
Bojan Guzina 
Civil, Environmental, and Geo- Engineering 

University of Minnesota 

The role of phonons in dynamic 
homogenization: Dirac, Dirac-like,  

and almost-Dirac points



(I) Dynamic homogenization at finite frequencies 
and wavenumbers  

(II)  Dirac, Dirac-like, and almost-Dirac points 

(III) Effective Green’s function 

(IV) Waves in periodic discontinua 

(V) Bravais lattices

Outline



Part I 
Dynamic homogenization 

at finite frequencies and wavenumbers
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Waves in composites
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• Dispersion, band gaps, anisotropy, negative index of
refraction, super-focusing, cloaking....

• Ecclipsing the quasistatic limit: effective field equation
(non-locality, dispersion) and dynamic material properties

• Mean (macroscopic) motion ) homogenizable region?
• Willis’ approach (Willis (1981,2009), Norris et al. (2012), . . . )

vs. multiple-scales homogenization (Bensoussan et
al. (1978), Bakhvalov et al. (1989,2006). . . )
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Background

• Dispersion, band gaps, anisotropy, negative index of refraction, super-focusing, 
cloaking, topologically protected states….  

• Eclipsing the quasistatic limit: effective field equation (non-locality, dispersion) 
and dynamic material properties  

• Willis’ approach (Willis (1981,2009), Norris et al. (2012)) vs. multiple-scales 
homogenization (Bensoussan et al. (1978), Bakhvalov et al. (1989)) 



Homogenization regimes

7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
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Q=2, rank(Apq)=0: eq. (143)
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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Figure 2: FF-FW approximation of the dispersion relationship in polyatomic chains: (a) diatomic chain with m = (1, 0.5) and

c = (1, 0.5); (b) triatomic chain with m = (1, 0.4582, 1.0674) and c = (1, 2.0075, 2.3388), (c) triatomic chain with m = (1, 2.5, 1)
and c = (1, 1, 0.4), and (d) tetratomic chain with m = (1, 2.0237, 1.3539, 1.6625) and c = (1, 0.4257, 1.0521, 0.3731). Here

!0 =

p
c1/m1; solid line plots the exact relationship, and “o” (resp. “x”) marker tracks the leading- (resp. second-) order

approximation.
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`2
<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2
<latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit>

⇡/`1
<latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit>

⇡/`2
<latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit>

�⇡/`2
<latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit>

�⇡/`1
<latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit>

(b)

y0 = ( `1
2 , `2

2 )G1, ⇢1
<latexit sha1_base64="NFKPx+twU0F6vNhOMWmgjC6C/KE="></latexit><latexit sha1_base64="NFKPx+twU0F6vNhOMWmgjC6C/KE="></latexit><latexit sha1_base64="NFKPx+twU0F6vNhOMWmgjC6C/KE="></latexit><latexit sha1_base64="NFKPx+twU0F6vNhOMWmgjC6C/KE="></latexit>

G2, ⇢2
<latexit sha1_base64="fRnINokq5tZZFV+5LiTZTDaGrMI="></latexit><latexit sha1_base64="fRnINokq5tZZFV+5LiTZTDaGrMI="></latexit><latexit sha1_base64="fRnINokq5tZZFV+5LiTZTDaGrMI="></latexit><latexit sha1_base64="fRnINokq5tZZFV+5LiTZTDaGrMI="></latexit>

G3, ⇢3
<latexit sha1_base64="wA6lGs8R/LI3XhHwQNPsFGyc1Fw="></latexit><latexit sha1_base64="wA6lGs8R/LI3XhHwQNPsFGyc1Fw="></latexit><latexit sha1_base64="wA6lGs8R/LI3XhHwQNPsFGyc1Fw="></latexit><latexit sha1_base64="wA6lGs8R/LI3XhHwQNPsFGyc1Fw="></latexit>
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [9], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
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Figure 8: The LDV system used to capture the longitudinal motion (particle velocity) in a rod.
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additional scan points were introduced inside the damaged section, which allowed for precise tracking of the
amplitude decay. As an illustration, Fig. 10 shows the normalized peak amplitude of the axial motion (in
terms of particle velocity) measured along the damaged section for fc 2 [20 kHz, 40 kHz] in the rod with
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Topologically-protected states

group velocity of the Dirac cones is critical, because not only this
condition ensures that the S and A modes are degenerate over a
broad range of frequency around the Dirac point but more
importantly it allows one to use any unitary transform of the
original orthogonal basis (S and A modes) as effective spin states.
Near the K-point (k||¼ kKþ dk||) and using the A and S modes as
the basis, this system is described by a 4# 4 effective
Hamiltonian:

bHA;S kk
! "

¼ vAbrk $ dkk 0
0 vSbrk $ dkk

# $
; ð1Þ

where brk ¼ bs1; bs2½ ( is the Pauli matrices of the Dirac bands
subspace (Supplementary Note 2). vA and vS are the group
velocities of the A and S modes, respectively, and have an
identical value of vD when degeneracy is achieved. Any bulk mode
can be expanded into a linear superposition of four Dirac-band
eigenstates described by a four-component wavefunction
j/4 ¼ fI

A;f
II
A;f

I
S;f

II
S

% &
, where the superscripts I and II

denote the lower and upper Dirac bands, respectively.

Emulating strong spin–orbing coupling. In the second step, we
introduce strong spin–orbit coupling to induce topological phase
transition, accompanied by the opening of a topological bandgap at
the K and K0 points for the bulk crystal (Fig. 2). Note that the

degeneracy between the A and S modes achieved at the previous
step ensures a complete phononic bandgap in the proximity of the
former Dirac points, forming an ‘insulating state’ for the phononic
crystal (Fig. 2b)43. The use of Lamb waves is crucial to the
formation of the complete bandgap44,45. By enlarging the upper rim
of the air holes into a counterbore structure, as shown in Fig. 2a, an
effective gauge field emulating spin–orbit coupling46 is introduced.
This structural change breaks sz mirror symmetry, and is designed
to induce coupling within two mode pairs in the original Dirac
bands: the lower AI mode and the upper SII mode, as well as the
lower SI mode and the upper AII mode. For all frequencies near the
original Dirac points where the frequency and group velocity
degeneracy are maintained, the eigenmodes of the system become
hybridized as Aþ Sð Þ=

ffiffiffi
2
p

and A ) Sð Þ=
ffiffiffi
2
p

, which will be used as
the two effective spins. Inspection of the numerically calculated
displacement fields confirms such pairwise hybridizations of the A
and S modes as the new eigenmodes (Fig. 2c).

Treating the structural modification as a perturbation, we
mapped the effective Hamiltonian to the Kane–Mele theory46,
proving this system is a phononic analogue of QSHE. Indeed,
keeping the A and S modes as the basis, the perturbation is
described by a first-order correction to the unperturbed
Hamiltonian bHA;S ¼ bHA;Sþ bVA;S with bVA;S ¼ 0;mbs3; mbs3; 0½ (,
where bs3 is a Pauli matrix (Supplementary Note 2). Switching
to the hybridized modes as the basis in the vicinity of K (K0)
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Figure 1 | Dual-scale phononic crystal with degenerate Dirac cones. (a) Perspective view (upper panel) and top view (lower panel) of a phononic crystal
made of a triangular lattice of air holes in a slab of aluminium metamaterial. P¼ 1 cm; L¼ 5.25 mm; R¼ 1.95 mm. The non-resonant metamaterial slab is
2.54-mm thick, with subwavelength air holes at a filling ratio of 0.65. (b) Phononic band structure with degenerate Dirac points and Dirac velocities,
along the irreducible Brillouin zone boundary (shown as inset). (c) Displacement fields of a unit cell at the Dirac point (K). Colour indicates the
displacement amplitudes from the undeformed configuration (grey contours).
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Figure 2 | Spin–orbit coupling and bandgap opening by breaking mirror symmetry rz. (a) Perspective view of the modified phononic crystal (upper
panel) with broken z-mirror symmetry: the top rim of each air hole is enlarged into a counterbore (lower panel) with 14% increase in size and a 20% depth
of the overall thickness. The overall thickness is increased to 2.94 mm to restore the spin degeneracy between the modes at the K-point. (b) Phononic
band structure showing a complete bandgap (5.4% relative bandwidth) induced by the symmetry breaking. Phase and group velocities at the band edge
remain matched near the K-point. Spin Chern number CS, calculated using first-principle finite-element method simulations, is shown for each band.
(c) Displacement fields of a unit cell at the Dirac point (K), illustrating the hybridization between the S and A modes. Colours indicate the absolute value of
the displacement.
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group velocity of the Dirac cones is critical, because not only this
condition ensures that the S and A modes are degenerate over a
broad range of frequency around the Dirac point but more
importantly it allows one to use any unitary transform of the
original orthogonal basis (S and A modes) as effective spin states.
Near the K-point (k||¼ kKþ dk||) and using the A and S modes as
the basis, this system is described by a 4# 4 effective
Hamiltonian:

bHA;S kk
! "

¼ vAbrk $ dkk 0
0 vSbrk $ dkk

# $
; ð1Þ

where brk ¼ bs1; bs2½ ( is the Pauli matrices of the Dirac bands
subspace (Supplementary Note 2). vA and vS are the group
velocities of the A and S modes, respectively, and have an
identical value of vD when degeneracy is achieved. Any bulk mode
can be expanded into a linear superposition of four Dirac-band
eigenstates described by a four-component wavefunction
j/4 ¼ fI

A;f
II
A;f

I
S;f

II
S

% &
, where the superscripts I and II

denote the lower and upper Dirac bands, respectively.

Emulating strong spin–orbing coupling. In the second step, we
introduce strong spin–orbit coupling to induce topological phase
transition, accompanied by the opening of a topological bandgap at
the K and K0 points for the bulk crystal (Fig. 2). Note that the

degeneracy between the A and S modes achieved at the previous
step ensures a complete phononic bandgap in the proximity of the
former Dirac points, forming an ‘insulating state’ for the phononic
crystal (Fig. 2b)43. The use of Lamb waves is crucial to the
formation of the complete bandgap44,45. By enlarging the upper rim
of the air holes into a counterbore structure, as shown in Fig. 2a, an
effective gauge field emulating spin–orbit coupling46 is introduced.
This structural change breaks sz mirror symmetry, and is designed
to induce coupling within two mode pairs in the original Dirac
bands: the lower AI mode and the upper SII mode, as well as the
lower SI mode and the upper AII mode. For all frequencies near the
original Dirac points where the frequency and group velocity
degeneracy are maintained, the eigenmodes of the system become
hybridized as Aþ Sð Þ=

ffiffiffi
2
p

and A ) Sð Þ=
ffiffiffi
2
p

, which will be used as
the two effective spins. Inspection of the numerically calculated
displacement fields confirms such pairwise hybridizations of the A
and S modes as the new eigenmodes (Fig. 2c).

Treating the structural modification as a perturbation, we
mapped the effective Hamiltonian to the Kane–Mele theory46,
proving this system is a phononic analogue of QSHE. Indeed,
keeping the A and S modes as the basis, the perturbation is
described by a first-order correction to the unperturbed
Hamiltonian bHA;S ¼ bHA;Sþ bVA;S with bVA;S ¼ 0;mbs3; mbs3; 0½ (,
where bs3 is a Pauli matrix (Supplementary Note 2). Switching
to the hybridized modes as the basis in the vicinity of K (K0)
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Figure 1 | Dual-scale phononic crystal with degenerate Dirac cones. (a) Perspective view (upper panel) and top view (lower panel) of a phononic crystal
made of a triangular lattice of air holes in a slab of aluminium metamaterial. P¼ 1 cm; L¼ 5.25 mm; R¼ 1.95 mm. The non-resonant metamaterial slab is
2.54-mm thick, with subwavelength air holes at a filling ratio of 0.65. (b) Phononic band structure with degenerate Dirac points and Dirac velocities,
along the irreducible Brillouin zone boundary (shown as inset). (c) Displacement fields of a unit cell at the Dirac point (K). Colour indicates the
displacement amplitudes from the undeformed configuration (grey contours).
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Figure 2 | Spin–orbit coupling and bandgap opening by breaking mirror symmetry rz. (a) Perspective view of the modified phononic crystal (upper
panel) with broken z-mirror symmetry: the top rim of each air hole is enlarged into a counterbore (lower panel) with 14% increase in size and a 20% depth
of the overall thickness. The overall thickness is increased to 2.94 mm to restore the spin degeneracy between the modes at the K-point. (b) Phononic
band structure showing a complete bandgap (5.4% relative bandwidth) induced by the symmetry breaking. Phase and group velocities at the band edge
remain matched near the K-point. Spin Chern number CS, calculated using first-principle finite-element method simulations, is shown for each band.
(c) Displacement fields of a unit cell at the Dirac point (K), illustrating the hybridization between the S and A modes. Colours indicate the absolute value of
the displacement.
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points, we denote the hybridized eigenmodes in the presence
of the effective gauge field as the þ and " modes. The
perturbed Hamiltonian assumes the block-diagonal form:
bHþ =" ¼ vDbrk $ dkkþmbs3; 0; 0; vDbrk $ dkk"mbs3

! "
, and is

identical to the low-energy Kane–Mele Hamiltonian for QSHE
in graphene with spin–orbit coupling:46

bHþ =" ¼ vDt̂0 ŝ0brk $ dkkþmt̂3 ŝ3bs3; ð2Þ

where t̂i and ŝi are inter-valley and pseudo-spin Pauli matrices. It
is important to notice that because the Hamiltonian in
equation (2) lacks the Rashba term, spin states are conserved,
and spin-dependent Chern number is well defined47. Using first-
principle finite-element method, we have numerically calculated
the Berry curvature of the phononic bands immediately above
and below the topological bandgap in the k-space and found
the corresponding spin Chern numbers to be Cs¼±1
(Supplementary Note 3; Supplementary Fig. 4).

Emergence of topologically protected edge modes. The final
step towards topologically protected transport is the truncation of
the bulk crystal without causing coupling of the two spin states, to
support helical edge states. To this end, we introduce a domain
wall, across which the sign of spin–orbit coupling (the term m in
equation (2)) is reversed. Structurally, this domain wall is a
boundary between two areas of the slab, where the counterbores
are located at the opposite faces of the crystal (Fig. 3a). The bulk
crystals on opposite sides of the domain wall thus possess
opposite signs in their spin Chern number as well. According to
the bulk-boundary correspondence principle48, topologically
protected edge states emerge at this boundary. First-principle
finite-element method simulations of such a structure are shown
in Fig. 3. Two counter-propagating modes reside in the bandgap
in the place of former Dirac cones near the K-point (Fig. 3b). The
displacement fields of the two modes reveal that they are well
localized to the domain wall (Supplementary Movies 1 and 2) and
carry opposite spin as predicted by the perturbation theory
(Supplementary Note 2). Their time-reversed counterparts also
exist near the K0 point and similarly carry opposite spins. The
spin of all four edge states is locked to their respective
propagation direction, ensuring their topological robustness.
Moreover, such band structure is robust in viscous ambient:
immersion in air or water only adds a miniscule attenuation that
is negligible for the length scales considered here (Supplementary
Note 4; Supplementary Figs 7–9).

To verify the most striking feature of QSHE, that is, the
topological protection of helical edge states from backscattering
caused by spin-conserving non-magnetic disorders as defined by
the gauge field, we performed a set of large-scale first-principle
numerical simulations. Structurally, the non-magnetic disorders
defined by the gauge field include size variations on the
counterbores, as well as a broad range of domain wall
imperfections along arbitrary trajectories, including closed
trajectories forming local resonances. The first example presented
in Fig. 3c illustrates a zigzag domain wall functioning as a
phononic waveguide with acute-angled bends. Without any
structural tuning at the waveguide bends a complete transmission
of the forward spin-up |þ i edge mode can be observed and no
standing-wave pattern is present. This phenomenon is in sharp
contrast to conventional waveguides exploiting topologically
trivial surface or interface modes, for which structural modifica-
tion at the waveguide bends is needed to accomplish complete
transmission49. A more general variety of disorders, a domain
wall with arbitrary turns and angles representing a one-
dimensional random potential, is shown in Fig. 4 to illustrate
the topological robustness of the helical edge states. Such a strong
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random potential is known to cause localization of wave and its
back-reflection in conventional waveguides without topological
protection, as no discernible amount of power reaches the output
in Fig. 4a. A striking difference is seen in Fig. 4b: the helical edge
mode propagates with no backscattering along the path of the
same random potential. It is worth emphasizing that, in

comparison with photonic systems, such topological protection
is of particular significance to phononic circuits, because typical
acoustic impedance contrast (for example, between aluminium
and air) is many orders of magnitude greater than that in
photonics. Furthermore, the need for topological protection is
motivated by the inherently larger density of states for phonons,
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LW-LF primer

Unfortunately the most intriguing and promising wave phenomena in periodic media, such that of negative
refraction, occur at finite frequencies that are beyond the reach of the LW-LF approximation [30]. Indeed,
several authors have argued from the platform of Willis’ dynamic homogenization that the customary concept
of “mean motion” (as computed by averaging over the unit cell of periodicity) is not suitable as a macroscopic
descriptor at finite frequencies [19, 25], unless endowed with additional kinematic degrees of freedom [20]. This
in particular motivates fundamental studies in the low-wavenumber, finite-frequency (LW-FF) regime with the
goals of unmasking the e↵ective wave motion and establishing its governing equation. From a broader perspec-
tive, early ideas of dynamic homogenization at finite frequencies can be found in the asymptotic analysis [22]
of the wave equation with initial data. The leading-order, two-scale homogenization in the LW-FF regime
has been particularly considered in more recent studies [3, 8, 10] dealing with time-harmonic waves, which
exposed the internal resonances of a periodic system [4] as the lynchpin of the macroscopic description. To
shed further light on the problem, we adopt the framework of plane-wave expansion and pursue second-order
homogenization of the time-harmonic wave equation in the LW-FF regime by introducing a generalized defini-
tion of e↵ective wave motion, given by the projection onto a specific (highly oscillating) Bloch eigenfunction.
Such a concept of “weighted average” in particular separates the macroscopic and microscopic field fluctuations
at finite frequencies, allowing for a systematic asymptotic treatment and derivation of the enriched governing
equation in Rd (d > 1) which (i) embodies incipient dispersion along any (acoustic or optical) solution branch,
(ii) accounts for the e↵ective source term, and (iii) recovers the antecedent result [8] in R2 upon discarding
the higher-order terms and setting the source density to zero. Inspired by the idea of multi-cell homogeniza-
tion [26, 13, 8], we next extend our analysis to the finite-wavenumber, finite-frequency (FW-FF) regime via
second-order asymptotic expansion about the apexes of “wavenumber quadrants” comprising the first Brioullin
zone. For completeness, we also consider the degenerate situations of crossing or merging dispersion branches
– relevant to the phenomenon of topologically protected edge states [15], where the e↵ective description is
found to depend on the symmetries of the eigenfunction basis a�liated with a repeated eigenvalue.

All e↵ective descriptions in this work are shown to admit the same general framework, with di↵erences
being limited to (a) the choice of the Bloch eigenfunction supporting the definition of e↵ective motion, (b)
the reference cell of medium periodicity, and (c) the wavenumber-frequency scaling law underpinning the
asymptotic expansion. Consistent with the recent LW-LF analysis [16] we also find that the e↵ective LW-FF
and FW-FF source terms are, at higher orders of approximation, endowed with respective modulation factors
– polynomials in frequency and wavenumber – that account for the interplay between the source density and
periodic medium. As an illustration, we apply our analysis toward the homogenization of wave motion in (a)
one-dimensional polyatomic chains and (b) chessboard-like media in R2, including an asymptotic description
of the Green’s function at frequencies near the edge of a band gap.

2. Preliminaries

With reference to a Cartesian coordinate system endowed with an orthonormal vector basis ej (j = 1, d),
consider the time-harmonic wave equation

�!2⇢(x)u � r·
�
G(x)ru

�
= f(x) in Rd (1)

at frequency !, where G and ⇢ are Y -periodic;

Y = {x : 0 < x·ej < `j ; j = 1, d}, |Y | = 1 (2)

is the unit cell of periodicity, and f is the source term. In what follows, G and ⇢ are assumed to be real-valued
L1(Y ) functions bounded away from zero. When d = 2, one may interpret (1) in the context of anti-plane
shear (elastic) waves, in which case u, G, ⇢ and f take respectively the roles of transverse displacement, shear
modulus, mass density, and body force.

Recalling the plane wave expansion approach [19, 21], we seek the Bloch-wave solutions of (1), namely

u(x) = ũ(x)eik·x, ũ : Y -periodic (3)

2

Scalar wave equation (G, 𝜌 are Y-periodic)

3
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Figure 1. Homogenization ofwavemotion in periodicmedia: (a) example of a periodic structure inR2 and (b) schematics of the
homogenizable region (for a periodic structure inR1) given by the shaded area in the (ω,k) space. (Online version in colour.)

Through this work, we help establish a rigorous mathematical connection between the two
mainstream approaches to dynamic homogenization, and we equip the two-scale approach to
handle (monopole and dipole) body sources that may help further manipulate waves in periodic
structures [31,32]. Our approach that assumes long wavelengths and low frequencies can, in
principle, be generalized to tackle dynamic homogenization at finite frequencies (relevant to
the description of optical branches) and finite wavenumbers—a regime that was, for instance,
considered in [33– 35] via the framework of multiple scales. This particular item is the focus of an
ongoing investigation.

2. Preliminaries
With reference to an orthonormal vector basis ej ( j = 1, d), consider the time-harmonic wave
equation

− ω2ρ(x)u − ∇ · (G(x)(∇u − γ )) = f in Rd , d = 1, 2, 3 (2.1)

at frequency ω, where G and ρ are Y-periodic;

Y = {x: 0 < x · ej < ℓj; j = 1, d}

is the unit cell illustrated in figure 1a), and f (x) (respectively, γ (x)) denotes the monopole
(respectively, dipole) source term. In what follows, G and ρ are further assumed to be real-valued
L∞(Y) functions bounded away from zero. To facilitate the discussion, one may conveniently
interpret (2.1) in the context of elasticity and anti-plane shear waves, in which case u, G, ρ, f and γ

take, respectively, the meanings of transverse displacement, shear modulus, mass density, body
force and eigenstrain.

Recalling the plane wave expansion approach [9– 11], consider next the Bloch-wave solutions
of the form u(x) = ũ(x) eik·x, where ũ is Y-periodic and depends implicitly on k and ω—which are
hereon assumed to be fixed. If further the source terms are taken in the form of (i) plane-wave
body force f (x) = f̃ eik·x and (ii) eigenstrain field γ (x) = γ̃ eik·x where f̃ and γ̃ are constants, (2.1)
reduces to

− ω2ρ(x)ũ − ∇k · (G(x)(∇kũ − γ̃ )) = f̃ in Y, (2.2)

where ∇k = ∇ + ik. Here, we note that (i) f̃ and γ̃ can be interpreted as the respective Fourier
components of f and γ at fixed wavenumber k, and (ii) the appearance of eigenstrain γ̃ helps
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Unfortunately the most intriguing and promising wave phenomena in periodic media, such that of negative
refraction, occur at finite frequencies that are beyond the reach of the LW-LF approximation [30]. Indeed,
several authors have argued from the platform of Willis’ dynamic homogenization that the customary concept
of “mean motion” (as computed by averaging over the unit cell of periodicity) is not suitable as a macroscopic
descriptor at finite frequencies [19, 25], unless endowed with additional kinematic degrees of freedom [20]. This
in particular motivates fundamental studies in the low-wavenumber, finite-frequency (LW-FF) regime with the
goals of unmasking the e↵ective wave motion and establishing its governing equation. From a broader perspec-
tive, early ideas of dynamic homogenization at finite frequencies can be found in the asymptotic analysis [22]
of the wave equation with initial data. The leading-order, two-scale homogenization in the LW-FF regime
has been particularly considered in more recent studies [3, 8, 10] dealing with time-harmonic waves, which
exposed the internal resonances of a periodic system [4] as the lynchpin of the macroscopic description. To
shed further light on the problem, we adopt the framework of plane-wave expansion and pursue second-order
homogenization of the time-harmonic wave equation in the LW-FF regime by introducing a generalized defini-
tion of e↵ective wave motion, given by the projection onto a specific (highly oscillating) Bloch eigenfunction.
Such a concept of “weighted average” in particular separates the macroscopic and microscopic field fluctuations
at finite frequencies, allowing for a systematic asymptotic treatment and derivation of the enriched governing
equation in Rd (d > 1) which (i) embodies incipient dispersion along any (acoustic or optical) solution branch,
(ii) accounts for the e↵ective source term, and (iii) recovers the antecedent result [8] in R2 upon discarding
the higher-order terms and setting the source density to zero. Inspired by the idea of multi-cell homogeniza-
tion [26, 13, 8], we next extend our analysis to the finite-wavenumber, finite-frequency (FW-FF) regime via
second-order asymptotic expansion about the apexes of “wavenumber quadrants” comprising the first Brioullin
zone. For completeness, we also consider the degenerate situations of crossing or merging dispersion branches
– relevant to the phenomenon of topologically protected edge states [15], where the e↵ective description is
found to depend on the symmetries of the eigenfunction basis a�liated with a repeated eigenvalue.

All e↵ective descriptions in this work are shown to admit the same general framework, with di↵erences
being limited to (a) the choice of the Bloch eigenfunction supporting the definition of e↵ective motion, (b)
the reference cell of medium periodicity, and (c) the wavenumber-frequency scaling law underpinning the
asymptotic expansion. Consistent with the recent LW-LF analysis [16] we also find that the e↵ective LW-FF
and FW-FF source terms are, at higher orders of approximation, endowed with respective modulation factors
– polynomials in frequency and wavenumber – that account for the interplay between the source density and
periodic medium. As an illustration, we apply our analysis toward the homogenization of wave motion in (a)
one-dimensional polyatomic chains and (b) chessboard-like media in R2, including an asymptotic description
of the Green’s function at frequencies near the edge of a band gap.

2. Preliminaries

With reference to a Cartesian coordinate system endowed with an orthonormal vector basis ej (j = 1, d),
consider the time-harmonic wave equation

�!2⇢(x)u � r·
�
G(x)ru

�
= f(x) in Rd (1)

at frequency !, where G and ⇢ are Y -periodic;

Y = {x : 0 < x·ej < `j ; j = 1, d}, |Y | = 1 (2)

is the unit cell of periodicity, and f is the source term. In what follows, G and ⇢ are assumed to be real-valued
L1(Y ) functions bounded away from zero. When d = 2, one may interpret (1) in the context of anti-plane
shear (elastic) waves, in which case u, G, ⇢ and f take respectively the roles of transverse displacement, shear
modulus, mass density, and body force.

Recalling the plane wave expansion approach [19, 21], we seek the Bloch-wave solutions of (1), namely

u(x) = ũ(x)eik·x, ũ : Y -periodic (3)
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where ũ depends implicitly on k 2 Rd and ! 2 R – which are hereon assumed to be fixed. If the source term
is conveniently taken in the form of a plane wave, namely f(x) = f̃ eik·x where f̃ is a constant, (1) reduces to

�!2⇢(x)ũ � rk ·
�
G(x)rkũ

�
= f̃ in Y, (4)

ũ|xj=0 = ũ|xj=`j

⌫ · Grkũ|xj=0 = �⌫ · Grkũ|xj=`j

, j = 1, d (5)

where rk = r + ik, xj = x·ej , and ⌫ is the unit outward normal on @Y .

2.1. Eigensystem representation

In what follows, we make use of the periodic function spaces

L2
⇢(Y ) = {g 2 L2(Y ) : (g, ⇢g) < 1, g|xj=0 = g|xj=`j , j = 1, d, },

H1
p (Y ) = {g 2 L2(Y ) : rg 2 (L2(Y ))d, g|xj=0 = g|xj=`j , j = 1, d, },

where (g, h) is the usual inner product for g, h 2 L2(Y ). To facilitate the treatment of vector- and tensor-valued
functions, we shall also write

(g, h) =

Z

Y
g(x) : h̄(x) dx, g 2 (L2(Y ))dq

, h 2 (L2(Y ))dr

, q, r > 0 (6)

where “:” denotes the usual product, the inner product, and the min(q, r)-tuple tensor contraction when
q = r = 0, q = r = 1, and max(q, r) > 1, respectively.

To cater for the asymptotic treatment of (4), let w̃ 2 H1
p (Y ) solve

�!2⇢(x)w̃(x) � rk ·(G(x)rkw̃) = 1 in Y, (7)

⌫ · Grkw̃|xj=0 = �⌫ · Grkw̃|xj=`j , j = 1, d. (8)

Hereon we denote by I the second-order identity tensor and, assuming Einstein summation notation, we let
rkg = ej ⌦ @g/@xi + ik ⌦ g for any vector or tensor field g.

