1h@x2u0i(x1)@X1N

<latexit sha1_base64="DlR2cqbwKyBs95aqgHoeWYACPC8="></latexit><latexit sha1_base64="DlR2cqbwKyBs95aqgHoeWYACPC8="></latexit><latexit sha1_base64="DlR2cqbwKyBs95aqgHoeWYACPC8="></latexit><latexit sha1_base64="DlR2cqbwKyBs95aqgHoeWYACPC8="></latexit>

U2 ⇠ u±
2 (x1, 0) + X2 @x2u

±
1 (x1, 0)�

(X2)2

2
@2
x1
hu0i(x1)

<latexit sha1_base64="t/hZyK0bSOHpQOTw6YyU3H0pqAQ="></latexit><latexit sha1_base64="t/hZyK0bSOHpQOTw6YyU3H0pqAQ="></latexit><latexit sha1_base64="t/hZyK0bSOHpQOTw6YyU3H0pqAQ="></latexit><latexit sha1_base64="t/hZyK0bSOHpQOTw6YyU3H0pqAQ="></latexit>

@nN20 = 0
<latexit sha1_base64="+qj3jOlYCthvG4ReT4a0xdJ5gFk="></latexit><latexit sha1_base64="+qj3jOlYCthvG4ReT4a0xdJ5gFk="></latexit><latexit sha1_base64="+qj3jOlYCthvG4ReT4a0xdJ5gFk="></latexit><latexit sha1_base64="+qj3jOlYCthvG4ReT4a0xdJ5gFk="></latexit>

8
>>>>>><

>>>>>>:

��XN20 = 1
<latexit sha1_base64="+IKyUY/EOqw+KG9bUTswXyRwofU="></latexit><latexit sha1_base64="+IKyUY/EOqw+KG9bUTswXyRwofU="></latexit><latexit sha1_base64="+IKyUY/EOqw+KG9bUTswXyRwofU="></latexit><latexit sha1_base64="+IKyUY/EOqw+KG9bUTswXyRwofU="></latexit>

N20 ⇠ ±N1
20 ± C1

20 X2 � (X2)2

2
<latexit sha1_base64="UfoISi8WW4nixPWFg/h0e3HbITM="></latexit><latexit sha1_base64="UfoISi8WW4nixPWFg/h0e3HbITM="></latexit><latexit sha1_base64="UfoISi8WW4nixPWFg/h0e3HbITM="></latexit><latexit sha1_base64="UfoISi8WW4nixPWFg/h0e3HbITM="></latexit>

@nN21 = 0
<latexit sha1_base64="v0Z/20ozNRII8+qVdfyudQZlHGQ="></latexit><latexit sha1_base64="v0Z/20ozNRII8+qVdfyudQZlHGQ="></latexit><latexit sha1_base64="v0Z/20ozNRII8+qVdfyudQZlHGQ="></latexit><latexit sha1_base64="v0Z/20ozNRII8+qVdfyudQZlHGQ="></latexit>

8
>>>>>><

>>>>>>:

��XN21 = 2@X1N
<latexit sha1_base64="u4s8jFqbJ3EwMvOR9+62LEdiTH8="></latexit><latexit sha1_base64="u4s8jFqbJ3EwMvOR9+62LEdiTH8="></latexit><latexit sha1_base64="u4s8jFqbJ3EwMvOR9+62LEdiTH8="></latexit><latexit sha1_base64="u4s8jFqbJ3EwMvOR9+62LEdiTH8="></latexit>

N21 ⇠ ±N1
21 ± C1

21 X2
<latexit sha1_base64="mrhcI7IqVKMKu0zwNkV27IvMEMg="></latexit><latexit sha1_base64="mrhcI7IqVKMKu0zwNkV27IvMEMg="></latexit><latexit sha1_base64="mrhcI7IqVKMKu0zwNkV27IvMEMg="></latexit><latexit sha1_base64="mrhcI7IqVKMKu0zwNkV27IvMEMg="></latexit>

By linearity 
U2 = hu2i+ h@x2u1iN + @2

x1
hu0iN20 + @x1h@x2u0iN21

<latexit sha1_base64="43CN3HxjDGvuLoDimIiHoGc4JDc="></latexit><latexit sha1_base64="43CN3HxjDGvuLoDimIiHoGc4JDc="></latexit><latexit sha1_base64="43CN3HxjDGvuLoDimIiHoGc4JDc="></latexit><latexit sha1_base64="43CN3HxjDGvuLoDimIiHoGc4JDc="></latexit>

[@x2u1] = 2C1
20 @

2
x1
hu0i+ 2C1

21 @x1h@x2u0i
<latexit sha1_base64="wEApvp/Q7KnJLJSAZDAx/h6b0I4="></latexit><latexit sha1_base64="wEApvp/Q7KnJLJSAZDAx/h6b0I4="></latexit><latexit sha1_base64="wEApvp/Q7KnJLJSAZDAx/h6b0I4="></latexit><latexit sha1_base64="wEApvp/Q7KnJLJSAZDAx/h6b0I4="></latexit>



1- Investigation of a 2D-model problem
Method of matched asymptotic expansions: construction of the first terms

Far field term of order 0:          

⌦+

⌦�

⌦±
<latexit sha1_base64="nU4/wX/KXSSns43nYP/Fs21B6/o="></latexit><latexit sha1_base64="nU4/wX/KXSSns43nYP/Fs21B6/o="></latexit><latexit sha1_base64="nU4/wX/KXSSns43nYP/Fs21B6/o="></latexit><latexit sha1_base64="nU4/wX/KXSSns43nYP/Fs21B6/o="></latexit>

��u±
0 = f

<latexit sha1_base64="xnj2bAVRm+/hvz27b05URbMVyV4="></latexit><latexit sha1_base64="xnj2bAVRm+/hvz27b05URbMVyV4="></latexit><latexit sha1_base64="xnj2bAVRm+/hvz27b05URbMVyV4="></latexit><latexit sha1_base64="xnj2bAVRm+/hvz27b05URbMVyV4="></latexit>

in               

+ B.C

[u0] = 0
<latexit sha1_base64="tVffsr3D31elmj3scVcJisFUKvc="></latexit><latexit sha1_base64="tVffsr3D31elmj3scVcJisFUKvc="></latexit><latexit sha1_base64="tVffsr3D31elmj3scVcJisFUKvc="></latexit><latexit sha1_base64="tVffsr3D31elmj3scVcJisFUKvc="></latexit>

[@x2u0] = 0
<latexit sha1_base64="wW8VUt6dBHVSoRzfxbUGvx0svYk="></latexit><latexit sha1_base64="wW8VUt6dBHVSoRzfxbUGvx0svYk="></latexit><latexit sha1_base64="wW8VUt6dBHVSoRzfxbUGvx0svYk="></latexit><latexit sha1_base64="wW8VUt6dBHVSoRzfxbUGvx0svYk="></latexit>

8
>>>>>><

>>>>>>:

At the limit, the thin periodic interface disappears. 



1- Investigation of a 2D-model problem
Method of matched asymptotic expansions: construction of the first terms

Far field term of order 1:          

⌦+

⌦�

⌦±
<latexit sha1_base64="nU4/wX/KXSSns43nYP/Fs21B6/o="></latexit><latexit sha1_base64="nU4/wX/KXSSns43nYP/Fs21B6/o="></latexit><latexit sha1_base64="nU4/wX/KXSSns43nYP/Fs21B6/o="></latexit><latexit sha1_base64="nU4/wX/KXSSns43nYP/Fs21B6/o="></latexit>in               

+ B.C

8
>>>>>><

>>>>>>:
[@x2u1] = 2C1

20 @
2
x1
hu0i+ 2C1

21 @x1h@x2u0i
<latexit sha1_base64="wEApvp/Q7KnJLJSAZDAx/h6b0I4="></latexit><latexit sha1_base64="wEApvp/Q7KnJLJSAZDAx/h6b0I4="></latexit><latexit sha1_base64="wEApvp/Q7KnJLJSAZDAx/h6b0I4="></latexit><latexit sha1_base64="wEApvp/Q7KnJLJSAZDAx/h6b0I4="></latexit>

[u1](x1) = 2N1 h@x2u0i(x1)
<latexit sha1_base64="bb3iuH/faLKbx9PImV+bPTu3YaE="></latexit><latexit sha1_base64="bb3iuH/faLKbx9PImV+bPTu3YaE="></latexit><latexit sha1_base64="bb3iuH/faLKbx9PImV+bPTu3YaE="></latexit><latexit sha1_base64="bb3iuH/faLKbx9PImV+bPTu3YaE="></latexit>

��u±
1 = 0

<latexit sha1_base64="on8ZdXqJBnYfE74WPKTJEFPFa1Y="></latexit><latexit sha1_base64="on8ZdXqJBnYfE74WPKTJEFPFa1Y="></latexit><latexit sha1_base64="on8ZdXqJBnYfE74WPKTJEFPFa1Y="></latexit><latexit sha1_base64="on8ZdXqJBnYfE74WPKTJEFPFa1Y="></latexit>

✓  By induction, we can construct the far field terms and near field terms up to 
any order 



1- Investigation of a 2D-model problem
Method of matched asymptotic expansions: justification

is a smooth cut-off function�

�(t) :

(
1 |t| > 2

0 |t| < 1

t
1 2�1�2

� �

�⌘(x) = �

✓
x2

⌘

◆

<latexit sha1_base64="uPCQ6BQb7gRAF7/XzFq/UQmmGas="></latexit><latexit sha1_base64="uPCQ6BQb7gRAF7/XzFq/UQmmGas="></latexit><latexit sha1_base64="uPCQ6BQb7gRAF7/XzFq/UQmmGas="></latexit><latexit sha1_base64="uPCQ6BQb7gRAF7/XzFq/UQmmGas="></latexit>

e�n,⌘ = u� � u�
n,⌘

<latexit sha1_base64="3sG4Lv/Y9hNYE0O1mRxsZ9WnwOM="></latexit><latexit sha1_base64="3sG4Lv/Y9hNYE0O1mRxsZ9WnwOM="></latexit><latexit sha1_base64="3sG4Lv/Y9hNYE0O1mRxsZ9WnwOM="></latexit><latexit sha1_base64="3sG4Lv/Y9hNYE0O1mRxsZ9WnwOM="></latexit>

u�
n,⌘ = �⌘(x)

nX

k=1

�kuk(x) + (1� �⌘(x))
nX

k=1

�kUk(x1,
x

�
)

<latexit sha1_base64="nDSu8F7RBBYFOp4NDNGwLDOqzVg="></latexit><latexit sha1_base64="nDSu8F7RBBYFOp4NDNGwLDOqzVg="></latexit><latexit sha1_base64="nDSu8F7RBBYFOp4NDNGwLDOqzVg="></latexit><latexit sha1_base64="nDSu8F7RBBYFOp4NDNGwLDOqzVg="></latexit>

Global approximation: 

Global error: 

lim
�!0

⌘(�)

�
= 0

<latexit sha1_base64="we/26+VFWFKfqaWl7986I1eKxTo="></latexit><latexit sha1_base64="we/26+VFWFKfqaWl7986I1eKxTo="></latexit><latexit sha1_base64="we/26+VFWFKfqaWl7986I1eKxTo="></latexit><latexit sha1_base64="we/26+VFWFKfqaWl7986I1eKxTo="></latexit>

lim
�!0

⌘(�) = 0
<latexit sha1_base64="BTMd7aMHFH+jp0nxO0j4N3Q1ldo="></latexit><latexit sha1_base64="BTMd7aMHFH+jp0nxO0j4N3Q1ldo="></latexit><latexit sha1_base64="BTMd7aMHFH+jp0nxO0j4N3Q1ldo="></latexit><latexit sha1_base64="BTMd7aMHFH+jp0nxO0j4N3Q1ldo="></latexit>



1- Investigation of a 2D-model problem
Method of matched asymptotic expansions: justification

� �
��e�n,⌘ = E�

m,⌘ + E�
c,⌘

<latexit sha1_base64="XR0n76AY+x7wsEST7m0fK4Yt2Ko="></latexit><latexit sha1_base64="XR0n76AY+x7wsEST7m0fK4Yt2Ko="></latexit><latexit sha1_base64="XR0n76AY+x7wsEST7m0fK4Yt2Ko="></latexit><latexit sha1_base64="XR0n76AY+x7wsEST7m0fK4Yt2Ko="></latexit>
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matching error: measure the mismatch between far field and near field 
equations in the matching zones  

consistency error: measure how the near field expansion fails to solve the  
Laplace equation
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1- Investigation of a 2D-model problem
Method of matched asymptotic expansions: justification

           kE�
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1- Investigation of a 2D-model problem
Method of matched asymptotic expansions:

 Near field zone 
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1- Investigation of a 2D-model problem
Approximate transmission conditions:

Objective:  replacement of the periodic layer with an approximate transmission 
condition posed on the limit interface

We construct an approximate problem whose the solution is close to
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<latexit sha1_base64="pI0CqHlNCLwQBsb7OGTSNSiw2jc=">AAADMXicjVJNT9VAFD1UQeTzqUs3jS8QFkBaQiILTUh04RITHryER176MQ8b5rXNdEpCmv4Dfw0s9Y+wM640/gNXnhmG6IMQmUnbM+fec+/c2xuXMqt0EFxNeY8eT888mX06N7+wuLTcefb8oCpqlYheUshC9eOoEjLLRU9nWop+qUQ0jqU4jE/fGfvhmVBVVuT7+rwUx+PoJM9GWRJpUsPO6oY/eC+kjvxmYKM1SqRt3Q6bcH 2QGkPcvh35w0432Azs8u+C0IEu3NorOr8xQIoCCWqMIZBDE0tEqLiPECJASe4YDTlFlFm7QIs5amt6CXpEZE/5PuHpyLE5zyZmZdUJs0g+ikofK9QU9FPEJptv7bWNbNj7Yjc2prnbOb+xizUmq/GJ7P90N54P1ZlaNEbYsTVkrKm0jKkucVFq2xVzc/+fqjQjlOQMTmlXxIlV3vTZt5rK1m56G1n7D+tpWHNOnG+Nn+6WKZmR+0qbJebNGjJ/O9yQk9SYv9RM+LZmc0zC20NxFxxsbYbEH7e7u2/cwMziJV5hjVPxGrv4gD30mPUzLvAFX71L78r75n2/dvWmnOYFJpb36w8GrK7s</latexit><latexit sha1_base64="pI0CqHlNCLwQBsb7OGTSNSiw2jc=">AAADMXicjVJNT9VAFD1UQeTzqUs3jS8QFkBaQiILTUh04RITHryER176MQ8b5rXNdEpCmv4Dfw0s9Y+wM640/gNXnhmG6IMQmUnbM+fec+/c2xuXMqt0EFxNeY8eT888mX06N7+wuLTcefb8oCpqlYheUshC9eOoEjLLRU9nWop+qUQ0jqU4jE/fGfvhmVBVVuT7+rwUx+PoJM9GWRJpUsPO6oY/eC+kjvxmYKM1SqRt3Q6bcH 2QGkPcvh35w0432Azs8u+C0IEu3NorOr8xQIoCCWqMIZBDE0tEqLiPECJASe4YDTlFlFm7QIs5amt6CXpEZE/5PuHpyLE5zyZmZdUJs0g+ikofK9QU9FPEJptv7bWNbNj7Yjc2prnbOb+xizUmq/GJ7P90N54P1ZlaNEbYsTVkrKm0jKkucVFq2xVzc/+fqjQjlOQMTmlXxIlV3vTZt5rK1m56G1n7D+tpWHNOnG+Nn+6WKZmR+0qbJebNGjJ/O9yQk9SYv9RM+LZmc0zC20NxFxxsbYbEH7e7u2/cwMziJV5hjVPxGrv4gD30mPUzLvAFX71L78r75n2/dvWmnOYFJpb36w8GrK7s</latexit><latexit sha1_base64="pI0CqHlNCLwQBsb7OGTSNSiw2jc=">AAADMXicjVJNT9VAFD1UQeTzqUs3jS8QFkBaQiILTUh04RITHryER176MQ8b5rXNdEpCmv4Dfw0s9Y+wM640/gNXnhmG6IMQmUnbM+fec+/c2xuXMqt0EFxNeY8eT888mX06N7+wuLTcefb8oCpqlYheUshC9eOoEjLLRU9nWop+qUQ0jqU4jE/fGfvhmVBVVuT7+rwUx+PoJM9GWRJpUsPO6oY/eC+kjvxmYKM1SqRt3Q6bcH 2QGkPcvh35w0432Azs8u+C0IEu3NorOr8xQIoCCWqMIZBDE0tEqLiPECJASe4YDTlFlFm7QIs5amt6CXpEZE/5PuHpyLE5zyZmZdUJs0g+ikofK9QU9FPEJptv7bWNbNj7Yjc2prnbOb+xizUmq/GJ7P90N54P1ZlaNEbYsTVkrKm0jKkucVFq2xVzc/+fqjQjlOQMTmlXxIlV3vTZt5rK1m56G1n7D+tpWHNOnG+Nn+6WKZmR+0qbJebNGjJ/O9yQk9SYv9RM+LZmc0zC20NxFxxsbYbEH7e7u2/cwMziJV5hjVPxGrv4gD30mPUzLvAFX71L78r75n2/dvWmnOYFJpb36w8GrK7s</latexit><latexit sha1_base64="pI0CqHlNCLwQBsb7OGTSNSiw2jc=">AAADMXicjVJNT9VAFD1UQeTzqUs3jS8QFkBaQiILTUh04RITHryER176MQ8b5rXNdEpCmv4Dfw0s9Y+wM640/gNXnhmG6IMQmUnbM+fec+/c2xuXMqt0EFxNeY8eT888mX06N7+wuLTcefb8oCpqlYheUshC9eOoEjLLRU9nWop+qUQ0jqU4jE/fGfvhmVBVVuT7+rwUx+PoJM9GWRJpUsPO6oY/eC+kjvxmYKM1SqRt3Q6bcH 2QGkPcvh35w0432Azs8u+C0IEu3NorOr8xQIoCCWqMIZBDE0tEqLiPECJASe4YDTlFlFm7QIs5amt6CXpEZE/5PuHpyLE5zyZmZdUJs0g+ikofK9QU9FPEJptv7bWNbNj7Yjc2prnbOb+xizUmq/GJ7P90N54P1ZlaNEbYsTVkrKm0jKkucVFq2xVzc/+fqjQjlOQMTmlXxIlV3vTZt5rK1m56G1n7D+tpWHNOnG+Nn+6WKZmR+0qbJebNGjJ/O9yQk9SYv9RM+LZmc0zC20NxFxxsbYbEH7e7u2/cwMziJV5hjVPxGrv4gD30mPUzLvAFX71L78r75n2/dvWmnOYFJpb36w8GrK7s</latexit>