2.1.1. Eigensystem for the unit cell of periodicity
From the variational formulation we find that (�rk ·(G(x)rk))�1, as an operator from L2

⇢(Y ) to itself
with the range in H1

p (Y ) subject to relevant boundary conditions, is a compact self-adjoint operator [22].

Hence for each k there exists an eigensystem {�̃m(k) 2 H1
p (Y ), �̃m(k) 2 R}, conveniently normalized so that

k�̃mkL2(Y ) = 1, that solves

�rk ·
�
G(x)rk�̃m

�
= �̃m⇢ �̃m in Y, (9)

⌫ · Grk�̃m|xj=0 = �⌫ · Grk�̃m|xj=`j , j = 1, d (10)

where {�̃m} are complete and orthogonal in L2
⇢(Y ), namely

(⇢�̃m, �̃n) = �mn (⇢�̃n, �̃n) (no summation). (11)

With such definitions, the variational statement of (4)–(5) reads

�!2

Z

Y
⇢(x)ũ(x)�̃m(x) dx �

Z

Y
ũ(x)rk ·

�
G(x)rk�̃m(x)

�
dx =

Z

Y
f̃ �̃m(x) dx. (12)

By the completeness of {�̃m} in L2
⇢(Y ), any ũ 2 L2

⇢(Y ) can be written as

ũ(x) =
1X

m=1

↵̃m�̃m(x), (13)
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periodic medium. As an illustration, we apply our analysis toward exposing the effective wave
motion in polyatomic chains and chessboard-like continua. This includes an improved asymptotic
model for the Green’s function near the edge of a band gap [11,15] – that highlights the importance
of source correction, and effective approximation of closely spaced dispersion surfaces.

From a broader vantage point this work can be viewed as an extension of the k·p method,
e.g. [7], that (i) considers the wave motion with a source term; (ii) exposes the leading-order
corrections of both effective differential operator and effective source density, and (iii) sheds
further light on the interaction of nearby band structures. As to the latter problem, we likewise
refer the reader to the theory of invariants, e.g. [4], that makes use of symmetry groups toward a
qualitative description of merging or nearby dispersion surfaces.

2. Preliminaries
With reference to a Cartesian coordinate system endowed with an orthonormal vector basis ej

(j=1, d), consider the time-harmonic wave equation

� !2⇢(x)u�r·
�
G(x)ru

�
= f(x) in Rd (2.1)

at frequency !, where G and ⇢ are Y -periodic;

Y = {x: 0<x·ej < `j ; j = 1, d}, |Y |= 1 (2.2)

is the unit cell of periodicity, and f is the source term. In what follows, we implicitly assume
that j = 1, d and we let G and ⇢ be real-valued L1(Y ) functions bounded away from zero.
When d=2, one may interpret (2.1) in the context of anti-plane shear (elastic) waves, in which
case u,G, ⇢ and f take respectively the roles of transverse displacement, shear modulus, mass
density, and body force.

We seek the Bloch-wave solutions [23,25] of (2.1), namely

u(x) = ũ(x)eik·x, ũ : Y -periodic (2.3)

where ũ depends implicitly on k 2Rd and ! 2 R – which are hereon assumed to be fixed. If the
source term is conveniently taken in the form of a plane wave, namely f(x) = f̃ eik·x where f̃ is
a constant, (2.1) reduces to

�!2⇢(x)ũ�rk ·
�
G(x)rkũ

�
= f̃ in Y,

⌫ ·Grkũ|xj=0 = � ⌫ ·Grkũ|xj=`j

(2.4)

where rk =r+ ik, xj =x·ej , and ⌫ is the unit outward normal on @Y .

(a) Eigensystem representation
In what follows, we make use of the periodic function spaces

L2
⇢(Y ) = {g 2L2(Y ) : (g, ⇢g)<1, g|xj=0 = g|xj=`j

},
H1

p (Y ) = {g 2L2(Y ) : rg 2 (L2(Y ))d, g|xj=0 = g|xj=`j
},

where (g, h) is the usual inner product for g, h2L2(Y ). To facilitate the treatment of vector- and
tensor-valued functions, we shall also write

(g,h) =

Z

Y
g(x) : h̄(x)dx, g 2 (L2(Y ))d

q

, h2 (L2(Y ))d
r

, q, r > 0 (2.5)

where “:” denotes the usual product, the inner product, and the min(q, r)-tuple tensor contraction
when q= r= 0, q= r= 1, and max(q, r)> 1, respectively.
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Unfortunately the most intriguing and promising wave phenomena in periodic media, such that of negative
refraction, occur at finite frequencies that are beyond the reach of the LW-LF approximation [30]. Indeed,
several authors have argued from the platform of Willis’ dynamic homogenization that the customary concept
of “mean motion” (as computed by averaging over the unit cell of periodicity) is not suitable as a macroscopic
descriptor at finite frequencies [19, 25], unless endowed with additional kinematic degrees of freedom [20]. This
in particular motivates fundamental studies in the low-wavenumber, finite-frequency (LW-FF) regime with the
goals of unmasking the e↵ective wave motion and establishing its governing equation. From a broader perspec-
tive, early ideas of dynamic homogenization at finite frequencies can be found in the asymptotic analysis [22]
of the wave equation with initial data. The leading-order, two-scale homogenization in the LW-FF regime
has been particularly considered in more recent studies [3, 8, 10] dealing with time-harmonic waves, which
exposed the internal resonances of a periodic system [4] as the lynchpin of the macroscopic description. To
shed further light on the problem, we adopt the framework of plane-wave expansion and pursue second-order
homogenization of the time-harmonic wave equation in the LW-FF regime by introducing a generalized defini-
tion of e↵ective wave motion, given by the projection onto a specific (highly oscillating) Bloch eigenfunction.
Such a concept of “weighted average” in particular separates the macroscopic and microscopic field fluctuations
at finite frequencies, allowing for a systematic asymptotic treatment and derivation of the enriched governing
equation in Rd (d > 1) which (i) embodies incipient dispersion along any (acoustic or optical) solution branch,
(ii) accounts for the e↵ective source term, and (iii) recovers the antecedent result [8] in R2 upon discarding
the higher-order terms and setting the source density to zero. Inspired by the idea of multi-cell homogeniza-
tion [26, 13, 8], we next extend our analysis to the finite-wavenumber, finite-frequency (FW-FF) regime via
second-order asymptotic expansion about the apexes of “wavenumber quadrants” comprising the first Brioullin
zone. For completeness, we also consider the degenerate situations of crossing or merging dispersion branches
– relevant to the phenomenon of topologically protected edge states [15], where the e↵ective description is
found to depend on the symmetries of the eigenfunction basis a�liated with a repeated eigenvalue.

All e↵ective descriptions in this work are shown to admit the same general framework, with di↵erences
being limited to (a) the choice of the Bloch eigenfunction supporting the definition of e↵ective motion, (b)
the reference cell of medium periodicity, and (c) the wavenumber-frequency scaling law underpinning the
asymptotic expansion. Consistent with the recent LW-LF analysis [16] we also find that the e↵ective LW-FF
and FW-FF source terms are, at higher orders of approximation, endowed with respective modulation factors
– polynomials in frequency and wavenumber – that account for the interplay between the source density and
periodic medium. As an illustration, we apply our analysis toward the homogenization of wave motion in (a)
one-dimensional polyatomic chains and (b) chessboard-like media in R2, including an asymptotic description
of the Green’s function at frequencies near the edge of a band gap.

2. Preliminaries

With reference to a Cartesian coordinate system endowed with an orthonormal vector basis ej (j = 1, d),
consider the time-harmonic wave equation

�!2⇢(x)u � r·
�
G(x)ru

�
= f(x) in Rd (1)

at frequency !, where G and ⇢ are Y -periodic;

Y = {x : 0 < x·ej < `j ; j = 1, d}, |Y | = 1 (2)

is the unit cell of periodicity, and f is the source term. In what follows, G and ⇢ are assumed to be real-valued
L1(Y ) functions bounded away from zero. When d = 2, one may interpret (1) in the context of anti-plane
shear (elastic) waves, in which case u, G, ⇢ and f take respectively the roles of transverse displacement, shear
modulus, mass density, and body force.

Recalling the plane wave expansion approach [19, 21], we seek the Bloch-wave solutions of (1), namely

u(x) = ũ(x)eik·x, ũ : Y -periodic (3)
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Figure 1. Homogenization ofwavemotion in periodicmedia: (a) example of a periodic structure inR2 and (b) schematics of the
homogenizable region (for a periodic structure inR1) given by the shaded area in the (ω,k) space. (Online version in colour.)

Through this work, we help establish a rigorous mathematical connection between the two
mainstream approaches to dynamic homogenization, and we equip the two-scale approach to
handle (monopole and dipole) body sources that may help further manipulate waves in periodic
structures [31,32]. Our approach that assumes long wavelengths and low frequencies can, in
principle, be generalized to tackle dynamic homogenization at finite frequencies (relevant to
the description of optical branches) and finite wavenumbers—a regime that was, for instance,
considered in [33– 35] via the framework of multiple scales. This particular item is the focus of an
ongoing investigation.

2. Preliminaries
With reference to an orthonormal vector basis ej ( j = 1, d), consider the time-harmonic wave
equation

− ω2ρ(x)u − ∇ · (G(x)(∇u − γ )) = f in Rd , d = 1, 2, 3 (2.1)

at frequency ω, where G and ρ are Y-periodic;

Y = {x: 0 < x · ej < ℓj; j = 1, d}

is the unit cell illustrated in figure 1a), and f (x) (respectively, γ (x)) denotes the monopole
(respectively, dipole) source term. In what follows, G and ρ are further assumed to be real-valued
L∞(Y) functions bounded away from zero. To facilitate the discussion, one may conveniently
interpret (2.1) in the context of elasticity and anti-plane shear waves, in which case u, G, ρ, f and γ

take, respectively, the meanings of transverse displacement, shear modulus, mass density, body
force and eigenstrain.

Recalling the plane wave expansion approach [9– 11], consider next the Bloch-wave solutions
of the form u(x) = ũ(x) eik·x, where ũ is Y-periodic and depends implicitly on k and ω—which are
hereon assumed to be fixed. If further the source terms are taken in the form of (i) plane-wave
body force f (x) = f̃ eik·x and (ii) eigenstrain field γ (x) = γ̃ eik·x where f̃ and γ̃ are constants, (2.1)
reduces to

− ω2ρ(x)ũ − ∇k · (G(x)(∇kũ − γ̃ )) = f̃ in Y, (2.2)

where ∇k = ∇ + ik. Here, we note that (i) f̃ and γ̃ can be interpreted as the respective Fourier
components of f and γ at fixed wavenumber k, and (ii) the appearance of eigenstrain γ̃ helps
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Unfortunately the most intriguing and promising wave phenomena in periodic media, such that of negative
refraction, occur at finite frequencies that are beyond the reach of the LW-LF approximation [30]. Indeed,
several authors have argued from the platform of Willis’ dynamic homogenization that the customary concept
of “mean motion” (as computed by averaging over the unit cell of periodicity) is not suitable as a macroscopic
descriptor at finite frequencies [19, 25], unless endowed with additional kinematic degrees of freedom [20]. This
in particular motivates fundamental studies in the low-wavenumber, finite-frequency (LW-FF) regime with the
goals of unmasking the e↵ective wave motion and establishing its governing equation. From a broader perspec-
tive, early ideas of dynamic homogenization at finite frequencies can be found in the asymptotic analysis [22]
of the wave equation with initial data. The leading-order, two-scale homogenization in the LW-FF regime
has been particularly considered in more recent studies [3, 8, 10] dealing with time-harmonic waves, which
exposed the internal resonances of a periodic system [4] as the lynchpin of the macroscopic description. To
shed further light on the problem, we adopt the framework of plane-wave expansion and pursue second-order
homogenization of the time-harmonic wave equation in the LW-FF regime by introducing a generalized defini-
tion of e↵ective wave motion, given by the projection onto a specific (highly oscillating) Bloch eigenfunction.
Such a concept of “weighted average” in particular separates the macroscopic and microscopic field fluctuations
at finite frequencies, allowing for a systematic asymptotic treatment and derivation of the enriched governing
equation in Rd (d > 1) which (i) embodies incipient dispersion along any (acoustic or optical) solution branch,
(ii) accounts for the e↵ective source term, and (iii) recovers the antecedent result [8] in R2 upon discarding
the higher-order terms and setting the source density to zero. Inspired by the idea of multi-cell homogeniza-
tion [26, 13, 8], we next extend our analysis to the finite-wavenumber, finite-frequency (FW-FF) regime via
second-order asymptotic expansion about the apexes of “wavenumber quadrants” comprising the first Brioullin
zone. For completeness, we also consider the degenerate situations of crossing or merging dispersion branches
– relevant to the phenomenon of topologically protected edge states [15], where the e↵ective description is
found to depend on the symmetries of the eigenfunction basis a�liated with a repeated eigenvalue.

All e↵ective descriptions in this work are shown to admit the same general framework, with di↵erences
being limited to (a) the choice of the Bloch eigenfunction supporting the definition of e↵ective motion, (b)
the reference cell of medium periodicity, and (c) the wavenumber-frequency scaling law underpinning the
asymptotic expansion. Consistent with the recent LW-LF analysis [16] we also find that the e↵ective LW-FF
and FW-FF source terms are, at higher orders of approximation, endowed with respective modulation factors
– polynomials in frequency and wavenumber – that account for the interplay between the source density and
periodic medium. As an illustration, we apply our analysis toward the homogenization of wave motion in (a)
one-dimensional polyatomic chains and (b) chessboard-like media in R2, including an asymptotic description
of the Green’s function at frequencies near the edge of a band gap.

2. Preliminaries

With reference to a Cartesian coordinate system endowed with an orthonormal vector basis ej (j = 1, d),
consider the time-harmonic wave equation

�!2⇢(x)u � r·
�
G(x)ru

�
= f(x) in Rd (1)

at frequency !, where G and ⇢ are Y -periodic;

Y = {x : 0 < x·ej < `j ; j = 1, d}, |Y | = 1 (2)

is the unit cell of periodicity, and f is the source term. In what follows, G and ⇢ are assumed to be real-valued
L1(Y ) functions bounded away from zero. When d = 2, one may interpret (1) in the context of anti-plane
shear (elastic) waves, in which case u, G, ⇢ and f take respectively the roles of transverse displacement, shear
modulus, mass density, and body force.

Recalling the plane wave expansion approach [19, 21], we seek the Bloch-wave solutions of (1), namely

u(x) = ũ(x)eik·x, ũ : Y -periodic (3)

2
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To cater for the asymptotic treatment of (2.4), let w̃ 2H1
p (Y ) solve

�!2⇢(x)w̃ �rk ·(G(x)rkw̃) = 1 in Y, (2.6)

⌫ ·Grkw̃|xj=0 = �⌫ ·Grkw̃|xj=`j
.

Hereon we denote by I the second-order identity tensor and, assuming Einstein summation
notation, we let rkg = ej ⌦ @g/@xj + ik ⌦ g for any vector or tensor field g.

(i) Eigensystem for the unit cell of periodicity

From the variational formulation we find that (�rk ·(G(x)rk))
�1, as an operator from L2

⇢(Y )

to itself with the range in H1
p (Y ) subject to relevant boundary conditions, is a compact self-

adjoint operator [26]. Hence for each k there exists an eigensystem {�̃m(k)2H1
p (Y ), �̃m(k)2R},

conveniently normalized so that k�̃mkL2(Y ) = 1, that solves

�rk ·
�
G(x)rk�̃m

�
= �̃m⇢ �̃m in Y, (2.7)

⌫ ·Grk�̃m|xj=0 = �⌫ ·Grk�̃m|xj=`j

where {�̃m} are complete and orthogonal in L2
⇢(Y ), namely

(⇢�̃m, �̃n) = �mn (⇢�̃n, �̃n) (no summation). (2.8)

With such definitions, the variational statement of (2.4) reads

� !2
Z

Y
⇢(x)ũ(x)�̃m(x)dx �

Z

Y
ũ(x)rk ·

�
G(x)rk�̃m(x)

�
dx =

Z

Y
f̃ �̃m(x)dx. (2.9)

By the completeness of {�̃m} in L2
⇢(Y ), every ũ2L2

⇢(Y ) can be written as

ũ(x) = f̃ w̃(x) = f̃
1X

m=1

↵̃m�̃m(x), (2.10)

where ↵̃m are constants. Thanks to (2.9) and the orthogonality of {�̃m} in L2
⇢(Y ), we have

↵̃m =
(1, �̃m)

(⇢�̃m, �̃m)

1

�̃m� !2
when !2 6= �̃m, m> 1. (2.11)

(b) Effective wave motion
Let B 3 0 denote the first Brillouin zone, i.e. the counterpart of Y in the Fourier k-space containing
the origin. With such definition, we concern ourselves with an effective description of the wave
motion for k 2B. In the context of the Bloch wave equation (2.4), this is traditionally done by
restricting (k,!) to some neighborhood of the first dispersion branch (k 2B,!= �̃

1/2
1 (k)) and

seeking the effective wave motion as hũi= (ũ, 1), i.e. the Y -average of ũ [25] (recall that |Y |=1). If
further a low-wavenumber, low-frequency (LW-LF) asymptotic model of the problem is sought, the
effective i.e. homogenized field hũi is expanded about (k= 0,!= 0) [20].

Motivated by several recent developments [5,9,13,17], we instead focus our efforts on
formulating a comprehensive asymptotic framework toward low-wavenumber, finite-frequency
(LW-FF) approximation of (2.4) that poses no upper limit on !. When the effective behavior
near the origin of B is sought, this in particular suggests an expansion about (k= 0,!= �̃

1/2
n (0))

for some n> 1. On recalling that in fact (ũ, 1) = (ũ, �̃1(0)), one may generalize upon the LW-LF
definition of effective wave motion as

hũi = (ũ, �̃�
n), �̃�

n = �̃n(0), n> 1 (2.12)

to facilitate the homogenization at finite frequencies, see [9] for example. In Section 3 we assume
that the eigenvalue �̃n(0) is simple, and we use (2.12) as the basis for developing a second-order,
LW-FF effective model of wave motion near k= 0. In Section 4 and Section 5, we extend the

where ũ depends implicitly on k 2 Rd and ! 2 R – which are hereon assumed to be fixed. If the source term
is conveniently taken in the form of a plane wave, namely f(x) = f̃ eik·x where f̃ is a constant, (1) reduces to

�!2⇢(x)ũ � rk ·
�
G(x)rkũ

�
= f̃ in Y, (4)

ũ|xj=0 = ũ|xj=`j

⌫ · Grkũ|xj=0 = �⌫ · Grkũ|xj=`j

, j = 1, d (5)

where rk = r + ik, xj = x·ej , and ⌫ is the unit outward normal on @Y .

2.1. Eigensystem representation

In what follows, we make use of the periodic function spaces

L2
⇢(Y ) = {g 2 L2(Y ) : (g, ⇢g) < 1, g|xj=0 = g|xj=`j , j = 1, d, },

H1
p (Y ) = {g 2 L2(Y ) : rg 2 (L2(Y ))d, g|xj=0 = g|xj=`j , j = 1, d, },

where (g, h) is the usual inner product for g, h 2 L2(Y ). To facilitate the treatment of vector- and tensor-valued
functions, we shall also write

(g, h) =

Z

Y
g(x) : h̄(x) dx, g 2 (L2(Y ))dq

, h 2 (L2(Y ))dr

, q, r > 0 (6)

where “:” denotes the usual product, the inner product, and the min(q, r)-tuple tensor contraction when
q = r = 0, q = r = 1, and max(q, r) > 1, respectively.

To cater for the asymptotic treatment of (4), let w̃ 2 H1
p (Y ) solve

�!2⇢(x)w̃(x) � rk ·(G(x)rkw̃) = 1 in Y, (7)

⌫ · Grkw̃|xj=0 = �⌫ · Grkw̃|xj=`j , j = 1, d. (8)

Hereon we denote by I the second-order identity tensor and, assuming Einstein summation notation, we let
rkg = ej ⌦ @g/@xi + ik ⌦ g for any vector or tensor field g.

2.1.1. Eigensystem for the unit cell of periodicity
From the variational formulation we find that (�rk ·(G(x)rk))�1, as an operator from L2

⇢(Y ) to itself
with the range in H1

p (Y ) subject to relevant boundary conditions, is a compact self-adjoint operator [22].

Hence for each k there exists an eigensystem {�̃m(k) 2 H1
p (Y ), �̃m(k) 2 R}, conveniently normalized so that

k�̃mkL2(Y ) = 1, that solves

�rk ·
�
G(x)rk�̃m

�
= �̃m⇢ �̃m in Y, (9)

⌫ · Grk�̃m|xj=0 = �⌫ · Grk�̃m|xj=`j , j = 1, d (10)

where {�̃m} are complete and orthogonal in L2
⇢(Y ), namely

(⇢�̃m, �̃n) = �mn (⇢�̃n, �̃n) (no summation). (11)

With such definitions, the variational statement of (4)–(5) reads

�!2

Z

Y
⇢(x)ũ(x)�̃m(x) dx �

Z

Y
ũ(x)rk ·

�
G(x)rk�̃m(x)

�
dx =

Z

Y
f̃ �̃m(x) dx. (12)

By the completeness of {�̃m} in L2
⇢(Y ), any ũ 2 L2

⇢(Y ) can be written as

ũ(x) =
1X

m=1

↵̃m�̃m(x), (13)

3



Asymptotic analysis

LW-LF regime: k = ✏k̂, ! = ✏!̂
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7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
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Q=2, rank(Apq)=0: eq. (143)
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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k = ✏k̂, ! = ✏!
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k = ✏k̂, ! = ✏!
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Expansion

description of the e↵ective field hui in a neighborhood of the nth branch, ! = �̃1/2
n (k), for n> 1. Accordingly,

we describe the featured long-wavelength, finite-frequency (LW-FF) regime via scalings

k = ✏k̂, !2 = �̃�
n + ✏2�!̂2, �̃�

n = �̃n(0), ✏ = o(1), � = ±1 (16)

where �̃�
n > 0 is such that

�r·
�
Gr�̃�

n

�
= �̃�

n⇢�̃�
n in Y, (17)

⌫ · Gr�̃�
n|xj=0 = �⌫ · Gr�̃�

n|xj=`j , j = 1, d (18)

and �̃�
n 2H1

p (Y ) are ⇢-orthogonal as in (11). For the time being, we assume that �̃�
n has multiplicity one.

Remark 2. Concerning the frequency scaling in (16), for n > 1 we have ! = !�
n+✏2�!̂2/(2!�

n)+O(✏4), where
!�

n = (�̃�
n)1/2. This is motivated by the observation that optical branches have zero initial slope, d!/dk = 0,

at k = 0 when �̃�
n is simple [4, 22], see also [8] for the mathematical analysis in R2. When f̃ = 0 in (4), the

sign factor � in (16) accordingly accounts for the possibility that the initial curvature of a given optical branch
can be either positive or negative. When f̃ 6= 0, on the other hand, the pair (k, !) is given a priori (say in a
neighborhood of the nth branch) and we take � = sign(! � !�

n).

Lemma 2. The solution of (17)–(18) is characterized by arg(�̃�
n(x)) = const. for x 2 Y . Accordingly we can

take �̃�
n(x) to be real-valued without loss of generality. See Appendix, Section A for proof.

3.1. Asymptotic expansion at finite frequency

In the LW-FF regime (16), (7)–(8) become

�(�̃�
n+✏2�!̂2)⇢w̃ �

�
r+✏ik̂

�
·
�
G(r+✏ik̂)w̃

�
= 1 in Y, (19)

w̃|xj=0 = w̃|xj=`j ,

⌫ · G(r+✏ik̂)w̃|xj=0 = �⌫ · G(r+✏ik̂)w̃|xj=`j ,
j = 1, d. (20)

Consider next the asymptotic expansion

w̃(x) = ✏�2w̃0(x) + ✏�1w̃1(x) + w̃2(x) + ✏w̃3(x) + · · · , (21)

by which (19)–(20) become a series in ✏. In what follows, the di↵erential equations satisfied by w̃m in Y
(m > 0) are subject to implicit periodic boundary conditions

w̃m|xj=0 = w̃m|xj=`j ,

⌫ · G(rw̃m + ik̂w̃m�1)|xj=0 = �⌫ · G(rw̃m + ik̂w̃m�1)|xj=`j ,
j = 1, d, (22)

where w̃�1 ⌘ 0.
In the sequel, we conveniently denote by wm the respective constants of integration when solving for w̃m(x).

With reference to (15) and (21), we specifically seek wm as

wm = hw̃mi = (w̃m, �̃�
n), m > 0 (23)

so that
hw̃i = ✏�2w0 + ✏�1w1 + w2 + ✏w3 + · · · . (24)

3.1.1. Leading-order approximation
The O(✏�2) contribution stemming from (19) and (21) reads

��̃�
n⇢w̃0 � r·

�
Grw̃0

�
= 0 in Y. (25)

By virtue of (17)–(18) and (22) with m = 0, we have

w̃0(x) = w0 �̃�
n(x), (26)
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Mean motion: hw̃i = (w̃, 1) =

Z

Y
w̃(x) dx
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|Y | = 1
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where ũ depends implicitly on k 2 Rd and ! 2 R – which are hereon assumed to be fixed. If the source term
is conveniently taken in the form of a plane wave, namely f(x) = f̃ eik·x where f̃ is a constant, (1) reduces to

�!2⇢(x)ũ � rk ·
�
G(x)rkũ

�
= f̃ in Y, (4)

ũ|xj=0 = ũ|xj=`j

⌫ · Grkũ|xj=0 = �⌫ · Grkũ|xj=`j

, j = 1, d (5)

where rk = r + ik, xj = x·ej , and ⌫ is the unit outward normal on @Y .

2.1. Eigensystem representation

In what follows, we make use of the periodic function spaces

L2
⇢(Y ) = {g 2 L2(Y ) : (g, ⇢g) < 1, g|xj=0 = g|xj=`j , j = 1, d, },

H1
p (Y ) = {g 2 L2(Y ) : rg 2 (L2(Y ))d, g|xj=0 = g|xj=`j , j = 1, d, },

where (g, h) is the usual inner product for g, h 2 L2(Y ). To facilitate the treatment of vector- and tensor-valued
functions, we shall also write

(g, h) =

Z

Y
g(x) : h̄(x) dx, g 2 (L2(Y ))dq

, h 2 (L2(Y ))dr

, q, r > 0 (6)

where “:” denotes the usual product, the inner product, and the min(q, r)-tuple tensor contraction when
q = r = 0, q = r = 1, and max(q, r) > 1, respectively.

To cater for the asymptotic treatment of (4), let w̃ 2 H1
p (Y ) solve

�!2⇢(x)w̃(x) � rk ·(G(x)rkw̃) = 1 in Y, (7)

⌫ · Grkw̃|xj=0 = �⌫ · Grkw̃|xj=`j , j = 1, d. (8)

Hereon we denote by I the second-order identity tensor and, assuming Einstein summation notation, we let
rkg = ej ⌦ @g/@xi + ik ⌦ g for any vector or tensor field g.

2.1.1. Eigensystem for the unit cell of periodicity
From the variational formulation we find that (�rk ·(G(x)rk))�1, as an operator from L2

⇢(Y ) to itself
with the range in H1

p (Y ) subject to relevant boundary conditions, is a compact self-adjoint operator [22].

Hence for each k there exists an eigensystem {�̃m(k) 2 H1
p (Y ), �̃m(k) 2 R}, conveniently normalized so that

k�̃mkL2(Y ) = 1, that solves

�rk ·
�
G(x)rk�̃m

�
= �̃m⇢ �̃m in Y, (9)

⌫ · Grk�̃m|xj=0 = �⌫ · Grk�̃m|xj=`j , j = 1, d (10)

where {�̃m} are complete and orthogonal in L2
⇢(Y ), namely

(⇢�̃m, �̃n) = �mn (⇢�̃n, �̃n) (no summation). (11)

With such definitions, the variational statement of (4)–(5) reads

�!2

Z

Y
⇢(x)ũ(x)�̃m(x) dx �

Z

Y
ũ(x)rk ·

�
G(x)rk�̃m(x)

�
dx =

Z

Y
f̃ �̃m(x) dx. (12)

By the completeness of {�̃m} in L2
⇢(Y ), any ũ 2 L2

⇢(Y ) can be written as

ũ(x) =
1X

m=1

↵̃m�̃m(x), (13)
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where w̃�1 ⌘ 0.
In the sequel, we conveniently denote by wm the respective constants of integration when

solving for w̃m(x). With reference to (2.15) and (3.6), we specifically seek wm as

wm = hw̃mi = (w̃m, �̃�
n), m> 0 (3.8)

so that
hw̃i = ✏�2w0 + ✏�1w1 + w2 + ✏w3 + · · · . (3.9)

(i) Leading-order approximation

The O(✏�2) contribution stemming from (3.4) and (3.6) reads

��̃�
n⇢w̃0 �r·

�
Grw̃0

�
= 0 in Y. (3.10)

By virtue of (3.2)–(3.3) and (3.7) with m= 0, we have

w̃0(x) = w0 �̃
�
n(x), (3.11)

where w0 is a constant to be determined. By the earlier premise that k�̃�
nk=1, one immediately

finds hw̃0i=w0 as postulated by (3.8).
Similarly, the O(✏�1) equality can be identified as

��̃�
n⇢w̃1 �r·

�
G(rw̃1 + ik̂w̃0)

�
� ik̂ ·

�
Grw̃0

�
= 0 in Y. (3.12)

This equation is solved by

w̃1(x) = w0�
(1)(x)· ik̂ + w1 �̃

�
n(x) (3.13)

where w1 is a constant, and �(1)2 (H1
p0(Y ))d is a unique vector that satisfies

�̃�
n⇢�

(1) +r·
�
G(r�(1)+ I�̃�

n)
�
+Gr�̃�

n = 0 in Y, (3.14)

⌫ ·G(r�(1)+ I�̃�
n)|xj=0 = �⌫ ·G(r�(1)+ I�̃�

n)|xj=`j
.