Similarly

[@x2u1,�](x1) = 2 �C1
20 @

2
x1
hu1,�i(x1) + 2 �C1

21@x1h@x2u1,�i(x1) +O(�2)
<latexit sha1_base64="9K7ULjPaJucuTZkzKVoyl5Tpiq4="></latexit><latexit sha1_base64="9K7ULjPaJucuTZkzKVoyl5Tpiq4="></latexit><latexit sha1_base64="9K7ULjPaJucuTZkzKVoyl5Tpiq4="></latexit><latexit sha1_base64="9K7ULjPaJucuTZkzKVoyl5Tpiq4="></latexit>

⇡
h@

x
2 u

1,� i

<latexit sha1_base64="bgj4huz5K7dqFpuyPCToALh3p9A="></latexit><latexit sha1_base64="bgj4huz5K7dqFpuyPCToALh3p9A="></latexit><latexit sha1_base64="bgj4huz5K7dqFpuyPCToALh3p9A="></latexit><latexit sha1_base64="bgj4huz5K7dqFpuyPCToALh3p9A="></latexit>



1- Investigation of a 2D-model problem
Approximate transmission conditions:

Objective:  replacement of the periodic layer with an approximate transmission 
condition posed on the limit interface

[@x2 ũ1,�](x1) = 2 �C1
20 @

2
x1
hũ1,�i(x1) + 2 �C1

21@x1h@x2 ũ1,�i(x1)
<latexit sha1_base64="Ht4dkK4iUE3py0nFNSEChgib1WI="></latexit><latexit sha1_base64="Ht4dkK4iUE3py0nFNSEChgib1WI="></latexit><latexit sha1_base64="Ht4dkK4iUE3py0nFNSEChgib1WI="></latexit><latexit sha1_base64="Ht4dkK4iUE3py0nFNSEChgib1WI="></latexit>

[@x2 ũ1,�](x1) = 2 �C1
20 @

2
x1
hũ1,�i(x1)

<latexit sha1_base64="gerX4l97z76Z+JfXewQDBrKEHks="></latexit><latexit sha1_base64="gerX4l97z76Z+JfXewQDBrKEHks="></latexit><latexit sha1_base64="gerX4l97z76Z+JfXewQDBrKEHks="></latexit><latexit sha1_base64="gerX4l97z76Z+JfXewQDBrKEHks="></latexit>

[ũ1,�](x1) = 2 �N1 h@x2 ũ1,�i(x1)
<latexit sha1_base64="JF03EW8xy999g7Z+uhtPeF5o7f4="></latexit><latexit sha1_base64="JF03EW8xy999g7Z+uhtPeF5o7f4="></latexit><latexit sha1_base64="JF03EW8xy999g7Z+uhtPeF5o7f4="></latexit><latexit sha1_base64="JF03EW8xy999g7Z+uhtPeF5o7f4="></latexit>

8
>>>>>><

>>>>>>:
+ B.C

Investigation in the symmetric case: C1
21 = 0

<latexit sha1_base64="rm/7UwSg6xkoTsjGg18CQzTSN3w="></latexit><latexit sha1_base64="rm/7UwSg6xkoTsjGg18CQzTSN3w="></latexit><latexit sha1_base64="rm/7UwSg6xkoTsjGg18CQzTSN3w="></latexit><latexit sha1_base64="rm/7UwSg6xkoTsjGg18CQzTSN3w="></latexit>

��ũ1,� = f in ⌦±
<latexit sha1_base64="qrzUnQriFsLZQEhwmvEst3186ss="></latexit><latexit sha1_base64="qrzUnQriFsLZQEhwmvEst3186ss="></latexit><latexit sha1_base64="qrzUnQriFsLZQEhwmvEst3186ss="></latexit><latexit sha1_base64="qrzUnQriFsLZQEhwmvEst3186ss="></latexit>



1- Investigation of a 2D-model problem
Approximate transmission conditions:

Variational formulation:

coercive term compact term 

8 v 2 V = {v 2 H
1(⌦+ [ ⌦�), v-periodic, v = 0 on �D}

<latexit sha1_base64="CGK6Bk5r1dWF7F+7V6EiTDgURpQ="></latexit><latexit sha1_base64="CGK6Bk5r1dWF7F+7V6EiTDgURpQ="></latexit><latexit sha1_base64="CGK6Bk5r1dWF7F+7V6EiTDgURpQ="></latexit><latexit sha1_base64="CGK6Bk5r1dWF7F+7V6EiTDgURpQ="></latexit>

coercive if C1
02 < 0

<latexit sha1_base64="8wrTWKohJNczlH5MIrFn2bpUeJo="></latexit><latexit sha1_base64="8wrTWKohJNczlH5MIrFn2bpUeJo="></latexit><latexit sha1_base64="8wrTWKohJNczlH5MIrFn2bpUeJo="></latexit><latexit sha1_base64="8wrTWKohJNczlH5MIrFn2bpUeJo="></latexit>

stable if N1 > 0
<latexit sha1_base64="2OiqXrKQGrIbDTApn9yWwFRqJ6s="></latexit><latexit sha1_base64="2OiqXrKQGrIbDTApn9yWwFRqJ6s="></latexit><latexit sha1_base64="2OiqXrKQGrIbDTApn9yWwFRqJ6s="></latexit><latexit sha1_base64="2OiqXrKQGrIbDTApn9yWwFRqJ6s="></latexit>

Z

⌦+[⌦�
rũ1,� ·rv � 2�C1

02

Z

�
h@x1 ũ1,�ih@x1vi+

1

2N1

Z

�
[ũ1,�][v] =

Z

⌦+[⌦�
fv

<latexit sha1_base64="9TVThYuA4Ttvtwd/O0X4LhW5BrI="></latexit><latexit sha1_base64="9TVThYuA4Ttvtwd/O0X4LhW5BrI="></latexit><latexit sha1_base64="9TVThYuA4Ttvtwd/O0X4LhW5BrI="></latexit><latexit sha1_base64="9TVThYuA4Ttvtwd/O0X4LhW5BrI="></latexit>

Problem: it might be that              or  C1
02 > 0

<latexit sha1_base64="bINPXjmyOjr0nEzaml3MV+imdQ8="></latexit><latexit sha1_base64="bINPXjmyOjr0nEzaml3MV+imdQ8="></latexit><latexit sha1_base64="bINPXjmyOjr0nEzaml3MV+imdQ8="></latexit><latexit sha1_base64="bINPXjmyOjr0nEzaml3MV+imdQ8="></latexit>

N1 < 0
<latexit sha1_base64="WnUrQ8pYnDEqt28mEMLGTuk90Kc="></latexit><latexit sha1_base64="WnUrQ8pYnDEqt28mEMLGTuk90Kc="></latexit><latexit sha1_base64="WnUrQ8pYnDEqt28mEMLGTuk90Kc="></latexit><latexit sha1_base64="WnUrQ8pYnDEqt28mEMLGTuk90Kc="></latexit>



⌦�
↵

<latexit sha1_base64="DuH9bLgYudgZ9vcxtQclbdEz8XI="></latexit><latexit sha1_base64="DuH9bLgYudgZ9vcxtQclbdEz8XI="></latexit><latexit sha1_base64="DuH9bLgYudgZ9vcxtQclbdEz8XI="></latexit><latexit sha1_base64="DuH9bLgYudgZ9vcxtQclbdEz8XI="></latexit>

⌦+
↵

<latexit sha1_base64="cwaUJuPUv2ptqAuOTsFXeDcuaC4="></latexit><latexit sha1_base64="cwaUJuPUv2ptqAuOTsFXeDcuaC4="></latexit><latexit sha1_base64="cwaUJuPUv2ptqAuOTsFXeDcuaC4="></latexit><latexit sha1_base64="cwaUJuPUv2ptqAuOTsFXeDcuaC4="></latexit>

1- Investigation of a 2D-model problem
Approximate transmission conditions:

A possible remedy: shift of the transmission condition:

�
�↵

<latexit sha1_base64="L3ecfOmrdaJC2y14pRZV7GebKdw="></latexit><latexit sha1_base64="L3ecfOmrdaJC2y14pRZV7GebKdw="></latexit><latexit sha1_base64="L3ecfOmrdaJC2y14pRZV7GebKdw="></latexit><latexit sha1_base64="L3ecfOmrdaJC2y14pRZV7GebKdw="></latexit>

��↵
<latexit sha1_base64="V0ticiLd2AAbq0B7ycPcYTCjTfA="></latexit><latexit sha1_base64="V0ticiLd2AAbq0B7ycPcYTCjTfA="></latexit><latexit sha1_base64="V0ticiLd2AAbq0B7ycPcYTCjTfA="></latexit><latexit sha1_base64="V0ticiLd2AAbq0B7ycPcYTCjTfA="></latexit>

�+
↵

<latexit sha1_base64="Xh+CHwT8+M8JBDKwUox35IiNXcc="></latexit><latexit sha1_base64="Xh+CHwT8+M8JBDKwUox35IiNXcc="></latexit><latexit sha1_base64="Xh+CHwT8+M8JBDKwUox35IiNXcc="></latexit><latexit sha1_base64="Xh+CHwT8+M8JBDKwUox35IiNXcc="></latexit>

��
↵

<latexit sha1_base64="qxeOTyGHPUTOjiX5ADFfucw8N7g="></latexit><latexit sha1_base64="qxeOTyGHPUTOjiX5ADFfucw8N7g="></latexit><latexit sha1_base64="qxeOTyGHPUTOjiX5ADFfucw8N7g="></latexit><latexit sha1_base64="qxeOTyGHPUTOjiX5ADFfucw8N7g="></latexit>

↵ > 0
<latexit sha1_base64="N0OR3nbU7n/wIYHd3qrlzaLqFKM="></latexit><latexit sha1_base64="N0OR3nbU7n/wIYHd3qrlzaLqFKM="></latexit><latexit sha1_base64="N0OR3nbU7n/wIYHd3qrlzaLqFKM="></latexit><latexit sha1_base64="N0OR3nbU7n/wIYHd3qrlzaLqFKM="></latexit>

[v]↵ :=
h
v(x1,↵�)� v(x1,�↵�)

i

hvi↵ :=
1

2

h
v(x1,↵�) + v(x1,�↵�)

i

<latexit sha1_base64="M/bYnJp0MuaXWErooWvnnlX5CFA="></latexit><latexit sha1_base64="M/bYnJp0MuaXWErooWvnnlX5CFA="></latexit><latexit sha1_base64="M/bYnJp0MuaXWErooWvnnlX5CFA="></latexit><latexit sha1_base64="M/bYnJp0MuaXWErooWvnnlX5CFA="></latexit>

is a parameter to be ajusted↵
<latexit sha1_base64="/kx3AP2kWU0K1t98maGZcpP/BA8="></latexit><latexit sha1_base64="/kx3AP2kWU0K1t98maGZcpP/BA8="></latexit><latexit sha1_base64="/kx3AP2kWU0K1t98maGZcpP/BA8="></latexit><latexit sha1_base64="/kx3AP2kWU0K1t98maGZcpP/BA8="></latexit>



⌦�
↵

<latexit sha1_base64="DuH9bLgYudgZ9vcxtQclbdEz8XI="></latexit><latexit sha1_base64="DuH9bLgYudgZ9vcxtQclbdEz8XI="></latexit><latexit sha1_base64="DuH9bLgYudgZ9vcxtQclbdEz8XI="></latexit><latexit sha1_base64="DuH9bLgYudgZ9vcxtQclbdEz8XI="></latexit>

⌦+
↵

<latexit sha1_base64="cwaUJuPUv2ptqAuOTsFXeDcuaC4="></latexit><latexit sha1_base64="cwaUJuPUv2ptqAuOTsFXeDcuaC4="></latexit><latexit sha1_base64="cwaUJuPUv2ptqAuOTsFXeDcuaC4="></latexit><latexit sha1_base64="cwaUJuPUv2ptqAuOTsFXeDcuaC4="></latexit>

1- Investigation of a 2D-model problem
Approximate transmission conditions:

A possible remedy: shift of the transmission condition:

�↵
<latexit sha1_base64="L3ecfOmrdaJC2y14pRZV7GebKdw="></latexit><latexit sha1_base64="L3ecfOmrdaJC2y14pRZV7GebKdw="></latexit><latexit sha1_base64="L3ecfOmrdaJC2y14pRZV7GebKdw="></latexit><latexit sha1_base64="L3ecfOmrdaJC2y14pRZV7GebKdw="></latexit>

��↵
<latexit sha1_base64="V0ticiLd2AAbq0B7ycPcYTCjTfA="></latexit><latexit sha1_base64="V0ticiLd2AAbq0B7ycPcYTCjTfA="></latexit><latexit sha1_base64="V0ticiLd2AAbq0B7ycPcYTCjTfA="></latexit><latexit sha1_base64="V0ticiLd2AAbq0B7ycPcYTCjTfA="></latexit>

�+
↵

<latexit sha1_base64="Xh+CHwT8+M8JBDKwUox35IiNXcc="></latexit><latexit sha1_base64="Xh+CHwT8+M8JBDKwUox35IiNXcc="></latexit><latexit sha1_base64="Xh+CHwT8+M8JBDKwUox35IiNXcc="></latexit><latexit sha1_base64="Xh+CHwT8+M8JBDKwUox35IiNXcc="></latexit>

��
↵

<latexit sha1_base64="qxeOTyGHPUTOjiX5ADFfucw8N7g="></latexit><latexit sha1_base64="qxeOTyGHPUTOjiX5ADFfucw8N7g="></latexit><latexit sha1_base64="qxeOTyGHPUTOjiX5ADFfucw8N7g="></latexit><latexit sha1_base64="qxeOTyGHPUTOjiX5ADFfucw8N7g="></latexit>

↵ > 0
<latexit sha1_base64="N0OR3nbU7n/wIYHd3qrlzaLqFKM="></latexit><latexit sha1_base64="N0OR3nbU7n/wIYHd3qrlzaLqFKM="></latexit><latexit sha1_base64="N0OR3nbU7n/wIYHd3qrlzaLqFKM="></latexit><latexit sha1_base64="N0OR3nbU7n/wIYHd3qrlzaLqFKM="></latexit>

is a parameter to be ajusted↵
<latexit sha1_base64="/kx3AP2kWU0K1t98maGZcpP/BA8="></latexit><latexit sha1_base64="/kx3AP2kWU0K1t98maGZcpP/BA8="></latexit><latexit sha1_base64="/kx3AP2kWU0K1t98maGZcpP/BA8="></latexit><latexit sha1_base64="/kx3AP2kWU0K1t98maGZcpP/BA8="></latexit>

[u]↵ = [u] + 2↵� h@x2ui↵ + O(�3)

[@x2u]↵ = [@x2u] � 2↵� h@2
x1
ui↵+ + O(�3)

<latexit sha1_base64="VVHblBGlAoTXYjFTf7bPxp+NCqs=">AAAIGnicjVTLbtNAFL01j5TwamDJxqIiKlAqJ6WUCiH1IQEbSkH0ocZpNLYnqdWJYxy7SmT5TxBb+A52iC0b/gD+gjMThyZx0tTWzNy599wz9zEayxduOzSM3zPapctXruZmr+Wv37h56/Zc4c5euxUFNt+1W6IVHFiszYXr8d3QDQU/8APOmpbg+9bJlrTvn/Kg7ba8j2HX59Uma3hu3bVZCFWtoBVMizdcL+afPBYErPsoya </latexit><latexit sha1_base64="VVHblBGlAoTXYjFTf7bPxp+NCqs=">AAAIGnicjVTLbtNAFL01j5TwamDJxqIiKlAqJ6WUCiH1IQEbSkH0ocZpNLYnqdWJYxy7SmT5TxBb+A52iC0b/gD+gjMThyZx0tTWzNy599wz9zEayxduOzSM3zPapctXruZmr+Wv37h56/Zc4c5euxUFNt+1W6IVHFiszYXr8d3QDQU/8APOmpbg+9bJlrTvn/Kg7ba8j2HX59Uma3hu3bVZCFWtoBVMizdcL+afPBYErPsoya </latexit><latexit sha1_base64="VVHblBGlAoTXYjFTf7bPxp+NCqs=">AAAIGnicjVTLbtNAFL01j5TwamDJxqIiKlAqJ6WUCiH1IQEbSkH0ocZpNLYnqdWJYxy7SmT5TxBb+A52iC0b/gD+gjMThyZx0tTWzNy599wz9zEayxduOzSM3zPapctXruZmr+Wv37h56/Zc4c5euxUFNt+1W6IVHFiszYXr8d3QDQU/8APOmpbg+9bJlrTvn/Kg7ba8j2HX59Uma3hu3bVZCFWtoBVMizdcL+afPBYErPsoya </latexit><latexit sha1_base64="9pYEGp50AiJk9l7AC4EaCToxhv0=">AAAF+HicjVTLbtNAFD0tBEoo0K7ZRFRILKLKKYTQHSUSsKEqiKRVkwr5MQlWndjyo2pkdY3Elu9gh/gX/gD+gjM3EymJk6ZjeebOnXPP3JfGiQI/SS3rz9r6rdulO3c37pXvb5YfPHy0tdlOwix2VcsNgzA+cexEBf5QtVI/DdRJFCt74ATq2Dlv6vPjCxUnfjj8nI4idTaw+0O/57t2StXRl60da9eSUSkKNSPswIxwe/0SXX </latexit><latexit sha1_base64="PQ2haYtF1iA/8DIGmg+98wycaYo=">AAAID3icjVTbbtNAEJ2aS0oo0PDKy4qKqECpnJRSKoREqQS8UAqiFxGnkS+b1OrGMb5UiSz/CeIVvoM3xBfwB/AXnN04NImTprZ2d3bmzNm5rNbyhRtGuv57Trt0+crVwvy14vWFGzdvLZYW9sNOHNh8z+6ITnBomSEXrsf3IjcS/NAPuNm2BD+wTral/eCUB6Hb8T5GPZ/X22bLc5uubUZQNUpaybB4y/US/tkzg8DsPUiLmU </latexit><latexit sha1_base64="PQ2haYtF1iA/8DIGmg+98wycaYo=">AAAID3icjVTbbtNAEJ2aS0oo0PDKy4qKqECpnJRSKoREqQS8UAqiFxGnkS+b1OrGMb5UiSz/CeIVvoM3xBfwB/AXnN04NImTprZ2d3bmzNm5rNbyhRtGuv57Trt0+crVwvy14vWFGzdvLZYW9sNOHNh8z+6ITnBomSEXrsf3IjcS/NAPuNm2BD+wTral/eCUB6Hb8T5GPZ/X22bLc5uubUZQNUpaybB4y/US/tkzg8DsPUiLmU </latexit><latexit sha1_base64="lgypzMo+Qep5WgCf2fhQIN7M5D8=">AAAIGnicjVTLbtNAFL01j5TwamDJxqIiKlAqJ6WUCiH1IQEbSkH0ocZpNLYnqdWJYxy7SmT5TxBb+A52iC0b/gD+gjMThyZx0tTWzNy599wz9zEayxduOzSM3zPapctXruZmr+Wv37h56/Zc4c5euxUFNt+1W6IVHFiszYXr8d3QDQU/8APOmpbg+9bJlrTvn/Kg7ba8j2HX59Uma3hu3bVZCFWtoBVMizdcL+afPBYErPsoya </latexit><latexit sha1_base64="VVHblBGlAoTXYjFTf7bPxp+NCqs=">AAAIGnicjVTLbtNAFL01j5TwamDJxqIiKlAqJ6WUCiH1IQEbSkH0ocZpNLYnqdWJYxy7SmT5TxBb+A52iC0b/gD+gjMThyZx0tTWzNy599wz9zEayxduOzSM3zPapctXruZmr+Wv37h56/Zc4c5euxUFNt+1W6IVHFiszYXr8d3QDQU/8APOmpbg+9bJlrTvn/Kg7ba8j2HX59Uma3hu3bVZCFWtoBVMizdcL+afPBYErPsoya </latexit><latexit sha1_base64="VVHblBGlAoTXYjFTf7bPxp+NCqs=">AAAIGnicjVTLbtNAFL01j5TwamDJxqIiKlAqJ6WUCiH1IQEbSkH0ocZpNLYnqdWJYxy7SmT5TxBb+A52iC0b/gD+gjMThyZx0tTWzNy599wz9zEayxduOzSM3zPapctXruZmr+Wv37h56/Zc4c5euxUFNt+1W6IVHFiszYXr8d3QDQU/8APOmpbg+9bJlrTvn/Kg7ba8j2HX59Uma3hu3bVZCFWtoBVMizdcL+afPBYErPsoya </latexit><latexit sha1_base64="VVHblBGlAoTXYjFTf7bPxp+NCqs=">AAAIGnicjVTLbtNAFL01j5TwamDJxqIiKlAqJ6WUCiH1IQEbSkH0ocZpNLYnqdWJYxy7SmT5TxBb+A52iC0b/gD+gjMThyZx0tTWzNy599wz9zEayxduOzSM3zPapctXruZmr+Wv37h56/Zc4c5euxUFNt+1W6IVHFiszYXr8d3QDQU/8APOmpbg+9bJlrTvn/Kg7ba8j2HX59Uma3hu3bVZCFWtoBVMizdcL+afPBYErPsoya </latexit><latexit sha1_base64="VVHblBGlAoTXYjFTf7bPxp+NCqs=">AAAIGnicjVTLbtNAFL01j5TwamDJxqIiKlAqJ6WUCiH1IQEbSkH0ocZpNLYnqdWJYxy7SmT5TxBb+A52iC0b/gD+gjMThyZx0tTWzNy599wz9zEayxduOzSM3zPapctXruZmr+Wv37h56/Zc4c5euxUFNt+1W6IVHFiszYXr8d3QDQU/8APOmpbg+9bJlrTvn/Kg7ba8j2HX59Uma3hu3bVZCFWtoBVMizdcL+afPBYErPsoya </latexit><latexit sha1_base64="VVHblBGlAoTXYjFTf7bPxp+NCqs=">AAAIGnicjVTLbtNAFL01j5TwamDJxqIiKlAqJ6WUCiH1IQEbSkH0ocZpNLYnqdWJYxy7SmT5TxBb+A52iC0b/gD+gjMThyZx0tTWzNy599wz9zEayxduOzSM3zPapctXruZmr+Wv37h56/Zc4c5euxUFNt+1W6IVHFiszYXr8d3QDQU/8APOmpbg+9bJlrTvn/Kg7ba8j2HX59Uma3hu3bVZCFWtoBVMizdcL+afPBYErPsoya </latexit><latexit sha1_base64="VVHblBGlAoTXYjFTf7bPxp+NCqs=">AAAIGnicjVTLbtNAFL01j5TwamDJxqIiKlAqJ6WUCiH1IQEbSkH0ocZpNLYnqdWJYxy7SmT5TxBb+A52iC0b/gD+gjMThyZx0tTWzNy599wz9zEayxduOzSM3zPapctXruZmr+Wv37h56/Zc4c5euxUFNt+1W6IVHFiszYXr8d3QDQU/8APOmpbg+9bJlrTvn/Kg7ba8j2HX59Uma3hu3bVZCFWtoBVMizdcL+afPBYErPsoya </latexit>