Note that (3.14) is solvable since one can show that r·(GI�̃�
n) +Gr�̃�

n is orthogonal to �̃�
n.

In a similar fashion, the solvability condition can be demonstrated to hold for all subsequent
cell problems and will not be discussed hereon. We also remark that the above expressions for
w̃0 and w̃1 are branch-generic, including the case of the acoustic branch (n= 1) where �̃�

1 = 0

and �̃�
1 = 1, see [20,31] for example.

Lemma 3. Cell function �(1) is real-valued. See Appendix A, electronic supplementary material, for proof.

Proceeding with the cascade of differential equations, the O(1) equation reads

��̃�
n⇢w̃2 �r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂·

�
G(rw̃1 + ik̂w̃0)

�
� �!̂2⇢w̃0 = 1 in Y. (3.15)

To help expose the behavior of w0, we next evaluate the inner product of (3.15) with �̃�
n, i.e.

�
� �̃�

n⇢w̃2 �r·
�
G(rw̃2+ ik̂w̃1)

�
, �̃�

n
�
=

�
ik̂·

�
G(rw̃1+ ik̂w̃0)

�
, �̃�

n
�
+ �!̂2h⇢�̃�

niw0 + h1i.
(3.16)

On deploying repeated integration by parts and recalling (3.2), the second term on the left-hand
side of (3.16) is computed as

�
�
r·

�
G(rw̃2 + ik̂w̃1)

�
, �̃�

n
�
=

�
G(rw̃2 + ik̂w̃1),r�̃�

n
�

= �
�
w̃2,r·

�
G(r�̃�

n
��

+
�
ik̂Gw̃1 ,r�̃�

n
�
=

�
w̃2, �̃

�
n⇢�̃

�
n
�
+

�
ik̂Gw̃1 ,r�̃�

n
�
. (3.17)

By (3.13) and (3.17), the left-hand side of (3.16) becomes
�
ik̂Gw̃1,r�̃�

n
�
= w0

�
G�(1) ⌦r�̃�

n, 1
�
: (ik̂)2 + w1

�
ik̂G�̃�

n,r�̃�
n
�
,

➯
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according to (4.1), we have

�✏2!̂2⇢(x)w̃ �
�
r+✏ik̂

�
·
�
G(x)(r+✏ik̂)w̃

�
= 1 in Y, (4.4)

w̃|xj=0 = w̃|xj=`j
,

G(r+✏ik̂)w̃ · ⌫|xj=0 = �G(r+✏ik̂)w̃ · ⌫|xj=`j
,

j = 1, d. (4.5)

Consider next the asymptotic expansion

w̃(x) = ✏�2w̃0(x) + ✏�1w̃1(x) + w̃2(x) + ✏w̃3(x) + ✏2w̃4(x) + · · · , (4.6)

by which (4.4)–(4.5) become a series in ✏. In what follows, the differential equations satisfied by
w̃m in Y (m> 0) are subject to implicit periodic boundary conditions

w̃m|xj=0 = w̃m|xj=`j
,

G(rw̃m + ik̂w̃m�1) · ⌫|xj=0 = �G(rw̃m + ik̂w̃m�1) · ⌫|xj=`j
,

j = 1, d,

where w̃�1 ⌘ 0. We will conveniently denote by wm the respective constants of integration when
solving for w̃m(x), m> 0.

(i) Leading-order approximation

The O(✏�2) contribution stemming from (4.4) and (4.6) reads

�r·
�
G(x)rw̃0

�
= 0 in Y.

As shown in [25], this type of differential equation admits (up to an additive constant) a unique
periodic solution, whereby w̃0(x) =w0. The O(✏�1) equation is

�r·
�
G(x)rw̃1

�
�r·

�
G(x)ik̂w̃0

�
� ik̂ ·

�
G(x)rw̃0

�
= 0 in Y,

which is solved by w̃1(x) =�(1)(x) · ik̂w0 + w1, where �(1) 2 (H1
p (Y ))d is a zero-mean vector

satisfying

r ·
�
G(r�(1)+ I)

�
= 0 in Y, (4.7)

⌫ ·G(r�(1)+ I)|xj=0 = �⌫ ·G(r�(1)+ I)|xj=`j
, j = 1, d.

The O(1) equation reads

�r·
�
G(x)rw̃2

�
�r·

�
G(x)ik̂w̃1

�
� ik̂·

�
G(x)rw̃1

�

� ik̂·
�
G(x)ik̂w̃0

�
� !̂2⇢(x)w̃0 = 1 in Y. (4.8)

Averaging (4.8) over Y demonstrates that

(µ(0): (ik̂)2 + ⇢0!̂
2)w0 = �1, (4.9)

where

⇢0 = h⇢i, µ(0) = {hG(r�(1) + I)i}. (4.10)

Note that in (4.10) and hereafter, {·} denotes tensor averaging over all index permutations; in
particular for an nth-order tensor ⌧ , one has

{⌧}j1,j2,...jn =
1
n!

X

(l1,l2,...ln)2P

⌧ l1,l2,...ln , j1, j2, . . . jn 2 1, d (4.11)

where P denotes the set of all permutations of (j1, j2, . . . jn). Such averaged expression for µ(0) is
due to the structure of µ(0): (ik̂)2, which is invariant with respect to the index permutation of µ(0).

O(𝜖-2):
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�r·
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= 0 in Y.

As shown in [25], this type of differential equation admits (up to an additive constant) a unique
periodic solution, whereby w̃0(x) =w0. The O(✏�1) equation is

�r·
�
G(x)rw̃1

�
�r·

�
G(x)ik̂w̃0

�
� ik̂ ·

�
G(x)rw̃0

�
= 0 in Y,

which is solved by w̃1(x) =�(1)(x) · ik̂w0 + w1, where �(1) 2 (H1
p (Y ))d is a zero-mean vector

satisfying

r ·
�
G(r�(1)+ I)

�
= 0 in Y, (4.7)

⌫ ·G(r�(1)+ I)|xj=0 = �⌫ ·G(r�(1)+ I)|xj=`j
, j = 1, d.
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Averaging (4.8) over Y demonstrates that

(µ(0): (ik̂)2 + ⇢0!̂
2)w0 = �1, (4.9)

where

⇢0 = h⇢i, µ(0) = {hG(r�(1) + I)i}. (4.10)

Note that in (4.10) and hereafter, {·} denotes tensor averaging over all index permutations; in
particular for an nth-order tensor ⌧ , one has

{⌧}j1,j2,...jn =
1
n!

X

(l1,l2,...ln)2P

⌧ l1,l2,...ln , j1, j2, . . . jn 2 1, d (4.11)

where P denotes the set of all permutations of (j1, j2, . . . jn). Such averaged expression for µ(0) is
due to the structure of µ(0): (ik̂)2, which is invariant with respect to the index permutation of µ(0).
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due to the structure of µ(0): (ik̂)2, which is invariant with respect to the index permutation of µ(0).
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7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
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Q=2, rank(Apq)=0: eq. (143)
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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Effective LW-LF equation (quasistatic)

where ↵̃m are constants. Thanks to (12) and the orthogonality of {�̃m} in L2
⇢(Y ), we have

↵̃m =
(f̃ , �̃m)

(⇢�̃m, �̃m)

1

�̃m� !2
when !2 6= �̃m, m 2 Z+, (14)

Z+ being the set of positive integers. Taking f̃ = 1, we find that

w̃ =
1X

m=1

(1̃, �̃m)

(⇢�̃m, �̃m)

1

�̃m� !2
�̃m, when !2 6= �m, m 2 Z+

holds in the L2
⇢(Y ) sense.

Remark 1. From the above arguments, one finds that the necessary and su�cient condition ensuring the
unique solution of (7)–(8) is !2 6= �m, 8m. If !2 = �n for some n, (7)–(8) are still solvable provided
(1, �̃n) = 0, see [16] for discussion.

2.2. E↵ective wave motion

Let B30 denote the first Brioullin zone, i.e. the counterpart of Y in the Fourier k-space containing the origin.
With such definition, we concern ourselves with an e↵ective description of the wave motion for k 2 B. In the
context of the Bloch wave equation (4), this is traditionally done by restricting (k, !) to some neighborhood of

the first dispersion branch (k 2 B, ! = �̃1/2
1 (k)) and seeking the e↵ective wave motion as hũi = (ũ, 1), i.e. the

Y -average of ũ [21] (recall that |Y | = 1). If further a low-wavenumber, low-frequency (LW-LF) asymptotic
model of the problem is sought, the e↵ective i.e. homogenized field hũi is expanded about (k = 0, ! = 0) [16].

Motivated by several recent developments [3, 10, 8, 14], we instead focus our e↵orts on formulating a
comprehensive asymptotic framework toward low-wavenumber, finite-frequency (LW-FF) approximation of (4)
that poses no upper limit on !. When the e↵ective behavior near the origin of B is sought, this in particular

suggests an expansion about (k = 0, ! = �̃1/2
n (0)) for some n > 1. On recalling that in fact (ũ, 1) = (ũ, �̃1(0)),

one may intuitively generalize upon the LW-LF definition of e↵ective wave motion as

hũi = (ũ, �̃�
n), �̃�

n = �̃n(0), n > 1 (15)

to facilitate the homogenization at finite frequencies, see [8] for example. In Section 3 we assume that the
eigenvalue �̃n(0) is simple, and we use (15) as the basis for developing a second-order, LW-FF e↵ective model
of wave motion near k = 0. In Section 5 and Section 6, we extend the analysis to allow for finite-wavenumber,
finite-frequency (FW-FF) expansion about the “corners” ka of B, and situations when the eigenvalue �̃n(ka)
is repeated, respectively.

Definition 1. With reference to (15), we introduce the auxiliary function space

H1
p0(Y ) = {g 2 L2(Y ) : rg 2 (L2(Y ))d, hgi = 0, g|xj=0 = g|xj=`j , j = 1, d, },

where the choice of n > 1 is implicit in the definition of h·i.

Lemma 1. Let ũ solve (4)–(5) where f̃ is a constant. Provided that !2 6= �m 8m, we have

ũ = f̃ w̃ and hũi = f̃ hw̃i.

3. LW-FF approximation near the origin of the first Brioullin zone

In principle, either the two-scale homogenization approach [27] or the asymptotically-expanded Willis’ model [16]

can be used to approximate the mean motion in a neighborhood of the acoustic branch, ! = �̃1/2
1 (k), at long

wavelengths where kkk ⌧ |Y |�1/d. With reference to the scalar wave equation (1), we seek the long-wavelength

4

effective  
parameters ➪ ⇢(0) = h⇢i, µ(0) =

⌦
G{r�(1) + I}

↵
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Figure 1. Homogenization ofwavemotion in periodicmedia: (a) example of a periodic structure inR2 and (b) schematics of the
homogenizable region (for a periodic structure inR1) given by the shaded area in the (ω,k) space. (Online version in colour.)

Through this work, we help establish a rigorous mathematical connection between the two
mainstream approaches to dynamic homogenization, and we equip the two-scale approach to
handle (monopole and dipole) body sources that may help further manipulate waves in periodic
structures [31,32]. Our approach that assumes long wavelengths and low frequencies can, in
principle, be generalized to tackle dynamic homogenization at finite frequencies (relevant to
the description of optical branches) and finite wavenumbers—a regime that was, for instance,
considered in [33– 35] via the framework of multiple scales. This particular item is the focus of an
ongoing investigation.

2. Preliminaries
With reference to an orthonormal vector basis ej ( j = 1, d), consider the time-harmonic wave
equation

− ω2ρ(x)u − ∇ · (G(x)(∇u − γ )) = f in Rd , d = 1, 2, 3 (2.1)

at frequency ω, where G and ρ are Y-periodic;

Y = {x: 0 < x · ej < ℓj; j = 1, d}

is the unit cell illustrated in figure 1a), and f (x) (respectively, γ (x)) denotes the monopole
(respectively, dipole) source term. In what follows, G and ρ are further assumed to be real-valued
L∞(Y) functions bounded away from zero. To facilitate the discussion, one may conveniently
interpret (2.1) in the context of elasticity and anti-plane shear waves, in which case u, G, ρ, f and γ

take, respectively, the meanings of transverse displacement, shear modulus, mass density, body
force and eigenstrain.

Recalling the plane wave expansion approach [9– 11], consider next the Bloch-wave solutions
of the form u(x) = ũ(x) eik·x, where ũ is Y-periodic and depends implicitly on k and ω—which are
hereon assumed to be fixed. If further the source terms are taken in the form of (i) plane-wave
body force f (x) = f̃ eik·x and (ii) eigenstrain field γ (x) = γ̃ eik·x where f̃ and γ̃ are constants, (2.1)
reduces to

− ω2ρ(x)ũ − ∇k · (G(x)(∇kũ − γ̃ )) = f̃ in Y, (2.2)

where ∇k = ∇ + ik. Here, we note that (i) f̃ and γ̃ can be interpreted as the respective Fourier
components of f and γ at fixed wavenumber k, and (ii) the appearance of eigenstrain γ̃ helps
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according to (4.1), we have

�✏2!̂2⇢(x)w̃ �
�
r+✏ik̂

�
·
�
G(x)(r+✏ik̂)w̃

�
= 1 in Y, (4.4)

w̃|xj=0 = w̃|xj=`j
,

G(r+✏ik̂)w̃ · ⌫|xj=0 = �G(r+✏ik̂)w̃ · ⌫|xj=`j
,

j = 1, d. (4.5)

Consider next the asymptotic expansion

w̃(x) = ✏�2w̃0(x) + ✏�1w̃1(x) + w̃2(x) + ✏w̃3(x) + ✏2w̃4(x) + · · · , (4.6)

by which (4.4)–(4.5) become a series in ✏. In what follows, the differential equations satisfied by
w̃m in Y (m> 0) are subject to implicit periodic boundary conditions

w̃m|xj=0 = w̃m|xj=`j
,

G(rw̃m + ik̂w̃m�1) · ⌫|xj=0 = �G(rw̃m + ik̂w̃m�1) · ⌫|xj=`j
,

j = 1, d,

where w̃�1 ⌘ 0. We will conveniently denote by wm the respective constants of integration when
solving for w̃m(x), m> 0.

(i) Leading-order approximation

The O(✏�2) contribution stemming from (4.4) and (4.6) reads

�r·
�
G(x)rw̃0

�
= 0 in Y.

As shown in [25], this type of differential equation admits (up to an additive constant) a unique
periodic solution, whereby w̃0(x) =w0. The O(✏�1) equation is

�r·
�
G(x)rw̃1

�
�r·

�
G(x)ik̂w̃0

�
� ik̂ ·

�
G(x)rw̃0

�
= 0 in Y,

which is solved by w̃1(x) =�(1)(x) · ik̂w0 + w1, where �(1) 2 (H1
p (Y ))d is a zero-mean vector

satisfying

r ·
�
G(r�(1)+ I)

�
= 0 in Y, (4.7)

⌫ ·G(r�(1)+ I)|xj=0 = �⌫ ·G(r�(1)+ I)|xj=`j
, j = 1, d.

The O(1) equation reads

�r·
�
G(x)rw̃2

�
�r·

�
G(x)ik̂w̃1

�
� ik̂·

�
G(x)rw̃1

�

� ik̂·
�
G(x)ik̂w̃0

�
� !̂2⇢(x)w̃0 = 1 in Y. (4.8)

Averaging (4.8) over Y demonstrates that

(µ(0): (ik̂)2 + ⇢0!̂
2)w0 = �1, (4.9)

where

⇢0 = h⇢i, µ(0) = {hG(r�(1) + I)i}. (4.10)

Note that in (4.10) and hereafter, {·} denotes tensor averaging over all index permutations; in
particular for an nth-order tensor ⌧ , one has

{⌧}j1,j2,...jn =
1
n!

X

(l1,l2,...ln)2P

⌧ l1,l2,...ln , j1, j2, . . . jn 2 1, d (4.11)

where P denotes the set of all permutations of (j1, j2, . . . jn). Such averaged expression for µ(0) is
due to the structure of µ(0): (ik̂)2, which is invariant with respect to the index permutation of µ(0).

First (zero-mean) cell function
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where ũ�1 ⌘ 0.
In the sequel, we conveniently denote by wm the respective constants of integration when

solving for ũm(x). With reference to (2.12) and (3.4), we specifically seek wm as

wm = hũmi = (ũm, �̃n), m> 0 (3.6)

so that
hũi = ✏�2w0 + ✏�1w1 + w2 + ✏w3 + · · · . (3.7)

(i) Leading-order approximation

The O(✏�2) contribution stemming from (3.3) and (3.4) reads

� �̃n⇢ũ0 �rks
·
�
Grks

ũ0
�
= 0 in Y. (3.8)

By virtue of (3.2) and (3.5) with m= 0, we have

ũ0(x) = u0 �̃n(x) at k= ks (3.9)

where w0 is a constant to be determined. By the earlier premise that k�̃nk=1, one immediately
finds hũ0i=w0 as postulated by (3.6).

Similarly, the O(✏�1) equality can be identified as

��̃n⇢ũ1 �rks
·
�
G(rks

ũ1 + ik̂ ũ0)
�
� ik̂ ·

�
Grks

ũ0
�
= 0 in Y. (3.10)

This equation is solved by

ũ1(x) = w0�
(1)(x)· ik̂ + w1 �̃n(x) (3.11)

where w1 is a constant, and �(1)2 (H1
p0(Y ))d is a unique vector that satisfies

�̃�
n⇢�

(1) +rks
·
�
G(rks

�(1)+ I�̃n)
�
+Grks

�̃n = 0 in Y, (3.12)

⌫ ·G(rks
�(1)+ I�̃n)|xj=0 = �⌫ ·G(rks

�(1)+ I�̃n)|xj=`j
.

Note that (3.12) is solvable since one can show that rks
·(GI�̃n) +Grks

�̃n is orthogonal to �̃n.
In a similar fashion, the solvability condition can be demonstrated to hold for all subsequent cell
problems and will not be discussed hereon.

Lemma 3. Cell function �(1) is real-valued. See Appendix A, electronic supplementary material, for proof.

Proceeding with the cascade of differential equations, the O(1) equation reads

��̃�
n⇢ũ2 �rks

·
�
G(rks

ũ2 + ik̂ ũ1)
�
� ik̂·

�
G(rks

ũ1 + ik̂ ũ0)
�
� �!̂2⇢ũ0 = 1 in Y. (3.13)

To help expose the behavior of w0, we next evaluate the inner product of (3.13) with �̃n, i.e.
�
� �̃�

n⇢ũ2 �rks
·
�
G(rks

ũ2+ ik̂ ũ1)
�
, �̃n

�
=

�
ik̂·

�
G(rks

ũ1+ ik̂ ũ0)
�
, �̃n

�
+ �!̂2h⇢�̃niw0 + h1i.

(3.14)
On deploying repeated integration by parts and recalling (3.2), the second term on the left-hand
side of (3.14) is computed as

�
�
rks

·
�
G(rks

ũ2 + ik̂ ũ1)
�
, �̃n

�
=

�
G(rks

ũ2 + ik̂ ũ1),rks
�̃n

�

= �
�
ũ2,rks

·
�
G(rks

�̃n
��

+
�
ik̂Gũ1 ,rks

�̃n
�
=

�
ũ2, �̃

�
n⇢�̃n

�
+

�
ik̂Gũ1 ,rks

�̃n
�
. (3.15)

By (3.11) and (3.15), the left-hand side of (3.14) becomes
�
ik̂Gũ1,rks

�̃n
�
= w0

�
G�(1) ⌦rks

�̃n, 1
�
: (ik̂)2 + w1

�
ik̂G�̃n,rks

�̃n
�
,

while its right-hand side reads

w0
�
Grks

�(1), �̃n
�
: (ik̂)2 + w1

�
ik̂·(Grks

�̃n), �̃n
�
+ w0

�
G�̃nI, �̃n

�
: (ik̂)2 + �!̂2h⇢�̃niw0 + h1i.



Cascade

12

rspa.royalsocietypublishing.org
P

roc
R

S
oc

A
0000000

..........................................................

according to (4.1), we have

�✏2!̂2⇢(x)w̃ �
�
r+✏ik̂

�
·
�
G(x)(r+✏ik̂)w̃

�
= 1 in Y, (4.4)

w̃|xj=0 = w̃|xj=`j
,

G(r+✏ik̂)w̃ · ⌫|xj=0 = �G(r+✏ik̂)w̃ · ⌫|xj=`j
,

j = 1, d. (4.5)

Consider next the asymptotic expansion

w̃(x) = ✏�2w̃0(x) + ✏�1w̃1(x) + w̃2(x) + ✏w̃3(x) + ✏2w̃4(x) + · · · , (4.6)

by which (4.4)–(4.5) become a series in ✏. In what follows, the differential equations satisfied by
w̃m in Y (m> 0) are subject to implicit periodic boundary conditions

w̃m|xj=0 = w̃m|xj=`j
,

G(rw̃m + ik̂w̃m�1) · ⌫|xj=0 = �G(rw̃m + ik̂w̃m�1) · ⌫|xj=`j
,

j = 1, d,

where w̃�1 ⌘ 0. We will conveniently denote by wm the respective constants of integration when
solving for w̃m(x), m> 0.

(i) Leading-order approximation

The O(✏�2) contribution stemming from (4.4) and (4.6) reads

�r·
�
G(x)rw̃0

�
= 0 in Y.

As shown in [25], this type of differential equation admits (up to an additive constant) a unique
periodic solution, whereby w̃0(x) =w0. The O(✏�1) equation is

�r·
�
G(x)rw̃1

�
�r·

�
G(x)ik̂w̃0

�
� ik̂ ·

�
G(x)rw̃0

�
= 0 in Y,

which is solved by w̃1(x) =�(1)(x) · ik̂w0 + w1, where �(1) 2 (H1
p (Y ))d is a zero-mean vector

satisfying

r ·
�
G(r�(1)+ I)

�
= 0 in Y, (4.7)

⌫ ·G(r�(1)+ I)|xj=0 = �⌫ ·G(r�(1)+ I)|xj=`j
, j = 1, d.

The O(1) equation reads

�r·
�
G(x)rw̃2

�
�r·

�
G(x)ik̂w̃1

�
� ik̂·

�
G(x)rw̃1

�

� ik̂·
�
G(x)ik̂w̃0

�
� !̂2⇢(x)w̃0 = 1 in Y. (4.8)

Averaging (4.8) over Y demonstrates that

(µ(0): (ik̂)2 + ⇢0!̂
2)w0 = �1, (4.9)

where

⇢0 = h⇢i, µ(0) = {hG(r�(1) + I)i}. (4.10)

Note that in (4.10) and hereafter, {·} denotes tensor averaging over all index permutations; in
particular for an nth-order tensor ⌧ , one has

{⌧}j1,j2,...jn =
1
n!

X

(l1,l2,...ln)2P

⌧ l1,l2,...ln , j1, j2, . . . jn 2 1, d (4.11)

where P denotes the set of all permutations of (j1, j2, . . . jn). Such averaged expression for µ(0) is
due to the structure of µ(0): (ik̂)2, which is invariant with respect to the index permutation of µ(0).
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�
·
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�
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,

j = 1, d. (4.5)
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periodic solution, whereby w̃0(x) =w0. The O(✏�1) equation is

�r·
�
G(x)rw̃1

�
�r·

�
G(x)ik̂w̃0

�
� ik̂ ·

�
G(x)rw̃0

�
= 0 in Y,
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p (Y ))d is a zero-mean vector
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�
= 0 in Y, (4.7)
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Averaging (4.8) over Y demonstrates that

(µ(0): (ik̂)2 + ⇢0!̂
2)w0 = �1, (4.9)

where

⇢0 = h⇢i, µ(0) = {hG(r�(1) + I)i}. (4.10)

Note that in (4.10) and hereafter, {·} denotes tensor averaging over all index permutations; in
particular for an nth-order tensor ⌧ , one has

{⌧}j1,j2,...jn =
1
n!

X

(l1,l2,...ln)2P

⌧ l1,l2,...ln , j1, j2, . . . jn 2 1, d (4.11)

where P denotes the set of all permutations of (j1, j2, . . . jn). Such averaged expression for µ(0) is
due to the structure of µ(0): (ik̂)2, which is invariant with respect to the index permutation of µ(0).
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by which (4.4)–(4.5) become a series in ✏. In what follows, the differential equations satisfied by
w̃m in Y (m> 0) are subject to implicit periodic boundary conditions
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,

j = 1, d,

where w̃�1 ⌘ 0. We will conveniently denote by wm the respective constants of integration when
solving for w̃m(x), m> 0.

(i) Leading-order approximation

The O(✏�2) contribution stemming from (4.4) and (4.6) reads

�r·
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G(x)rw̃0

�
= 0 in Y.

As shown in [25], this type of differential equation admits (up to an additive constant) a unique
periodic solution, whereby w̃0(x) =w0. The O(✏�1) equation is
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�
= 0 in Y,

which is solved by w̃1(x) =�(1)(x) · ik̂w0 + w1, where �(1) 2 (H1
p (Y ))d is a zero-mean vector

satisfying

r ·
�
G(r�(1)+ I)

�
= 0 in Y, (4.7)

⌫ ·G(r�(1)+ I)|xj=0 = �⌫ ·G(r�(1)+ I)|xj=`j
, j = 1, d.

The O(1) equation reads

�r·
�
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�
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�
G(x)ik̂w̃1

�
� ik̂·

�
G(x)rw̃1

�

� ik̂·
�
G(x)ik̂w̃0

�
� !̂2⇢(x)w̃0 = 1 in Y. (4.8)

Averaging (4.8) over Y demonstrates that

(µ(0): (ik̂)2 + ⇢0!̂
2)w0 = �1, (4.9)

where

⇢0 = h⇢i, µ(0) = {hG(r�(1) + I)i}. (4.10)

Note that in (4.10) and hereafter, {·} denotes tensor averaging over all index permutations; in
particular for an nth-order tensor ⌧ , one has

{⌧}j1,j2,...jn =
1
n!

X

(l1,l2,...ln)2P

⌧ l1,l2,...ln , j1, j2, . . . jn 2 1, d (4.11)

where P denotes the set of all permutations of (j1, j2, . . . jn). Such averaged expression for µ(0) is
due to the structure of µ(0): (ik̂)2, which is invariant with respect to the index permutation of µ(0).
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�r·
�
G(x)rw̃1

�
�r·

�
G(x)ik̂w̃0

�
� ik̂ ·

�
G(x)rw̃0

�
= 0 in Y,

which is solved by w̃1(x) =�(1)(x) · ik̂w0 + w1, where �(1) 2 (H1
p (Y ))d is a zero-mean vector

satisfying
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= 0 in Y, (4.7)

⌫ ·G(r�(1)+ I)|xj=0 = �⌫ ·G(r�(1)+ I)|xj=`j
, j = 1, d.

The O(1) equation reads
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Averaging (4.8) over Y demonstrates that

(µ(0): (ik̂)2 + ⇢0!̂
2)w0 = �1, (4.9)

where

⇢0 = h⇢i, µ(0) = {hG(r�(1) + I)i}. (4.10)

Note that in (4.10) and hereafter, {·} denotes tensor averaging over all index permutations; in
particular for an nth-order tensor ⌧ , one has

{⌧}j1,j2,...jn =
1
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where P denotes the set of all permutations of (j1, j2, . . . jn). Such averaged expression for µ(0) is
due to the structure of µ(0): (ik̂)2, which is invariant with respect to the index permutation of µ(0).
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Figure 1. Homogenization ofwavemotion in periodicmedia: (a) example of a periodic structure inR2 and (b) schematics of the
homogenizable region (for a periodic structure inR1) given by the shaded area in the (ω,k) space. (Online version in colour.)