1- Investigation of a 2D-model problem
Approximate transmission conditions:

A possible remedy: shift of the transmission condition: ↵ > 0
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1 = N1 + 2↵ > 0

C1,↵
20 = C1

20 � 2↵ < 0
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Remark: important for the stability of time-domain problems



1- Investigation of a 2D-model problem
Approximate transmission conditions:

Proposition:            

assumption:                etN↵
1 > 0
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2,0 < 0
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Well-posedness and stability of the approximate problem          

Asymptotic expansion of ũ1,�
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Applications and extensions

• Curve geometries      
�

• Oscillatory boundary (wall-laws)

Nazarov 81, Sanchez-Palencia 83, Conca 87, Artola Cessenat 91, Abboud-Ammari 96, 
Achdou 92, Achdou-Pironneau-Valentin 98, Poirier-Bendali-Borderies 06, Madureira-Valentin 
06, Mikelic 09, Bonnetier-Bresch-Milisic 10…

2- Extensions and numerical illustrations



• Application to other linear equations (Helmholtz)

• Time domain problems

• other types of boundary conditions/dielectrical material

Dirichlet/Robin

�

�

dielectrical obstacles

Joly-Semin 10, Lombard-Maurel-Marigo 17,Maurel-Marigo-Mercier-Pham 18, Maurel-
Pham-Marigo 19,

Hewitt-Hewett

2- Extensions and numerical illustrations
Applications and extensions



• Three scale problems

• high contrast meta-surfaces

�

�

�2
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Hewett-Hewitt 16…

2- Extensions and numerical illustrations
Applications and extensions



Numerical results for the Helmholtz equation: algorithm

 2- Computation of the constants    ,        ,             .N�
��

 3- Computation of the approximate solution (coarse mesh).

 4- A posteriori construction of the near field (optional).

 1- Computations of the ‘profile' functions in the periodicity cell    

C1,↵
20
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2- Extensions and numerical illustrations



Numerical results for the Helmholtz equation: algorithm

,              

(⇥1, µ1)(⇥2, µ2)

(⇥�, µ�)

⇥ = 2� R = 1

�1 = 2, �2 = 4, �� = 1

µ1 = 0.5, µ2 = 2, µ� = 1

number of cell problems N =
2⇥R

�

R
plane wave

2- Extensions and numerical illustrations



Numerical results for the Helmholtz equation: algorithm

Total field, N =160

Exact solution Approximate solution

2- Extensions and numerical illustrations



The Dirichlet case

x1

x2

�HB

HT

0

�L L0

⌦p = (�L,L)⇥ (�HB , HT )

��
p �+

p

�D

�D

@⌦p = ��
p [ �+

p [ �D

⌦�
p = ⌦p \ ⌦�

hole

in ⌦�
p��u� = f
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2- Extensions and numerical illustrations



1- Investigation of a 2D-model problem

Theorem: the limit of     as   tends to   is the function                    unique solution 
to the problem

u� � 0 u
⇤
0 2 H

1(⌦)

B.C. on @⌦

in ⌦+��u⇤
0 = f
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u⇤
0 = 0 on �

B.C. on @⌦
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0 = 0 on �
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At the limit, the two problems are uncoupled : shielding effect.

u⇤
0 = 0

u⇤
0 = 0

0

The Dirichlet case



1- Investigation of a 2D-model problem

Near field expansion: u� =
X

q 2N
�q Uq(x1,

x1

�
,
x2

�
)

Far field expansion: u� =
X

q 2N
�q u±

q (x)
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Matching (order 0): U0 ⇠ u±
0 (x1, 0)
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The Dirichlet case: idea of proof



1- Investigation of a 2D-model problem

Near field equation of order 0: 

U0 ⇠ u±
0 (x1, 0)
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asD1 ⇠ X2 D2 ⇠ |X2| X2 ! ±1

U0The near field term       is in the kernel      of the Laplacian operator with 
homogeneous Dirichlet boundary conditions.   

Kd
<latexit sha1_base64="9EEX6hrB0bNHnBUfd0+NrFvkVAo="></latexit><latexit sha1_base64="9EEX6hrB0bNHnBUfd0+NrFvkVAo="></latexit><latexit sha1_base64="9EEX6hrB0bNHnBUfd0+NrFvkVAo="></latexit><latexit sha1_base64="9EEX6hrB0bNHnBUfd0+NrFvkVAo="></latexit>

Kd = span{D1,D2}
<latexit sha1_base64="18idYEpD00ESi280tMLMkUqukVc="></latexit><latexit sha1_base64="18idYEpD00ESi280tMLMkUqukVc="></latexit><latexit sha1_base64="18idYEpD00ESi280tMLMkUqukVc="></latexit><latexit sha1_base64="18idYEpD00ESi280tMLMkUqukVc="></latexit>

The Dirichlet case: idea of proof



1- Investigation of a 2D-model problem

Near field equation of order 0: 

↵1 = ↵2 = 0

u0(x1, 0
±) = 0

)
U0(x1,x) = ↵1(x1)D1(X) + ↵2(x1)D2(X)

U0(x1,x) ⇠ u0(x1, 0
±) X2 ! ±1

U0 ⇠ u±
0 (x1, 0)
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The Dirichlet case: idea of proof



1- Investigation of a 2D-model problem

plane wave

The Dirichlet case: numerical illustration



3- 3D time-harmonic Maxwell’s equations

111

��

�

Main features of the meta-surface:

- set of equi-spaced metal obstacles

- periodic of period   w.r.t     and x1 x2�

- thickness �

thin and periodic interface 
(meta-surface)

uinc

� small

Presentation of the problem



1

��

�

uinc

transmitted field

Behavior of the electromagnetic field as    tend to   .� 0?

Main features of the meta-surface:

- set of equi-spaced metal obstacles

- periodic of period   w.r.t     and x1 x2�

- thickness �reflected field

Electromagnetic shielding

3- 3D time-harmonic Maxwell’s equations
Presentation of the problem



1

u� ⇥ n = 0

��
8
><

>:

Assumptions: 

perfect conductor

the source term is supported away from the thin periodic interface

Im " > 0 Re " > 0

Maxwell’s equations

curl curlu� � !2"u� = f

3- 3D time-harmonic Maxwell’s equations
Presentation of the problem



1

u� ⇥ n = 0 @⌦�on
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⌃�
2

periodic
⌃�

1

⌃+
1

curl curlu� � !2"u� = f

3- 3D time-harmonic Maxwell’s equations
Presentation of the problem
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⌃+
2

⌃�
2

periodic

curl curlu� � !2"u� = f

3- 3D time-harmonic Maxwell’s equations
Presentation of the problem
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1

1

case 1

case 2

case 3

3- 3D time-harmonic Maxwell’s equations
Presentation of the problem
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u� ⇥ n = 0

⌦�

@⌦�

in
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Back to the 2D case

f invariant with respect to x2

(u�)2 = 0

@n(h
�)2 = 0

8
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>:

@⌦�on

@⌦�on

2  uncoupled bi-dimensional Helmholtz problems for         and          .(u�)2 (h�)2

curl curlu� � !2"u� = f

h� =
1

i!
curl u�
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3- 3D time-harmonic Maxwell’s equations



⌦�@⌦� inon

Back to the 2D case
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✓ The limit depends on the geometry of the meta-surface
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curl u�
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�q uq(x)

✓  Far from the meta-surface (above and below the grating)
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✓  In the neighborhood of the meta-surface

u� =
X
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�
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�
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�
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(
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X
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�
,
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�
,
x3

�
)
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✓  Matching zones: far and near field expansions coincide in some intermediate 
areas

lim
x3!0±

u0 = lim
X3!±1

U0

 Matching zones

lim
x3!0±

h0 = lim
X3!±1

H0
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Electrostatic kind problem
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1 1

Normalized infinite domain

(Ciarlet 04)
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curlX U0 = 0 in B1,

divX U0 = 0 in B1,

U0 ⇥ n = 0 on @B1,
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Near field problem for       : 

✓  functional space 

KN✓  Investigation of the space       

(Monk, Girault-Raviart, Amrouche-Bernardi-Dauge-Girault, Gramain)  
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Identification of KN

1

case 1: one constant     for each ballcij

divu = 0 ��p = 0)u = rp

on each connected component of p = ce

curlu = 0
)

u⇥ n = 0 on @B1
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Identification of KN

ci

1

case 2: one constant     on each 'line'

c0
c1

c�1

divu = 0 ��p = 0)u = rp

on each connected component of p = ce

curlu = 0
)

u⇥ n = 0 on @B1
<latexit sha1_base64="Etf/gB/M+Hg7tEH6PWYkx7liOsA="></latexit><latexit sha1_base64="kN72/yznjv02xtTvPMmA2iBrqIw="></latexit><latexit sha1_base64="kN72/yznjv02xtTvPMmA2iBrqIw="></latexit><latexit sha1_base64="956u9kr/znLEGtsi55r0zBqytiw="></latexit>

@B1
<latexit sha1_base64="nhP4VivG6PI/nr/HnSr232GS9CQ="></latexit><latexit sha1_base64="6a6l2Q+/li3N/F4yoqPVhUKzn/k="></latexit><latexit sha1_base64="6a6l2Q+/li3N/F4yoqPVhUKzn/k="></latexit><latexit sha1_base64="mrOHdNa1aO81k5Goy1PVe380f3w="></latexit>

(Monk,Amrouche-Bernardi-Dauge-Girault)  

KN =
�
u 2 V0,per(B1), curlu = 0 in D0(B1)3, divu = 0 in D0(B1)

 
<latexit sha1_base64="2P0l//9rNcpzZor3zbXLv3BCxI4="></latexit><latexit sha1_base64="iOiJ14pi02BiRUZnLe7LWHwKErA="></latexit><latexit sha1_base64="iOiJ14pi02BiRUZnLe7LWHwKErA="></latexit><latexit sha1_base64="4Lca4rjXVe1T4SCn4oNAQFKq9r0="></latexit>

3- 3D time-harmonic Maxwell’s equations



Identification of KN

divu = 0 ��p = 0)u = rp

on each connected component of p = ce

curlu = 0
)

u⇥ n = 0 on @B1
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case 3: one constant    for the whole structurec
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There are two constants      and     s.t                                     is periodic↵1 ↵2

1

case 1: one constant      for each ballcij

Identification of       : case 1KN

p̃ = p� ↵1X1 � ↵2X2

) cij = c00 + ↵1i+ ↵2j

rp,       periodicu = rp

c(i+1)j � ↵1(X1 + 1)� ↵2X2 = cij � ↵1X1 � ↵2X2

ci(j+1) � ↵1X1 � ↵2(X2 + 1) = cij � ↵1X1 � ↵2X2

p̃ periodic )
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KN

)

) There are two constants      and      s.t                                     is periodic↵1 ↵2 p̃ = p� ↵1X1 � ↵2X2

)��p = 0
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>>:

��gDXi = 0 in B

gDXi = �Xi on @B \ @B1

gDXi ⇠ c±Xi
as X3 ! +1
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)

ci

1

case 2: one constant     on each 'line'

c0
c1

c�1

ci+1 � ↵1(X1 + 1)� ↵2X2 = ci � ↵1X1 � ↵2X2

ci = c0 + ↵1i

ci � ↵1X1 � ↵2(X2 + 1) = ci � ↵1X1 � ↵2X2

↵2 = 0

Identification of       : case 2KN

rp,       periodicu = rp

p̃ periodic )

) There are two constants      and      s.t                                     is periodic↵1 ↵2 p̃ = p� ↵1X1 � ↵2X2
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exponentially decaying in X3

) There is a constant      s.t                        is periodic↵1

rp,       periodicu = rp

Identification of       : case 2KN

p̃ = p� ↵1X1
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<latexit sha1_base64="ybTRmY1BJjZyH4O6HKoLRiRlbo8="></latexit><latexit sha1_base64="S3q323n57Eh2rNTUoU1Ez5yg/wA="></latexit><latexit sha1_base64="ep/MCQv3DUe1DfsWCf6L/ORcDJA="></latexit><latexit sha1_base64="ep/MCQv3DUe1DfsWCf6L/ORcDJA="></latexit><latexit sha1_base64="ep/MCQv3DUe1DfsWCf6L/ORcDJA="></latexit>

3- 3D time-harmonic Maxwell’s equations



There are two constants      and     s.t                                     is periodic↵1 ↵2

1

case 3: one constant    for the whole structurec

)p̃ periodic ↵2 = 0 ↵1 = 0 and

exponentially decaying in X3

p̃ = p� ↵1X1 � ↵2X2

rp,       periodicu = rp

Identification of       : case 3KN

)��p = 0 p̃|B = �1D1 + �2D2 + �3
<latexit sha1_base64="GNKKtPEP/g3UMGdVPrs89WONxFU="></latexit><latexit sha1_base64="xZgrcxU9Hi56wrjLvFaowDUU9wE="></latexit><latexit sha1_base64="xZgrcxU9Hi56wrjLvFaowDUU9wE="></latexit><latexit sha1_base64="kNCjrUXTZNMrgpa5tCi3YuGF5DA="></latexit>

) u = rp ⇠

������

0
0
�1 ± �2

as X3 ! ±1
<latexit sha1_base64="DNwA+Ne/+eKdTSgrGrwTUA43+O0="></latexit><latexit sha1_base64="sPP+plhEl2VgC1d59+x04rdYKwE="></latexit><latexit sha1_base64="sPP+plhEl2VgC1d59+x04rdYKwE="></latexit><latexit sha1_base64="x1y/O/+g60iAwG2b/NwFpc9f1Z8="></latexit>

3- 3D time-harmonic Maxwell’s equations



Identification of       :KN

Case 1: KN is the space of dimension 4 given byKN = span {rDX1 ,rDX2 ,rD1,rD2} .

Case 2: KN is the space of dimension 3 given byKN = span {rDX1 ,rD1,rD2} .

Case 3: KN is the space of dimension 2 given by KN = span {rD1,rD2} .
<latexit sha1_base64="k9KknS9s2xq4iwNdKxcmNSVGkBk=">AAAGFHicpVNNb9NAEJ0YDMV8tXDkMqJG4lBVcYpUVKlSpXJAQkJFIm2kuopsZ5Osaq+t9boQWf4bHPkl3IAjvfMP4F8wu3HapCEtHxslO/vmvdl5u5swi3mums3vDevadfvGzaVbzu07d+/dX155sJ+nhYxYO0rjVHbCIGcxF6ytuIpZJ5MsSMKYHYTHuzp/cMJkzlPxVo0ydpQEA8H7PAoUQd0VaxP9kA24KJkoEiYDxSoHfa </latexit><latexit sha1_base64="k9KknS9s2xq4iwNdKxcmNSVGkBk=">AAAGFHicpVNNb9NAEJ0YDMV8tXDkMqJG4lBVcYpUVKlSpXJAQkJFIm2kuopsZ5Osaq+t9boQWf4bHPkl3IAjvfMP4F8wu3HapCEtHxslO/vmvdl5u5swi3mums3vDevadfvGzaVbzu07d+/dX155sJ+nhYxYO0rjVHbCIGcxF6ytuIpZJ5MsSMKYHYTHuzp/cMJkzlPxVo0ydpQEA8H7PAoUQd0VaxP9kA24KJkoEiYDxSoHfa </latexit><latexit sha1_base64="k9KknS9s2xq4iwNdKxcmNSVGkBk=">AAAGFHicpVNNb9NAEJ0YDMV8tXDkMqJG4lBVcYpUVKlSpXJAQkJFIm2kuopsZ5Osaq+t9boQWf4bHPkl3IAjvfMP4F8wu3HapCEtHxslO/vmvdl5u5swi3mums3vDevadfvGzaVbzu07d+/dX155sJ+nhYxYO0rjVHbCIGcxF6ytuIpZJ5MsSMKYHYTHuzp/cMJkzlPxVo0ydpQEA8H7PAoUQd0VaxP9kA24KJkoEiYDxSoHfa </latexit><latexit sha1_base64="k9KknS9s2xq4iwNdKxcmNSVGkBk=">AAAGFHicpVNNb9NAEJ0YDMV8tXDkMqJG4lBVcYpUVKlSpXJAQkJFIm2kuopsZ5Osaq+t9boQWf4bHPkl3IAjvfMP4F8wu3HapCEtHxslO/vmvdl5u5swi3mums3vDevadfvGzaVbzu07d+/dX155sJ+nhYxYO0rjVHbCIGcxF6ytuIpZJ5MsSMKYHYTHuzp/cMJkzlPxVo0ydpQEA8H7PAoUQd0VaxP9kA24KJkoEiYDxSoHfa </latexit>

Theorem:

8
>><

>>:

��D1 = 0 in B

D1 = 0 on @B \ @B1

D1 ⇠ X3 as X3 ! +1
<latexit sha1_base64="ZfF9D+lXOeBG37QOqLoqvuYauMA="></latexit><latexit sha1_base64="OUv5ETg7PeXFzAXyc8e2V7C3wSI="></latexit><latexit sha1_base64="OUv5ETg7PeXFzAXyc8e2V7C3wSI="></latexit><latexit sha1_base64="QxWdwgx0f+sREw76+CztMqksRIE="></latexit>

8
>><

>>:

��D2 = 0 in B

D2 = 0 on @B \ @B1

D2 ⇠ |X3| as X3 ! +1
<latexit sha1_base64="Bzh6TbWKFxUioofJ6tLzlOs2KR0="></latexit><latexit sha1_base64="4fw4QZZfeQWrkf42r5dHWpBXp7Y="></latexit><latexit sha1_base64="4fw4QZZfeQWrkf42r5dHWpBXp7Y="></latexit><latexit sha1_base64="xqpWgpW4O4IRZYCz0/9Xr3DbgmE="></latexit>

8
>><

>>:

��gDXi = 0 in B

gDXi = �Xi on @B \ @B1

gDXi ⇠ c±Xi
as X3 ! +1

<latexit sha1_base64="ybTRmY1BJjZyH4O6HKoLRiRlbo8="></latexit><latexit sha1_base64="S3q323n57Eh2rNTUoU1Ez5yg/wA="></latexit><latexit sha1_base64="ep/MCQv3DUe1DfsWCf6L/ORcDJA="></latexit><latexit sha1_base64="ep/MCQv3DUe1DfsWCf6L/ORcDJA="></latexit><latexit sha1_base64="ep/MCQv3DUe1DfsWCf6L/ORcDJA="></latexit>

DXi = gDXi +Xi
<latexit sha1_base64="UmKHjlF8rqpSTrkXgZxaoVKXTew="></latexit><latexit sha1_base64="UmKHjlF8rqpSTrkXgZxaoVKXTew="></latexit><latexit sha1_base64="UmKHjlF8rqpSTrkXgZxaoVKXTew="></latexit><latexit sha1_base64="UmKHjlF8rqpSTrkXgZxaoVKXTew="></latexit>

3- 3D time-harmonic Maxwell’s equations



1- Maxwell’s problem
Identification of KT

<latexit sha1_base64="xOhmWEq8B9bGxOlKkP30xHljH/M="></latexit><latexit sha1_base64="iZlW67GLIznZpjlr+Lf225FXPsE="></latexit><latexit sha1_base64="iZlW67GLIznZpjlr+Lf225FXPsE="></latexit><latexit sha1_base64="0CAZQeQnkywJeLnrCK2O6DRkDj8="></latexit>

Theorem:

Case 1: KT is the space of dimension 3 given byKT = span {rN1,rN2,rN3} .

Case 2: KT is the space of dimension 4 given byKT = span
�
rN1,rN ±

2 ,rN3

 
.

Case 3: KT is the space of dimension 5 given byKT = span
�
rN ±

1 ,rN ±
2 ,rN3

 
.

<latexit sha1_base64="qrWWYYw0ONQfRIqSqm+C/XAmM+g=">AAAGC3icpVPNbtNAEJ4YAiX8tIUjlxENEocqilMQqFKlSr0gIaEiNW2lukS2s0lWtdfWeh2ILD8CR56EG3CkD8EbwFswu3GI07gtEhsl++0338x+s7vx4oAnqt3+WbNu3Kzfur1yp3H33v0Hq2vrDw+TKJU+6/pREMljz01YwAXrKq4CdhxL5oZewI68sz0dPxozmfBIHKhJzE5Ddyj4gPuuIqq3brUQ0fHYkIuMiTRk0lUsb6 </latexit><latexit sha1_base64="qrWWYYw0ONQfRIqSqm+C/XAmM+g=">AAAGC3icpVPNbtNAEJ4YAiX8tIUjlxENEocqilMQqFKlSr0gIaEiNW2lukS2s0lWtdfWeh2ILD8CR56EG3CkD8EbwFswu3GI07gtEhsl++0338x+s7vx4oAnqt3+WbNu3Kzfur1yp3H33v0Hq2vrDw+TKJU+6/pREMljz01YwAXrKq4CdhxL5oZewI68sz0dPxozmfBIHKhJzE5Ddyj4gPuuIqq3brUQ0fHYkIuMiTRk0lUsb6 </latexit><latexit sha1_base64="qrWWYYw0ONQfRIqSqm+C/XAmM+g=">AAAGC3icpVPNbtNAEJ4YAiX8tIUjlxENEocqilMQqFKlSr0gIaEiNW2lukS2s0lWtdfWeh2ILD8CR56EG3CkD8EbwFswu3GI07gtEhsl++0338x+s7vx4oAnqt3+WbNu3Kzfur1yp3H33v0Hq2vrDw+TKJU+6/pREMljz01YwAXrKq4CdhxL5oZewI68sz0dPxozmfBIHKhJzE5Ddyj4gPuuIqq3brUQ0fHYkIuMiTRk0lUsb6 </latexit><latexit sha1_base64="qrWWYYw0ONQfRIqSqm+C/XAmM+g=">AAAGC3icpVPNbtNAEJ4YAiX8tIUjlxENEocqilMQqFKlSr0gIaEiNW2lukS2s0lWtdfWeh2ILD8CR56EG3CkD8EbwFswu3GI07gtEhsl++0338x+s7vx4oAnqt3+WbNu3Kzfur1yp3H33v0Hq2vrDw+TKJU+6/pREMljz01YwAXrKq4CdhxL5oZewI68sz0dPxozmfBIHKhJzE5Ddyj4gPuuIqq3brUQ0fHYkIuMiTRk0lUsb6 </latexit>

Ni = fNi +Xi

8
><

>:

fNi periodic

��fNi = 0 in B1,

@nfNi = �ei · n on @B1,

lim
X3!±1

rfNi = 0, lim
X3!+1

fNi = 0

<latexit sha1_base64="moSaY+338swyK9/aymBgCBWl+r8=">AAAF1XichVNdb9MwFL0tFEb42uCRF4sJhLQPpYA0hDRpAh54QkNiW6V5iuzE7aw5TnCcdlOUN8Qrf41X/gH8C66ddOvoVly1uT4+51wfp+a5koUNw1+d7o2bvVu3l+4Ed+/df/BweeXRfpGVJhZ7caYyM+CsEEpqsWelVWKQG8FSrsQBP3nv1g/GwhQy01/sWS6OUjbScihjZhGKVjo/acrscRGb6lMdSbJN6EQmwkqViOrSUk </latexit><latexit sha1_base64="moSaY+338swyK9/aymBgCBWl+r8=">AAAF1XichVNdb9MwFL0tFEb42uCRF4sJhLQPpYA0hDRpAh54QkNiW6V5iuzE7aw5TnCcdlOUN8Qrf41X/gH8C66ddOvoVly1uT4+51wfp+a5koUNw1+d7o2bvVu3l+4Ed+/df/BweeXRfpGVJhZ7caYyM+CsEEpqsWelVWKQG8FSrsQBP3nv1g/GwhQy01/sWS6OUjbScihjZhGKVjo/acrscRGb6lMdSbJN6EQmwkqViOrSUk </latexit><latexit sha1_base64="moSaY+338swyK9/aymBgCBWl+r8=">AAAF1XichVNdb9MwFL0tFEb42uCRF4sJhLQPpYA0hDRpAh54QkNiW6V5iuzE7aw5TnCcdlOUN8Qrf41X/gH8C66ddOvoVly1uT4+51wfp+a5koUNw1+d7o2bvVu3l+4Ed+/df/BweeXRfpGVJhZ7caYyM+CsEEpqsWelVWKQG8FSrsQBP3nv1g/GwhQy01/sWS6OUjbScihjZhGKVjo/acrscRGb6lMdSbJN6EQmwkqViOrSUk </latexit><latexit sha1_base64="moSaY+338swyK9/aymBgCBWl+r8=">AAAF1XichVNdb9MwFL0tFEb42uCRF4sJhLQPpYA0hDRpAh54QkNiW6V5iuzE7aw5TnCcdlOUN8Qrf41X/gH8C66ddOvoVly1uT4+51wfp+a5koUNw1+d7o2bvVu3l+4Ed+/df/BweeXRfpGVJhZ7caYyM+CsEEpqsWelVWKQG8FSrsQBP3nv1g/GwhQy01/sWS6OUjbScihjZhGKVjo/acrscRGb6lMdSbJN6EQmwkqViOrSUk </latexit>

i 2 {1, 2}
<latexit sha1_base64="L9sC56xs9pPWzc07wc+zB36pXcE=">AAAEEHichVPLbhMxFD3pAC3h1ZYlmxEREouqmqmQQKwqsemySKSt1CloZuIUq/OSxxNajfITrLqFr+gOseUP+AP4C44dhwamFEeJj889515fO06qTNY6CL73lrwbN28tr9zu37l77/6D1bX1vbpsVCqGaZmV6iCJa5HJQgy11Jk4qJSI8yQT+8nJKxPfnwhVy7J4o88qcZTHx4UcyzTWpN5KP5KFH7XhxlY07b9bHQSbgR1+F4 QODODGbrnWmyDCCCVSNMghUEATZ4hR83OIEAEqckdoySkiaeMCU/TpbagSVMRkT/h7zNWhYwuuTc7aulNWyfhVdPp4Qk9JnSI21Xwbb2xmw/4rd2tzmr2dcU5crpysxnuy//PNlV3fdd1ojPHCdiHZVWUZ01/q8jT2XMze/YW+NDNU5AweMa6IU+ucn7RvPbXt3pxubOM/rNKwZp06bYOfrr8RmTHnhHzLed5FQrYlN3V3c6lrrtA1HZ3izrVTJsSn9tZML1lHa/qZ2HNdVM/Ybn1xRX3xW1cQf7D3n1tNQWfEfLNsi05FdFklwsY1/8J2wVWzYo0p30f492vogr2tzZD49bPB9kv3UlbwCI/xlK/hObaxg10MWUnhHJ/w2fvoXXhfvK8z6VLPeR7ij+F9+wVNidRJ</latexit><latexit sha1_base64="L9sC56xs9pPWzc07wc+zB36pXcE=">AAAEEHichVPLbhMxFD3pAC3h1ZYlmxEREouqmqmQQKwqsemySKSt1CloZuIUq/OSxxNajfITrLqFr+gOseUP+AP4C44dhwamFEeJj889515fO06qTNY6CL73lrwbN28tr9zu37l77/6D1bX1vbpsVCqGaZmV6iCJa5HJQgy11Jk4qJSI8yQT+8nJKxPfnwhVy7J4o88qcZTHx4UcyzTWpN5KP5KFH7XhxlY07b9bHQSbgR1+F4 QODODGbrnWmyDCCCVSNMghUEATZ4hR83OIEAEqckdoySkiaeMCU/TpbagSVMRkT/h7zNWhYwuuTc7aulNWyfhVdPp4Qk9JnSI21Xwbb2xmw/4rd2tzmr2dcU5crpysxnuy//PNlV3fdd1ojPHCdiHZVWUZ01/q8jT2XMze/YW+NDNU5AweMa6IU+ucn7RvPbXt3pxubOM/rNKwZp06bYOfrr8RmTHnhHzLed5FQrYlN3V3c6lrrtA1HZ3izrVTJsSn9tZML1lHa/qZ2HNdVM/Ybn1xRX3xW1cQf7D3n1tNQWfEfLNsi05FdFklwsY1/8J2wVWzYo0p30f492vogr2tzZD49bPB9kv3UlbwCI/xlK/hObaxg10MWUnhHJ/w2fvoXXhfvK8z6VLPeR7ij+F9+wVNidRJ</latexit><latexit sha1_base64="L9sC56xs9pPWzc07wc+zB36pXcE=">AAAEEHichVPLbhMxFD3pAC3h1ZYlmxEREouqmqmQQKwqsemySKSt1CloZuIUq/OSxxNajfITrLqFr+gOseUP+AP4C44dhwamFEeJj889515fO06qTNY6CL73lrwbN28tr9zu37l77/6D1bX1vbpsVCqGaZmV6iCJa5HJQgy11Jk4qJSI8yQT+8nJKxPfnwhVy7J4o88qcZTHx4UcyzTWpN5KP5KFH7XhxlY07b9bHQSbgR1+F4 QODODGbrnWmyDCCCVSNMghUEATZ4hR83OIEAEqckdoySkiaeMCU/TpbagSVMRkT/h7zNWhYwuuTc7aulNWyfhVdPp4Qk9JnSI21Xwbb2xmw/4rd2tzmr2dcU5crpysxnuy//PNlV3fdd1ojPHCdiHZVWUZ01/q8jT2XMze/YW+NDNU5AweMa6IU+ucn7RvPbXt3pxubOM/rNKwZp06bYOfrr8RmTHnhHzLed5FQrYlN3V3c6lrrtA1HZ3izrVTJsSn9tZML1lHa/qZ2HNdVM/Ybn1xRX3xW1cQf7D3n1tNQWfEfLNsi05FdFklwsY1/8J2wVWzYo0p30f492vogr2tzZD49bPB9kv3UlbwCI/xlK/hObaxg10MWUnhHJ/w2fvoXXhfvK8z6VLPeR7ij+F9+wVNidRJ</latexit><latexit sha1_base64="L9sC56xs9pPWzc07wc+zB36pXcE=">AAAEEHichVPLbhMxFD3pAC3h1ZYlmxEREouqmqmQQKwqsemySKSt1CloZuIUq/OSxxNajfITrLqFr+gOseUP+AP4C44dhwamFEeJj889515fO06qTNY6CL73lrwbN28tr9zu37l77/6D1bX1vbpsVCqGaZmV6iCJa5HJQgy11Jk4qJSI8yQT+8nJKxPfnwhVy7J4o88qcZTHx4UcyzTWpN5KP5KFH7XhxlY07b9bHQSbgR1+F4 QODODGbrnWmyDCCCVSNMghUEATZ4hR83OIEAEqckdoySkiaeMCU/TpbagSVMRkT/h7zNWhYwuuTc7aulNWyfhVdPp4Qk9JnSI21Xwbb2xmw/4rd2tzmr2dcU5crpysxnuy//PNlV3fdd1ojPHCdiHZVWUZ01/q8jT2XMze/YW+NDNU5AweMa6IU+ucn7RvPbXt3pxubOM/rNKwZp06bYOfrr8RmTHnhHzLed5FQrYlN3V3c6lrrtA1HZ3izrVTJsSn9tZML1lHa/qZ2HNdVM/Ybn1xRX3xW1cQf7D3n1tNQWfEfLNsi05FdFklwsY1/8J2wVWzYo0p30f492vogr2tzZD49bPB9kv3UlbwCI/xlK/hObaxg10MWUnhHJ/w2fvoXXhfvK8z6VLPeR7ij+F9+wVNidRJ</latexit>

rNi ⇠ ei as X3 ! ±1
<latexit sha1_base64="zmeaFARG/gTWmFW78JSGQ8E9zh0="></latexit><latexit sha1_base64="zmeaFARG/gTWmFW78JSGQ8E9zh0="></latexit><latexit sha1_base64="zmeaFARG/gTWmFW78JSGQ8E9zh0="></latexit><latexit sha1_base64="zmeaFARG/gTWmFW78JSGQ8E9zh0="></latexit>

case 1 :

8
><

>:

N3 periodic

��N3 = 0 in B1,

@nN3 = 0 on @B1,

lim
X3!±1

rN3 = e3, lim
X3!+1

N3 � y3 = 0.