Through this work, we help establish a rigorous mathematical connection between the two
mainstream approaches to dynamic homogenization, and we equip the two-scale approach to
handle (monopole and dipole) body sources that may help further manipulate waves in periodic
structures [31,32]. Our approach that assumes long wavelengths and low frequencies can, in
principle, be generalized to tackle dynamic homogenization at finite frequencies (relevant to
the description of optical branches) and finite wavenumbers—a regime that was, for instance,
considered in [33– 35] via the framework of multiple scales. This particular item is the focus of an
ongoing investigation.

2. Preliminaries
With reference to an orthonormal vector basis ej ( j = 1, d), consider the time-harmonic wave
equation

− ω2ρ(x)u − ∇ · (G(x)(∇u − γ )) = f in Rd , d = 1, 2, 3 (2.1)

at frequency ω, where G and ρ are Y-periodic;

Y = {x: 0 < x · ej < ℓj; j = 1, d}

is the unit cell illustrated in figure 1a), and f (x) (respectively, γ (x)) denotes the monopole
(respectively, dipole) source term. In what follows, G and ρ are further assumed to be real-valued
L∞(Y) functions bounded away from zero. To facilitate the discussion, one may conveniently
interpret (2.1) in the context of elasticity and anti-plane shear waves, in which case u, G, ρ, f and γ

take, respectively, the meanings of transverse displacement, shear modulus, mass density, body
force and eigenstrain.

Recalling the plane wave expansion approach [9– 11], consider next the Bloch-wave solutions
of the form u(x) = ũ(x) eik·x, where ũ is Y-periodic and depends implicitly on k and ω—which are
hereon assumed to be fixed. If further the source terms are taken in the form of (i) plane-wave
body force f (x) = f̃ eik·x and (ii) eigenstrain field γ (x) = γ̃ eik·x where f̃ and γ̃ are constants, (2.1)
reduces to

− ω2ρ(x)ũ − ∇k · (G(x)(∇kũ − γ̃ )) = f̃ in Y, (2.2)

where ∇k = ∇ + ik. Here, we note that (i) f̃ and γ̃ can be interpreted as the respective Fourier
components of f and γ at fixed wavenumber k, and (ii) the appearance of eigenstrain γ̃ helps
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7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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according to (4.1), we have

�✏2!̂2⇢(x)w̃ �
�
r+✏ik̂

�
·
�
G(x)(r+✏ik̂)w̃

�
= 1 in Y, (4.4)

w̃|xj=0 = w̃|xj=`j
,

G(r+✏ik̂)w̃ · ⌫|xj=0 = �G(r+✏ik̂)w̃ · ⌫|xj=`j
,

j = 1, d. (4.5)

Consider next the asymptotic expansion

w̃(x) = ✏�2w̃0(x) + ✏�1w̃1(x) + w̃2(x) + ✏w̃3(x) + ✏2w̃4(x) + · · · , (4.6)

by which (4.4)–(4.5) become a series in ✏. In what follows, the differential equations satisfied by
w̃m in Y (m> 0) are subject to implicit periodic boundary conditions

w̃m|xj=0 = w̃m|xj=`j
,

G(rw̃m + ik̂w̃m�1) · ⌫|xj=0 = �G(rw̃m + ik̂w̃m�1) · ⌫|xj=`j
,

j = 1, d,

where w̃�1 ⌘ 0. We will conveniently denote by wm the respective constants of integration when
solving for w̃m(x), m> 0.

(i) Leading-order approximation

The O(✏�2) contribution stemming from (4.4) and (4.6) reads

�r·
�
G(x)rw̃0

�
= 0 in Y.

As shown in [25], this type of differential equation admits (up to an additive constant) a unique
periodic solution, whereby w̃0(x) =w0. The O(✏�1) equation is

�r·
�
G(x)rw̃1

�
�r·

�
G(x)ik̂w̃0

�
� ik̂ ·

�
G(x)rw̃0

�
= 0 in Y,

which is solved by w̃1(x) =�(1)(x) · ik̂w0 + w1, where �(1) 2 (H1
p (Y ))d is a zero-mean vector

satisfying

r ·
�
G(r�(1)+ I)

�
= 0 in Y, (4.7)

⌫ ·G(r�(1)+ I)|xj=0 = �⌫ ·G(r�(1)+ I)|xj=`j
, j = 1, d.

The O(1) equation reads

�r·
�
G(x)rw̃2

�
�r·

�
G(x)ik̂w̃1

�
� ik̂·

�
G(x)rw̃1

�

� ik̂·
�
G(x)ik̂w̃0

�
� !̂2⇢(x)w̃0 = 1 in Y. (4.8)

Averaging (4.8) over Y demonstrates that

(µ(0): (ik̂)2 + ⇢0!̂
2)w0 = �1, (4.9)

where

⇢0 = h⇢i, µ(0) = {hG(r�(1) + I)i}. (4.10)

Note that in (4.10) and hereafter, {·} denotes tensor averaging over all index permutations; in
particular for an nth-order tensor ⌧ , one has

{⌧}j1,j2,...jn =
1
n!

X

(l1,l2,...ln)2P

⌧ l1,l2,...ln , j1, j2, . . . jn 2 1, d (4.11)

where P denotes the set of all permutations of (j1, j2, . . . jn). Such averaged expression for µ(0) is
due to the structure of µ(0): (ik̂)2, which is invariant with respect to the index permutation of µ(0).

First (zero-mean) cell function
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where ũ�1 ⌘ 0.
In the sequel, we conveniently denote by wm the respective constants of integration when

solving for ũm(x). With reference to (2.12) and (3.4), we specifically seek wm as

wm = hũmi = (ũm, �̃n), m> 0 (3.6)

so that
hũi = ✏�2w0 + ✏�1w1 + w2 + ✏w3 + · · · . (3.7)

(i) Leading-order approximation

The O(✏�2) contribution stemming from (3.3) and (3.4) reads

� �̃n⇢ũ0 �rks
·
�
Grks

ũ0
�
= 0 in Y. (3.8)

By virtue of (3.2) and (3.5) with m= 0, we have

ũ0(x) = u0 �̃n(x) at k= ks (3.9)

where w0 is a constant to be determined. By the earlier premise that k�̃nk=1, one immediately
finds hũ0i=w0 as postulated by (3.6).

Similarly, the O(✏�1) equality can be identified as

��̃n⇢ũ1 �rks
·
�
G(rks

ũ1 + ik̂ ũ0)
�
� ik̂ ·

�
Grks

ũ0
�
= 0 in Y. (3.10)

This equation is solved by

ũ1(x) = w0�
(1)(x)· ik̂ + w1 �̃n(x) (3.11)

where w1 is a constant, and �(1)2 (H1
p0(Y ))d is a unique vector that satisfies

�̃�
n⇢�

(1) +rks
·
�
G(rks

�(1)+ I�̃n)
�
+Grks

�̃n = 0 in Y, (3.12)

⌫ ·G(rks
�(1)+ I�̃n)|xj=0 = �⌫ ·G(rks

�(1)+ I�̃n)|xj=`j
.

Note that (3.12) is solvable since one can show that rks
·(GI�̃n) +Grks

�̃n is orthogonal to �̃n.
In a similar fashion, the solvability condition can be demonstrated to hold for all subsequent cell
problems and will not be discussed hereon.

Lemma 3. Cell function �(1) is real-valued. See Appendix A, electronic supplementary material, for proof.

Proceeding with the cascade of differential equations, the O(1) equation reads

��̃�
n⇢ũ2 �rks

·
�
G(rks

ũ2 + ik̂ ũ1)
�
� ik̂·

�
G(rks

ũ1 + ik̂ ũ0)
�
� �!̂2⇢ũ0 = 1 in Y. (3.13)

To help expose the behavior of w0, we next evaluate the inner product of (3.13) with �̃n, i.e.
�
� �̃�

n⇢ũ2 �rks
·
�
G(rks

ũ2+ ik̂ ũ1)
�
, �̃n

�
=

�
ik̂·

�
G(rks

ũ1+ ik̂ ũ0)
�
, �̃n

�
+ �!̂2h⇢�̃niw0 + h1i.

(3.14)
On deploying repeated integration by parts and recalling (3.2), the second term on the left-hand
side of (3.14) is computed as

�
�
rks

·
�
G(rks

ũ2 + ik̂ ũ1)
�
, �̃n

�
=

�
G(rks

ũ2 + ik̂ ũ1),rks
�̃n

�

= �
�
ũ2,rks

·
�
G(rks

�̃n
��

+
�
ik̂Gũ1 ,rks

�̃n
�
=

�
ũ2, �̃

�
n⇢�̃n

�
+

�
ik̂Gũ1 ,rks

�̃n
�
. (3.15)

By (3.11) and (3.15), the left-hand side of (3.14) becomes
�
ik̂Gũ1,rks

�̃n
�
= w0

�
G�(1) ⌦rks

�̃n, 1
�
: (ik̂)2 + w1

�
ik̂G�̃n,rks

�̃n
�
,

while its right-hand side reads

w0
�
Grks

�(1), �̃n
�
: (ik̂)2 + w1

�
ik̂·(Grks

�̃n), �̃n
�
+ w0

�
G�̃nI, �̃n

�
: (ik̂)2 + �!̂2h⇢�̃niw0 + h1i.



PDE interpretation

�
�
µ(0) : (ik̂)2 + ⇢(0) !̂2

�
hũi � ✏2

�
µ(2) : (ik̂)4 + ⇢(2) : (ik̂)2!̂2

�
hũi ✏

= ✏�2f̃M(k̂, !̂),
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7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
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Q=2, rank(Apq)=0: eq. (143)
<latexit sha1_base64="5AUSpk7VoZjEQMdlp6mC26i9vQs="></latexit><latexit sha1_base64="5AUSpk7VoZjEQMdlp6mC26i9vQs="></latexit><latexit sha1_base64="5AUSpk7VoZjEQMdlp6mC26i9vQs="></latexit><latexit sha1_base64="5AUSpk7VoZjEQMdlp6mC26i9vQs="></latexit>

Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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Figure 2: FF-FW approximation of the dispersion relationship in polyatomic chains: (a) diatomic chain with m = (1, 0.5) and

c = (1, 0.5); (b) triatomic chain with m = (1, 0.4582, 1.0674) and c = (1, 2.0075, 2.3388), (c) triatomic chain with m = (1, 2.5, 1)
and c = (1, 1, 0.4), and (d) tetratomic chain with m = (1, 2.0237, 1.3539, 1.6625) and c = (1, 0.4257, 1.0521, 0.3731). Here

!0 =

p
c1/m1; solid line plots the exact relationship, and “o” (resp. “x”) marker tracks the leading- (resp. second-) order

approximation.
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`2<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2<latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit>

⇡/`1
<latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit>

⇡/`2
<latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit>

�⇡/`2
<latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit>

�⇡/`1
<latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit>
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [9], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
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Theorem 2. Let u✏ be the solution to (3), u0 the solution to (4), and let the bulk
correction u(1) be given by (13) in the interior of D and zero on the exterior of D.
Then for any ball BR of radius R > 0 which contains D,

ku✏ � (u0 + ✏u(1))kH1(D) + ku✏ � u0kH1(BR\D)  CR ✏1/2

and
ku✏ � u0kL2(BR)  CR ✏,

where CR is a constant independent of ✏.

Remark 3. While the bulk correction is necessary to obtain the H1 convergence,
it does not in general improve upon the L2 estimate. That is, unless the boundary
correction approaches zero (which is generally not the case), or is somehow otherwise
accounted for,

ku✏ � (u0 + ✏u(1))kL2(BR)  CR ✏

is the best that one can obtain.

4. Higher-order terms. In this section we pursue the asymptotic expansion
further. We find the next terms in the bulk expansion, and in the process we present
a proof that the first-order mean field correction discussed in [3, 10] vanishes in general.
This was previously shown for problems with no lower-order terms [30, 26]; however,
we reproduce the calculation both for emphasis and consider the more general case of
nonzero refraction index n . We also present the equation for the important first-order
transmission boundary correction. This boundary layer, or some approximation to it,
is necessary to obtain an approximation that is correct up to O(✏2).

To clearly demonstrate that we account for all necessary terms in the expansion,
we will from the beginning assume a more general form of u(1), namely,

(36) u(1) = ��j(y)
@u0

@xj

+ û(x),

in place of (13). Note that the introduction of û does not a↵ect (9)–(12), nor does
it a↵ect the estimates in the previous section since it is a term of order ✏ in H1(D).
However, we will indeed show that û = 0 during the derivation of higher-order esti-
mates. Continuing with our ansatz and equating the like powers of ✏ in (7), we further
obtain

arxu(1) + aryu(2) = v(1),(37)

�rx · v(1) � ry · v(2) = k2n(y)u(1).(38)

If we apply a divergence operator ry· to (37), we obtain

(39) ry ·
�
arxu(1) + aryu(2)

�
= �rx · v0 � k2n(y)u0,

thanks to (12). Using the homogenized equation for u0, (39) yields

(40) ry ·
�
arxu(1) + aryu(2)

�
= �rx · v0 + r · Aru0 + k2(n � n(y))u0,

which, along with (36) and (14), provides the equation for u(2), i.e.,

ry ·
�
aryu(2)

�
=
⇣

� aij + aik

@�j

yk

+
@

@yk

(aki�
j) + Aij

⌘ @u0

@xi@xj

(41)

� @aij

@yi

@û

@xj

+ k2(n � n(y))u0,
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where us denotes the scattered field; the Sommerfeld radiation condition

(2) lim
r!1

p
r

✓
@us

@r
� ikus

◆
= 0, r = |x|,

is satisfied uniformly with respect to x̂ := x/r, and ⌫ is the unit outward normal on
@D. In what follows we provide an asymptotic expansion for the above problem,
including rigorous convergence estimates. The expansion will require boundary cor-
rector functions, which are di�cult to analyze. We also characterize the limit of the
boundary corrector functions for the case that the scatterer is a square. In this case
the limit depends on how the sequence ✏ approaches zero, and the limiting boundary
values are described in terms of a boundary cell function on a doubly infinite strip.

D

ui

us

u = u✏
Rd\D

✏

Fig. 1. Scattering by an obstacle with periodic coe�cients.

3. Leading-order asymptotic expansion of the transmission problem.
The above scattering problem for an inhomogeneous obstacle D with periodically
varying coe�cients can be conveniently formulated as a transmission problem for
u✏ := u in D and u✏ := us in Rd \ D, namely,

r ·
�
a(x/✏)ru✏

�
+ k2n(x/✏)u✏ = 0 in D,

�u✏ + k2u✏ = 0 in Rd \ D,

u+
✏

� u�
✏

= f on @D,

(ru✏ · ⌫)+ � (a(x/✏)ru✏ · ⌫)� = g on @D,(3)

where u✏ satisfies the Sommerfeld radiation condition (2) at infinity. Here f := ui

and g := ⌫ · rui on @D, and the superscripts “+” and “�” denote the respective
limits on @D from the exterior and interior of D. We are interested in developing the
asymptotic theory for this problem as ✏ ! 0, as was done for Dirichlet and Neumann
problems on bounded domains [1, 10, 19, 26, 27]. One expects the homogenized or
limiting problem to read

r · (Aru0) + k2nu0 = 0 in D,

�u0 + k2u0 = 0 in Rd \ D,

u+
0 � u�

0 = f on @D,(4)

(ru0 · ⌫)+ � (Aru0 · ⌫)� = g on @D,

where u0 satisfies the Sommerfeld radiation condition (2) at infinity, n denotes the
unit cell average of n, i.e.,

n =

Z

Y

n(y)dy,
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Following the same reasoning as that used to obtain the bound (34) on ✓̂✏, we
have

(71) k�✏kH1(D) + k�✏kH1(BR\D)  CR ✏�1/2ku0kH4(D)

and

(72) k�✏kL2(BR)  CR ku0kH4(D).

Hence the following theorem is a straightforward corollary of the above lemma.

Theorem 5. Let u✏ be the solution to (3), u0 the solution to (4), and let the bulk
and boundary corrections u(1) and ✓✏ be given by (13) and (18), respectively. We also
note that in the definition of ✓✏, v(1) must be given by (63). Then for any ball BR of
radius R > 0 which contains D, we have

ku✏ � (u0 + ✏u(1) + ✏✓✏)kH1(D) + ku✏ � (u0 + ✏✓✏)kH1(BR\D)  CR ✏3/2ku0kH4(D)

and
ku✏ � (u0 + ✏u(1) + ✏✓✏)kL2(BR)  CR ✏2ku0kH4(D),

where CR is a constant independent of ✏ and u0.

5. An example of a boundary layer limit. The first-order boundary cor-
rector function ✓✏ given by (57) is of great interest for the analysis of scattering by
periodic media, in particular, because its presence is necessary to obtain estimates
of order ✏2. Unfortunately, (57) is harder to solve than our original equation for u✏,
rendering ✓✏ useless as a straightforward numerical correction. However, we would
overcome this problem if we could find its limit. Presently, there are a number of
works on the limit (when it exists) of the analogue of ✓✏ for Dirichlet problems on
rational polygons [26, 30], Neumann problems [27], and more recently works which
extend the existence of the limit to more general domains [12, 13]. In this section
we will borrow certain techniques from [26, 30] to find the limit of our transmission
boundary corrector ✓✏ for a specific geometry. This requires a new analysis since the
boundary layer and its limit take a di↵erent form.

For simplicity, consider the case where the domain D is a unit square (0, 1) ⇥
(0, 1). Note that the present discussion can also be extended to convex polygonal
domains with sides of rational slope [26]. To find the limit of ✓✏, one can consider
the transmission data on one side of the square at a time. We first note that the
leading-order part of the conormal jump data (which has the factor of 1

✏
) in (57),

namely,
(v0 � v0) · ⌫ = rotyq · ⌫,

is a tangential y derivative on the boundary cells, and so will have integral zero on
a boundary period cell. We will see below that when we have the 1

✏
factor, we need

the oscillatory part to have zero boundary average for the limit to exist. That is, its
weak limit needs to be zero. So, on the right side of the square @D \ {x1 = 1},

(v0 � v0) · ⌫ =

✓
a1j(x/✏) � a1k(x/✏)

@�j

@yk

(x/✏) � A1j

◆
@u0

@xj

=: g1(y)
@u0

@x1
+ g2(y)

@u0

@x2
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Finite frequencies?

µ(0) : k̂
2
/(2⇢(0)!�

n) is real-valued, we specifically see from (38) that the germane eigenfunction �̃�
n(x) is propa-

gated with O(✏�1) phase velocity c and O(✏) group velocity cg given by

c(k̂) = ✏�1
h
!�

n + ✏2
µ(0) : k̂

2

2⇢(0)!�
n

i k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (40)

By (39), one may alternatively interpret the free Bloch wave at some (k̂, !̂(k̂)) as a product between the
standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0, and a plane-wave “propagator” endowed with O(✏)

phase velocity c and commensurate group velocity cg given by

c(k̂) = ✏
µ(0) : k̂

2

2⇢(0)!�
n

k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (41)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However, from (40) and (41)
one also finds that sign(c · cg) = 1, while sign(c ·cg) = sign(µ(0)). In situations when µ(0) is negative definite,
this highlights the contrast between (39) – designed to isolate the perturbation e↵ects, and (38) – which may
shed light on the physical phenomenon of negative refraction, a�liated with an opposition between the group
and phase velocity vectors. For clarity, the velocity quantities in (40) and (41) are schematically illustrated in
Fig. 1(a) by considering the first optical branch (n = 2).

Remark 6. Considering the acoustic branch (n = 1), we have �̃�
1 = 1, !�

1 = 0, and ! = ✏!̂ whereby

u(x, t) = ✏�2f̃ w0(k̂, !̂) ei(k̂·x�!̂t) + O(✏�1) for f̃ 6= 0,

u(x, t) = U ei(k̂·x�(µ(0):k̂
2
/⇢(0))1/2t) + O(✏) for f̃ = 0.

In this case, the leading-order e↵ective solution still carries the role of amplitude (resp. phase) control when
f 6= 0 (resp. f = 0); however the multiplier of the phase term ei(·) is x- and t-independent, which caters for
a more tangible interpretation of w0.

k

!
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5
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µ(0):(k̂)2
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n
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✏k̂

!�
2

c

a = (1, 0)

a = (1, 1)a = (0, 1)

k1

k2

Y a Y a

Y aY a

⇡/`1

⇡/`2

k

!

band gap

driving 
frequency O(✏2)

and we let ⌘(1) 2
�
H1a

p0 (Ya)
�d

be the unique zero-mean vector given by

�̃a
n⇢⌘(1) + r·

�
G(r⌘(1)+ I⌘(0))

�
+ Gr⌘(0) +

⇢

⇢(0)

�
(eika·x�(1), 1)Ya

'̃a
n � heika·xi'

a�(1)
�

= 0 in Ya, (114)

⌫ · G(r⌘(1) + I⌘(0))|xj=0 = �⌫ · G(r⌘(1) + I⌘(0))|xj=(1+aj)`j
, j = 1, d.

With such definitions, we find that

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w2 �

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
w0 = �h⇢⌘(0)i'

a !̂2

+
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r'̃a

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2, (115)

where

⇢(2) = h⇢�(2)i'
a, µ(2) =

⌦
G{r�(3) + I⌦�(2)}

↵'

a
�
�
G{�(3) ⌦ r'̃a

n}, 1
�
Ya

. (116)

Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (88) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (77). Assuming that the eigenvalue �̃a

n (n > 1) solving (84)–(86) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (91) of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (117)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (106) and (116); and

M(k̂, !̂) = heika·xi'
a � ✏ (eika·x�(1), 1)Ya

· ik̂ + ✏2 �h⇢⌘(0)i'
a !̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r�̃�

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2. (118)

When considering the propagation of free waves (f̃ = 0), the second-order FW-FF approximation of the nth
dispersion branch near k = ka accordingly reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , kak + n > 1,

whereby

!
✏5
= !a

n +
✏2

2⇢(0)!a
n

µ(0) : k̂
2

� ✏4

8(⇢(0))2 (!a
n)3

�
µ(0)⌦ µ(0) + 4(!a

n)2
�
⇢(0)µ(2)� µ(0)⌦ ⇢(2)

� 
: k̂

4
, kak + n > 2.

5.5. Example application in the spatial domain

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is comparabe to the size
of the unit cell, and the basic premise of the two-scale analysis (Section 4) does not apply. Instead, we make
use of the inverse Fourier transform to obtain an e↵ective spatial description of wavefields whose spectrum
is localized in a neighborhood of (ka, !a

n). On adopting the terminology of the two-scale analysis, we denote
respectvely by x and y the “slow” and “fast” spatial coordinate, and we consider the solution

Ua(y) = F�1
d

⇥
hũia(k̂)

⇤
= (2⇡)�d

Z

Rd

hũia(k̂) eik·y dk, k̂ =
k � ka

✏

where hũia(k̂) behaves as in Theorem 2. For simplicity of discussion, we disregard the second-order corrections
in (117) and (118). On applying the inverse Fourier transform to the left-hand side of (117), we obtain

�✏d eika·x�µ(0):r2
x + �⇢(0) !̂2

�
Ua(x),

16

(a) (b) (c)

Figure 1: Wave motion in a periodic medium: (a) phase and group velocities featured by the LW-FF expansion of the first optical

branch, n = 2, about k = 0; (b) schematics of the multi-cell domains Y a 2 R2
supporting the FW-FF homogenization of wave

motion about vertices of the first quadrant of the first Brioullin zone, and (c) source excitation near the edge of a band gap.

3.1.3. First-order corrector
Let �(2) 2

�
H1

p0(Y )
�d⇥d

be the unique second-order tensor solving

�̃�
n⇢�(2) + r·

�
G

�
r�(2) + {I ⌦ �(1)}0�� + G{r�(1) + I�̃�

n} � ⇢

⇢(0)
µ(0)�̃�

n = 0 in Y, (42)

⌫ · G
�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ · G

�
r�(2) + {I ⌦ �(1)}0�|xj=`j , j = 1, d,

8

!1 = 0
<latexit sha1_base64="7N1IidiA+ZVbqm152Ix2ehl3ZMg="></latexit><latexit sha1_base64="7N1IidiA+ZVbqm152Ix2ehl3ZMg="></latexit><latexit sha1_base64="7N1IidiA+ZVbqm152Ix2ehl3ZMg="></latexit><latexit sha1_base64="7N1IidiA+ZVbqm152Ix2ehl3ZMg="></latexit>

!2
<latexit sha1_base64="Yueg0KsJowX53qcPGr6G/FSx17w="></latexit><latexit sha1_base64="Yueg0KsJowX53qcPGr6G/FSx17w="></latexit><latexit sha1_base64="Yueg0KsJowX53qcPGr6G/FSx17w="></latexit><latexit sha1_base64="Yueg0KsJowX53qcPGr6G/FSx17w="></latexit>

Y
<latexit sha1_base64="KVs/GhZDzX1/rqY1dBTYpzXMAGI="></latexit><latexit sha1_base64="KVs/GhZDzX1/rqY1dBTYpzXMAGI="></latexit><latexit sha1_base64="KVs/GhZDzX1/rqY1dBTYpzXMAGI="></latexit><latexit sha1_base64="KVs/GhZDzX1/rqY1dBTYpzXMAGI="></latexit>

�̃1 = 1
<latexit sha1_base64="dIL5zRJuePw5QB18OworBXw508U="></latexit><latexit sha1_base64="dIL5zRJuePw5QB18OworBXw508U="></latexit><latexit sha1_base64="dIL5zRJuePw5QB18OworBXw508U="></latexit><latexit sha1_base64="dIL5zRJuePw5QB18OworBXw508U="></latexit>

0.2 0.4 0.6 0.8 1.0

0.5

1.0

1.5

2.0

k = ✏k̂, ! = ✏!̂
<latexit sha1_base64="cK/Ucl03rXq+Z6sgNsDqXtk6cKU="></latexit><latexit sha1_base64="cK/Ucl03rXq+Z6sgNsDqXtk6cKU="></latexit><latexit sha1_base64="cK/Ucl03rXq+Z6sgNsDqXtk6cKU="></latexit><latexit sha1_base64="cK/Ucl03rXq+Z6sgNsDqXtk6cKU="></latexit>

�̃2
<latexit sha1_base64="sMuYSL4rHhfZDzGFZzG07vaxqxM="></latexit><latexit sha1_base64="sMuYSL4rHhfZDzGFZzG07vaxqxM="></latexit><latexit sha1_base64="sMuYSL4rHhfZDzGFZzG07vaxqxM="></latexit><latexit sha1_base64="sMuYSL4rHhfZDzGFZzG07vaxqxM="></latexit>

0.2 0.4 0.6 0.8 1.0

-1.0

-0.5

0.5

1.0

4
rspa.royalsocietypublishing.org

P
roc

R
S

oc
A

0000000
..........................................................

To cater for the asymptotic treatment of (2.4), let ũ2H1
p (Y ) solve

�!2⇢(x)ũ�rk ·(G(x)rkũ) = 1 in Y, (2.6)

⌫ ·Grkũ|xj=0 = �⌫ ·Grkũ|xj=`j
.

Hereon we denote by I the second-order identity tensor and, assuming Einstein summation
notation, we let rkg = ej ⌦ @g/@xj + ik ⌦ g for any vector or tensor field g.

(i) Eigensystem for the unit cell of periodicity

From the variational formulation we find that (�rk ·(G(x)rk))
�1, as an operator from L2

⇢(Y )

to itself with the range in H1
p (Y ) subject to relevant boundary conditions, is a compact self-

adjoint operator [26]. Hence for each k there exists an eigensystem {�̃n(k)2H1
p (Y ), �̃m(k)2R},

conveniently normalized so that k�̃mkL2(Y ) = 1, that solves

��̃m⇢(x) �̃m �rk ·
�
G(x)rk�̃m

�
= 0 in Y, (2.7)

⌫ ·Grk�̃m|xj=0 = �⌫ ·Grk�̃m|xj=`j

where {�̃m} are complete and orthogonal in L2
⇢(Y ), namely

(⇢�̃m, �̃n) = �mn (⇢�̃n, �̃n) (no summation). (2.8)

With such definitions, the variational statement of (2.4) reads

� !2
Z

Y
⇢(x)ũ(x)�̃m(x)dx �

Z

Y
ũ(x)rk ·

�
G(x)rk�̃m(x)

�
dx =

Z

Y
f̃ �̃m(x)dx. (2.9)

By the completeness of {�̃m} in L2
⇢(Y ), every ũ2L2

⇢(Y ) can be written as

ũ(x) = f̃ ũ(x) = f̃
1X

m=1

↵̃m�̃m(x), (2.10)

where ↵̃m are constants. Thanks to (2.9) and the orthogonality of {�̃m} in L2
⇢(Y ), we have

↵̃m =
(1, �̃m)

(⇢�̃m, �̃m)

1

�̃m� !2
when !2 6= �̃m, m> 1. (2.11)

(b) Effective wave motion
Let B 3 0 denote the first Brillouin zone, i.e. the counterpart of Y in the Fourier k-space containing
the origin. With such definition, we concern ourselves with an effective description of the wave
motion for k 2B. In the context of the Bloch wave equation (2.4), this is traditionally done by
restricting (k,!) to some neighborhood of the first dispersion branch (k 2B,!= �̃

1/2
1 (k)) and

seeking the effective wave motion as hũi= (ũ, 1), i.e. the Y -average of ũ [25] (recall that |Y |=1). If
further a low-wavenumber, low-frequency (LW-LF) asymptotic model of the problem is sought, the
effective i.e. homogenized field hũi is expanded about (k= 0,!= 0) [20].