<latexit sha1_base64="wGMjpJ2xGTJ7MAuwwDUlRWz2syk=">AAAFU3ichVPLbhMxFL1TEiiB0haWbCwqEBJtNaFIICSkCliwqopEH1JdRZ6Jk1qdFx5P22g0n8WnsEBsQYJvYMOxZ9ImTSmOEl8fn3PuvXYcZJHKje9/8+ZutNo3b83f7ty5u3BvcWn5/m6eFjqUO2EapXo/ELmMVCJ3jDKR3M+0FHEQyb3g+J3d3zuROldp8smMMnkYi2GiBioUBlBv2dvigRyqpAxhklcdHgtzlIe63Kp6G4 </latexit><latexit sha1_base64="wGMjpJ2xGTJ7MAuwwDUlRWz2syk=">AAAFU3ichVPLbhMxFL1TEiiB0haWbCwqEBJtNaFIICSkCliwqopEH1JdRZ6Jk1qdFx5P22g0n8WnsEBsQYJvYMOxZ9ImTSmOEl8fn3PuvXYcZJHKje9/8+ZutNo3b83f7ty5u3BvcWn5/m6eFjqUO2EapXo/ELmMVCJ3jDKR3M+0FHEQyb3g+J3d3zuROldp8smMMnkYi2GiBioUBlBv2dvigRyqpAxhklcdHgtzlIe63Kp6G4 </latexit><latexit sha1_base64="wGMjpJ2xGTJ7MAuwwDUlRWz2syk=">AAAFU3ichVPLbhMxFL1TEiiB0haWbCwqEBJtNaFIICSkCliwqopEH1JdRZ6Jk1qdFx5P22g0n8WnsEBsQYJvYMOxZ9ImTSmOEl8fn3PuvXYcZJHKje9/8+ZutNo3b83f7ty5u3BvcWn5/m6eFjqUO2EapXo/ELmMVCJ3jDKR3M+0FHEQyb3g+J3d3zuROldp8smMMnkYi2GiBioUBlBv2dvigRyqpAxhklcdHgtzlIe63Kp6G4 </latexit><latexit sha1_base64="wGMjpJ2xGTJ7MAuwwDUlRWz2syk=">AAAFU3ichVPLbhMxFL1TEiiB0haWbCwqEBJtNaFIICSkCliwqopEH1JdRZ6Jk1qdFx5P22g0n8WnsEBsQYJvYMOxZ9ImTSmOEl8fn3PuvXYcZJHKje9/8+ZutNo3b83f7ty5u3BvcWn5/m6eFjqUO2EapXo/ELmMVCJ3jDKR3M+0FHEQyb3g+J3d3zuROldp8smMMnkYi2GiBioUBlBv2dvigRyqpAxhklcdHgtzlIe63Kp6G4 </latexit>

3- 3D time-harmonic Maxwell’s equations



1- Maxwell’s problem
Identification of KT

<latexit sha1_base64="xOhmWEq8B9bGxOlKkP30xHljH/M="></latexit><latexit sha1_base64="iZlW67GLIznZpjlr+Lf225FXPsE="></latexit><latexit sha1_base64="iZlW67GLIznZpjlr+Lf225FXPsE="></latexit><latexit sha1_base64="0CAZQeQnkywJeLnrCK2O6DRkDj8="></latexit>

Theorem:

Case 1: KT is the space of dimension 3 given byKT = span {rN1,rN2,rN3} .

Case 2: KT is the space of dimension 4 given byKT = span
�
rN1,rN ±

2 ,rN3

 
.

Case 3: KT is the space of dimension 5 given byKT = span
�
rN ±

1 ,rN ±
2 ,rN3

 
.

<latexit sha1_base64="qrWWYYw0ONQfRIqSqm+C/XAmM+g=">AAAGC3icpVPNbtNAEJ4YAiX8tIUjlxENEocqilMQqFKlSr0gIaEiNW2lukS2s0lWtdfWeh2ILD8CR56EG3CkD8EbwFswu3GI07gtEhsl++0338x+s7vx4oAnqt3+WbNu3Kzfur1yp3H33v0Hq2vrDw+TKJU+6/pREMljz01YwAXrKq4CdhxL5oZewI68sz0dPxozmfBIHKhJzE5Ddyj4gPuuIqq3brUQ0fHYkIuMiTRk0lUsb6 </latexit><latexit sha1_base64="qrWWYYw0ONQfRIqSqm+C/XAmM+g=">AAAGC3icpVPNbtNAEJ4YAiX8tIUjlxENEocqilMQqFKlSr0gIaEiNW2lukS2s0lWtdfWeh2ILD8CR56EG3CkD8EbwFswu3GI07gtEhsl++0338x+s7vx4oAnqt3+WbNu3Kzfur1yp3H33v0Hq2vrDw+TKJU+6/pREMljz01YwAXrKq4CdhxL5oZewI68sz0dPxozmfBIHKhJzE5Ddyj4gPuuIqq3brUQ0fHYkIuMiTRk0lUsb6 </latexit><latexit sha1_base64="qrWWYYw0ONQfRIqSqm+C/XAmM+g=">AAAGC3icpVPNbtNAEJ4YAiX8tIUjlxENEocqilMQqFKlSr0gIaEiNW2lukS2s0lWtdfWeh2ILD8CR56EG3CkD8EbwFswu3GI07gtEhsl++0338x+s7vx4oAnqt3+WbNu3Kzfur1yp3H33v0Hq2vrDw+TKJU+6/pREMljz01YwAXrKq4CdhxL5oZewI68sz0dPxozmfBIHKhJzE5Ddyj4gPuuIqq3brUQ0fHYkIuMiTRk0lUsb6 </latexit><latexit sha1_base64="qrWWYYw0ONQfRIqSqm+C/XAmM+g=">AAAGC3icpVPNbtNAEJ4YAiX8tIUjlxENEocqilMQqFKlSr0gIaEiNW2lukS2s0lWtdfWeh2ILD8CR56EG3CkD8EbwFswu3GI07gtEhsl++0338x+s7vx4oAnqt3+WbNu3Kzfur1yp3H33v0Hq2vrDw+TKJU+6/pREMljz01YwAXrKq4CdhxL5oZewI68sz0dPxozmfBIHKhJzE5Ddyj4gPuuIqq3brUQ0fHYkIuMiTRk0lUsb6 </latexit>

case 2: set of ‘cuts’ 

1

⌃1
<latexit sha1_base64="LviRwPEx7g93Hx2eDBWeLktYpcE="></latexit><latexit sha1_base64="WxDgZkM+PDab5Qn0pz8pY/6ma4Q="></latexit><latexit sha1_base64="WxDgZkM+PDab5Qn0pz8pY/6ma4Q="></latexit><latexit sha1_base64="zlL6iQBGDyROwyumiW6P0Q6KCqk="></latexit>

⌃2
<latexit sha1_base64="t5Qc0k3l6jO1+/JBXeRTvy0tG3s="></latexit><latexit sha1_base64="UHLaUE+BWqR90Jy8OelU8hu/I0U="></latexit><latexit sha1_base64="UHLaUE+BWqR90Jy8OelU8hu/I0U="></latexit><latexit sha1_base64="lc9Ypizie6dBbFrksDUmNYRYQpE="></latexit>⌃0

<latexit sha1_base64="6vDzDRGhUokJ93VWrOAR5q+lKyA="></latexit><latexit sha1_base64="bF3XMktKaDclZX78Mdt28Xskb5Y="></latexit><latexit sha1_base64="bF3XMktKaDclZX78Mdt28Xskb5Y="></latexit><latexit sha1_base64="ylEM5SvccNTTzhz73FcWg0Tu5+4="></latexit>

⌃ =
[

j2Z
⌃j

<latexit sha1_base64="ZM3wpv1mZvZCkJKsigKxRv8u8EI="></latexit><latexit sha1_base64="3ccMUjvdDGTka5LEzCMCo3P/2uw="></latexit><latexit sha1_base64="3ccMUjvdDGTka5LEzCMCo3P/2uw="></latexit><latexit sha1_base64="/gpGVzYG1MoAKYdCrzgv9fOvjts="></latexit>

B±
1 = (B1 \ ⌃) \ {±X3 > 0}

<latexit sha1_base64="Qo7hzEURf14M2Ck6tTrXp2bLi3o="></latexit><latexit sha1_base64="Qo7hzEURf14M2Ck6tTrXp2bLi3o="></latexit><latexit sha1_base64="Qo7hzEURf14M2Ck6tTrXp2bLi3o="></latexit><latexit sha1_base64="Qo7hzEURf14M2Ck6tTrXp2bLi3o="></latexit>

(simply connected domains)

N ±
2 = gN ±

2 +X21B±
1

8
>>>><

>>>>:

gN ±
2 periodic

��gN ±
2 = 0 in B1 \ ⌃,

@n
gN ±
2 = �e2 · n on @B±

1 \ @B1,

@n
gN ±
2 = 0 on @B⌥

1 \ @B1,

8
>><

>>:

[gN ±
2 ]⌃j = ±(j �X2),

[@X3

gN ±
2 ]⌃j = 0,

lim
X3!+1

gN ±
2 = 0,

<latexit sha1_base64="GGuKGMHJoBnha0Fe9KK4U6G9bYo="></latexit><latexit sha1_base64="GGuKGMHJoBnha0Fe9KK4U6G9bYo="></latexit><latexit sha1_base64="GGuKGMHJoBnha0Fe9KK4U6G9bYo="></latexit><latexit sha1_base64="GGuKGMHJoBnha0Fe9KK4U6G9bYo="></latexit>

3- 3D time-harmonic Maxwell’s equations



1- Maxwell’s problem
Identification of KT

<latexit sha1_base64="xOhmWEq8B9bGxOlKkP30xHljH/M="></latexit><latexit sha1_base64="iZlW67GLIznZpjlr+Lf225FXPsE="></latexit><latexit sha1_base64="iZlW67GLIznZpjlr+Lf225FXPsE="></latexit><latexit sha1_base64="0CAZQeQnkywJeLnrCK2O6DRkDj8="></latexit>

Theorem:

Case 1: KT is the space of dimension 3 given byKT = span {rN1,rN2,rN3} .

Case 2: KT is the space of dimension 4 given byKT = span
�
rN1,rN ±

2 ,rN3

 
.

Case 3: KT is the space of dimension 5 given byKT = span
�
rN ±

1 ,rN ±
2 ,rN3

 
.

<latexit sha1_base64="qrWWYYw0ONQfRIqSqm+C/XAmM+g=">AAAGC3icpVPNbtNAEJ4YAiX8tIUjlxENEocqilMQqFKlSr0gIaEiNW2lukS2s0lWtdfWeh2ILD8CR56EG3CkD8EbwFswu3GI07gtEhsl++0338x+s7vx4oAnqt3+WbNu3Kzfur1yp3H33v0Hq2vrDw+TKJU+6/pREMljz01YwAXrKq4CdhxL5oZewI68sz0dPxozmfBIHKhJzE5Ddyj4gPuuIqq3brUQ0fHYkIuMiTRk0lUsb6 </latexit><latexit sha1_base64="qrWWYYw0ONQfRIqSqm+C/XAmM+g=">AAAGC3icpVPNbtNAEJ4YAiX8tIUjlxENEocqilMQqFKlSr0gIaEiNW2lukS2s0lWtdfWeh2ILD8CR56EG3CkD8EbwFswu3GI07gtEhsl++0338x+s7vx4oAnqt3+WbNu3Kzfur1yp3H33v0Hq2vrDw+TKJU+6/pREMljz01YwAXrKq4CdhxL5oZewI68sz0dPxozmfBIHKhJzE5Ddyj4gPuuIqq3brUQ0fHYkIuMiTRk0lUsb6 </latexit><latexit sha1_base64="qrWWYYw0ONQfRIqSqm+C/XAmM+g=">AAAGC3icpVPNbtNAEJ4YAiX8tIUjlxENEocqilMQqFKlSr0gIaEiNW2lukS2s0lWtdfWeh2ILD8CR56EG3CkD8EbwFswu3GI07gtEhsl++0338x+s7vx4oAnqt3+WbNu3Kzfur1yp3H33v0Hq2vrDw+TKJU+6/pREMljz01YwAXrKq4CdhxL5oZewI68sz0dPxozmfBIHKhJzE5Ddyj4gPuuIqq3brUQ0fHYkIuMiTRk0lUsb6 </latexit><latexit sha1_base64="qrWWYYw0ONQfRIqSqm+C/XAmM+g=">AAAGC3icpVPNbtNAEJ4YAiX8tIUjlxENEocqilMQqFKlSr0gIaEiNW2lukS2s0lWtdfWeh2ILD8CR56EG3CkD8EbwFswu3GI07gtEhsl++0338x+s7vx4oAnqt3+WbNu3Kzfur1yp3H33v0Hq2vrDw+TKJU+6/pREMljz01YwAXrKq4CdhxL5oZewI68sz0dPxozmfBIHKhJzE5Ddyj4gPuuIqq3brUQ0fHYkIuMiTRk0lUsb6 </latexit>

case 2: set of ‘cuts’ 

1

⌃1
<latexit sha1_base64="LviRwPEx7g93Hx2eDBWeLktYpcE="></latexit><latexit sha1_base64="WxDgZkM+PDab5Qn0pz8pY/6ma4Q="></latexit><latexit sha1_base64="WxDgZkM+PDab5Qn0pz8pY/6ma4Q="></latexit><latexit sha1_base64="zlL6iQBGDyROwyumiW6P0Q6KCqk="></latexit>

⌃2
<latexit sha1_base64="t5Qc0k3l6jO1+/JBXeRTvy0tG3s="></latexit><latexit sha1_base64="UHLaUE+BWqR90Jy8OelU8hu/I0U="></latexit><latexit sha1_base64="UHLaUE+BWqR90Jy8OelU8hu/I0U="></latexit><latexit sha1_base64="lc9Ypizie6dBbFrksDUmNYRYQpE="></latexit>⌃0

<latexit sha1_base64="6vDzDRGhUokJ93VWrOAR5q+lKyA="></latexit><latexit sha1_base64="bF3XMktKaDclZX78Mdt28Xskb5Y="></latexit><latexit sha1_base64="bF3XMktKaDclZX78Mdt28Xskb5Y="></latexit><latexit sha1_base64="ylEM5SvccNTTzhz73FcWg0Tu5+4="></latexit>

⌃ =
[

j2Z
⌃j

<latexit sha1_base64="ZM3wpv1mZvZCkJKsigKxRv8u8EI="></latexit><latexit sha1_base64="3ccMUjvdDGTka5LEzCMCo3P/2uw="></latexit><latexit sha1_base64="3ccMUjvdDGTka5LEzCMCo3P/2uw="></latexit><latexit sha1_base64="/gpGVzYG1MoAKYdCrzgv9fOvjts="></latexit>

B±
1 = (B1 \ ⌃) \ {±X3 > 0}

<latexit sha1_base64="Qo7hzEURf14M2Ck6tTrXp2bLi3o="></latexit><latexit sha1_base64="Qo7hzEURf14M2Ck6tTrXp2bLi3o="></latexit><latexit sha1_base64="Qo7hzEURf14M2Ck6tTrXp2bLi3o="></latexit><latexit sha1_base64="Qo7hzEURf14M2Ck6tTrXp2bLi3o="></latexit>

(simply connected domains)

rN+
2 ⇠

(
e2 as X3 ! +1
0 as X3 ! �1

<latexit sha1_base64="b/rTAh/oQe6FUl4trC/VMry2oyU="></latexit><latexit sha1_base64="b/rTAh/oQe6FUl4trC/VMry2oyU="></latexit><latexit sha1_base64="b/rTAh/oQe6FUl4trC/VMry2oyU="></latexit><latexit sha1_base64="b/rTAh/oQe6FUl4trC/VMry2oyU="></latexit>

rN�
2 ⇠

(
0 as X3 ! +1
e2 as X3 ! �1

<latexit sha1_base64="RiE+R3kKfeGoFnXqqsKBZnSXlRs="></latexit><latexit sha1_base64="RiE+R3kKfeGoFnXqqsKBZnSXlRs="></latexit><latexit sha1_base64="RiE+R3kKfeGoFnXqqsKBZnSXlRs="></latexit><latexit sha1_base64="RiE+R3kKfeGoFnXqqsKBZnSXlRs="></latexit>

3- 3D time-harmonic Maxwell’s equations



Analysis of the simple 3D case
Identification of KT

<latexit sha1_base64="xOhmWEq8B9bGxOlKkP30xHljH/M="></latexit><latexit sha1_base64="iZlW67GLIznZpjlr+Lf225FXPsE="></latexit><latexit sha1_base64="iZlW67GLIznZpjlr+Lf225FXPsE="></latexit><latexit sha1_base64="0CAZQeQnkywJeLnrCK2O6DRkDj8="></latexit>

Theorem:

Case 1: KT is the space of dimension 3 given byKT = span {rN1,rN2,rN3} .

Case 2: KT is the space of dimension 4 given byKT = span
�
rN1,rN ±

2 ,rN3

 
.

Case 3: KT is the space of dimension 5 given byKT = span
�
rN ±

1 ,rN ±
2 ,rN3

 
.

<latexit sha1_base64="qrWWYYw0ONQfRIqSqm+C/XAmM+g=">AAAGC3icpVPNbtNAEJ4YAiX8tIUjlxENEocqilMQqFKlSr0gIaEiNW2lukS2s0lWtdfWeh2ILD8CR56EG3CkD8EbwFswu3GI07gtEhsl++0338x+s7vx4oAnqt3+WbNu3Kzfur1yp3H33v0Hq2vrDw+TKJU+6/pREMljz01YwAXrKq4CdhxL5oZewI68sz0dPxozmfBIHKhJzE5Ddyj4gPuuIqq3brUQ0fHYkIuMiTRk0lUsb6 </latexit><latexit sha1_base64="qrWWYYw0ONQfRIqSqm+C/XAmM+g=">AAAGC3icpVPNbtNAEJ4YAiX8tIUjlxENEocqilMQqFKlSr0gIaEiNW2lukS2s0lWtdfWeh2ILD8CR56EG3CkD8EbwFswu3GI07gtEhsl++0338x+s7vx4oAnqt3+WbNu3Kzfur1yp3H33v0Hq2vrDw+TKJU+6/pREMljz01YwAXrKq4CdhxL5oZewI68sz0dPxozmfBIHKhJzE5Ddyj4gPuuIqq3brUQ0fHYkIuMiTRk0lUsb6 </latexit><latexit sha1_base64="qrWWYYw0ONQfRIqSqm+C/XAmM+g=">AAAGC3icpVPNbtNAEJ4YAiX8tIUjlxENEocqilMQqFKlSr0gIaEiNW2lukS2s0lWtdfWeh2ILD8CR56EG3CkD8EbwFswu3GI07gtEhsl++0338x+s7vx4oAnqt3+WbNu3Kzfur1yp3H33v0Hq2vrDw+TKJU+6/pREMljz01YwAXrKq4CdhxL5oZewI68sz0dPxozmfBIHKhJzE5Ddyj4gPuuIqq3brUQ0fHYkIuMiTRk0lUsb6 </latexit><latexit sha1_base64="qrWWYYw0ONQfRIqSqm+C/XAmM+g=">AAAGC3icpVPNbtNAEJ4YAiX8tIUjlxENEocqilMQqFKlSr0gIaEiNW2lukS2s0lWtdfWeh2ILD8CR56EG3CkD8EbwFswu3GI07gtEhsl++0338x+s7vx4oAnqt3+WbNu3Kzfur1yp3H33v0Hq2vrDw+TKJU+6/pREMljz01YwAXrKq4CdhxL5oZewI68sz0dPxozmfBIHKhJzE5Ddyj4gPuuIqq3brUQ0fHYkIuMiTRk0lUsb6 </latexit>

case3: set of ‘cuts’ ⌃ =
[

(i,j)2Z2

⌃i,j

<latexit sha1_base64="d3T+fUTLORTolTjWFke0J9MP82U="></latexit><latexit sha1_base64="gRZw+7GbmMNJGwxDvoquDY0M+6w="></latexit><latexit sha1_base64="gRZw+7GbmMNJGwxDvoquDY0M+6w="></latexit><latexit sha1_base64="HFKSfdJ5MfExodJqlR6kmLKq8bs="></latexit>

1

⌃0,0
<latexit sha1_base64="QVn5rst2qLHeFy0Ab6ZnkqcevLs="></latexit><latexit sha1_base64="Fav9CobwhiB2Xfq2AovGUX9xIPU="></latexit><latexit sha1_base64="Fav9CobwhiB2Xfq2AovGUX9xIPU="></latexit><latexit sha1_base64="zvdLdwrBaua+HiBknOOX8Y/K2i0="></latexit>

⌃1,0
<latexit sha1_base64="rIHDJOwNOe7p0kXbhRyaj9NYeRs="></latexit><latexit sha1_base64="n+c6+DgJwZr1K5l717jMmzGo2Ag="></latexit><latexit sha1_base64="n+c6+DgJwZr1K5l717jMmzGo2Ag="></latexit><latexit sha1_base64="nKiQTXSZKI4Oq1acdZKLbtnFJeg="></latexit>

⌃0,1
<latexit sha1_base64="vFctUPnNc5RanvY33R5HXHr3/rs="></latexit><latexit sha1_base64="KGU5pBHlyw1vUZqNMecn3I2U6Ek="></latexit><latexit sha1_base64="KGU5pBHlyw1vUZqNMecn3I2U6Ek="></latexit><latexit sha1_base64="oqcPWwYPVnPHlRwccVsiOS5BFMg="></latexit>

i 2 {1, 2} rN+
i ⇠

(
ei as X3 ! +1
0 as X3 ! �1

rN�
i ⇠

(
0 as X3 ! +1
ei as X3 ! �1

<latexit sha1_base64="lXWBx+tbGwjm5S7/MX8tKovPOiU="></latexit><latexit sha1_base64="lXWBx+tbGwjm5S7/MX8tKovPOiU="></latexit><latexit sha1_base64="lXWBx+tbGwjm5S7/MX8tKovPOiU="></latexit><latexit sha1_base64="lXWBx+tbGwjm5S7/MX8tKovPOiU="></latexit>



1- Maxwell’s problem
Application to the asymptotic expansion   

lim
x3!0±

u0 = lim
X3!±1

U0

case 1:

At the limit, the thin periodic interface disappears (no shielding effect)

H0 2 KT
<latexit sha1_base64="/FB93Mi205InCLkTPKe7xK/tSn4="></latexit><latexit sha1_base64="/FB93Mi205InCLkTPKe7xK/tSn4="></latexit><latexit sha1_base64="/FB93Mi205InCLkTPKe7xK/tSn4="></latexit><latexit sha1_base64="/FB93Mi205InCLkTPKe7xK/tSn4="></latexit>

lim
x3!0±

h0 = lim
X3!±1

H0
<latexit sha1_base64="nZTQcn/xsbU54rtsEdlnZ3sxgjE=">AAADOnicjVFNS8NAEJ3E7/pV9ehlsQieSqqCHhQELz1WsLVgatik23Zpvths1BLyz/wfIt48Wbz6A5xdU7CK6IYkb9/Me7sz48Y+T6RlPRnmzOzc/MLiUml5ZXVtvbyx2UqiVHis6UV+JNouTZjPQ9aUXPqsHQtGA9dnV+7wXMWvbplIeBReylHMOgHth7zHPSqRcsqp7fPAye6dA2IL3h9IKkR0R6wbOw5yktn6hEywbm4HVA 7cXjbIHSsnp+RT2P4mRBmxediTo2k1mcjrSu6UK1bV0ov8BLUCVKBYjaj8CDZ0IQIPUgiAQQgSsQ8UEnyuoQYWxMh1IENOIOI6ziCHEmpTzGKYQZEd4rePu+uCDXGvPBOt9vAUH1+BSgK7qIkwTyBWpxEdT7WzYn/zzrSnutsI/27hFSArYYDsX7pJ5n91qhYJPTjWNXCsKdaMqs4rXFLdFXVz8qUqiQ4xcgp3MS4Qe1o56TPRmkTXrnpLdfxVZypW7b0iN4WxuiUOuPZ9nD9Ba79aQ3xxWDk7KUa9CNuwA3s4zyM4gzo0oInez4ZhlIxl88F8Mcfm22eqaRSaLZha5vsHUT29jA==</latexit><latexit sha1_base64="nZTQcn/xsbU54rtsEdlnZ3sxgjE=">AAADOnicjVFNS8NAEJ3E7/pV9ehlsQieSqqCHhQELz1WsLVgatik23Zpvths1BLyz/wfIt48Wbz6A5xdU7CK6IYkb9/Me7sz48Y+T6RlPRnmzOzc/MLiUml5ZXVtvbyx2UqiVHis6UV+JNouTZjPQ9aUXPqsHQtGA9dnV+7wXMWvbplIeBReylHMOgHth7zHPSqRcsqp7fPAye6dA2IL3h9IKkR0R6wbOw5yktn6hEywbm4HVA 7cXjbIHSsnp+RT2P4mRBmxediTo2k1mcjrSu6UK1bV0ov8BLUCVKBYjaj8CDZ0IQIPUgiAQQgSsQ8UEnyuoQYWxMh1IENOIOI6ziCHEmpTzGKYQZEd4rePu+uCDXGvPBOt9vAUH1+BSgK7qIkwTyBWpxEdT7WzYn/zzrSnutsI/27hFSArYYDsX7pJ5n91qhYJPTjWNXCsKdaMqs4rXFLdFXVz8qUqiQ4xcgp3MS4Qe1o56TPRmkTXrnpLdfxVZypW7b0iN4WxuiUOuPZ9nD9Ba79aQ3xxWDk7KUa9CNuwA3s4zyM4gzo0oInez4ZhlIxl88F8Mcfm22eqaRSaLZha5vsHUT29jA==</latexit><latexit sha1_base64="nZTQcn/xsbU54rtsEdlnZ3sxgjE=">AAADOnicjVFNS8NAEJ3E7/pV9ehlsQieSqqCHhQELz1WsLVgatik23Zpvths1BLyz/wfIt48Wbz6A5xdU7CK6IYkb9/Me7sz48Y+T6RlPRnmzOzc/MLiUml5ZXVtvbyx2UqiVHis6UV+JNouTZjPQ9aUXPqsHQtGA9dnV+7wXMWvbplIeBReylHMOgHth7zHPSqRcsqp7fPAye6dA2IL3h9IKkR0R6wbOw5yktn6hEywbm4HVA 7cXjbIHSsnp+RT2P4mRBmxediTo2k1mcjrSu6UK1bV0ov8BLUCVKBYjaj8CDZ0IQIPUgiAQQgSsQ8UEnyuoQYWxMh1IENOIOI6ziCHEmpTzGKYQZEd4rePu+uCDXGvPBOt9vAUH1+BSgK7qIkwTyBWpxEdT7WzYn/zzrSnutsI/27hFSArYYDsX7pJ5n91qhYJPTjWNXCsKdaMqs4rXFLdFXVz8qUqiQ4xcgp3MS4Qe1o56TPRmkTXrnpLdfxVZypW7b0iN4WxuiUOuPZ9nD9Ba79aQ3xxWDk7KUa9CNuwA3s4zyM4gzo0oInez4ZhlIxl88F8Mcfm22eqaRSaLZha5vsHUT29jA==</latexit><latexit sha1_base64="nZTQcn/xsbU54rtsEdlnZ3sxgjE=">AAADOnicjVFNS8NAEJ3E7/pV9ehlsQieSqqCHhQELz1WsLVgatik23Zpvths1BLyz/wfIt48Wbz6A5xdU7CK6IYkb9/Me7sz48Y+T6RlPRnmzOzc/MLiUml5ZXVtvbyx2UqiVHis6UV+JNouTZjPQ9aUXPqsHQtGA9dnV+7wXMWvbplIeBReylHMOgHth7zHPSqRcsqp7fPAye6dA2IL3h9IKkR0R6wbOw5yktn6hEywbm4HVA 7cXjbIHSsnp+RT2P4mRBmxediTo2k1mcjrSu6UK1bV0ov8BLUCVKBYjaj8CDZ0IQIPUgiAQQgSsQ8UEnyuoQYWxMh1IENOIOI6ziCHEmpTzGKYQZEd4rePu+uCDXGvPBOt9vAUH1+BSgK7qIkwTyBWpxEdT7WzYn/zzrSnutsI/27hFSArYYDsX7pJ5n91qhYJPTjWNXCsKdaMqs4rXFLdFXVz8qUqiQ4xcgp3MS4Qe1o56TPRmkTXrnpLdfxVZypW7b0iN4WxuiUOuPZ9nD9Ba79aQ3xxWDk7KUa9CNuwA3s4zyM4gzo0oInez4ZhlIxl88F8Mcfm22eqaRSaLZha5vsHUT29jA==</latexit>

) x3 = 0u0 ⇥ n and             are continuous across the limit interfaceh0 ⇥ n
<latexit sha1_base64="tWeziELRU/6HjmonK3xVlUIH9lo="></latexit><latexit sha1_base64="ngxs9iR5sc1QOjcXSc+FkJHEo2k="></latexit><latexit sha1_base64="ngxs9iR5sc1QOjcXSc+FkJHEo2k="></latexit><latexit sha1_base64="m4L9bVhwxA1bepGZyJIdTX/0p34="></latexit>

H0 ⇠ �1e1 + �2e2 + �3e3
<latexit sha1_base64="CzS77mSvCGTrhNwfdoSqpxtsQ3E="></latexit><latexit sha1_base64="CzS77mSvCGTrhNwfdoSqpxtsQ3E="></latexit><latexit sha1_base64="CzS77mSvCGTrhNwfdoSqpxtsQ3E="></latexit><latexit sha1_base64="CzS77mSvCGTrhNwfdoSqpxtsQ3E="></latexit>

as X3 ! ±1
<latexit sha1_base64="N05vbuUK26SWZ77DEfGDaWHL8b8="></latexit><latexit sha1_base64="LIo2dFlfCR//aoOZ+kIixQXf3xU="></latexit><latexit sha1_base64="LIo2dFlfCR//aoOZ+kIixQXf3xU="></latexit><latexit sha1_base64="RRD8VLT+FsXSV5E0iut8o/PbMXs="></latexit>

U0 ⇠ ↵1e1 + ↵2e2 + (↵+
3 ± ↵�

3 )1±X3>0e3
<latexit sha1_base64="YiaSzRGsNG74UfyX3Wmc5I5w/Xc="></latexit><latexit sha1_base64="YiaSzRGsNG74UfyX3Wmc5I5w/Xc="></latexit><latexit sha1_base64="YiaSzRGsNG74UfyX3Wmc5I5w/Xc="></latexit><latexit sha1_base64="YiaSzRGsNG74UfyX3Wmc5I5w/Xc="></latexit>

1

U0 = ↵1DX1 + ↵2DX2 + ↵+
3 rD1 + ↵�

3 rD2
<latexit sha1_base64="WTSIqQ2Tg4YyOwCBCUvOoJx0XB8=">AAAEdnicjVJdb9MwFL3pCozx1cEjEoqoJiYBUxKQxgNIk+CBxyHRrdIyIid112j5kuNsTFb+CX+MfwD/gEeOXUft1vHhqvHxuedc32s7rrK0lp733emt9W/cvLV+e+PO3Xv3Hww2Hx7UZSMSPkrKrBTjmNU8Sws+kqnM+LgSnOVxxg/j0/c6fnjGRZ2WxWd5UfHjnJ0U6TRNmAQVDb6p0CRRgk9aFeZMzuKpGrWR17buOzdkWT Vjke+aSJ0I9aGN1DjyW/d5FwyuBoPWXURffQEsWJyxSzJfSxaal9dpgmgw9HY8M9xV4FswJDv2y02HUUgTKimhhnLiVJAEzohRjd8R+eRRBe6YFDgBlJo4p5Y24G2g4lAwsKf4nmB1ZNkCa52zNu4Eu2T4Czhd2oKnhE4A691cE29MZs3+KbcyOXVtF5hjmysHK2kG9l++Tvm/Pt2LpCm9MT2k6KkyjO4usVkacyq6cnepK4kMFTiNJ4gL4MQ4u3N2jac2veuzZSb+wyg1q9eJ1Tb001Y5ATPFHINXmLseYrAKXGtvZqFrrtE1KzqByqVVxsBfzZ3pXrIVre7nzJzqsnrOdtoC8XNzq7nZu0A8hG6uWq5IAC3cIb34y9tSS64atdTU4tX7V9/4KjgIdnzgT6+He2/t+1+nx/SUtvHGd2mPPtI+jShxes624zvB2q/+k/5W/9lc2nOs5xFdGn3vN/2B/KI=</latexit><latexit sha1_base64="WTSIqQ2Tg4YyOwCBCUvOoJx0XB8=">AAAEdnicjVJdb9MwFL3pCozx1cEjEoqoJiYBUxKQxgNIk+CBxyHRrdIyIid112j5kuNsTFb+CX+MfwD/gEeOXUft1vHhqvHxuedc32s7rrK0lp733emt9W/cvLV+e+PO3Xv3Hww2Hx7UZSMSPkrKrBTjmNU8Sws+kqnM+LgSnOVxxg/j0/c6fnjGRZ2WxWd5UfHjnJ0U6TRNmAQVDb6p0CRRgk9aFeZMzuKpGrWR17buOzdkWT Vjke+aSJ0I9aGN1DjyW/d5FwyuBoPWXURffQEsWJyxSzJfSxaal9dpgmgw9HY8M9xV4FswJDv2y02HUUgTKimhhnLiVJAEzohRjd8R+eRRBe6YFDgBlJo4p5Y24G2g4lAwsKf4nmB1ZNkCa52zNu4Eu2T4Czhd2oKnhE4A691cE29MZs3+KbcyOXVtF5hjmysHK2kG9l++Tvm/Pt2LpCm9MT2k6KkyjO4usVkacyq6cnepK4kMFTiNJ4gL4MQ4u3N2jac2veuzZSb+wyg1q9eJ1Tb001Y5ATPFHINXmLseYrAKXGtvZqFrrtE1KzqByqVVxsBfzZ3pXrIVre7nzJzqsnrOdtoC8XNzq7nZu0A8hG6uWq5IAC3cIb34y9tSS64atdTU4tX7V9/4KjgIdnzgT6+He2/t+1+nx/SUtvHGd2mPPtI+jShxes624zvB2q/+k/5W/9lc2nOs5xFdGn3vN/2B/KI=</latexit><latexit sha1_base64="WTSIqQ2Tg4YyOwCBCUvOoJx0XB8=">AAAEdnicjVJdb9MwFL3pCozx1cEjEoqoJiYBUxKQxgNIk+CBxyHRrdIyIid112j5kuNsTFb+CX+MfwD/gEeOXUft1vHhqvHxuedc32s7rrK0lp733emt9W/cvLV+e+PO3Xv3Hww2Hx7UZSMSPkrKrBTjmNU8Sws+kqnM+LgSnOVxxg/j0/c6fnjGRZ2WxWd5UfHjnJ0U6TRNmAQVDb6p0CRRgk9aFeZMzuKpGrWR17buOzdkWT Vjke+aSJ0I9aGN1DjyW/d5FwyuBoPWXURffQEsWJyxSzJfSxaal9dpgmgw9HY8M9xV4FswJDv2y02HUUgTKimhhnLiVJAEzohRjd8R+eRRBe6YFDgBlJo4p5Y24G2g4lAwsKf4nmB1ZNkCa52zNu4Eu2T4Czhd2oKnhE4A691cE29MZs3+KbcyOXVtF5hjmysHK2kG9l++Tvm/Pt2LpCm9MT2k6KkyjO4usVkacyq6cnepK4kMFTiNJ4gL4MQ4u3N2jac2veuzZSb+wyg1q9eJ1Tb001Y5ATPFHINXmLseYrAKXGtvZqFrrtE1KzqByqVVxsBfzZ3pXrIVre7nzJzqsnrOdtoC8XNzq7nZu0A8hG6uWq5IAC3cIb34y9tSS64atdTU4tX7V9/4KjgIdnzgT6+He2/t+1+nx/SUtvHGd2mPPtI+jShxes624zvB2q/+k/5W/9lc2nOs5xFdGn3vN/2B/KI=</latexit><latexit sha1_base64="WTSIqQ2Tg4YyOwCBCUvOoJx0XB8=">AAAEdnicjVJdb9MwFL3pCozx1cEjEoqoJiYBUxKQxgNIk+CBxyHRrdIyIid112j5kuNsTFb+CX+MfwD/gEeOXUft1vHhqvHxuedc32s7rrK0lp733emt9W/cvLV+e+PO3Xv3Hww2Hx7UZSMSPkrKrBTjmNU8Sws+kqnM+LgSnOVxxg/j0/c6fnjGRZ2WxWd5UfHjnJ0U6TRNmAQVDb6p0CRRgk9aFeZMzuKpGrWR17buOzdkWT Vjke+aSJ0I9aGN1DjyW/d5FwyuBoPWXURffQEsWJyxSzJfSxaal9dpgmgw9HY8M9xV4FswJDv2y02HUUgTKimhhnLiVJAEzohRjd8R+eRRBe6YFDgBlJo4p5Y24G2g4lAwsKf4nmB1ZNkCa52zNu4Eu2T4Czhd2oKnhE4A691cE29MZs3+KbcyOXVtF5hjmysHK2kG9l++Tvm/Pt2LpCm9MT2k6KkyjO4usVkacyq6cnepK4kMFTiNJ4gL4MQ4u3N2jac2veuzZSb+wyg1q9eJ1Tb001Y5ATPFHINXmLseYrAKXGtvZqFrrtE1KzqByqVVxsBfzZ3pXrIVre7nzJzqsnrOdtoC8XNzq7nZu0A8hG6uWq5IAC3cIb34y9tSS64atdTU4tX7V9/4KjgIdnzgT6+He2/t+1+nx/SUtvHGd2mPPtI+jShxes624zvB2q/+k/5W/9lc2nOs5xFdGn3vN/2B/KI=</latexit>
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<latexit sha1_base64="qGlTzK+NryI579Z2BScj+DXN2Dk=">AAAESnicjVLLbhMxFL3TpKWUR1NYsrGIkJBA1UyKBAuQKrHpChWJtJU6VWRPnHbUecnjKVTW/CFrJP4AtuwQLDh2HJoQXo4yPj73nOt7bYsqS2sdhh+DlU53de3a+vWNGzdv3d7sbd05qMtGJXKYlFmpjgSvZZYWcqhTncmjSkmei0weivOXNn54IVWdlsUbfVnJk5yfFukkTbgGNepVJnZJjJLj1sQ512diYvbaUdi27AWLhd R8FDEXqBNlXrUjE7XskY8MFiODlv0M7bC44CLjC4odNur1w+3QDbYMIg/65Md+uRVwimlMJSXUUE6SCtLAGXGq8TumiEKqwJ2QAaeAUheX1NIGvA1UEgoO9hzfU6yOPVtgbXPWzp1glwx/BSejB/CU0Clguxtz8cZltuyfchuX09Z2iVn4XDlYTWdg/+WbKf/XZ3vRNKFnrocUPVWOsd0lPkvjTsVWzua60shQgbN4jLgCTpxzds7MeWrXuz1b7uKfnNKydp14bUOffZVjMBPMArzBPOtBgDXgWn8zV7rmN7pmSadQufZKAfzO3ZntJVvS2n4u3KnOq6fsTFsg/tbdau72LhCPoZuq5itSQFfumB7/5W2ZOVeNWmpq8eqjX9/4MjgYbEfAr5/0d5/7979O9+g+PcQbf0q7tEf7NMROH+h7sBqsdd53vnS+dr5NpSuB99ylhdHt/gA2O/EE</latexit><latexit sha1_base64="qGlTzK+NryI579Z2BScj+DXN2Dk=">AAAESnicjVLLbhMxFL3TpKWUR1NYsrGIkJBA1UyKBAuQKrHpChWJtJU6VWRPnHbUecnjKVTW/CFrJP4AtuwQLDh2HJoQXo4yPj73nOt7bYsqS2sdhh+DlU53de3a+vWNGzdv3d7sbd05qMtGJXKYlFmpjgSvZZYWcqhTncmjSkmei0weivOXNn54IVWdlsUbfVnJk5yfFukkTbgGNepVJnZJjJLj1sQ512diYvbaUdi27AWLhd R8FDEXqBNlXrUjE7XskY8MFiODlv0M7bC44CLjC4odNur1w+3QDbYMIg/65Md+uRVwimlMJSXUUE6SCtLAGXGq8TumiEKqwJ2QAaeAUheX1NIGvA1UEgoO9hzfU6yOPVtgbXPWzp1glwx/BSejB/CU0Clguxtz8cZltuyfchuX09Z2iVn4XDlYTWdg/+WbKf/XZ3vRNKFnrocUPVWOsd0lPkvjTsVWzua60shQgbN4jLgCTpxzds7MeWrXuz1b7uKfnNKydp14bUOffZVjMBPMArzBPOtBgDXgWn8zV7rmN7pmSadQufZKAfzO3ZntJVvS2n4u3KnOq6fsTFsg/tbdau72LhCPoZuq5itSQFfumB7/5W2ZOVeNWmpq8eqjX9/4MjgYbEfAr5/0d5/7979O9+g+PcQbf0q7tEf7NMROH+h7sBqsdd53vnS+dr5NpSuB99ylhdHt/gA2O/EE</latexit><latexit sha1_base64="qGlTzK+NryI579Z2BScj+DXN2Dk=">AAAESnicjVLLbhMxFL3TpKWUR1NYsrGIkJBA1UyKBAuQKrHpChWJtJU6VWRPnHbUecnjKVTW/CFrJP4AtuwQLDh2HJoQXo4yPj73nOt7bYsqS2sdhh+DlU53de3a+vWNGzdv3d7sbd05qMtGJXKYlFmpjgSvZZYWcqhTncmjSkmei0weivOXNn54IVWdlsUbfVnJk5yfFukkTbgGNepVJnZJjJLj1sQ512diYvbaUdi27AWLhd R8FDEXqBNlXrUjE7XskY8MFiODlv0M7bC44CLjC4odNur1w+3QDbYMIg/65Md+uRVwimlMJSXUUE6SCtLAGXGq8TumiEKqwJ2QAaeAUheX1NIGvA1UEgoO9hzfU6yOPVtgbXPWzp1glwx/BSejB/CU0Clguxtz8cZltuyfchuX09Z2iVn4XDlYTWdg/+WbKf/XZ3vRNKFnrocUPVWOsd0lPkvjTsVWzua60shQgbN4jLgCTpxzds7MeWrXuz1b7uKfnNKydp14bUOffZVjMBPMArzBPOtBgDXgWn8zV7rmN7pmSadQufZKAfzO3ZntJVvS2n4u3KnOq6fsTFsg/tbdau72LhCPoZuq5itSQFfumB7/5W2ZOVeNWmpq8eqjX9/4MjgYbEfAr5/0d5/7979O9+g+PcQbf0q7tEf7NMROH+h7sBqsdd53vnS+dr5NpSuB99ylhdHt/gA2O/EE</latexit><latexit sha1_base64="qGlTzK+NryI579Z2BScj+DXN2Dk=">AAAESnicjVLLbhMxFL3TpKWUR1NYsrGIkJBA1UyKBAuQKrHpChWJtJU6VWRPnHbUecnjKVTW/CFrJP4AtuwQLDh2HJoQXo4yPj73nOt7bYsqS2sdhh+DlU53de3a+vWNGzdv3d7sbd05qMtGJXKYlFmpjgSvZZYWcqhTncmjSkmei0weivOXNn54IVWdlsUbfVnJk5yfFukkTbgGNepVJnZJjJLj1sQ512diYvbaUdi27AWLhd R8FDEXqBNlXrUjE7XskY8MFiODlv0M7bC44CLjC4odNur1w+3QDbYMIg/65Md+uRVwimlMJSXUUE6SCtLAGXGq8TumiEKqwJ2QAaeAUheX1NIGvA1UEgoO9hzfU6yOPVtgbXPWzp1glwx/BSejB/CU0Clguxtz8cZltuyfchuX09Z2iVn4XDlYTWdg/+WbKf/XZ3vRNKFnrocUPVWOsd0lPkvjTsVWzua60shQgbN4jLgCTpxzds7MeWrXuz1b7uKfnNKydp14bUOffZVjMBPMArzBPOtBgDXgWn8zV7rmN7pmSadQufZKAfzO3ZntJVvS2n4u3KnOq6fsTFsg/tbdau72LhCPoZuq5itSQFfumB7/5W2ZOVeNWmpq8eqjX9/4MjgYbEfAr5/0d5/7979O9+g+PcQbf0q7tEf7NMROH+h7sBqsdd53vnS+dr5NpSuB99ylhdHt/gA2O/EE</latexit>