Motivated by several recent developments [5,9,13,17], we instead focus our efforts on
formulating a comprehensive asymptotic framework toward low-wavenumber, finite-frequency
(LW-FF) approximation of (2.4) that poses no upper limit on !. When the effective behavior
near the origin of B is sought, this in particular suggests an expansion about (k= 0,!= �̃

1/2
n (0))

for some n> 1. On recalling that in fact (ũ, 1) = (ũ, �̃1(0)), one may generalize upon the LW-LF
definition of effective wave motion as

hũi = (ũ, �̃�
n), �̃�

n = �̃n(0), n> 1 (2.12)

to facilitate the homogenization at finite frequencies, see [9] for example. In Section 3 we assume
that the eigenvalue �̃n(0) is simple, and we use (2.12) as the basis for developing a second-order,
LW-FF effective model of wave motion near k= 0. In Section 4 and Section 5, we extend the
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p (Y ) solve
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formulating a comprehensive asymptotic framework toward low-wavenumber, finite-frequency
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subject to relevant boundary conditions, is a compact self-
{�̃m(·;k)2H1

p (Y ), �̃m(k)2R},

�̃m = !2
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To cater for the asymptotic treatment of (2.4), let w̃ 2H1
p (Y ) solve

�!2⇢(x)w̃ �rk ·(G(x)rkw̃) = 1 in Y, (2.6)

⌫ ·Grkw̃|xj=0 = �⌫ ·Grkw̃|xj=`j
.

Hereon we denote by I the second-order identity tensor and, assuming Einstein summation
notation, we let rkg = ej ⌦ @g/@xj + ik ⌦ g for any vector or tensor field g.

(i) Eigensystem for the unit cell of periodicity

From the variational formulation we find that (�rk ·(G(x)rk))
�1, as an operator from L2

⇢(Y )

to itself with the range in H1
p (Y ) subject to relevant boundary conditions, is a compact self-

adjoint operator [26]. Hence for each k there exists an eigensystem {�̃m(·;k)2H1
p (Y ), �̃m(k)2R},

conveniently normalized so that k�̃mkL2(Y ) = 1, that solves

��̃m⇢(x) �̃m �rk ·
�
G(x)rk�̃m

�
= 0 in Y, (2.7)

⌫ ·Grk�̃m|xj=0 = �⌫ ·Grk�̃m|xj=`j

where {�̃m} are complete and orthogonal in L2
⇢(Y ), namely

(⇢�̃m, �̃n) = �mn (⇢�̃n, �̃n) (no summation). (2.8)

With such definitions, the variational statement of (2.4) reads

� !2
Z

Y
⇢(x)ũ(x)�̃m(x)dx �

Z

Y
ũ(x)rk ·

�
G(x)rk�̃m(x)

�
dx =

Z

Y
f̃ �̃m(x)dx. (2.9)

By the completeness of {�̃m} in L2
⇢(Y ), every ũ2L2

⇢(Y ) can be written as

ũ(x) = f̃ w̃(x) = f̃
1X

m=1

↵̃m�̃m(x), (2.10)

where ↵̃m are constants. Thanks to (2.9) and the orthogonality of {�̃m} in L2
⇢(Y ), we have

↵̃m =
(1, �̃m)

(⇢�̃m, �̃m)

1

�̃m� !2
when !2 6= �̃m, m> 1. (2.11)

(b) Effective wave motion
Let B 3 0 denote the first Brillouin zone, i.e. the counterpart of Y in the Fourier k-space containing
the origin. With such definition, we concern ourselves with an effective description of the wave
motion for k 2B. In the context of the Bloch wave equation (2.4), this is traditionally done by
restricting (k,!) to some neighborhood of the first dispersion branch (k 2B,!= �̃

1/2
1 (k)) and

seeking the effective wave motion as hũi= (ũ, 1), i.e. the Y -average of ũ [25] (recall that |Y |=1). If
further a low-wavenumber, low-frequency (LW-LF) asymptotic model of the problem is sought, the
effective i.e. homogenized field hũi is expanded about (k= 0,!= 0) [20].

Motivated by several recent developments [5,9,13,17], we instead focus our efforts on
formulating a comprehensive asymptotic framework toward low-wavenumber, finite-frequency
(LW-FF) approximation of (2.4) that poses no upper limit on !. When the effective behavior
near the origin of B is sought, this in particular suggests an expansion about (k= 0,!= �̃

1/2
n (0))

for some n> 1. On recalling that in fact (ũ, 1) = (ũ, �̃1(0)), one may generalize upon the LW-LF
definition of effective wave motion as

hũi = (ũ, �̃�
n), �̃�

n = �̃n(0), n> 1 (2.12)

to facilitate the homogenization at finite frequencies, see [9] for example. In Section 3 we assume
that the eigenvalue �̃n(0) is simple, and we use (2.12) as the basis for developing a second-order,
LW-FF effective model of wave motion near k= 0. In Section 4 and Section 5, we extend the



Remark 18. The exact dispersion relationship due to (160) reads cos(k`) = 1�P(!), where P is a real-valued
polynomial of degree 2N . Inside (the positive half of) the first Brioullin zone, this relationship can be inverted
as k` = g(!), where g(!) = cos�1(1�P(!)) is a single-valued function mapping {! 2 R+ : 0 < P(!) < 2}
to (0, ⇡/`). In light of Theorem 3, repeated eigenvalues at ka with multiplicity Q > 2 are thus not possible in
a polyatomic chain for each such situation would violate the single-valuedness of g(!).

Remark 19. When Q = 2 at ka 2 {0, ⇡/`}, we find that dk/d! = `�1[P (!)(2�P (!))]�1/2P 0(!) is bounded
at ka, i.e. that |d!/dk| > 0 there. By Theorem 3, this further precludes the situations with Q = 2 and
rank(Apq) = 0 in a polyatomic chain.

As an illustration, Fig. 2 plots the FF-FW approximation of the dispersion relationships in polyatomic
chains for N = 2, 3, 4. As can be seen from the display, the second-order model outperforms its leading-order
counterpart and covers with reasonable accuracy at least 50% of the first Brioullin zone in each case. From
panel (c), it is also seen that a one-dimensional, discrete variant of the “full rank Apq” model described in
Section 6.2.3 e↵ectively describes the occurence of a double eigenvalue (Q=2) in a triatomic chain at k = 0.
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Figure 2: FF-FW approximation of the dispersion relationship in polyatomic chains: (a) diatomic chain with m = (1, 0.5) and

c = (1, 0.5); (b) triatomic chain with m = (1, 0.4582, 1.0674) and c = (1, 2.0075, 2.3388), (c) triatomic chain with m = (1, 2.5, 1)
and c = (1, 1, 0.4), and (d) tetratomic chain with m = (1, 2.0237, 1.3539, 1.6625) and c = (1, 0.4257, 1.0521, 0.3731). Here

!0 =

p
c1/m1; solid line plots the exact relationship, and “o” (resp. “x”) marker tracks the leading- (resp. second-) order

approximation.

7.2. FW-FF homogenization of a chessboard-like medium

Consider a chessboard-like periodic medium whose unit cell Y 2 R2 and the first Brioullin zone B are shown
in Fig. 3. In the spirit of the previous example, we let

G = (G1, G2, G3, G4), r = (⇢1, ⇢2, ⇢3, ⇢4).

24

Scaling (isolated eigenvalues)
description of the e↵ective field hui in a neighborhood of the nth branch, ! = �̃1/2

n (k), for n> 1. Accordingly,
we describe the featured long-wavelength, finite-frequency (LW-FF) regime via scalings

k = ✏k̂, !2 = �̃�
n + ✏2�!̂2, �̃�

n = �̃n(0), ✏ = o(1), � = ±1 (16)

where �̃�
n > 0 is such that

�r·
�
Gr�̃�

n

�
= �̃�

n⇢�̃�
n in Y, (17)

⌫ · Gr�̃�
n|xj=0 = �⌫ · Gr�̃�

n|xj=`j , j = 1, d (18)

and �̃�
n 2H1

p (Y ) are ⇢-orthogonal as in (11). For the time being, we assume that �̃�
n has multiplicity one.

Remark 2. Concerning the frequency scaling in (16), for n > 1 we have ! = !�
n+✏2�!̂2/(2!�

n)+O(✏4), where
!�

n = (�̃�
n)1/2. This is motivated by the observation that optical branches have zero initial slope, d!/dk = 0,

at k = 0 when �̃�
n is simple [5, 23], see also [9] for the mathematical analysis in R2. When f̃ = 0 in (4), the

sign factor � in (16) accordingly accounts for the possibility that the initial curvature of a given optical branch
can be either positive or negative. When f̃ 6= 0, on the other hand, the pair (k, !) is given a priori (say in a
neighborhood of the nth branch) and we take � = sign(! � !�

n).

Lemma 2. The solution of (17)–(18) is characterized by arg(�̃�
n(x)) = const. for x 2 Y . Accordingly we can

take �̃�
n(x) to be real-valued without loss of generality. See Appendix, Section A for proof.

3.1. Asymptotic expansion at finite frequency

In the LW-FF regime (16), (7)–(8) become

�(�̃�
n+✏2�!̂2)⇢w̃ �

�
r+✏ik̂

�
·
�
G(r+✏ik̂)w̃

�
= 1 in Y, (19)

w̃|xj=0 = w̃|xj=`j ,

⌫ · G(r+✏ik̂)w̃|xj=0 = �⌫ · G(r+✏ik̂)w̃|xj=`j ,
j = 1, d. (20)

Consider next the asymptotic expansion

w̃(x) = ✏�2w̃0(x) + ✏�1w̃1(x) + w̃2(x) + ✏w̃3(x) + · · · , (21)

by which (19)–(20) become a series in ✏. In what follows, the di↵erential equations satisfied by w̃m in Y
(m > 0) are subject to implicit periodic boundary conditions

w̃m|xj=0 = w̃m|xj=`j ,

⌫ · G(rw̃m + ik̂w̃m�1)|xj=0 = �⌫ · G(rw̃m + ik̂w̃m�1)|xj=`j ,
j = 1, d, (22)

where w̃�1 ⌘ 0.
In the sequel, we conveniently denote by wm the respective constants of integration when solving for w̃m(x).

With reference to (15) and (21), we specifically seek wm as

wm = hw̃mi = (w̃m, �̃�
n), m > 0 (23)

so that
hw̃i = ✏�2w0 + ✏�1w1 + w2 + ✏w3 + · · · . (24)

3.1.1. Leading-order approximation
The O(✏�2) contribution stemming from (19) and (21) reads

��̃�
n⇢w̃0 � r·

�
Grw̃0

�
= 0 in Y. (25)

By virtue of (17)–(18) and (22) with m = 0, we have

w̃0(x) = w0 �̃�
n(x), (26)

5

Effective motion

where ↵̃m are constants. Thanks to (12) and the orthogonality of {�̃m} in L2
⇢(Y ), we have

↵̃m =
(f̃ , �̃m)

(⇢�̃m, �̃m)

1

�̃m� !2
when !2 6= �̃m, m 2 Z+, (14)

Z+ being the set of positive integers. Taking f̃ = 1, we find that

w̃ =
1X

m=1

(1̃, �̃m)

(⇢�̃m, �̃m)

1

�̃m� !2
�̃m, when !2 6= �m, m 2 Z+

holds in the L2
⇢(Y ) sense.

Remark 1. From the above arguments, one finds that the necessary and su�cient condition ensuring the
unique solution of (7)–(8) is !2 6= �m, 8m. If !2 = �n for some n, (7)–(8) are still solvable provided
(1, �̃n) = 0, see [17] for discussion.

2.2. E↵ective wave motion

Let B30 denote the first Brioullin zone, i.e. the counterpart of Y in the Fourier k-space containing the origin.
With such definition, we concern ourselves with an e↵ective description of the wave motion for k 2 B. In the
context of the Bloch wave equation (4), this is traditionally done by restricting (k, !) to some neighborhood of

the first dispersion branch (k 2 B, ! = �̃1/2
1 (k)) and seeking the e↵ective wave motion as hũi = (ũ, 1), i.e. the

Y -average of ũ [22] (recall that |Y | = 1). If further a low-wavenumber, low-frequency (LW-LF) asymptotic
model of the problem is sought, the e↵ective i.e. homogenized field hũi is expanded about (k = 0, ! = 0) [17].

Motivated by several recent developments [4, 11, 9, 15], we instead focus our e↵orts on formulating a
comprehensive asymptotic framework toward low-wavenumber, finite-frequency (LW-FF) approximation of (4)
that poses no upper limit on !. When the e↵ective behavior near the origin of B is sought, this in particular

suggests an expansion about (k = 0, ! = �̃1/2
n (0)) for some n > 1. On recalling that in fact (ũ, 1) = (ũ, �̃1(0)),

one may intuitively generalize upon the LW-LF definition of e↵ective wave motion as

hũi = (ũ, �̃�
n), �̃�

n = �̃n(0), n > 1 (15)

to facilitate the homogenization at finite frequencies, see [9] for example. In Section 3 we assume that the
eigenvalue �̃n(0) is simple, and we use (15) as the basis for developing a second-order, LW-FF e↵ective model
of wave motion near k = 0. In Section 5 and Section 6, we extend the analysis to allow for finite-wavenumber,
finite-frequency (FW-FF) expansion about the “corners” ka of B, and situations when the eigenvalue �̃n(ka)
is repeated, respectively.

Definition 1. With reference to (15), we introduce the auxiliary function space

H1
p0(Y ) = {g 2 L2(Y ) : rg 2 (L2(Y ))d, hgi = 0, g|xj=0 = g|xj=`j , j = 1, d, },

where the choice of n > 1 is implicit in the definition of h·i.

Lemma 1. Let ũ solve (4)–(5) where f̃ is a constant. Provided that !2 6= �m 8m, we have

ũ = f̃ w̃ and hũi = f̃ hw̃i.

3. LW-FF approximation near the origin of the first Brioullin zone

In principle, either the two-scale homogenization approach [28] or the asymptotically-expanded Willis’ model [17]

can be used to approximate the mean motion in a neighborhood of the acoustic branch, ! = �̃1/2
1 (k), at long

wavelengths where kkk ⌧ |Y |�1/d. With reference to the scalar wave equation (1), we seek the long-wavelength

4

k = ✏k̂, ! = ✏!̂
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where w0 is a constant to be determined. By the earlier premise that k�̃�
nk=1, one immediately finds hw̃0i = w0

as postulated by (23).
Similarly, the O(✏�1) equality can be identified as

��̃�
n⇢w̃1 � r·

�
G(rw̃1 + ik̂w̃0)

�
� ik̂ ·

�
Grw̃0

�
= 0 in Y. (27)

This equation is solved by
w̃1(x) = w0�(1)(x)· ik̂ + w1 �̃�

n(x) (28)

where w1 is a constant, and �(1) 2 (H1
p0(Y ))d is a unique vector that satisfies

�̃�
n⇢�(1) + r·

�
G(r�(1)+ I�̃�

n)
�

+ Gr�̃�
n = 0 in Y, (29)

⌫ · G(r�(1)+ I�̃�
n)|xj=0 = �⌫ · G(r�(1)+ I�̃�

n)|xj=`j , j = 1, d.

Note that (29) is solvable since one can show that r·(GI�̃�
n)+Gr�̃�

n is orthogonal to �̃�
n. In a similar fashion,

the solvability condition can be demonstrated to hold for all subsequent cell problems and will not be discussed
hereon. We also remark that the above expressions for w̃0 and w̃1 are branch-generic, including the case of
the acoustic branch (n = 1) where �̃�

1 = 0 and �̃�
1 = 1, see [28, 17] for example.

Lemma 3. Cell function �(1) is real-valued. See Appendix, Section A for proof.

Proceeding with the cascade of di↵erential equations, the O(1) equation reads

��̃�
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂·

�
G(rw̃1 + ik̂w̃0)

�
� �!̂2⇢w̃0 = 1 in Y. (30)

To help expose the behavior of w0, we next evaluate the inner product of (30) with �̃�
n, i.e.

�
� �̃�

n⇢w̃2 � r·
�
G(rw̃2+ ik̂w̃1)

�
, �̃�

n

�
=

�
ik̂·

�
G(rw̃1+ ik̂w̃0)

�
, �̃�

n

�
+ �!̂2h⇢�̃�

niw0 + h1i. (31)

On deploying repeated integration by parts and recalling (17), the second term on the left-hand side of (31)
is computed as

�
�
r·

�
G(rw̃2 + ik̂w̃1)

�
, �̃�

n

�
=

�
G(rw̃2 + ik̂w̃1), r�̃�

n

�

= �
�
w̃2, r·

�
G(r�̃�

n

��
+

�
ik̂Gw̃1 , r�̃�

n

�
=

�
w̃2, �̃

�
n⇢�̃�

n

�
+

�
ik̂Gw̃1 , r�̃�

n

�
. (32)

By (28) and (32), the left-hand side of (31) becomes

�
ik̂Gw̃1, r�̃�

n

�
= w0

�
G�(1) ⌦ r�̃�

n, 1
�

: (ik̂)2 + w1

�
ik̂G�̃�

n, r�̃�
n

�
,

while its right-hand side reads

w0

�
Gr�(1), �̃�

n

�
: (ik̂)2 + w1

�
ik̂·(Gr�̃�

n), �̃�
n

�
+ w0

�
G�̃�

nI, �̃�
n

�
: (ik̂)2 + �!̂2h⇢�̃�

niw0 + h1i.

From the last two results and the fact that �̃�
n is real-valued, we find that w0 solves

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w0 = h1i, (33)

where the e↵ective coe�cients

⇢(0) = h⇢�̃�
ni, µ(0) =

⌦
G{r�(1) + I�̃�

n}
↵

�
�
G{�(1) ⌦ r�̃�

n}, 1
�

(34)

are real-valued thanks to Lemma 2 and Lemma 3. In (34) and hereafter, {·} denotes tensor averaging over all
index permutations; in particular for an nth-order tensor ⌧ , one has

{⌧}j1,j2,...jn =
1

n!

X

(l1,l2,...ln)2P

⌧ l1,l2,...ln , j1, j2, . . . jn 2 1, d

6

where w0 is a constant to be determined. By the earlier premise that k�̃�
nk=1, one immediately finds hw̃0i = w0

as postulated by (23).
Similarly, the O(✏�1) equality can be identified as

��̃�
n⇢w̃1 � r·

�
G(rw̃1 + ik̂w̃0)

�
� ik̂ ·

�
Grw̃0

�
= 0 in Y. (27)

This equation is solved by
w̃1(x) = w0�(1)(x)· ik̂ + w1 �̃�

n(x) (28)

where w1 is a constant, and �(1) 2 (H1
p0(Y ))d is a unique vector that satisfies

�̃�
n⇢�(1) + r·

�
G(r�(1)+ I�̃�

n)
�

+ Gr�̃�
n = 0 in Y, (29)

⌫ · G(r�(1)+ I�̃�
n)|xj=0 = �⌫ · G(r�(1)+ I�̃�

n)|xj=`j , j = 1, d.

Note that (29) is solvable since one can show that r·(GI�̃�
n)+Gr�̃�

n is orthogonal to �̃�
n. In a similar fashion,

the solvability condition can be demonstrated to hold for all subsequent cell problems and will not be discussed
hereon. We also remark that the above expressions for w̃0 and w̃1 are branch-generic, including the case of
the acoustic branch (n = 1) where �̃�

1 = 0 and �̃�
1 = 1, see [28, 17] for example.

Lemma 3. Cell function �(1) is real-valued. See Appendix, Section A for proof.

Proceeding with the cascade of di↵erential equations, the O(1) equation reads

��̃�
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂·

�
G(rw̃1 + ik̂w̃0)

�
� �!̂2⇢w̃0 = 1 in Y. (30)

To help expose the behavior of w0, we next evaluate the inner product of (30) with �̃�
n, i.e.

�
� �̃�

n⇢w̃2 � r·
�
G(rw̃2+ ik̂w̃1)

�
, �̃�

n

�
=

�
ik̂·

�
G(rw̃1+ ik̂w̃0)

�
, �̃�

n

�
+ �!̂2h⇢�̃�

niw0 + h1i. (31)

On deploying repeated integration by parts and recalling (17), the second term on the left-hand side of (31)
is computed as

�
�
r·

�
G(rw̃2 + ik̂w̃1)

�
, �̃�

n

�
=

�
G(rw̃2 + ik̂w̃1), r�̃�

n

�

= �
�
w̃2, r·

�
G(r�̃�

n

��
+

�
ik̂Gw̃1 , r�̃�

n

�
=

�
w̃2, �̃

�
n⇢�̃�

n

�
+

�
ik̂Gw̃1 , r�̃�

n

�
. (32)

By (28) and (32), the left-hand side of (31) becomes

�
ik̂Gw̃1, r�̃�

n

�
= w0

�
G�(1) ⌦ r�̃�

n, 1
�

: (ik̂)2 + w1

�
ik̂G�̃�

n, r�̃�
n

�
,

while its right-hand side reads

w0

�
Gr�(1), �̃�

n

�
: (ik̂)2 + w1

�
ik̂·(Gr�̃�

n), �̃�
n

�
+ w0

�
G�̃�

nI, �̃�
n

�
: (ik̂)2 + �!̂2h⇢�̃�

niw0 + h1i.

From the last two results and the fact that �̃�
n is real-valued, we find that w0 solves

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w0 = h1i, (33)

where the e↵ective coe�cients

⇢(0) = h⇢�̃�
ni, µ(0) =

⌦
G{r�(1) + I�̃�

n}
↵

�
�
G{�(1) ⌦ r�̃�

n}, 1
�

(34)

are real-valued thanks to Lemma 2 and Lemma 3. In (34) and hereafter, {·} denotes tensor averaging over all
index permutations; in particular for an nth-order tensor ⌧ , one has

{⌧}j1,j2,...jn =
1

n!

X

(l1,l2,...ln)2P

⌧ l1,l2,...ln , j1, j2, . . . jn 2 1, d
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�
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�
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�
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�
hũi ✏

= ✏�2f̃M(k̂, !̂),
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Local fields

description of the e↵ective field hui in a neighborhood of the nth branch, ! = �̃1/2
n (k), for n> 1. Accordingly,

we describe the featured long-wavelength, finite-frequency (LW-FF) regime via scalings

k = ✏k̂, !2 = �̃�
n + ✏2�!̂2, �̃�

n = �̃n(0), ✏ = o(1), � = ±1 (16)

where �̃�
n > 0 is such that

�r·
�
Gr�̃�

n

�
= �̃�

n⇢�̃�
n in Y, (17)

⌫ · Gr�̃�
n|xj=0 = �⌫ · Gr�̃�

n|xj=`j , j = 1, d (18)

and �̃�
n 2H1

p (Y ) are ⇢-orthogonal as in (11). For the time being, we assume that �̃�
n has multiplicity one.

Remark 2. Concerning the frequency scaling in (16), for n > 1 we have ! = !�
n+✏2�!̂2/(2!�

n)+O(✏4), where
!�

n = (�̃�
n)1/2. This is motivated by the observation that optical branches have zero initial slope, d!/dk = 0,

at k = 0 when �̃�
n is simple [4, 22], see also [8] for the mathematical analysis in R2. When f̃ = 0 in (4), the

sign factor � in (16) accordingly accounts for the possibility that the initial curvature of a given optical branch
can be either positive or negative. When f̃ 6= 0, on the other hand, the pair (k, !) is given a priori (say in a
neighborhood of the nth branch) and we take � = sign(! � !�

n).

Lemma 2. The solution of (17)–(18) is characterized by arg(�̃�
n(x)) = const. for x 2 Y . Accordingly we can

take �̃�
n(x) to be real-valued without loss of generality. See Appendix, Section A for proof.

3.1. Asymptotic expansion at finite frequency

In the LW-FF regime (16), (7)–(8) become

�(�̃�
n+✏2�!̂2)⇢w̃ �

�
r+✏ik̂

�
·
�
G(r+✏ik̂)w̃

�
= 1 in Y, (19)

w̃|xj=0 = w̃|xj=`j ,

⌫ · G(r+✏ik̂)w̃|xj=0 = �⌫ · G(r+✏ik̂)w̃|xj=`j ,
j = 1, d. (20)

Consider next the asymptotic expansion

w̃(x) = ✏�2w̃0(x) + ✏�1w̃1(x) + w̃2(x) + ✏w̃3(x) + · · · , (21)

by which (19)–(20) become a series in ✏. In what follows, the di↵erential equations satisfied by w̃m in Y
(m > 0) are subject to implicit periodic boundary conditions

w̃m|xj=0 = w̃m|xj=`j ,

⌫ · G(rw̃m + ik̂w̃m�1)|xj=0 = �⌫ · G(rw̃m + ik̂w̃m�1)|xj=`j ,
j = 1, d, (22)

where w̃�1 ⌘ 0.
In the sequel, we conveniently denote by wm the respective constants of integration when solving for w̃m(x).

With reference to (15) and (21), we specifically seek wm as

wm = hw̃mi = (w̃m, �̃�
n), m > 0 (23)

so that
hw̃i = ✏�2w0 + ✏�1w1 + w2 + ✏w3 + · · · . (24)

3.1.1. Leading-order approximation
The O(✏�2) contribution stemming from (19) and (21) reads

��̃�
n⇢w̃0 � r·

�
Grw̃0

�
= 0 in Y. (25)

By virtue of (17)–(18) and (22) with m = 0, we have

w̃0(x) = w0 �̃�
n(x), (26)
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where w̃�1 ⌘ 0.

In the sequel, we conveniently denote by wm the respective constants of integration when
solving for w̃m(x). With reference to (2.15) and (3.6), we specifically seek wm as

wm = hw̃mi = (w̃m, �̃�
n), m> 0 (3.8)

so that
hw̃i = ✏�2w0 + ✏�1w1 + w2 + ✏w3 + · · · . (3.9)

(i) Leading-order approximation

The O(✏�2) contribution stemming from (3.4) and (3.6) reads

��̃�
n⇢w̃0 �r·

�
Grw̃0

�
= 0 in Y. (3.10)

By virtue of (3.2)–(3.3) and (3.7) with m= 0, we have

w̃0(x) = w0 �̃
�
n(x), (3.11)

where w0 is a constant to be determined. By the earlier premise that k�̃�
nk=1, one immediately

finds hw̃0i=w0 as postulated by (3.8).
Similarly, the O(✏�1) equality can be identified as

��̃�
n⇢w̃1 �r·

�
G(rw̃1 + ik̂w̃0)

�
� ik̂ ·

�
Grw̃0

�
= 0 in Y. (3.12)

This equation is solved by

w̃1(x) = w0�
(1)(x)· ik̂ + w1 �̃

�
n(x) (3.13)

where w1 is a constant, and �(1)2 (H1
p0(Y ))d is a unique vector that satisfies

�̃�
n⇢�

(1) +r·
�
G(r�(1)+ I�̃�

n)
�
+Gr�̃�

n = 0 in Y, (3.14)

⌫ ·G(r�(1)+ I�̃�
n)|xj=0 = �⌫ ·G(r�(1)+ I�̃�

n)|xj=`j
.

Note that (3.14) is solvable since one can show that r·(GI�̃�
n) +Gr�̃�

n is orthogonal to �̃�
n.

In a similar fashion, the solvability condition can be demonstrated to hold for all subsequent
cell problems and will not be discussed hereon. We also remark that the above expressions for
w̃0 and w̃1 are branch-generic, including the case of the acoustic branch (n= 1) where �̃�

1 = 0

and �̃�
1 = 1, see [20,31] for example.

Lemma 3. Cell function �(1) is real-valued. See Appendix A, electronic supplementary material, for proof.

Proceeding with the cascade of differential equations, the O(1) equation reads

��̃�
n⇢w̃2 �r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂·

�
G(rw̃1 + ik̂w̃0)

�
� �!̂2⇢w̃0 = 1 in Y. (3.15)

To help expose the behavior of w0, we next evaluate the inner product of (3.15) with �̃�
n, i.e.