3- 3D time-harmonic Maxwell’s equations



1- Maxwell’s problem
Application to the asymptotic expansion   

lim
x3!0±

u0 = lim
X3!±1

U0

case 2:

U0 2 KN H0 2 KT
<latexit sha1_base64="/FB93Mi205InCLkTPKe7xK/tSn4="></latexit><latexit sha1_base64="/FB93Mi205InCLkTPKe7xK/tSn4="></latexit><latexit sha1_base64="/FB93Mi205InCLkTPKe7xK/tSn4="></latexit><latexit sha1_base64="/FB93Mi205InCLkTPKe7xK/tSn4="></latexit>

lim
x3!0±

h0 = lim
X3!±1

H0
<latexit sha1_base64="nZTQcn/xsbU54rtsEdlnZ3sxgjE=">AAADOnicjVFNS8NAEJ3E7/pV9ehlsQieSqqCHhQELz1WsLVgatik23Zpvths1BLyz/wfIt48Wbz6A5xdU7CK6IYkb9/Me7sz48Y+T6RlPRnmzOzc/MLiUml5ZXVtvbyx2UqiVHis6UV+JNouTZjPQ9aUXPqsHQtGA9dnV+7wXMWvbplIeBReylHMOgHth7zHPSqRcsqp7fPAye6dA2IL3h9IKkR0R6wbOw5yktn6hEywbm4HVA 7cXjbIHSsnp+RT2P4mRBmxediTo2k1mcjrSu6UK1bV0ov8BLUCVKBYjaj8CDZ0IQIPUgiAQQgSsQ8UEnyuoQYWxMh1IENOIOI6ziCHEmpTzGKYQZEd4rePu+uCDXGvPBOt9vAUH1+BSgK7qIkwTyBWpxEdT7WzYn/zzrSnutsI/27hFSArYYDsX7pJ5n91qhYJPTjWNXCsKdaMqs4rXFLdFXVz8qUqiQ4xcgp3MS4Qe1o56TPRmkTXrnpLdfxVZypW7b0iN4WxuiUOuPZ9nD9Ba79aQ3xxWDk7KUa9CNuwA3s4zyM4gzo0oInez4ZhlIxl88F8Mcfm22eqaRSaLZha5vsHUT29jA==</latexit><latexit sha1_base64="nZTQcn/xsbU54rtsEdlnZ3sxgjE=">AAADOnicjVFNS8NAEJ3E7/pV9ehlsQieSqqCHhQELz1WsLVgatik23Zpvths1BLyz/wfIt48Wbz6A5xdU7CK6IYkb9/Me7sz48Y+T6RlPRnmzOzc/MLiUml5ZXVtvbyx2UqiVHis6UV+JNouTZjPQ9aUXPqsHQtGA9dnV+7wXMWvbplIeBReylHMOgHth7zHPSqRcsqp7fPAye6dA2IL3h9IKkR0R6wbOw5yktn6hEywbm4HVA 7cXjbIHSsnp+RT2P4mRBmxediTo2k1mcjrSu6UK1bV0ov8BLUCVKBYjaj8CDZ0IQIPUgiAQQgSsQ8UEnyuoQYWxMh1IENOIOI6ziCHEmpTzGKYQZEd4rePu+uCDXGvPBOt9vAUH1+BSgK7qIkwTyBWpxEdT7WzYn/zzrSnutsI/27hFSArYYDsX7pJ5n91qhYJPTjWNXCsKdaMqs4rXFLdFXVz8qUqiQ4xcgp3MS4Qe1o56TPRmkTXrnpLdfxVZypW7b0iN4WxuiUOuPZ9nD9Ba79aQ3xxWDk7KUa9CNuwA3s4zyM4gzo0oInez4ZhlIxl88F8Mcfm22eqaRSaLZha5vsHUT29jA==</latexit><latexit sha1_base64="nZTQcn/xsbU54rtsEdlnZ3sxgjE=">AAADOnicjVFNS8NAEJ3E7/pV9ehlsQieSqqCHhQELz1WsLVgatik23Zpvths1BLyz/wfIt48Wbz6A5xdU7CK6IYkb9/Me7sz48Y+T6RlPRnmzOzc/MLiUml5ZXVtvbyx2UqiVHis6UV+JNouTZjPQ9aUXPqsHQtGA9dnV+7wXMWvbplIeBReylHMOgHth7zHPSqRcsqp7fPAye6dA2IL3h9IKkR0R6wbOw5yktn6hEywbm4HVA 7cXjbIHSsnp+RT2P4mRBmxediTo2k1mcjrSu6UK1bV0ov8BLUCVKBYjaj8CDZ0IQIPUgiAQQgSsQ8UEnyuoQYWxMh1IENOIOI6ziCHEmpTzGKYQZEd4rePu+uCDXGvPBOt9vAUH1+BSgK7qIkwTyBWpxEdT7WzYn/zzrSnutsI/27hFSArYYDsX7pJ5n91qhYJPTjWNXCsKdaMqs4rXFLdFXVz8qUqiQ4xcgp3MS4Qe1o56TPRmkTXrnpLdfxVZypW7b0iN4WxuiUOuPZ9nD9Ba79aQ3xxWDk7KUa9CNuwA3s4zyM4gzo0oInez4ZhlIxl88F8Mcfm22eqaRSaLZha5vsHUT29jA==</latexit><latexit sha1_base64="nZTQcn/xsbU54rtsEdlnZ3sxgjE=">AAADOnicjVFNS8NAEJ3E7/pV9ehlsQieSqqCHhQELz1WsLVgatik23Zpvths1BLyz/wfIt48Wbz6A5xdU7CK6IYkb9/Me7sz48Y+T6RlPRnmzOzc/MLiUml5ZXVtvbyx2UqiVHis6UV+JNouTZjPQ9aUXPqsHQtGA9dnV+7wXMWvbplIeBReylHMOgHth7zHPSqRcsqp7fPAye6dA2IL3h9IKkR0R6wbOw5yktn6hEywbm4HVA 7cXjbIHSsnp+RT2P4mRBmxediTo2k1mcjrSu6UK1bV0ov8BLUCVKBYjaj8CDZ0IQIPUgiAQQgSsQ8UEnyuoQYWxMh1IENOIOI6ziCHEmpTzGKYQZEd4rePu+uCDXGvPBOt9vAUH1+BSgK7qIkwTyBWpxEdT7WzYn/zzrSnutsI/27hFSArYYDsX7pJ5n91qhYJPTjWNXCsKdaMqs4rXFLdFXVz8qUqiQ4xcgp3MS4Qe1o56TPRmkTXrnpLdfxVZypW7b0iN4WxuiUOuPZ9nD9Ba79aQ3xxWDk7KUa9CNuwA3s4zyM4gzo0oInez4ZhlIxl88F8Mcfm22eqaRSaLZha5vsHUT29jA==</latexit>
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U0 = ↵1DX1 + ↵+
3 rD1 + ↵�

3 rD2
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as X3 ! ±1
<latexit sha1_base64="N05vbuUK26SWZ77DEfGDaWHL8b8="></latexit><latexit sha1_base64="LIo2dFlfCR//aoOZ+kIixQXf3xU="></latexit><latexit sha1_base64="LIo2dFlfCR//aoOZ+kIixQXf3xU="></latexit><latexit sha1_base64="RRD8VLT+FsXSV5E0iut8o/PbMXs="></latexit>

H0 ⇠ �1e1 + �±
2 1±X3>0e2 + �3e3

<latexit sha1_base64="nqX/uOiCDCTqsKkro1KWQrXlt6c="></latexit><latexit sha1_base64="nqX/uOiCDCTqsKkro1KWQrXlt6c="></latexit><latexit sha1_base64="nqX/uOiCDCTqsKkro1KWQrXlt6c="></latexit><latexit sha1_base64="nqX/uOiCDCTqsKkro1KWQrXlt6c="></latexit>

U0 ⇠ ↵1e1 + (↵+
3 ± ↵�

3 )1±X3>0e3
<latexit sha1_base64="HPCehIPmaNPrOg0pwhJWmOyvwxY="></latexit><latexit sha1_base64="HPCehIPmaNPrOg0pwhJWmOyvwxY="></latexit><latexit sha1_base64="HPCehIPmaNPrOg0pwhJWmOyvwxY="></latexit><latexit sha1_base64="HPCehIPmaNPrOg0pwhJWmOyvwxY="></latexit>

) on the limit interface 

and         continuous across the limit interface

(u0)2 = 0
<latexit sha1_base64="QQ30E0ZPVyy1xJbKo5WBZfXUe/k="></latexit><latexit sha1_base64="RSUswiKUld0Eo+9GMdhpVSk6y3s="></latexit><latexit sha1_base64="RSUswiKUld0Eo+9GMdhpVSk6y3s="></latexit><latexit sha1_base64="CCK/MV1HLGei4NiHWs7H7sOupqk="></latexit>

(h0)1
<latexit sha1_base64="C5e+dgChzu3/9d6qbOxqAiAm5Fk="></latexit><latexit sha1_base64="KDWqd4dlSjuKNHLAo7kNKHjwoEI="></latexit><latexit sha1_base64="KDWqd4dlSjuKNHLAo7kNKHjwoEI="></latexit><latexit sha1_base64="D3gBmCdz36vo7crfWidmv0l/ZiY="></latexit>

(u0)1
<latexit sha1_base64="bZ25jN6KCN9se+DEzSGkcgAys2M="></latexit><latexit sha1_base64="PassYo1YRuo4B/NMAVuFxFrwSUk="></latexit><latexit sha1_base64="PassYo1YRuo4B/NMAVuFxFrwSUk="></latexit><latexit sha1_base64="HDWMGhKBjyrDDMXdYr93ksTIfIs="></latexit>

partial shielding effect for one component of the waves

3- 3D time-harmonic Maxwell’s equations



1- Maxwell’s problem

1

) x3 = 0on the limit interface u0 ⇥ n = 0

At the limit,  no electromagnetic field below the meta-surface (total shielding effect)

(B. Schweizer 17, Holloway-Kuester 18)

reflected field

transmitted field

Application to the asymptotic expansion   

lim
x3!0±

u0 = lim
X3!±1

U0

case 3:

U0 2 KN H0 2 KT
<latexit sha1_base64="/FB93Mi205InCLkTPKe7xK/tSn4="></latexit><latexit sha1_base64="/FB93Mi205InCLkTPKe7xK/tSn4="></latexit><latexit sha1_base64="/FB93Mi205InCLkTPKe7xK/tSn4="></latexit><latexit sha1_base64="/FB93Mi205InCLkTPKe7xK/tSn4="></latexit>

lim
x3!0±

h0 = lim
X3!±1

H0
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3 1±X3>0e3
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H0 ⇠ �±
1 1±X3>0e1 + �±

2 1±X3>0e2 + �3e3
<latexit sha1_base64="38IUmfg7rzsNTaf5gft8ElGwatU="></latexit><latexit sha1_base64="38IUmfg7rzsNTaf5gft8ElGwatU="></latexit><latexit sha1_base64="38IUmfg7rzsNTaf5gft8ElGwatU="></latexit><latexit sha1_base64="38IUmfg7rzsNTaf5gft8ElGwatU="></latexit>