�
� �̃�

n⇢w̃2 �r·
�
G(rw̃2+ ik̂w̃1)

�
, �̃�

n
�
=

�
ik̂·

�
G(rw̃1+ ik̂w̃0)

�
, �̃�

n
�
+ �!̂2h⇢�̃�

niw0 + h1i.
(3.16)

On deploying repeated integration by parts and recalling (3.2), the second term on the left-hand
side of (3.16) is computed as

�
�
r·

�
G(rw̃2 + ik̂w̃1)

�
, �̃�

n
�
=

�
G(rw̃2 + ik̂w̃1),r�̃�

n
�

= �
�
w̃2,r·

�
G(r�̃�

n
��

+
�
ik̂Gw̃1 ,r�̃�

n
�
=

�
w̃2, �̃

�
n⇢�̃

�
n
�
+

�
ik̂Gw̃1 ,r�̃�

n
�
. (3.17)

By (3.13) and (3.17), the left-hand side of (3.16) becomes
�
ik̂Gw̃1,r�̃�

n
�
= w0

�
G�(1) ⌦r�̃�

n, 1
�
: (ik̂)2 + w1

�
ik̂G�̃�

n,r�̃�
n
�
,

➯Effective eq.
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where w̃�1 ⌘ 0.
In the sequel, we conveniently denote by wm the respective constants of integration when

solving for w̃m(x). With reference to (2.15) and (3.6), we specifically seek wm as

wm = hw̃mi = (w̃m, �̃�
n), m> 0 (3.8)

so that
hw̃i = ✏�2w0 + ✏�1w1 + w2 + ✏w3 + · · · . (3.9)
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In a similar fashion, the solvability condition can be demonstrated to hold for all subsequent
cell problems and will not be discussed hereon. We also remark that the above expressions for
w̃0 and w̃1 are branch-generic, including the case of the acoustic branch (n= 1) where �̃�

1 = 0

and �̃�
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Lemma 3. Cell function �(1) is real-valued. See Appendix A, electronic supplementary material, for proof.
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�
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�
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�
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�
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�
: (ik̂)2 + w1

�
ik̂G�̃�

n,r�̃�
n
�
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) w̃1 2 span{�̃�
n,�

(1)

1 ,�(1)

2 }
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where w̃�1 ⌘ 0.
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w̃0(x) = w0 �̃
�
n(x), (3.11)

where w0 is a constant to be determined. By the earlier premise that k�̃�
nk=1, one immediately

finds hw̃0i=w0 as postulated by (3.8).
Similarly, the O(✏�1) equality can be identified as

��̃�
n⇢w̃1 �r·

�
G(rw̃1 + ik̂w̃0)

�
� ik̂ ·

�
Grw̃0

�
= 0 in Y. (3.12)

This equation is solved by

w̃1(x) = w0�
(1)(x)· ik̂ + w1 �̃

�
n(x) (3.13)

where w1 is a constant, and �(1)2 (H1
p0(Y ))d is a unique vector that satisfies

�̃�
n⇢�

(1) +r·
�
G(r�(1)+ I�̃�

n)
�
+Gr�̃�

n = 0 in Y, (3.14)

⌫ ·G(r�(1)+ I�̃�
n)|xj=0 = �⌫ ·G(r�(1)+ I�̃�

n)|xj=`j
.

Note that (3.14) is solvable since one can show that r·(GI�̃�
n) +Gr�̃�

n is orthogonal to �̃�
n.

In a similar fashion, the solvability condition can be demonstrated to hold for all subsequent
cell problems and will not be discussed hereon. We also remark that the above expressions for
w̃0 and w̃1 are branch-generic, including the case of the acoustic branch (n= 1) where �̃�

1 = 0

and �̃�
1 = 1, see [20,31] for example.

Lemma 3. Cell function �(1) is real-valued. See Appendix A, electronic supplementary material, for proof.

Proceeding with the cascade of differential equations, the O(1) equation reads

��̃�
n⇢w̃2 �r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂·

�
G(rw̃1 + ik̂w̃0)

�
� �!̂2⇢w̃0 = 1 in Y. (3.15)

To help expose the behavior of w0, we next evaluate the inner product of (3.15) with �̃�
n, i.e.

�
� �̃�

n⇢w̃2 �r·
�
G(rw̃2+ ik̂w̃1)

�
, �̃�

n
�
=

�
ik̂·

�
G(rw̃1+ ik̂w̃0)

�
, �̃�

n
�
+ �!̂2h⇢�̃�

niw0 + h1i.
(3.16)

On deploying repeated integration by parts and recalling (3.2), the second term on the left-hand
side of (3.16) is computed as

�
�
r·

�
G(rw̃2 + ik̂w̃1)

�
, �̃�

n
�
=

�
G(rw̃2 + ik̂w̃1),r�̃�

n
�

= �
�
w̃2,r·

�
G(r�̃�

n
��

+
�
ik̂Gw̃1 ,r�̃�

n
�
=

�
w̃2, �̃

�
n⇢�̃

�
n
�
+

�
ik̂Gw̃1 ,r�̃�

n
�
. (3.17)

By (3.13) and (3.17), the left-hand side of (3.16) becomes
�
ik̂Gw̃1,r�̃�

n
�
= w0

�
G�(1) ⌦r�̃�

n, 1
�
: (ik̂)2 + w1

�
ik̂G�̃�

n,r�̃�
n
�
,
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where w̃�1 ⌘ 0.
In the sequel, we conveniently denote by wm the respective constants of integration when

solving for w̃m(x). With reference to (2.15) and (3.6), we specifically seek wm as
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n), m> 0 (3.8)

so that
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(i) Leading-order approximation

The O(✏�2) contribution stemming from (3.4) and (3.6) reads

��̃�
n⇢w̃0 �r·

�
Grw̃0

�
= 0 in Y. (3.10)

By virtue of (3.2)–(3.3) and (3.7) with m= 0, we have

w̃0(x) = w0 �̃
�
n(x), (3.11)
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n(x) (3.13)

where w1 is a constant, and �(1)2 (H1
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n = 0 in Y, (3.14)
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n)|xj=`j
.

Note that (3.14) is solvable since one can show that r·(GI�̃�
n) +Gr�̃�

n is orthogonal to �̃�
n.

In a similar fashion, the solvability condition can be demonstrated to hold for all subsequent
cell problems and will not be discussed hereon. We also remark that the above expressions for
w̃0 and w̃1 are branch-generic, including the case of the acoustic branch (n= 1) where �̃�

1 = 0

and �̃�
1 = 1, see [20,31] for example.

Lemma 3. Cell function �(1) is real-valued. See Appendix A, electronic supplementary material, for proof.

Proceeding with the cascade of differential equations, the O(1) equation reads
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�
� ik̂·
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G(rw̃1 + ik̂w̃0)
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� �!̂2⇢w̃0 = 1 in Y. (3.15)

To help expose the behavior of w0, we next evaluate the inner product of (3.15) with �̃�
n, i.e.
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G(rw̃1+ ik̂w̃0)
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+ �!̂2h⇢�̃�

niw0 + h1i.
(3.16)

On deploying repeated integration by parts and recalling (3.2), the second term on the left-hand
side of (3.16) is computed as
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r·
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G(rw̃2 + ik̂w̃1)
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By (3.13) and (3.17), the left-hand side of (3.16) becomes
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while its right-hand side reads

w0
�
Gr�(1), �̃�

n
�
: (ik̂)2 + w1

�
ik̂·(Gr�̃�

n), �̃
�
n
�
+ w0

�
G�̃�

nI, �̃
�
n
�
: (ik̂)2 + �!̂2h⇢�̃�

niw0 + h1i.

From the last two results and the fact that �̃�
n is real-valued, we find that w0 solves

�
�
µ(0): (ik̂)2 + �⇢(0) !̂2�w0 = h1i, (3.18)

where the effective coefficients

⇢(0) = h⇢�̃�
ni, µ(0) =

⌦
G{r�(1) + I�̃�

n}
↵
�

�
G{�(1) ⌦r�̃�

n}, 1
�

(3.19)

are real-valued thanks to Lemma 2 and Lemma 3. In (3.19) and hereafter, {·} denotes tensor
averaging over all index permutations; in particular for an nth-order tensor ⌧ , one has

{⌧}j1,j2,...jn =
1
n!

X

(l1,l2,...ln)2P

⌧ l1,l2,...ln , j1, j2, . . . jn 2 1, d

where P denotes the set of all permutations of (j1, j2, . . . jn). Such averaged expression for µ(0) is
due to the structure of µ(0): (ik̂)2, which is invariant with respect to the index permutation of µ(0).
Later on, we will also make use of the partial symmetrization

{⌧}0
j1,j2,...jn

=
1

(n�1)!

X

(l2,...ln)2Q

⌧ j1,l2,...ln , j1, j2, . . . jn 2 1, d

where Q denotes the set of all permutations of (j2, j3, . . . jn). Note that assuming the acoustic
branch (�̃�

1 = 1) in (3.19), one recovers the well-known result ⇢(0) = h⇢i and µ(0) = hG{r�(1) + I}i.

Remark 3. With reference to Lemma 1, we first recall that (3.18) caters for an effective description of (2.4)
with f̃ 6= 0. In this case, we assume that µ(0):(ik̂)2 + �⇢(0) !̂2 6= 0 so that (3.18) has a solution. By way
of (3.6) and (3.11), the leading LW-FF approximation of the Bloch wave function ũ in (2.3) can thus be
written as ũ0 = ✏�2f̃ w̃0 = ✏�2f̃w0 �̃

�
n. Following the recent argument by Willis [34], we find that the

mean (total) energy density of a Bloch wave (2.3) – averaged in space over Y and time over 2⇡/! – is given
by Ē = 1

2!
2(⇢u, u) = 1

2!
2(⇢ũ, ũ). Its leading LW-FF approximation thus reads Ē0 =

1
2!

2(⇢ũ0, ũ0) =

✏�4 1
2⇢

(0)!2|f̃w0|2, which lends further credence to (3.18) as an effective descriptor of wave motion.

Remark 4. Considering the free Bloch waves solving (2.4) with f̃ = 0, from (3.18) we directly obtain the
leading LW-FF approximation of the nth dispersion branch, !(k) = !�

n + ✏2�!̂2(k̂)/(2!�
n), by solving

the primal problem
µ(0): (ik̂)2 + �⇢(0) !̂2 = 0. (3.20)

To obtain a real-valued root for !̂, one must take �= sign(µ(0)), where sign(·)2 {�1, 1} reflects the sign
definiteness of its argument.

(ii) First-order corrector

Let �(2) 2
�
H1

p0(Y )
�d⇥d be the unique second-order tensor solving

�̃�
n⇢�

(2) +r·
�
G
�
r�(2) + {I ⌦ �(1)}0��+G{r�(1) + I�̃�

n}�
⇢
⇢(0)

µ(0)�̃�
n = 0 in Y, (3.21)

⌫ ·G
�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ ·G

�
r�(2) + {I ⌦ �(1)}0�|xj=`j

,

and let ⌘(0) 2H1
p0(Y ) be the unique function satisfying

�̃�
n⇢⌘

(0) +r·
�
Gr⌘(0)�� ⇢

⇢(0)
h1i�̃�

n + 1 = 0 in Y, (3.22)

⌫ ·Gr⌘(0)|xj=0 = �⌫ ·Gr⌘(0)|xj=`j
.

With such definitions, one can show that (3.15) is solved by

w̃2(x) = w0�
(2)(x) : (ik̂)2 + w1�

(1)(x) · ik̂ + w2 �̃
�
n(x) + ⌘(0)(x). (3.23)
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while its right-hand side reads

w0
�
Gr�(1), �̃�
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: (ik̂)2 + w1
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n), �̃
�
n
�
+ w0
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: (ik̂)2 + �!̂2h⇢�̃�

niw0 + h1i.

From the last two results and the fact that �̃�
n is real-valued, we find that w0 solves
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�
µ(0): (ik̂)2 + �⇢(0) !̂2�w0 = h1i, (3.18)

where the effective coefficients

⇢(0) = h⇢�̃�
ni, µ(0) =

⌦
G{r�(1) + I�̃�

n}
↵
�

�
G{�(1) ⌦r�̃�

n}, 1
�

(3.19)

are real-valued thanks to Lemma 2 and Lemma 3. In (3.19) and hereafter, {·} denotes tensor
averaging over all index permutations; in particular for an nth-order tensor ⌧ , one has

{⌧}j1,j2,...jn =
1
n!

X

(l1,l2,...ln)2P

⌧ l1,l2,...ln , j1, j2, . . . jn 2 1, d

where P denotes the set of all permutations of (j1, j2, . . . jn). Such averaged expression for µ(0) is
due to the structure of µ(0): (ik̂)2, which is invariant with respect to the index permutation of µ(0).
Later on, we will also make use of the partial symmetrization

{⌧}0
j1,j2,...jn

=
1

(n�1)!

X

(l2,...ln)2Q

⌧ j1,l2,...ln , j1, j2, . . . jn 2 1, d

where Q denotes the set of all permutations of (j2, j3, . . . jn). Note that assuming the acoustic
branch (�̃�

1 = 1) in (3.19), one recovers the well-known result ⇢(0) = h⇢i and µ(0) = hG{r�(1) + I}i.

Remark 3. With reference to Lemma 1, we first recall that (3.18) caters for an effective description of (2.4)
with f̃ 6= 0. In this case, we assume that µ(0):(ik̂)2 + �⇢(0) !̂2 6= 0 so that (3.18) has a solution. By way
of (3.6) and (3.11), the leading LW-FF approximation of the Bloch wave function ũ in (2.3) can thus be
written as ũ0 = ✏�2f̃ w̃0 = ✏�2f̃w0 �̃
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n. Following the recent argument by Willis [34], we find that the

mean (total) energy density of a Bloch wave (2.3) – averaged in space over Y and time over 2⇡/! – is given
by Ē = 1

2!
2(⇢u, u) = 1

2!
2(⇢ũ, ũ). Its leading LW-FF approximation thus reads Ē0 =

1
2!

2(⇢ũ0, ũ0) =

✏�4 1
2⇢

(0)!2|f̃w0|2, which lends further credence to (3.18) as an effective descriptor of wave motion.

Remark 4. Considering the free Bloch waves solving (2.4) with f̃ = 0, from (3.18) we directly obtain the
leading LW-FF approximation of the nth dispersion branch, !(k) = !�

n + ✏2�!̂2(k̂)/(2!�
n), by solving

the primal problem
µ(0): (ik̂)2 + �⇢(0) !̂2 = 0. (3.20)

To obtain a real-valued root for !̂, one must take �= sign(µ(0)), where sign(·)2 {�1, 1} reflects the sign
definiteness of its argument.

(ii) First-order corrector

Let �(2) 2
�
H1

p0(Y )
�d⇥d be the unique second-order tensor solving

�̃�
n⇢�

(2) +r·
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r�(2) + {I ⌦ �(1)}0��+G{r�(1) + I�̃�

n}�
⇢
⇢(0)

µ(0)�̃�
n = 0 in Y, (3.21)
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�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ ·G
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r�(2) + {I ⌦ �(1)}0�|xj=`j

,

and let ⌘(0) 2H1
p0(Y ) be the unique function satisfying
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(0) +r·
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Gr⌘(0)�� ⇢

⇢(0)
h1i�̃�

n + 1 = 0 in Y, (3.22)

⌫ ·Gr⌘(0)|xj=0 = �⌫ ·Gr⌘(0)|xj=`j
.

With such definitions, one can show that (3.15) is solved by

w̃2(x) = w0�
(2)(x) : (ik̂)2 + w1�

(1)(x) · ik̂ + w2 �̃
�
n(x) + ⌘(0)(x). (3.23)

Remark 18. The exact dispersion relationship due to (160) reads cos(k`) = 1�P(!), where P is a real-valued
polynomial of degree 2N . Inside (the positive half of) the first Brioullin zone, this relationship can be inverted
as k` = g(!), where g(!) = cos�1(1�P(!)) is a single-valued function mapping {! 2 R+ : 0 < P(!) < 2}
to (0, ⇡/`). In light of Theorem 3, repeated eigenvalues at ka with multiplicity Q > 2 are thus not possible in
a polyatomic chain for each such situation would violate the single-valuedness of g(!).

Remark 19. When Q = 2 at ka 2 {0, ⇡/`}, we find that dk/d! = `�1[P (!)(2�P (!))]�1/2P 0(!) is bounded
at ka, i.e. that |d!/dk| > 0 there. By Theorem 3, this further precludes the situations with Q = 2 and
rank(Apq) = 0 in a polyatomic chain.

As an illustration, Fig. 2 plots the FF-FW approximation of the dispersion relationships in polyatomic
chains for N = 2, 3, 4. As can be seen from the display, the second-order model outperforms its leading-order
counterpart and covers with reasonable accuracy at least 50% of the first Brioullin zone in each case. From
panel (c), it is also seen that a one-dimensional, discrete variant of the “full rank Apq” model described in
Section 6.2.3 e↵ectively describes the occurence of a double eigenvalue (Q=2) in a triatomic chain at k = 0.
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Figure 2: FF-FW approximation of the dispersion relationship in polyatomic chains: (a) diatomic chain with m = (1, 0.5) and

c = (1, 0.5); (b) triatomic chain with m = (1, 0.4582, 1.0674) and c = (1, 2.0075, 2.3388), (c) triatomic chain with m = (1, 2.5, 1)
and c = (1, 1, 0.4), and (d) tetratomic chain with m = (1, 2.0237, 1.3539, 1.6625) and c = (1, 0.4257, 1.0521, 0.3731). Here

!0 =

p
c1/m1; solid line plots the exact relationship, and “o” (resp. “x”) marker tracks the leading- (resp. second-) order

approximation.

7.2. FW-FF homogenization of a chessboard-like medium

Consider a chessboard-like periodic medium whose unit cell Y 2 R2 and the first Brioullin zone B are shown
in Fig. 3. In the spirit of the previous example, we let

G = (G1, G2, G3, G4), r = (⇢1, ⇢2, ⇢3, ⇢4).

24
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where w̃�1 ⌘ 0.
In the sequel, we conveniently denote by wm the respective constants of integration when

solving for w̃m(x). With reference to (2.15) and (3.6), we specifically seek wm as

wm = hw̃mi = (w̃m, �̃�
n), m> 0 (3.8)

so that
hw̃i = ✏�2w0 + ✏�1w1 + w2 + ✏w3 + · · · . (3.9)

(i) Leading-order approximation

The O(✏�2) contribution stemming from (3.4) and (3.6) reads

��̃�
n⇢w̃0 �r·

�
Grw̃0

�
= 0 in Y. (3.10)

By virtue of (3.2)–(3.3) and (3.7) with m= 0, we have

w̃0(x) = w0 �̃
�
n(x), (3.11)

where w0 is a constant to be determined. By the earlier premise that k�̃�
nk=1, one immediately

finds hw̃0i=w0 as postulated by (3.8).
Similarly, the O(✏�1) equality can be identified as

��̃�
n⇢w̃1 �r·

�
G(rw̃1 + ik̂w̃0)

�
� ik̂ ·

�
Grw̃0

�
= 0 in Y. (3.12)

This equation is solved by

w̃1(x) = w0�
(1)(x)· ik̂ + w1 �̃

�
n(x) (3.13)

where w1 is a constant, and �(1)2 (H1
p0(Y ))d is a unique vector that satisfies

�̃�
n⇢�

(1) +r·
�
G(r�(1)+ I�̃�

n)
�
+Gr�̃�

n = 0 in Y, (3.14)

⌫ ·G(r�(1)+ I�̃�
n)|xj=0 = �⌫ ·G(r�(1)+ I�̃�

n)|xj=`j
.

Note that (3.14) is solvable since one can show that r·(GI�̃�
n) +Gr�̃�

n is orthogonal to �̃�
n.

In a similar fashion, the solvability condition can be demonstrated to hold for all subsequent
cell problems and will not be discussed hereon. We also remark that the above expressions for
w̃0 and w̃1 are branch-generic, including the case of the acoustic branch (n= 1) where �̃�

1 = 0

and �̃�
1 = 1, see [20,31] for example.

Lemma 3. Cell function �(1) is real-valued. See Appendix A, electronic supplementary material, for proof.

Proceeding with the cascade of differential equations, the O(1) equation reads

��̃�
n⇢w̃2 �r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂·

�
G(rw̃1 + ik̂w̃0)

�
� �!̂2⇢w̃0 = 1 in Y. (3.15)

To help expose the behavior of w0, we next evaluate the inner product of (3.15) with �̃�
n, i.e.

�
� �̃�

n⇢w̃2 �r·
�
G(rw̃2+ ik̂w̃1)

�
, �̃�

n
�
=

�
ik̂·

�
G(rw̃1+ ik̂w̃0)

�
, �̃�

n
�
+ �!̂2h⇢�̃�

niw0 + h1i.
(3.16)

On deploying repeated integration by parts and recalling (3.2), the second term on the left-hand
side of (3.16) is computed as

�
�
r·

�
G(rw̃2 + ik̂w̃1)

�
, �̃�

n
�
=

�
G(rw̃2 + ik̂w̃1),r�̃�

n
�

= �
�
w̃2,r·

�
G(r�̃�

n
��

+
�
ik̂Gw̃1 ,r�̃�

n
�
=

�
w̃2, �̃

�
n⇢�̃

�
n
�
+

�
ik̂Gw̃1 ,r�̃�

n
�
. (3.17)

By (3.13) and (3.17), the left-hand side of (3.16) becomes
�
ik̂Gw̃1,r�̃�

n
�
= w0

�
G�(1) ⌦r�̃�

n, 1
�
: (ik̂)2 + w1

�
ik̂G�̃�

n,r�̃�
n
�
,

C
Dirichlet Neumann

Cornaggia, G (2019) in review

description of the e↵ective field hui in a neighborhood of the nth branch, ! = �̃1/2
n (k), for n> 1. Accordingly,

we describe the featured long-wavelength, finite-frequency (LW-FF) regime via scalings

k = ✏k̂, !2 = �̃�
n + ✏2�!̂2, �̃�

n = �̃n(0), ✏ = o(1), � = ±1 (16)

where �̃�
n > 0 is such that

�r·
�
Gr�̃�

n

�
= �̃�

n⇢�̃�
n in Y, (17)

⌫ · Gr�̃�
n|xj=0 = �⌫ · Gr�̃�

n|xj=`j , j = 1, d (18)

and �̃�
n 2H1

p (Y ) are ⇢-orthogonal as in (11). For the time being, we assume that �̃�
n has multiplicity one.

Remark 2. Concerning the frequency scaling in (16), for n > 1 we have ! = !�
n+✏2�!̂2/(2!�

n)+O(✏4), where
!�

n = (�̃�
n)1/2. This is motivated by the observation that optical branches have zero initial slope, d!/dk = 0,

at k = 0 when �̃�
n is simple [4, 22], see also [8] for the mathematical analysis in R2. When f̃ = 0 in (4), the

sign factor � in (16) accordingly accounts for the possibility that the initial curvature of a given optical branch
can be either positive or negative. When f̃ 6= 0, on the other hand, the pair (k, !) is given a priori (say in a
neighborhood of the nth branch) and we take � = sign(! � !�

n).

Lemma 2. The solution of (17)–(18) is characterized by arg(�̃�
n(x)) = const. for x 2 Y . Accordingly we can

take �̃�
n(x) to be real-valued without loss of generality. See Appendix, Section A for proof.

3.1. Asymptotic expansion at finite frequency

In the LW-FF regime (16), (7)–(8) become

�(�̃�
n+✏2�!̂2)⇢w̃ �

�
r+✏ik̂

�
·
�
G(r+✏ik̂)w̃

�
= 1 in Y, (19)

w̃|xj=0 = w̃|xj=`j ,

⌫ · G(r+✏ik̂)w̃|xj=0 = �⌫ · G(r+✏ik̂)w̃|xj=`j ,
j = 1, d. (20)

Consider next the asymptotic expansion

w̃(x) = ✏�2w̃0(x) + ✏�1w̃1(x) + w̃2(x) + ✏w̃3(x) + · · · , (21)

by which (19)–(20) become a series in ✏. In what follows, the di↵erential equations satisfied by w̃m in Y
(m > 0) are subject to implicit periodic boundary conditions

w̃m|xj=0 = w̃m|xj=`j ,

⌫ · G(rw̃m + ik̂w̃m�1)|xj=0 = �⌫ · G(rw̃m + ik̂w̃m�1)|xj=`j ,
j = 1, d, (22)

where w̃�1 ⌘ 0.
In the sequel, we conveniently denote by wm the respective constants of integration when solving for w̃m(x).

With reference to (15) and (21), we specifically seek wm as

wm = hw̃mi = (w̃m, �̃�
n), m > 0 (23)

so that
hw̃i = ✏�2w0 + ✏�1w1 + w2 + ✏w3 + · · · . (24)

3.1.1. Leading-order approximation
The O(✏�2) contribution stemming from (19) and (21) reads

��̃�
n⇢w̃0 � r·

�
Grw̃0

�
= 0 in Y. (25)

By virtue of (17)–(18) and (22) with m = 0, we have

w̃0(x) = w0 �̃�
n(x), (26)
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Table 2: Parameters of the model BVP (25) used in numerical simulations: !" = 2.
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Figure 7: Exact wave motion u versus homogenized mean fields U (0), U (1) and U (2) for the model BVP (25)
given in Table 2: excitation frequency !" = 2.
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Figure 8: Exact wave motion u versus homogenized approximations ũ(0), ũ(1) and ũ(2) for the model BVP (25)
given in Table 2: excitation frequency !" = 2.
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µ(0) : k̂
2
/(2⇢(0)!�

n) is real-valued, we specifically see from (38) that the germane eigenfunction �̃�
n(x) is propa-

gated with O(✏�1) phase velocity c and O(✏) group velocity cg given by

c(k̂) = ✏�1
h
!�

n + ✏2
µ(0) : k̂

2

2⇢(0)!�
n

i k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (40)

By (39), one may alternatively interpret the free Bloch wave at some (k̂, !̂(k̂)) as a product between the
standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0, and a plane-wave “propagator” endowed with O(✏)

phase velocity c and commensurate group velocity cg given by

c(k̂) = ✏
µ(0) : k̂

2

2⇢(0)!�
n

k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (41)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However, from (40) and (41)
one also finds that sign(c · cg) = 1, while sign(c ·cg) = sign(µ(0)). In situations when µ(0) is negative definite,
this highlights the contrast between (39) – designed to isolate the perturbation e↵ects, and (38) – which may
shed light on the physical phenomenon of negative refraction, a�liated with an opposition between the group
and phase velocity vectors. For clarity, the velocity quantities in (40) and (41) are schematically illustrated in
Fig. 1(a) by considering the first optical branch (n = 2).

Remark 6. Considering the acoustic branch (n = 1), we have �̃�
1 = 1, !�

1 = 0, and ! = ✏!̂ whereby

u(x, t) = ✏�2f̃ w0(k̂, !̂) ei(k̂·x�!̂t) + O(✏�1) for f̃ 6= 0,

u(x, t) = U ei(k̂·x�(µ(0):k̂
2
/⇢(0))1/2t) + O(✏) for f̃ = 0.

In this case, the leading-order e↵ective solution still carries the role of amplitude (resp. phase) control when
f 6= 0 (resp. f = 0); however the multiplier of the phase term ei(·) is x- and t-independent, which caters for
a more tangible interpretation of w0.

k

!
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)
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n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.

✏k̂

!�
2

c

a = (1, 0)

a = (1, 1)a = (0, 1)

k1

k2

Y a Y a

Y aY a

⇡/`1

⇡/`2

k

!

band gap

driving 
frequency O(✏2)

and we let ⌘(1) 2
�
H1a

p0 (Ya)
�d

be the unique zero-mean vector given by

�̃a
n⇢⌘(1) + r·

�
G(r⌘(1)+ I⌘(0))

�
+ Gr⌘(0) +

⇢

⇢(0)

�
(eika·x�(1), 1)Ya

'̃a
n � heika·xi'

a�(1)
�

= 0 in Ya, (114)

⌫ · G(r⌘(1) + I⌘(0))|xj=0 = �⌫ · G(r⌘(1) + I⌘(0))|xj=(1+aj)`j
, j = 1, d.

With such definitions, we find that

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w2 �

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
w0 = �h⇢⌘(0)i'

a !̂2

+
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r'̃a

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2, (115)

where

⇢(2) = h⇢�(2)i'
a, µ(2) =

⌦
G{r�(3) + I⌦�(2)}

↵'

a
�
�
G{�(3) ⌦ r'̃a

n}, 1
�
Ya

. (116)

Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (88) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (77). Assuming that the eigenvalue �̃a

n (n > 1) solving (84)–(86) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (91) of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (117)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (106) and (116); and

M(k̂, !̂) = heika·xi'
a � ✏ (eika·x�(1), 1)Ya

· ik̂ + ✏2 �h⇢⌘(0)i'
a !̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r�̃�

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2. (118)

When considering the propagation of free waves (f̃ = 0), the second-order FW-FF approximation of the nth
dispersion branch near k = ka accordingly reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , kak + n > 1,

whereby

!
✏5
= !a

n +
✏2

2⇢(0)!a
n

µ(0) : k̂
2

� ✏4

8(⇢(0))2 (!a
n)3

�
µ(0)⌦ µ(0) + 4(!a

n)2
�
⇢(0)µ(2)� µ(0)⌦ ⇢(2)

� 
: k̂

4
, kak + n > 2.

5.5. Example application in the spatial domain

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is comparabe to the size
of the unit cell, and the basic premise of the two-scale analysis (Section 4) does not apply. Instead, we make
use of the inverse Fourier transform to obtain an e↵ective spatial description of wavefields whose spectrum
is localized in a neighborhood of (ka, !a

n). On adopting the terminology of the two-scale analysis, we denote
respectvely by x and y the “slow” and “fast” spatial coordinate, and we consider the solution

Ua(y) = F�1
d

⇥
hũia(k̂)

⇤
= (2⇡)�d

Z

Rd

hũia(k̂) eik·y dk, k̂ =
k � ka

✏

where hũia(k̂) behaves as in Theorem 2. For simplicity of discussion, we disregard the second-order corrections
in (117) and (118). On applying the inverse Fourier transform to the left-hand side of (117), we obtain

�✏d eika·x�µ(0):r2
x + �⇢(0) !̂2

�
Ua(x),

16

(a) (b) (c)

Figure 1: Wave motion in a periodic medium: (a) phase and group velocities featured by the LW-FF expansion of the first optical

branch, n = 2, about k = 0; (b) schematics of the multi-cell domains Y a 2 R2
supporting the FW-FF homogenization of wave

motion about vertices of the first quadrant of the first Brioullin zone, and (c) source excitation near the edge of a band gap.

3.1.3. First-order corrector
Let �(2) 2

�
H1

p0(Y )
�d⇥d

be the unique second-order tensor solving

�̃�
n⇢�(2) + r·

�
G

�
r�(2) + {I ⌦ �(1)}0�� + G{r�(1) + I�̃�

n} � ⇢

⇢(0)
µ(0)�̃�

n = 0 in Y, (42)

⌫ · G
�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ · G

�
r�(2) + {I ⌦ �(1)}0�|xj=`j , j = 1, d,
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where ↵̃m are constants. Thanks to (12) and the orthogonality of {�̃m} in L2
⇢(Y ), we have

↵̃m =
(f̃ , �̃m)

(⇢�̃m, �̃m)

1

�̃m� !2
when !2 6= �̃m, m 2 Z+, (14)

Z+ being the set of positive integers. Taking f̃ = 1, we find that

w̃ =
1X

m=1

(1̃, �̃m)

(⇢�̃m, �̃m)

1

�̃m� !2
�̃m, when !2 6= �m, m 2 Z+

holds in the L2
⇢(Y ) sense.

Remark 1. From the above arguments, one finds that the necessary and su�cient condition ensuring the
unique solution of (7)–(8) is !2 6= �m, 8m. If !2 = �n for some n, (7)–(8) are still solvable provided
(1, �̃n) = 0, see [17] for discussion.

2.2. E↵ective wave motion

Let B30 denote the first Brioullin zone, i.e. the counterpart of Y in the Fourier k-space containing the origin.
With such definition, we concern ourselves with an e↵ective description of the wave motion for k 2 B. In the
context of the Bloch wave equation (4), this is traditionally done by restricting (k, !) to some neighborhood of

the first dispersion branch (k 2 B, ! = �̃1/2
1 (k)) and seeking the e↵ective wave motion as hũi = (ũ, 1), i.e. the

Y -average of ũ [22] (recall that |Y | = 1). If further a low-wavenumber, low-frequency (LW-LF) asymptotic
model of the problem is sought, the e↵ective i.e. homogenized field hũi is expanded about (k = 0, ! = 0) [17].

Motivated by several recent developments [4, 11, 9, 15], we instead focus our e↵orts on formulating a
comprehensive asymptotic framework toward low-wavenumber, finite-frequency (LW-FF) approximation of (4)
that poses no upper limit on !. When the e↵ective behavior near the origin of B is sought, this in particular

suggests an expansion about (k = 0, ! = �̃1/2
n (0)) for some n > 1. On recalling that in fact (ũ, 1) = (ũ, �̃1(0)),
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n), �̃�

n = �̃n(0), n > 1 (15)

to facilitate the homogenization at finite frequencies, see [9] for example. In Section 3 we assume that the
eigenvalue �̃n(0) is simple, and we use (15) as the basis for developing a second-order, LW-FF e↵ective model
of wave motion near k = 0. In Section 5 and Section 6, we extend the analysis to allow for finite-wavenumber,
finite-frequency (FW-FF) expansion about the “corners” ka of B, and situations when the eigenvalue �̃n(ka)
is repeated, respectively.

Definition 1. With reference to (15), we introduce the auxiliary function space

H1
p0(Y ) = {g 2 L2(Y ) : rg 2 (L2(Y ))d, hgi = 0, g|xj=0 = g|xj=`j , j = 1, d, },

where the choice of n > 1 is implicit in the definition of h·i.

Lemma 1. Let ũ solve (4)–(5) where f̃ is a constant. Provided that !2 6= �m 8m, we have

ũ = f̃ w̃ and hũi = f̃ hw̃i.

3. LW-FF approximation near the origin of the first Brioullin zone

In principle, either the two-scale homogenization approach [28] or the asymptotically-expanded Willis’ model [17]

can be used to approximate the mean motion in a neighborhood of the acoustic branch, ! = �̃1/2
1 (k), at long

wavelengths where kkk ⌧ |Y |�1/d. With reference to the scalar wave equation (1), we seek the long-wavelength

4

⇐



µ(0) : k̂
2
/(2⇢(0)!�

n) is real-valued, we specifically see from (38) that the germane eigenfunction �̃�
n(x) is propa-

gated with O(✏�1) phase velocity c and O(✏) group velocity cg given by

c(k̂) = ✏�1
h
!�

n + ✏2
µ(0) : k̂

2

2⇢(0)!�
n

i k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (40)

By (39), one may alternatively interpret the free Bloch wave at some (k̂, !̂(k̂)) as a product between the
standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0, and a plane-wave “propagator” endowed with O(✏)

phase velocity c and commensurate group velocity cg given by

c(k̂) = ✏
µ(0) : k̂

2

2⇢(0)!�
n

k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (41)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However, from (40) and (41)
one also finds that sign(c · cg) = 1, while sign(c ·cg) = sign(µ(0)). In situations when µ(0) is negative definite,
this highlights the contrast between (39) – designed to isolate the perturbation e↵ects, and (38) – which may
shed light on the physical phenomenon of negative refraction, a�liated with an opposition between the group
and phase velocity vectors. For clarity, the velocity quantities in (40) and (41) are schematically illustrated in
Fig. 1(a) by considering the first optical branch (n = 2).

Remark 6. Considering the acoustic branch (n = 1), we have �̃�
1 = 1, !�

1 = 0, and ! = ✏!̂ whereby

u(x, t) = ✏�2f̃ w0(k̂, !̂) ei(k̂·x�!̂t) + O(✏�1) for f̃ 6= 0,

u(x, t) = U ei(k̂·x�(µ(0):k̂
2
/⇢(0))1/2t) + O(✏) for f̃ = 0.

In this case, the leading-order e↵ective solution still carries the role of amplitude (resp. phase) control when
f 6= 0 (resp. f = 0); however the multiplier of the phase term ei(·) is x- and t-independent, which caters for
a more tangible interpretation of w0.

k

!
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5
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where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by
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µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�
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nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2
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n

k̂, cg(k̂) = �
µ(0) ·k̂
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. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
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n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)
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2�0��
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k̂, a(k̂) =
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�c� c = ��2
µ(0)
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where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5
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n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
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where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by
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µ(0):(k̂)2

2�0��
n
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Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
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�c� c = ��2
µ(0)

I :(k̂)2
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where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.

✏k̂

!�
2

c

a = (1, 0)

a = (1, 1)a = (0, 1)

k1

k2

Y a Y a

Y aY a

⇡/`1

⇡/`2

k

!

band gap

driving 
frequency O(✏2)

and we let ⌘(1) 2
�
H1a

p0 (Ya)
�d

be the unique zero-mean vector given by

�̃a
n⇢⌘(1) + r·

�
G(r⌘(1)+ I⌘(0))

�
+ Gr⌘(0) +

⇢

⇢(0)

�
(eika·x�(1), 1)Ya

'̃a
n � heika·xi'

a�(1)
�

= 0 in Ya, (114)

⌫ · G(r⌘(1) + I⌘(0))|xj=0 = �⌫ · G(r⌘(1) + I⌘(0))|xj=(1+aj)`j
, j = 1, d.

With such definitions, we find that

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w2 �

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
w0 = �h⇢⌘(0)i'

a !̂2

+
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r'̃a

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2, (115)

where

⇢(2) = h⇢�(2)i'
a, µ(2) =

⌦
G{r�(3) + I⌦�(2)}

↵'

a
�
�
G{�(3) ⌦ r'̃a

n}, 1
�
Ya

. (116)

Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (88) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (77). Assuming that the eigenvalue �̃a

n (n > 1) solving (84)–(86) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (91) of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (117)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (106) and (116); and

M(k̂, !̂) = heika·xi'
a � ✏ (eika·x�(1), 1)Ya

· ik̂ + ✏2 �h⇢⌘(0)i'
a !̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r�̃�

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2. (118)

When considering the propagation of free waves (f̃ = 0), the second-order FW-FF approximation of the nth
dispersion branch near k = ka accordingly reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , kak + n > 1,

whereby

!
✏5
= !a

n +
✏2

2⇢(0)!a
n

µ(0) : k̂
2

� ✏4

8(⇢(0))2 (!a
n)3

�
µ(0)⌦ µ(0) + 4(!a

n)2
�
⇢(0)µ(2)� µ(0)⌦ ⇢(2)

� 
: k̂

4
, kak + n > 2.

5.5. Example application in the spatial domain

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is comparabe to the size
of the unit cell, and the basic premise of the two-scale analysis (Section 4) does not apply. Instead, we make
use of the inverse Fourier transform to obtain an e↵ective spatial description of wavefields whose spectrum
is localized in a neighborhood of (ka, !a

n). On adopting the terminology of the two-scale analysis, we denote
respectvely by x and y the “slow” and “fast” spatial coordinate, and we consider the solution

Ua(y) = F�1
d

⇥
hũia(k̂)

⇤
= (2⇡)�d

Z

Rd

hũia(k̂) eik·y dk, k̂ =
k � ka

✏

where hũia(k̂) behaves as in Theorem 2. For simplicity of discussion, we disregard the second-order corrections
in (117) and (118). On applying the inverse Fourier transform to the left-hand side of (117), we obtain

�✏d eika·x�µ(0):r2
x + �⇢(0) !̂2

�
Ua(x),
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Figure 1: Wave motion in a periodic medium: (a) phase and group velocities featured by the LW-FF expansion of the first optical

branch, n = 2, about k = 0; (b) schematics of the multi-cell domains Y a 2 R2
supporting the FW-FF homogenization of wave

motion about vertices of the first quadrant of the first Brioullin zone, and (c) source excitation near the edge of a band gap.

3.1.3. First-order corrector
Let �(2) 2

�
H1

p0(Y )
�d⇥d

be the unique second-order tensor solving

�̃�
n⇢�(2) + r·

�
G

�
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onealsofindsthatsign(c·cg)=1,whilesign(c·cg)=sign(µ(0)).Insituationswhenµ(0)isnegativedefinite,
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Figure1:Wavemotioninaperiodicmedium:(a)phaseandgroupvelocitiesfeaturedbytheLW-FFexpansionofthefirstoptical

branch,n=2,aboutk=0;(b)schematicsofthemulti-celldomainsYa2R2
supportingtheFW-FFhomogenizationofwave

motionaboutverticesofthefirstquadrantofthefirstBrioullinzone,and(c)sourceexcitationneartheedgeofabandgap.

3.1.3.First-ordercorrector
Let�(2)2

�
H1

p0(Y)
�d⇥d

betheuniquesecond-ordertensorsolving

�̃�
n⇢�(2)+r·

�
G

�
r�(2)+{I⌦�(1)}0��+G{r�(1)+I�̃�

n}�⇢

⇢(0)
µ(0)̃��

n=0inY,(42)

⌫·G
�

r�(2)+{I⌦�(1)}0�|xj=0=�⌫·G
�

r�(2)+{I⌦�(1)}0�|xj=`j,j=1,d,

8

Waves in composites

5

1/w
avelength

• Dispersion, band gaps, anisotropy, negative index of
refraction, super-focusing, cloaking....

• Ecclipsing the quasistatic limit: effective field equation
(non-locality, dispersion) and dynamic material properties

• Mean (macroscopic) motion ) homogenizable region?
• Willis’ approach (Willis (1981,2009), Norris et al. (2012), . . . )
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Apexes of the 1st Brillouin zone

µ(0) : k̂
2
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n) is real-valued, we specifically see from (38) that the germane eigenfunction �̃�
n(x) is propa-

gated with O(✏�1) phase velocity c and O(✏) group velocity cg given by

c(k̂) = ✏�1
h
!�

n + ✏2
µ(0) : k̂

2

2⇢(0)!�
n

i k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (40)

By (39), one may alternatively interpret the free Bloch wave at some (k̂, !̂(k̂)) as a product between the
standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0, and a plane-wave “propagator” endowed with O(✏)

phase velocity c and commensurate group velocity cg given by

c(k̂) = ✏
µ(0) : k̂

2

2⇢(0)!�
n

k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (41)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However, from (40) and (41)
one also finds that sign(c · cg) = 1, while sign(c ·cg) = sign(µ(0)). In situations when µ(0) is negative definite,
this highlights the contrast between (39) – designed to isolate the perturbation e↵ects, and (38) – which may
shed light on the physical phenomenon of negative refraction, a�liated with an opposition between the group
and phase velocity vectors. For clarity, the velocity quantities in (40) and (41) are schematically illustrated in
Fig. 1(a) by considering the first optical branch (n = 2).

Remark 6. Considering the acoustic branch (n = 1), we have �̃�
1 = 1, !�

1 = 0, and ! = ✏!̂ whereby

u(x, t) = ✏�2f̃ w0(k̂, !̂) ei(k̂·x�!̂t) + O(✏�1) for f̃ 6= 0,

u(x, t) = U ei(k̂·x�(µ(0):k̂
2
/⇢(0))1/2t) + O(✏) for f̃ = 0.

In this case, the leading-order e↵ective solution still carries the role of amplitude (resp. phase) control when
f 6= 0 (resp. f = 0); however the multiplier of the phase term ei(·) is x- and t-independent, which caters for
a more tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��
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where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�
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Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as
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n). On recalling that �̃�
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1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5
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where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�
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where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�
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nt, i.e. the solution at k̂ = 0,
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Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as
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from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
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n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read
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Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +
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n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,
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1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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p0 (Ya)
�d

be the unique zero-mean vector given by

�̃a
n⇢⌘(1) + r·

�
G(r⌘(1)+ I⌘(0))

�
+ Gr⌘(0) +

⇢

⇢(0)

�
(eika·x�(1), 1)Ya

'̃a
n � heika·xi'

a�(1)
�

= 0 in Ya, (114)

⌫ · G(r⌘(1) + I⌘(0))|xj=0 = �⌫ · G(r⌘(1) + I⌘(0))|xj=(1+aj)`j
, j = 1, d.

With such definitions, we find that
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n}, 1
�
Ya
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�
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: (ik̂)2, (115)

where

⇢(2) = h⇢�(2)i'
a, µ(2) =

⌦
G{r�(3) + I⌦�(2)}

↵'

a
�
�
G{�(3) ⌦ r'̃a

n}, 1
�
Ya

. (116)

Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (88) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (77). Assuming that the eigenvalue �̃a

n (n > 1) solving (84)–(86) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (91) of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (117)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (106) and (116); and

M(k̂, !̂) = heika·xi'
a � ✏ (eika·x�(1), 1)Ya

· ik̂ + ✏2 �h⇢⌘(0)i'
a !̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r�̃�

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2. (118)

When considering the propagation of free waves (f̃ = 0), the second-order FW-FF approximation of the nth
dispersion branch near k = ka accordingly reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , kak + n > 1,

whereby

!
✏5
= !a

n +
✏2

2⇢(0)!a
n

µ(0) : k̂
2

� ✏4

8(⇢(0))2 (!a
n)3

�
µ(0)⌦ µ(0) + 4(!a

n)2
�
⇢(0)µ(2)� µ(0)⌦ ⇢(2)

� 
: k̂

4
, kak + n > 2.

5.5. Example application in the spatial domain

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is comparabe to the size
of the unit cell, and the basic premise of the two-scale analysis (Section 4) does not apply. Instead, we make
use of the inverse Fourier transform to obtain an e↵ective spatial description of wavefields whose spectrum
is localized in a neighborhood of (ka, !a

n). On adopting the terminology of the two-scale analysis, we denote
respectvely by x and y the “slow” and “fast” spatial coordinate, and we consider the solution

Ua(y) = F�1
d

⇥
hũia(k̂)

⇤
= (2⇡)�d

Z

Rd

hũia(k̂) eik·y dk, k̂ =
k � ka

✏

where hũia(k̂) behaves as in Theorem 2. For simplicity of discussion, we disregard the second-order corrections
in (117) and (118). On applying the inverse Fourier transform to the left-hand side of (117), we obtain

�✏d eika·x�µ(0):r2
x + �⇢(0) !̂2

�
Ua(x),

16

(a) (b) (c)

Figure 1: Wave motion in a periodic medium: (a) phase and group velocities featured by the LW-FF expansion of the first optical

branch, n = 2, about k = 0; (b) schematics of the multi-cell domains Y a 2 R2
supporting the FW-FF homogenization of wave

motion about vertices of the first quadrant of the first Brioullin zone, and (c) source excitation near the edge of a band gap.

3.1.3. First-order corrector
Let �(2) 2

�
H1

p0(Y )
�d⇥d

be the unique second-order tensor solving

�̃�
n⇢�(2) + r·

�
G

�
r�(2) + {I ⌦ �(1)}0�� + G{r�(1) + I�̃�

n} � ⇢

⇢(0)
µ(0)�̃�

n = 0 in Y, (42)

⌫ · G
�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ · G

�
r�(2) + {I ⌦ �(1)}0�|xj=`j , j = 1, d,

8

µ(0) : k̂
2
/(2⇢(0)!�

n) is real-valued, we specifically see from (38) that the germane eigenfunction �̃�
n(x) is propa-

gated with O(✏�1) phase velocity c and O(✏) group velocity cg given by

c(k̂) = ✏�1
h
!�

n + ✏2
µ(0) : k̂

2

2⇢(0)!�
n

i k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (40)

By (39), one may alternatively interpret the free Bloch wave at some (k̂, !̂(k̂)) as a product between the
standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0, and a plane-wave “propagator” endowed with O(✏)

phase velocity c and commensurate group velocity cg given by

c(k̂) = ✏
µ(0) : k̂

2

2⇢(0)!�
n

k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (41)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However, from (40) and (41)
one also finds that sign(c · cg) = 1, while sign(c ·cg) = sign(µ(0)). In situations when µ(0) is negative definite,
this highlights the contrast between (39) – designed to isolate the perturbation e↵ects, and (38) – which may
shed light on the physical phenomenon of negative refraction, a�liated with an opposition between the group
and phase velocity vectors. For clarity, the velocity quantities in (40) and (41) are schematically illustrated in
Fig. 1(a) by considering the first optical branch (n = 2).

Remark 6. Considering the acoustic branch (n = 1), we have �̃�
1 = 1, !�

1 = 0, and ! = ✏!̂ whereby

u(x, t) = ✏�2f̃ w0(k̂, !̂) ei(k̂·x�!̂t) + O(✏�1) for f̃ 6= 0,

u(x, t) = U ei(k̂·x�(µ(0):k̂
2
/⇢(0))1/2t) + O(✏) for f̃ = 0.

In this case, the leading-order e↵ective solution still carries the role of amplitude (resp. phase) control when
f 6= 0 (resp. f = 0); however the multiplier of the phase term ei(·) is x- and t-independent, which caters for
a more tangible interpretation of w0.

k

!
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.

✏k̂

!�
2

c

a = (1, 0)

a = (1, 1)a = (0, 1)

k1

k2

Y a Y a

Y aY a

⇡/`1

⇡/`2

k

!

band gap

driving 
frequency O(✏2)

and we let ⌘(1) 2
�
H1a

p0 (Ya)
�d

be the unique zero-mean vector given by

�̃a
n⇢⌘(1) + r·

�
G(r⌘(1)+ I⌘(0))

�
+ Gr⌘(0) +

⇢

⇢(0)

�
(eika·x�(1), 1)Ya

'̃a
n � heika·xi'

a�(1)
�

= 0 in Ya, (114)

⌫ · G(r⌘(1) + I⌘(0))|xj=0 = �⌫ · G(r⌘(1) + I⌘(0))|xj=(1+aj)`j
, j = 1, d.

With such definitions, we find that

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w2 �

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
w0 = �h⇢⌘(0)i'

a !̂2

+
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r'̃a

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2, (115)

where

⇢(2) = h⇢�(2)i'
a, µ(2) =

⌦
G{r�(3) + I⌦�(2)}

↵'

a
�
�
G{�(3) ⌦ r'̃a

n}, 1
�
Ya

. (116)

Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (88) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (77). Assuming that the eigenvalue �̃a

n (n > 1) solving (84)–(86) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (91) of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (117)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (106) and (116); and

M(k̂, !̂) = heika·xi'
a � ✏ (eika·x�(1), 1)Ya

· ik̂ + ✏2 �h⇢⌘(0)i'
a !̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r�̃�

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2. (118)

When considering the propagation of free waves (f̃ = 0), the second-order FW-FF approximation of the nth
dispersion branch near k = ka accordingly reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , kak + n > 1,

whereby

!
✏5
= !a

n +
✏2

2⇢(0)!a
n

µ(0) : k̂
2

� ✏4

8(⇢(0))2 (!a
n)3

�
µ(0)⌦ µ(0) + 4(!a

n)2
�
⇢(0)µ(2)� µ(0)⌦ ⇢(2)

� 
: k̂

4
, kak + n > 2.

5.5. Example application in the spatial domain

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is comparabe to the size
of the unit cell, and the basic premise of the two-scale analysis (Section 4) does not apply. Instead, we make
use of the inverse Fourier transform to obtain an e↵ective spatial description of wavefields whose spectrum
is localized in a neighborhood of (ka, !a

n). On adopting the terminology of the two-scale analysis, we denote
respectvely by x and y the “slow” and “fast” spatial coordinate, and we consider the solution

Ua(y) = F�1
d

⇥
hũia(k̂)

⇤
= (2⇡)�d

Z

Rd

hũia(k̂) eik·y dk, k̂ =
k � ka

✏

where hũia(k̂) behaves as in Theorem 2. For simplicity of discussion, we disregard the second-order corrections
in (117) and (118). On applying the inverse Fourier transform to the left-hand side of (117), we obtain

�✏d eika·x�µ(0):r2
x + �⇢(0) !̂2

�
Ua(x),

16
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Figure 1: Wave motion in a periodic medium: (a) phase and group velocities featured by the LW-FF expansion of the first optical

branch, n = 2, about k = 0; (b) schematics of the multi-cell domains Y a 2 R2
supporting the FW-FF homogenization of wave

motion about vertices of the first quadrant of the first Brioullin zone, and (c) source excitation near the edge of a band gap.

3.1.3. First-order corrector
Let �(2) 2

�
H1

p0(Y )
�d⇥d

be the unique second-order tensor solving

�̃�
n⇢�(2) + r·

�
G

�
r�(2) + {I ⌦ �(1)}0�� + G{r�(1) + I�̃�

n} � ⇢

⇢(0)
µ(0)�̃�

n = 0 in Y, (42)

⌫ · G
�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ · G

�
r�(2) + {I ⌦ �(1)}0�|xj=`j , j = 1, d,
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µ(0) : k̂
2
/(2⇢(0)!�

n) is real-valued, we specifically see from (38) that the germane eigenfunction �̃�
n(x) is propa-

gated with O(✏�1) phase velocity c and O(✏) group velocity cg given by

c(k̂) = ✏�1
h
!�

n + ✏2
µ(0) : k̂

2

2⇢(0)!�
n

i k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (40)

By (39), one may alternatively interpret the free Bloch wave at some (k̂, !̂(k̂)) as a product between the
standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0, and a plane-wave “propagator” endowed with O(✏)

phase velocity c and commensurate group velocity cg given by

c(k̂) = ✏
µ(0) : k̂

2

2⇢(0)!�
n

k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (41)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However, from (40) and (41)
one also finds that sign(c · cg) = 1, while sign(c ·cg) = sign(µ(0)). In situations when µ(0) is negative definite,
this highlights the contrast between (39) – designed to isolate the perturbation e↵ects, and (38) – which may
shed light on the physical phenomenon of negative refraction, a�liated with an opposition between the group
and phase velocity vectors. For clarity, the velocity quantities in (40) and (41) are schematically illustrated in
Fig. 1(a) by considering the first optical branch (n = 2).

Remark 6. Considering the acoustic branch (n = 1), we have �̃�
1 = 1, !�

1 = 0, and ! = ✏!̂ whereby

u(x, t) = ✏�2f̃ w0(k̂, !̂) ei(k̂·x�!̂t) + O(✏�1) for f̃ 6= 0,

u(x, t) = U ei(k̂·x�(µ(0):k̂
2
/⇢(0))1/2t) + O(✏) for f̃ = 0.

In this case, the leading-order e↵ective solution still carries the role of amplitude (resp. phase) control when
f 6= 0 (resp. f = 0); however the multiplier of the phase term ei(·) is x- and t-independent, which caters for
a more tangible interpretation of w0.

k

!
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.

✏k̂

!�
2

c

a = (1, 0)

a = (1, 1)a = (0, 1)

k1

k2

Y a Y a

Y aY a

⇡/`1

⇡/`2

k

!

band gap

driving 
frequency O(✏2)

and we let ⌘(1) 2
�
H1a

p0 (Ya)
�d

be the unique zero-mean vector given by

�̃a
n⇢⌘(1) + r·

�
G(r⌘(1)+ I⌘(0))

�
+ Gr⌘(0) +

⇢

⇢(0)

�
(eika·x�(1), 1)Ya

'̃a
n � heika·xi'

a�(1)
�

= 0 in Ya, (114)

⌫ · G(r⌘(1) + I⌘(0))|xj=0 = �⌫ · G(r⌘(1) + I⌘(0))|xj=(1+aj)`j
, j = 1, d.

With such definitions, we find that

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w2 �

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
w0 = �h⇢⌘(0)i'

a !̂2

+
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r'̃a

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2, (115)

where

⇢(2) = h⇢�(2)i'
a, µ(2) =

⌦
G{r�(3) + I⌦�(2)}

↵'

a
�
�
G{�(3) ⌦ r'̃a

n}, 1
�
Ya

. (116)

Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (88) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (77). Assuming that the eigenvalue �̃a

n (n > 1) solving (84)–(86) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (91) of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (117)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (106) and (116); and

M(k̂, !̂) = heika·xi'
a � ✏ (eika·x�(1), 1)Ya

· ik̂ + ✏2 �h⇢⌘(0)i'
a !̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r�̃�

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2. (118)

When considering the propagation of free waves (f̃ = 0), the second-order FW-FF approximation of the nth
dispersion branch near k = ka accordingly reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , kak + n > 1,

whereby

!
✏5
= !a

n +
✏2

2⇢(0)!a
n

µ(0) : k̂
2

� ✏4

8(⇢(0))2 (!a
n)3

�
µ(0)⌦ µ(0) + 4(!a

n)2
�
⇢(0)µ(2)� µ(0)⌦ ⇢(2)

� 
: k̂

4
, kak + n > 2.

5.5. Example application in the spatial domain

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is comparabe to the size
of the unit cell, and the basic premise of the two-scale analysis (Section 4) does not apply. Instead, we make
use of the inverse Fourier transform to obtain an e↵ective spatial description of wavefields whose spectrum
is localized in a neighborhood of (ka, !a

n). On adopting the terminology of the two-scale analysis, we denote
respectvely by x and y the “slow” and “fast” spatial coordinate, and we consider the solution

Ua(y) = F�1
d

⇥
hũia(k̂)

⇤
= (2⇡)�d

Z

Rd

hũia(k̂) eik·y dk, k̂ =
k � ka

✏

where hũia(k̂) behaves as in Theorem 2. For simplicity of discussion, we disregard the second-order corrections
in (117) and (118). On applying the inverse Fourier transform to the left-hand side of (117), we obtain

�✏d eika·x�µ(0):r2
x + �⇢(0) !̂2

�
Ua(x),
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(a) (b) (c)

Figure 1: Wave motion in a periodic medium: (a) phase and group velocities featured by the LW-FF expansion of the first optical

branch, n = 2, about k = 0; (b) schematics of the multi-cell domains Y a 2 R2
supporting the FW-FF homogenization of wave

motion about vertices of the first quadrant of the first Brioullin zone, and (c) source excitation near the edge of a band gap.