3- 3D time-harmonic Maxwell’s equations



1- Maxwell’s problem

� =
1

40
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curl curlu� � !2"u� = 0
<latexit sha1_base64="/Rl4K96dJX9k3+ra3bSXIQ+4kq8=">AAADunicjVLLbtQwFL3T8CjlNYUlG4sREguoMi0SLAapEhuWRWLaSk1b2RnPYI0TR45TqYrmZ/gatrDjD+AvOL7NwJSCwFHs63PPOfa1rSpr6pCmX3trybXrN26u39q4fefuvfv9zQf7tWt8rse5s84fKllra0o9DiZYfVh5LQtl9YGav4n5gzPta+PK9+G80seFnJVmanIZAJ32R5l3QVx0qjnJJtoGqcRzkblCz+TJtsjOpN dVbawrL1Fei/S0P0i3Um7iajDsggF1bc9t9nYoowk5yqmhgjSVFBBbklTjO6IhpVQBO6YWmEdkOK9pQRvQNmBpMCTQOfoZZkcdWmIePWtW51jF4vdQCnoCjQPPI46rCc437BzRv3m37Bn3do5RdV4F0EAfgP5Lt2T+ry7WEmhKr7gGg5oqRmJ1eefS8KnEnYuVqgIcKmAxniDvEeesXJ6zYE3NtcezlZz/xsyIxnnecRv63u1yAmSK0WOlgD1lP6vwiFq+SQ/nBTLPultaahRyLWt+3UbL602Yv3RSYLfgLvhbdYij5drUH5wUoobfxioTHniZw9/f4dVgf3triPjdi8HuqHuj6/SIHtNTvMOXtEtvaY/GWPEjfaLP9CUZJSoxyfyCutbrNA/pUkvCD5clyn4=</latexit><latexit sha1_base64="/Rl4K96dJX9k3+ra3bSXIQ+4kq8=">AAADunicjVLLbtQwFL3T8CjlNYUlG4sREguoMi0SLAapEhuWRWLaSk1b2RnPYI0TR45TqYrmZ/gatrDjD+AvOL7NwJSCwFHs63PPOfa1rSpr6pCmX3trybXrN26u39q4fefuvfv9zQf7tWt8rse5s84fKllra0o9DiZYfVh5LQtl9YGav4n5gzPta+PK9+G80seFnJVmanIZAJ32R5l3QVx0qjnJJtoGqcRzkblCz+TJtsjOpN dVbawrL1Fei/S0P0i3Um7iajDsggF1bc9t9nYoowk5yqmhgjSVFBBbklTjO6IhpVQBO6YWmEdkOK9pQRvQNmBpMCTQOfoZZkcdWmIePWtW51jF4vdQCnoCjQPPI46rCc437BzRv3m37Bn3do5RdV4F0EAfgP5Lt2T+ry7WEmhKr7gGg5oqRmJ1eefS8KnEnYuVqgIcKmAxniDvEeesXJ6zYE3NtcezlZz/xsyIxnnecRv63u1yAmSK0WOlgD1lP6vwiFq+SQ/nBTLPultaahRyLWt+3UbL602Yv3RSYLfgLvhbdYij5drUH5wUoobfxioTHniZw9/f4dVgf3triPjdi8HuqHuj6/SIHtNTvMOXtEtvaY/GWPEjfaLP9CUZJSoxyfyCutbrNA/pUkvCD5clyn4=</latexit><latexit sha1_base64="/Rl4K96dJX9k3+ra3bSXIQ+4kq8=">AAADunicjVLLbtQwFL3T8CjlNYUlG4sREguoMi0SLAapEhuWRWLaSk1b2RnPYI0TR45TqYrmZ/gatrDjD+AvOL7NwJSCwFHs63PPOfa1rSpr6pCmX3trybXrN26u39q4fefuvfv9zQf7tWt8rse5s84fKllra0o9DiZYfVh5LQtl9YGav4n5gzPta+PK9+G80seFnJVmanIZAJ32R5l3QVx0qjnJJtoGqcRzkblCz+TJtsjOpN dVbawrL1Fei/S0P0i3Um7iajDsggF1bc9t9nYoowk5yqmhgjSVFBBbklTjO6IhpVQBO6YWmEdkOK9pQRvQNmBpMCTQOfoZZkcdWmIePWtW51jF4vdQCnoCjQPPI46rCc437BzRv3m37Bn3do5RdV4F0EAfgP5Lt2T+ry7WEmhKr7gGg5oqRmJ1eefS8KnEnYuVqgIcKmAxniDvEeesXJ6zYE3NtcezlZz/xsyIxnnecRv63u1yAmSK0WOlgD1lP6vwiFq+SQ/nBTLPultaahRyLWt+3UbL602Yv3RSYLfgLvhbdYij5drUH5wUoobfxioTHniZw9/f4dVgf3triPjdi8HuqHuj6/SIHtNTvMOXtEtvaY/GWPEjfaLP9CUZJSoxyfyCutbrNA/pUkvCD5clyn4=</latexit><latexit sha1_base64="/Rl4K96dJX9k3+ra3bSXIQ+4kq8=">AAADunicjVLLbtQwFL3T8CjlNYUlG4sREguoMi0SLAapEhuWRWLaSk1b2RnPYI0TR45TqYrmZ/gatrDjD+AvOL7NwJSCwFHs63PPOfa1rSpr6pCmX3trybXrN26u39q4fefuvfv9zQf7tWt8rse5s84fKllra0o9DiZYfVh5LQtl9YGav4n5gzPta+PK9+G80seFnJVmanIZAJ32R5l3QVx0qjnJJtoGqcRzkblCz+TJtsjOpN dVbawrL1Fei/S0P0i3Um7iajDsggF1bc9t9nYoowk5yqmhgjSVFBBbklTjO6IhpVQBO6YWmEdkOK9pQRvQNmBpMCTQOfoZZkcdWmIePWtW51jF4vdQCnoCjQPPI46rCc437BzRv3m37Bn3do5RdV4F0EAfgP5Lt2T+ry7WEmhKr7gGg5oqRmJ1eefS8KnEnYuVqgIcKmAxniDvEeesXJ6zYE3NtcezlZz/xsyIxnnecRv63u1yAmSK0WOlgD1lP6vwiFq+SQ/nBTLPultaahRyLWt+3UbL602Yv3RSYLfgLvhbdYij5drUH5wUoobfxioTHniZw9/f4dVgf3triPjdi8HuqHuj6/SIHtNTvMOXtEtvaY/GWPEjfaLP9CUZJSoxyfyCutbrNA/pUkvCD5clyn4=</latexit>
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curlu� ⇥ n = e1 + e2
<latexit sha1_base64="FiNMuUyNbLk+jdqtwcTZzw1Jlg4="></latexit><latexit sha1_base64="FiNMuUyNbLk+jdqtwcTZzw1Jlg4="></latexit><latexit sha1_base64="FiNMuUyNbLk+jdqtwcTZzw1Jlg4="></latexit><latexit sha1_base64="FiNMuUyNbLk+jdqtwcTZzw1Jlg4="></latexit>

3- 3D time-harmonic Maxwell’s equations



1- Maxwell’s problem

case 1 case 2 case 3

Re(u1)
<latexit sha1_base64="rJq26eFqlZmfsPXrXsbqW3gcQnA="></latexit><latexit sha1_base64="rJq26eFqlZmfsPXrXsbqW3gcQnA="></latexit><latexit sha1_base64="rJq26eFqlZmfsPXrXsbqW3gcQnA="></latexit><latexit sha1_base64="rJq26eFqlZmfsPXrXsbqW3gcQnA="></latexit>

Re(u2)
<latexit sha1_base64="dnqXdRWeyr0MR+LnoZB32iWXhs0=">AAAC0XicjVHLSsNAFD2Nr1pfVZdugkWom5IUQRcuCm5c1kcf0NaSpNMamheTiVhKQdz6A271p8Q/0L/wzpiCWkQnJDlz7j1n5t5rR54bC8N4zWhz8wuLS9nl3Mrq2vpGfnOrHocJd1jNCb2QN20rZp4bsJpwhceaEWeWb3usYQ9PZLxxw3jshsGlGEWs41uDwO27jiWIumoLdivG52xSTLrl/W6+YJQMtfRZYKaggHRVw/wL2u ghhIMEPhgCCMIeLMT0tGDCQERcB2PiOCFXxRkmyJE2oSxGGRaxQ/oOaNdK2YD20jNWaodO8ejlpNSxR5qQ8jhheZqu4olyluxv3mPlKe82or+devnEClwT+5dumvlfnaxFoI8jVYNLNUWKkdU5qUuiuiJvrn+pSpBDRJzEPYpzwo5STvusK02sape9tVT8TWVKVu6dNDfBu7wlDdj8Oc5ZUC+XTMJnB4XKcTrqLHawiyLN8xAVnKKKGnlzPOIJz9qFNtLutPvPVC2TarbxbWkPH5oalKg=</latexit><latexit sha1_base64="dnqXdRWeyr0MR+LnoZB32iWXhs0=">AAAC0XicjVHLSsNAFD2Nr1pfVZdugkWom5IUQRcuCm5c1kcf0NaSpNMamheTiVhKQdz6A271p8Q/0L/wzpiCWkQnJDlz7j1n5t5rR54bC8N4zWhz8wuLS9nl3Mrq2vpGfnOrHocJd1jNCb2QN20rZp4bsJpwhceaEWeWb3usYQ9PZLxxw3jshsGlGEWs41uDwO27jiWIumoLdivG52xSTLrl/W6+YJQMtfRZYKaggHRVw/wL2u ghhIMEPhgCCMIeLMT0tGDCQERcB2PiOCFXxRkmyJE2oSxGGRaxQ/oOaNdK2YD20jNWaodO8ejlpNSxR5qQ8jhheZqu4olyluxv3mPlKe82or+devnEClwT+5dumvlfnaxFoI8jVYNLNUWKkdU5qUuiuiJvrn+pSpBDRJzEPYpzwo5STvusK02sape9tVT8TWVKVu6dNDfBu7wlDdj8Oc5ZUC+XTMJnB4XKcTrqLHawiyLN8xAVnKKKGnlzPOIJz9qFNtLutPvPVC2TarbxbWkPH5oalKg=</latexit><latexit sha1_base64="dnqXdRWeyr0MR+LnoZB32iWXhs0=">AAAC0XicjVHLSsNAFD2Nr1pfVZdugkWom5IUQRcuCm5c1kcf0NaSpNMamheTiVhKQdz6A271p8Q/0L/wzpiCWkQnJDlz7j1n5t5rR54bC8N4zWhz8wuLS9nl3Mrq2vpGfnOrHocJd1jNCb2QN20rZp4bsJpwhceaEWeWb3usYQ9PZLxxw3jshsGlGEWs41uDwO27jiWIumoLdivG52xSTLrl/W6+YJQMtfRZYKaggHRVw/wL2u ghhIMEPhgCCMIeLMT0tGDCQERcB2PiOCFXxRkmyJE2oSxGGRaxQ/oOaNdK2YD20jNWaodO8ejlpNSxR5qQ8jhheZqu4olyluxv3mPlKe82or+devnEClwT+5dumvlfnaxFoI8jVYNLNUWKkdU5qUuiuiJvrn+pSpBDRJzEPYpzwo5STvusK02sape9tVT8TWVKVu6dNDfBu7wlDdj8Oc5ZUC+XTMJnB4XKcTrqLHawiyLN8xAVnKKKGnlzPOIJz9qFNtLutPvPVC2TarbxbWkPH5oalKg=</latexit><latexit sha1_base64="dnqXdRWeyr0MR+LnoZB32iWXhs0=">AAAC0XicjVHLSsNAFD2Nr1pfVZdugkWom5IUQRcuCm5c1kcf0NaSpNMamheTiVhKQdz6A271p8Q/0L/wzpiCWkQnJDlz7j1n5t5rR54bC8N4zWhz8wuLS9nl3Mrq2vpGfnOrHocJd1jNCb2QN20rZp4bsJpwhceaEWeWb3usYQ9PZLxxw3jshsGlGEWs41uDwO27jiWIumoLdivG52xSTLrl/W6+YJQMtfRZYKaggHRVw/wL2u ghhIMEPhgCCMIeLMT0tGDCQERcB2PiOCFXxRkmyJE2oSxGGRaxQ/oOaNdK2YD20jNWaodO8ejlpNSxR5qQ8jhheZqu4olyluxv3mPlKe82or+devnEClwT+5dumvlfnaxFoI8jVYNLNUWKkdU5qUuiuiJvrn+pSpBDRJzEPYpzwo5STvusK02sape9tVT8TWVKVu6dNDfBu7wlDdj8Oc5ZUC+XTMJnB4XKcTrqLHawiyLN8xAVnKKKGnlzPOIJz9qFNtLutPvPVC2TarbxbWkPH5oalKg=</latexit>

3- 3D time-harmonic Maxwell’s equations



1- Maxwell’s problem4- Homogenization in presence of corners

� �

Diffraction by infinite line of equi-spaced obstacles

L

uinc

� 0Analysis of the solution as   goes to   : periodic homogenization

What can we do when the periodicity of the problem is lost ? 



1- Maxwell’s problem4- Homogenization in presence of corners
A model problem:

⌦� = ⌦ \ ⌦�
hole

in ⌦���u� = f

u� = 0 on @⌦

D
iri
ch

le
t

@nu
� = 0 on @⌦�

hole

NNNNNNNNN

Description of the problem: 
8
>>><

>>>:
(P)

x�
O

x+
O



1- Maxwell’s problem4- Homogenization in presence of corners

(P)Proposition: let                  . Problem       has a unique solution                     
that satisfies the following stability estimate:

f 2 L2(⌦�) u
� 2 H

1(⌦�)
9C > 0,

Objective: behavior of     with respect to   as   tends tou� �
construction of an asymptotic expansion of     w.r.t    u� �

0�

Well-posedness and stability property

x�
O

x+
O

Main difficulty: presence of both corners and the periodic layer

ku�kH1(⌦�)  C kfkL2(⌦�)



1- Maxwell’s problem4- Homogenization in presence of corners

Technical Assumptions: 

x�
O

x+
O

✓ the support of    does not intersect the interface 

✓ the canonical obstacle          is smooth.

�

f �

⌦̂hole

supp f

smooth obstacles



1- Maxwell’s problem4- Homogenization in presence of corners
Limit domain as          : 

x�
O

x+
O

� ! 0

⌦T

⌦B

8
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>>>:

⌦ = ⌦T [ ⌦B [ �⌦in

on @⌦

Limit problem:u0,0 2 H
1(⌦)

��u0,0 = f

u0,0 = 0



1- Maxwell’s problem4- Homogenization in presence of corners
The necessary introduction of singular macroscopic terms

In the vicinity of the corners: u0 =
X

n2N⇤

cn r
2
3n sin(

2

3
n ✓)

u� =
X

q 2N
�q

⇣
�(

x2

�
)uq(x) +⇧q(x1,

x

�
)
⌘

When using the classical Ansatz…

⌦ = ⌦T [ ⌦B [ �

x�
O x+

O

⌦T

⌦B

�

u0 2 H
1(⌦)(P0) has a unique regular solution 

8
>>><

>>>: on @⌦

Limit (macroscopic) problem:

⌦in��u0 = f

u0 = 0
(P0)

(u0 = u0,0)

✓ = 0
r

✓

✓
=

3⇡
/2

singular exponents (depend on the angle)



1- Maxwell’s problem4- Homogenization in presence of corners
The necessary introduction of singular macroscopic terms

Cr�1/3

Cr�4/3

H
1(⌦T ) \H

1(⌦B)(P1) has no regular solution (in                              )

It is possible to construct a singular solution that behaves like
in the vicinity of the corners x±

O

Cr�1/3

x�
O x+

O

⌦T

⌦B

�

Problem for u1

⌦in

on@⌦

8
>>>>>><

>>>>>>:

��u1 = 0

u1 = 0

[u1]� = Dt
1 @x1hu0i� +Dn

1 h@x2u0i�
[@nu1]� = N t

2 @
2
x1
hu0i� +N n

2 @x1h@x2u0i�

(P1)

presence of a corner boundary layer effect 



1- Maxwell’s problem4- Homogenization in presence of corners
Construction of the full asymptotic expansion : two preliminary remarks

Formal change of scale: R = r/� u0,0 =
X

n2N⇤

cn �
2
3n R

2
3n sin(

2

3
n ✓)

x+
O

x�
O

N⇤ = N \ {0}Separation of variables: u0,0 =
X

n2N⇤

cn r
2
3n sin(

2

3
n ✓)

✓ = 0
r

✓

✓
=

3⇡
/2

(1)- Asymptotic expansion of       in the neighborhood of the cornerx+
O

u0,0

(2)- Purely periodic case: u� =
X

q 2N
�q

⇣
�(

x2

�
)uq(x) +⇧q(x1,

x

�
)
⌘



1- Maxwell’s problem4- Homogenization in presence of corners

Methodology : we use the method of matched asymptotic expansions

corner singularities

periodic layer correctors
+ �

2
3n+q

(Caloz-Costabel-Dauge-Vial 06, Nazarov 08)

�

� �



1- Maxwell’s problem4- Homogenization in presence of corners
Method of matched asymptotic expansions 1: main ideas

x+
O

 Far field zone : it is located far from the corners it includes the thin periodic layer

 Near field zones : they are located close to the corners

 Matching zones

x�
O



1- Maxwell’s problem4- Homogenization in presence of corners

x�
O

x+
O

Method of matched asymptotic expansions 1: far field expansion

X

(n,q)2N2

�
2
3n+q

⇣
�(

x2

�
)u�

n,q(x) +⇧�
n,q(x1,

x

�
)
⌘

X

(n,q)2N2

�
2
3n+q u�

n,q(x)

x1

x2

�HB

HT

0

�L L0�L0 L0

|x1| > L

|x1| < L

 as in the purely periodic case        

macroscopic terms 
periodic correctors 



1- Maxwell’s problem4- Homogenization in presence of corners

u�
n,q are the macroscopic terms             

x�
O x+

O

⌦T

⌦B

�

✓ They might blow up in the vicinity of the corners x±
O

ln �✓  They (might) only have a polynomial dependence w.r.t.       :       

un,q,k independant of �u�
n,q =

KX

k=0

(ln �)k un,q,k

✓ They are not necessarily continuous across �

⌦T [ ⌦B✓ They are defined in
 as in the purely periodic case        

due to the corners        



1- Maxwell’s problem4- Homogenization in presence of corners
Method of matched asymptotic expansions 1: far field expansion
⇧�

n,q are the periodic correctors           

⇧�
n,q(x1, X1, X2)

✓  They are defined in �⇥ B

 (boundary layer effect)  

 exponentially decaying w.r.t        X2

 -periodic w.r.t      X11

✓  They (might) only have a polynomial dependence w.r.t.       :       ln �

⇧�
n,q =

KX

k=0

(ln �)k ⇧n,q,k independant of �⇧n,q,k

 Periodicity cell        B

1

X1

X2

 as in the purely periodic case        

due to the corners        

✓ They might blow up in the vicinity of the corners      x±
O

(x1 ! ±L)



1- Maxwell’s problem4- Homogenization in presence of corners

x�
O

Method of matched asymptotic expansions 2: near field expansion

Near field areas (close to the corners) 

u� =
X

(n,q)2N2

�
2
3n+q U �,±

n,q (
x� x±

O

�
)



1- Maxwell’s problem4- Homogenization in presence of corners
Method of matched asymptotic expansions 2: near field expansion

✓  They might blow up at infinity

✓  They might have a polynomial dependance w.r.t ln �

⌦̂+The infinite angular domain

✓ = 0

✓
=

3⇡
/2

1

1

⌦̂±✓  They are defined in the infinite angular domain



1- Maxwell’s problem4- Homogenization in presence of corners
Method of matched asymptotic expansions 3: matching principle 

x+
O

x1

�L L0�L0 L0

 Far and near field expansions coincide in the matching zones

2
p
� p

�

 Neighborhood of the corners for the far field (   small)
    going to        for the near field+1R

r

 matching areas



Existence of all the terms of the asymptotic expansion

✓ Far field equations
✓ Near field equations
✓ Matching procedure recurrence procedure to define the different terms

x�
O

x+
O

↵

↵

Proposition:  Let           , and ↵ > 0

There exists          , such that for    sufficiently small�

⌦↵ = ⌦� \ (�L� ↵, L+ ↵)⇥ (�↵,↵).

ku� � u0,0 � �u0,1 � �
4
3u2,0kH1(⌦↵)  C�2 ln �

ku� �
X

(n,q)2N2,
2
3n+q<m

�
2
3n+q u�

n,q
kH1(⌦↵)  C�m ln �r

Justification of the asymptotic expansion: convergence

4- Homogenization in presence of corners



ku� � u0,0 � �u0,1 � �
4
3u2,0kH1(⌦↵)  C�2 ln �

Numerical illustration of the convergence estimates.

4- Homogenization in presence of corners
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