3.1.3. First-order corrector
Let �(2) 2

�
H1

p0(Y )
�d⇥d

be the unique second-order tensor solving

�̃�
n⇢�(2) + r·

�
G

�
r�(2) + {I ⌦ �(1)}0�� + G{r�(1) + I�̃�

n} � ⇢

⇢(0)
µ(0)�̃�

n = 0 in Y, (42)

⌫ · G
�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ · G

�
r�(2) + {I ⌦ �(1)}0�|xj=`j , j = 1, d,

8

Propagating eigenfunction

4.1. E↵ective PDE model for n > 1

On recalling (66) and computing the weighted sum (68) + ✏(69) + ✏2(70), we obtain the second-order e↵ective
model of (63) as

�
�
µ(0) : r2

x + �⇢(0) !̂2
�
hui � ✏2

�
µ(2) : r4

x + �!̂2⇢(2) : r2
x

�
hui ✏3

= f � ✏(�(1), 1)·rxf

+ ✏2�h⇢⌘(0)i!̂2f + ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵

�
�
G{⌘(1)⌦ r�̃�

n}, 1
�

+
1

⇢(0)
{⇢(1)⌦ (�(1), 1)}

⌘
: r2

xf in Rd, (71)

where “
✏n

=” signifies equality with an O(✏n) residual. As before, the sign � of frequency perturbation in (71)
around any optical branch (n > 1) is determined by: (i) the driving frequency, i.e. as � = sign(! � !�

n)
when f 6= 0, and (ii) the initial curvature of a given dispersion branch, namely as � = sign(µ(0)) when f = 0.
In contrast, for the acoustic branch we have � = 1 regardless of f due to the constraint ! > 0.

5. FW-FF approximation near “corners” the first Brioullin zone

In what follows, we focus our attention on obtaining an e↵ective description of wave motion inside the first
“quadrant” of the first Brioullin zone, B = {(k : |kj | < ⇡/`j , j = 1, d}, namely

B+ =
�
k : 0 < kj <

⇡

`j
, j = 1, d

 
. (72)

The asymptotic treatment of B\B+, as needed, can be performed in an analogous way.

5.1. Eigenfunction basis

With reference to (2), consider the apexes of B+ given by

ka =
dX

j=1

aj
⇡

`j
ej , a = (a1, a2, . . . ad), aj 2 {0, 1}, (73)

where ej is the unit vector in the jth coordinate direction. At each such vertex, eigenfunction corresponding
to the nth solution branch satisfies

�(r+ika)·
�
G(r+ika)�̃a

n

�
= �̃a

n⇢ �̃a
n in Y, (74)

⌫ · G(r+ika)�̃a
n|xj=0 = �⌫ · G(r+ika)�̃a

n|xj=`j , j = 1, d. (75)

Letting
�̃a

n(x) = '̃a
n(x)e�ika·x, �̃a

n 2 H1
p (Y ), (76)

we find that

�r·
�
Gr'̃a

n

�
= �̃a

n⇢ '̃a
n in Y,

'̃a
n|xj=0 = (�1)aj '̃a

n|xj=`j , (77)

⌫ · Gr'̃a
n|xj=0 = (�1)1+aj ⌫ · Gr'̃a

n|xj=`j , j = 1, d,

which demonstrates that '̃a
n is Y -“anti-periodic” (resp. Y -periodic) in the jth coordinate direction when

aj = 1 (resp. aj = 0). Motivated by the multi-field continuum theory for two-dimensional crystal lattices [27],
we next introduce the multi-cell domains

Ya = {x : 0 < x·ej < (1+aj)`j ; j = 1, d}, |Ya| =
dY

j=1

(1 + aj), (78)
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aj = 1 (resp. aj = 0). Motivated by the multi-field continuum theory for two-dimensional crystal lattices [27],
we next introduce the multi-cell domains

Ya = {x : 0 < x·ej < (1+aj)`j ; j = 1, d}, |Ya| =
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and we extend the domain of '̃a
n to Ya as

8x0 2 Y, 8T ✓ {1, 2, . . . d} =) '̃a
n(x) = (�1)

P
j2T aj '̃a

n(x0), x = x0 +
X

j2T

aj`jej 2 Ya. (79)

From (77) and (79), it is clear that that '̃a
n 2 H1

p (Ya) satisfy

�r·
�
Gr'̃a

n

�
= �̃a

n⇢ '̃a
n in Ya, (80)

⌫ · Gr'̃a
n|xj=0 = �⌫ · Gr'̃a

n|xj=(1+aj)`j
, (81)

aj'̃
a
n|xj=0 = �aj'̃

a
n|xj=`j , j = 1, d. (82)

For clarity, domains Ya are illustrated in Fig. 1(b) for d = 2. We note by recalling (76) and the normalization
of �̃n that (�̃a

n, �̃a
n) = ('̃a

n, '̃a
n) = 1. By virtue of this result and (11), we find '̃a

n to satisfy

('̃a
n, '̃a

n)Ya = |Ya|,
(⇢'̃m, '̃n)Ya = �mn (⇢'̃n, '̃n)Ya (no summation). (83)

where (·, ·)Ya denotes the inner product (6) over Ya.

Remark 9. Thanks to (80)–(82) and Lemma 2 by which '̃a
n can be taken as real-valued, it is apparent that

the eigenfunction �̃a
n corresponding to apex a of B+ represents a plane wave propagating the stencil '̃a

n in
direction �ka. When a = 0 i.e. ka = 0, '̃a

n = �̃a
n ⌘ �̃�

n is a standing wave as examined in Section 3.1.2.

Definition 2. In the sequel, we define the e↵ective wave motion near vertex a of B+ as

hũia =
1

|Ya|
�
ũ, �̃a

n

�
Ya

:=
�
ũ, �̃a

n

�
Ya

, n > 0, (84)

where �̃a
n is extended to Ya � Y by the application of Y -periodicity. To facilitate the analysis, we further

introduce an auxiliary smoothing operator

hũi'
a =

1

|Ya|
�
ũ, '̃a

n

�
Ya

:=
�
ũ, '̃a

n

�
Ya

, n > 0. (85)

In the context of (76), one sees that (85) de facto “averages” its argument (by stencil '̃a
n) over: (i) a single

wavelength in the ka-direction, and (ii) dimension(s) of Y in the direction(s) perpendicular to ka. Note that
in the LW-FF regime (a = 0), both (84) and (85) recover (15).

Definition 3. With reference to (85), we introduce an auxiliary function space

H1a
p0 (Ya) = {g 2 L2(Y ) : rg 2 (L2(Y ))d, hgi'

a = 0, g|xj=0 = g|xj=(1+aj)`j
, j = 1, d, }. (86)

5.2. Scaling

For brevity of notation, we let !a
n = (�̃a

n)1/2. Given the fact that the intersection between any flat portion
of @B+ and the nth dispersion branch is likely – but not necessarily – a�liated with the onset of a band gap,
it is prudent to generalize (16) as

k = ka+ ✏k̂, !2 = �̃a
n + ✏�!̆2 + ✏2�!̂2, ✏ = o(1), � = ±1. (87)

With such premise, (7)–(8) become

�(�̃a
n+✏�!̆2+✏2�!̂2)⇢w̃ �

�
r+ika+✏ik̂

�
·
�
G(r+ika+✏ik̂)w̃

�
= 1 in Y, (88)

w̃|xj=0 = w̃|xj=`j ,

⌫ · G(r+ika+✏ik̂)w̃|xj=0 = �⌫ · G(r+ika+✏ik̂)w̃|xj=`j ,
j = 1, d. (89)
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Extending ➪

Eigenfunction



Factorized ansatz

µ(0) : k̂
2
/(2⇢(0)!�

n) is real-valued, we specifically see from (38) that the germane eigenfunction �̃�
n(x) is propa-

gated with O(✏�1) phase velocity c and O(✏) group velocity cg given by

c(k̂) = ✏�1
h
!�

n + ✏2
µ(0) : k̂

2

2⇢(0)!�
n

i k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (40)

By (39), one may alternatively interpret the free Bloch wave at some (k̂, !̂(k̂)) as a product between the
standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0, and a plane-wave “propagator” endowed with O(✏)

phase velocity c and commensurate group velocity cg given by

c(k̂) = ✏
µ(0) : k̂

2

2⇢(0)!�
n

k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (41)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However, from (40) and (41)
one also finds that sign(c · cg) = 1, while sign(c ·cg) = sign(µ(0)). In situations when µ(0) is negative definite,
this highlights the contrast between (39) – designed to isolate the perturbation e↵ects, and (38) – which may
shed light on the physical phenomenon of negative refraction, a�liated with an opposition between the group
and phase velocity vectors. For clarity, the velocity quantities in (40) and (41) are schematically illustrated in
Fig. 1(a) by considering the first optical branch (n = 2).

Remark 6. Considering the acoustic branch (n = 1), we have �̃�
1 = 1, !�

1 = 0, and ! = ✏!̂ whereby

u(x, t) = ✏�2f̃ w0(k̂, !̂) ei(k̂·x�!̂t) + O(✏�1) for f̃ 6= 0,

u(x, t) = U ei(k̂·x�(µ(0):k̂
2
/⇢(0))1/2t) + O(✏) for f̃ = 0.

In this case, the leading-order e↵ective solution still carries the role of amplitude (resp. phase) control when
f 6= 0 (resp. f = 0); however the multiplier of the phase term ei(·) is x- and t-independent, which caters for
a more tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.

✏k̂

!�
2

c

a = (1, 0)

a = (1, 1)a = (0, 1)

k1

k2

Y a Y a

Y aY a

⇡/`1

⇡/`2

k

!

band gap

driving 
frequency O(✏2)

and we let ⌘(1) 2
�
H1a

p0 (Ya)
�d

be the unique zero-mean vector given by

�̃a
n⇢⌘(1) + r·

�
G(r⌘(1)+ I⌘(0))

�
+ Gr⌘(0) +

⇢

⇢(0)

�
(eika·x�(1), 1)Ya

'̃a
n � heika·xi'

a�(1)
�

= 0 in Ya, (114)

⌫ · G(r⌘(1) + I⌘(0))|xj=0 = �⌫ · G(r⌘(1) + I⌘(0))|xj=(1+aj)`j
, j = 1, d.

With such definitions, we find that

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w2 �

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
w0 = �h⇢⌘(0)i'

a !̂2

+
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r'̃a

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2, (115)

where

⇢(2) = h⇢�(2)i'
a, µ(2) =

⌦
G{r�(3) + I⌦�(2)}

↵'

a
�
�
G{�(3) ⌦ r'̃a

n}, 1
�
Ya

. (116)

Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (88) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (77). Assuming that the eigenvalue �̃a

n (n > 1) solving (84)–(86) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (91) of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (117)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (106) and (116); and

M(k̂, !̂) = heika·xi'
a � ✏ (eika·x�(1), 1)Ya

· ik̂ + ✏2 �h⇢⌘(0)i'
a !̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r�̃�

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2. (118)

When considering the propagation of free waves (f̃ = 0), the second-order FW-FF approximation of the nth
dispersion branch near k = ka accordingly reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , kak + n > 1,

whereby

!
✏5
= !a

n +
✏2

2⇢(0)!a
n

µ(0) : k̂
2

� ✏4

8(⇢(0))2 (!a
n)3

�
µ(0)⌦ µ(0) + 4(!a

n)2
�
⇢(0)µ(2)� µ(0)⌦ ⇢(2)

� 
: k̂

4
, kak + n > 2.

5.5. Example application in the spatial domain

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is comparabe to the size
of the unit cell, and the basic premise of the two-scale analysis (Section 4) does not apply. Instead, we make
use of the inverse Fourier transform to obtain an e↵ective spatial description of wavefields whose spectrum
is localized in a neighborhood of (ka, !a

n). On adopting the terminology of the two-scale analysis, we denote
respectvely by x and y the “slow” and “fast” spatial coordinate, and we consider the solution

Ua(y) = F�1
d

⇥
hũia(k̂)

⇤
= (2⇡)�d

Z

Rd

hũia(k̂) eik·y dk, k̂ =
k � ka

✏

where hũia(k̂) behaves as in Theorem 2. For simplicity of discussion, we disregard the second-order corrections
in (117) and (118). On applying the inverse Fourier transform to the left-hand side of (117), we obtain

�✏d eika·x�µ(0):r2
x + �⇢(0) !̂2

�
Ua(x),

16

(a) (b) (c)

Figure 1: Wave motion in a periodic medium: (a) phase and group velocities featured by the LW-FF expansion of the first optical

branch, n = 2, about k = 0; (b) schematics of the multi-cell domains Y a 2 R2
supporting the FW-FF homogenization of wave

motion about vertices of the first quadrant of the first Brioullin zone, and (c) source excitation near the edge of a band gap.

3.1.3. First-order corrector
Let �(2) 2

�
H1

p0(Y )
�d⇥d

be the unique second-order tensor solving

�̃�
n⇢�(2) + r·

�
G

�
r�(2) + {I ⌦ �(1)}0�� + G{r�(1) + I�̃�

n} � ⇢

⇢(0)
µ(0)�̃�

n = 0 in Y, (42)

⌫ · G
�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ · G

�
r�(2) + {I ⌦ �(1)}0�|xj=`j , j = 1, d,

8

Origin, !ka = 0
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analysis to allow for finite-wavenumber, finite-frequency (FW-FF) expansion about the “corners” ka

of B, and situations when the eigenvalue �̃n(k
a) is repeated, respectively.

With reference to (2.15), we introduce the auxiliary “zero-mean” function space

H1
p0(Y ) = {g 2H1

p (Y ) : hgi= 0}, (2.16)

where the choice of n> 1 is implicit in the definition of h·i.

Lemma 1. Let ũ solve (2.4)–(2.5) where f̃ is a constant. Provided that !2 6= �̃m 8m, we have

ũ = f̃ w̃ and hũi = f̃ hw̃i.

3. LW-FF approximation near the origin of the first Brillouin zone
In principle, either the two-scale homogenization approach [31] or the asymptotically-expanded
Willis’ model [20] can be used to approximate the mean motion in a neighborhood of the acoustic
branch, != �̃

1/2
1 (k), at long wavelengths where kkk⌧ |Y |�1/d. With reference to the scalar

wave equation (2.1), we seek the long-wavelength description of the effective field hui in a
neighborhood of the nth branch, != �̃

1/2
n (k), for n> 1. Accordingly, we describe the featured

long-wavelength, finite-frequency (LW-FF) regime via scalings

k = ✏k̂, !2 = �̃�
n + ✏2�!̂2, �̃�

n = �̃n(0), ✏ = o(1), �=±1 (3.1)

where �̃�
n > 0 is such that

�r·
�
Gr�̃�

n
�
= �̃�

n⇢�̃
�
n in Y, (3.2)

⌫ ·Gr�̃�
n|xj=0 = �⌫ ·Gr�̃�

n|xj=`j
, (3.3)

and �̃�
n2H1

p (Y ) are orthogonal in L2
⇢(Y ). For the time being, we assume that �̃�

n to be simple.

Remark 2. Concerning the frequency scaling in (3.1), for n> 1 we have != !�
n + ✏2�!̂2/(2!�

n) +

O(✏4), where !�
n = (�̃�

n)
1/2. This is motivated by the observation that optical branches have zero initial

slope, d!/dk= 0, at k= 0 when �̃�
n is simple [26], see also [9] for the mathematical analysis in R2.

When f̃ = 0 in (2.4), the sign factor � in (3.1) accordingly accounts for the possibility that the initial
curvature of a given optical branch can be either positive or negative. When f̃ 6= 0, on the other hand, the
pair (k,!) is given a priori (say in a neighborhood of the nth branch) and we take �= sign(! � !�

n).

Lemma 2. The solution of (3.2)–(3.3) is characterized by arg(�̃�
n(x)) = const. for x2 Y . Accordingly

we can take �̃�
n(x) to be real-valued without loss of generality. See Appendix A (electronic supplementary

material) for proof.

(a) Asymptotic expansion at finite frequency
On recalling (2.7)–(2.8) and assuming the LW-FF regime (3.1), we find that w̃ 2H1

p (Y ) solves

�(�̃�
n+✏2�!̂2)⇢w̃ �

�
r+✏ik̂

�
·
�
G(r+✏ik̂)w̃

�
= 1 in Y, (3.4)

⌫ ·G(r+✏ik̂)w̃|xj=0 = �⌫ ·G(r+✏ik̂)w̃|xj=`j
. (3.5)

Consider next the asymptotic expansion

w̃(x) = ✏�2w̃0(x) + ✏�1w̃1(x) + w̃2(x) + ✏w̃3(x) + · · · , (3.6)

by which (3.4)–(3.5) become a series in ✏. In what follows, the differential equations satisfied by
w̃m in Y (m> 0) are subject to implicit periodic boundary conditions

w̃m|xj=0 = w̃m|xj=`j
,

⌫ ·G(rw̃m + ik̂w̃m�1)|xj=0 = �⌫ ·G(rw̃m + ik̂w̃m�1)|xj=`j
,

(3.7)

wm = hw̃i = (w̃m, �̃�
n)Y

<latexit sha1_base64="I506k93rd2YR/p9N3QN/8fNapVc="></latexit>

w = hw̃i = (w̃, �̃�
n)Y

<latexit sha1_base64="6GLfSjNgzbweFdAIwZKNzhrIGJA="></latexit>

Apex, !ka ≠ 0

wm = hw̃mi'a = (w̃m, '̃a
m)Y a

<latexit sha1_base64="/wMcvbTyQHyaKj0JZcR6cYnntUQ="></latexit>

w = hw̃ia = (w̃, �̃a
n)Y a

<latexit sha1_base64="DFzTQ6VTe3xtQEE7QqNEt7+vMH4="></latexit>
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where w̃�1 ⌘ 0.
In the sequel, we conveniently denote by wm the respective constants of integration when

solving for w̃m(x). With reference to (2.15) and (3.6), we specifically seek wm as

wm = hw̃mi = (w̃m, �̃�
n), m> 0 (3.8)

so that
hw̃i = ✏�2w0 + ✏�1w1 + w2 + ✏w3 + · · · . (3.9)

(i) Leading-order approximation

The O(✏�2) contribution stemming from (3.4) and (3.6) reads

��̃�
n⇢w̃0 �r·

�
Grw̃0

�
= 0 in Y. (3.10)

By virtue of (3.2)–(3.3) and (3.7) with m= 0, we have

w̃0(x) = w0 �̃
�
n(x), (3.11)

where w0 is a constant to be determined. By the earlier premise that k�̃�
nk=1, one immediately

finds hw̃0i=w0 as postulated by (3.8).
Similarly, the O(✏�1) equality can be identified as

��̃�
n⇢w̃1 �r·

�
G(rw̃1 + ik̂w̃0)

�
� ik̂ ·

�
Grw̃0

�
= 0 in Y. (3.12)

This equation is solved by

w̃1(x) = w0�
(1)(x)· ik̂ + w1 �̃

�
n(x) (3.13)

where w1 is a constant, and �(1)2 (H1
p0(Y ))d is a unique vector that satisfies

�̃�
n⇢�

(1) +r·
�
G(r�(1)+ I�̃�

n)
�
+Gr�̃�

n = 0 in Y, (3.14)

⌫ ·G(r�(1)+ I�̃�
n)|xj=0 = �⌫ ·G(r�(1)+ I�̃�

n)|xj=`j
.

Note that (3.14) is solvable since one can show that r·(GI�̃�
n) +Gr�̃�

n is orthogonal to �̃�
n.

In a similar fashion, the solvability condition can be demonstrated to hold for all subsequent
cell problems and will not be discussed hereon. We also remark that the above expressions for
w̃0 and w̃1 are branch-generic, including the case of the acoustic branch (n= 1) where �̃�

1 = 0

and �̃�
1 = 1, see [20,31] for example.

Lemma 3. Cell function �(1) is real-valued. See Appendix A, electronic supplementary material, for proof.

Proceeding with the cascade of differential equations, the O(1) equation reads

��̃�
n⇢w̃2 �r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂·

�
G(rw̃1 + ik̂w̃0)

�
� �!̂2⇢w̃0 = 1 in Y. (3.15)

To help expose the behavior of w0, we next evaluate the inner product of (3.15) with �̃�
n, i.e.

�
� �̃�

n⇢w̃2 �r·
�
G(rw̃2+ ik̂w̃1)

�
, �̃�

n
�
=

�
ik̂·

�
G(rw̃1+ ik̂w̃0)

�
, �̃�

n
�
+ �!̂2h⇢�̃�

niw0 + h1i.
(3.16)

On deploying repeated integration by parts and recalling (3.2), the second term on the left-hand
side of (3.16) is computed as

�
�
r·

�
G(rw̃2 + ik̂w̃1)

�
, �̃�

n
�
=

�
G(rw̃2 + ik̂w̃1),r�̃�

n
�

= �
�
w̃2,r·

�
G(r�̃�

n
��

+
�
ik̂Gw̃1 ,r�̃�

n
�
=

�
w̃2, �̃

�
n⇢�̃

�
n
�
+

�
ik̂Gw̃1 ,r�̃�

n
�
. (3.17)

By (3.13) and (3.17), the left-hand side of (3.16) becomes
�
ik̂Gw̃1,r�̃�

n
�
= w0

�
G�(1) ⌦r�̃�

n, 1
�
: (ik̂)2 + w1

�
ik̂G�̃�

n,r�̃�
n
�
,
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We will consider the effective wave motion near vertex ka in terms of the averaging operators

hũia = |Ya|�1�ũ, �̃a
n
�
Ya

:=
�
ũ, �̃a

n
�
Ya

, n> 1, (4.10)

hg̃i'a = |Ya|�1�g̃, '̃a
n
�
Ya

:=
�
g̃, '̃a

n
�
Ya

, n> 1, (4.11)

where �̃a
n is extended to Ya � Y by the application of Y -periodicity. In the context of (4.4), one

sees that (4.11) de facto “averages” its argument (by stencil '̃a
n) over: (i) a single wavelength in

the ka-direction, and (ii) dimension(s) of Y in the direction(s) perpendicular to ka. Note that in
the LW-FF regime (a= 0), both (4.10) and (4.11) recover (2.15). In the context of (4.11), we also
introduce the auxiliary function spaces

H1
p (Ya) = {g 2L2(Ya) : rg 2 (L2(Ya))

d, g|xj=0 = g|xj=(1+aj)`j
},

H1a
p0 (Ya) = {g 2H1

p (Ya) : hgi'a = 0}.
(4.12)

(b) Scaling
For brevity of notation, we let !a

n = (�̃a
n)

1/2. Given the fact that the intersection between any flat
portion of @B+ and the nth dispersion branch is likely – but not necessarily – affiliated with the
onset of a band gap, it is prudent to generalize (3.1) as

k = ka+ ✏k̂, !2 = �̃a
n + ✏�!̆2 + ✏2�!̂2, ✏ = o(1), �=±1. (4.13)

On the basis of (2.7)–(2.8) and (4.13), we find that w̃ 2H1
p (Y ) satisfies

�(�̃a
n+✏�!̆2+✏2�!̂2)⇢w̃ �

�
r+ika+✏ik̂

�
·
�
G(r+ika+✏ik̂)w̃

�
= 1 in Y, (4.14)

w̃|xj=0 = w̃|xj=`j
,

⌫ ·G(r+ika+✏ik̂)w̃|xj=0 = �⌫ ·G(r+ika+✏ik̂)w̃|xj=`j
,

(4.15)

where the first of (4.15) is explicitly stated for reasons of convenience.
To aid the asymptotic analysis, we next introduce w̃ 2H1

p (Ya) as a field satisfying (4.14)-(4.15)
over Ya by the application of Y -periodicity, and we consider the factorized expansion

w̃(x) = e�ika·x�✏�2w̃0(x) + ✏�1w̃1(x) + w̃2(x) + ✏w̃3(x) + · · ·
�
, (4.16)

which distills (4.14)–(4.15) (repeated over Ya) into a series in ✏. By virtue of (4.15)–(4.16) and the
analysis similar to that in Section 4(a), we find that for every m> 0, w̃m2H1

p (Ya) are subject to
the interior anti-symmetry conditions

ajw̃m|xj=0 = �ajw̃m|xj=`j
,

that are hereon assumed implicitly, and coupled boundary conditions

⌫ ·G(rw̃m + ik̂w̃m�1)|xj=0 = �⌫ ·G(rw̃m + ik̂w̃m�1)|xj=(1+aj)`j
, (4.17)

where w̃�1 ⌘ 0. In the sequel, we shall denote by wm the respective weighted averages of w̃m(x).
Recalling (4.10), (4.11) and (4.16), we specifically seek wm as

wm = hw̃mi'a, m> 0, (4.18)

so that hũia = f̃ hw̃ia (by extension of Lemma 1) and

hw̃ia = ✏�2w0 + ✏�1w1 + w2 + ✏w3 + · · · . (4.19)
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where the first of (4.15) is explicitly stated for reasons of convenience.
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p (Ya) as a field satisfying (4.14)-(4.15)
over Ya by the application of Y -periodicity, and we consider the factorized expansion
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,
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Effective model

µ(0) : k̂
2
/(2⇢(0)!�

n) is real-valued, we specifically see from (38) that the germane eigenfunction �̃�
n(x) is propa-

gated with O(✏�1) phase velocity c and O(✏) group velocity cg given by

c(k̂) = ✏�1
h
!�

n + ✏2
µ(0) : k̂

2

2⇢(0)!�
n

i k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (40)

By (39), one may alternatively interpret the free Bloch wave at some (k̂, !̂(k̂)) as a product between the
standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0, and a plane-wave “propagator” endowed with O(✏)

phase velocity c and commensurate group velocity cg given by

c(k̂) = ✏
µ(0) : k̂

2

2⇢(0)!�
n

k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (41)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However, from (40) and (41)
one also finds that sign(c · cg) = 1, while sign(c ·cg) = sign(µ(0)). In situations when µ(0) is negative definite,
this highlights the contrast between (39) – designed to isolate the perturbation e↵ects, and (38) – which may
shed light on the physical phenomenon of negative refraction, a�liated with an opposition between the group
and phase velocity vectors. For clarity, the velocity quantities in (40) and (41) are schematically illustrated in
Fig. 1(a) by considering the first optical branch (n = 2).

Remark 6. Considering the acoustic branch (n = 1), we have �̃�
1 = 1, !�

1 = 0, and ! = ✏!̂ whereby

u(x, t) = ✏�2f̃ w0(k̂, !̂) ei(k̂·x�!̂t) + O(✏�1) for f̃ 6= 0,

u(x, t) = U ei(k̂·x�(µ(0):k̂
2
/⇢(0))1/2t) + O(✏) for f̃ = 0.

In this case, the leading-order e↵ective solution still carries the role of amplitude (resp. phase) control when
f 6= 0 (resp. f = 0); however the multiplier of the phase term ei(·) is x- and t-independent, which caters for
a more tangible interpretation of w0.

k

!
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.

8

rspa.royalsocietypublishing.org
Proc

R
Soc

A
0000000

..........................................................

Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.

✏k̂

!�
2

c

a = (1, 0)

a = (1, 1)a = (0, 1)

k1

k2

Y a Y a

Y aY a

⇡/`1

⇡/`2

k

!

band gap

driving 
frequency O(✏2)

and we let ⌘(1) 2
�
H1a

p0 (Ya)
�d

be the unique zero-mean vector given by

�̃a
n⇢⌘(1) + r·

�
G(r⌘(1)+ I⌘(0))

�
+ Gr⌘(0) +

⇢

⇢(0)

�
(eika·x�(1), 1)Ya

'̃a
n � heika·xi'

a�(1)
�

= 0 in Ya, (114)

⌫ · G(r⌘(1) + I⌘(0))|xj=0 = �⌫ · G(r⌘(1) + I⌘(0))|xj=(1+aj)`j
, j = 1, d.

With such definitions, we find that

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w2 �

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
w0 = �h⇢⌘(0)i'

a !̂2

+
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r'̃a

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2, (115)

where

⇢(2) = h⇢�(2)i'
a, µ(2) =

⌦
G{r�(3) + I⌦�(2)}

↵'

a
�
�
G{�(3) ⌦ r'̃a

n}, 1
�
Ya

. (116)

Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (88) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (77). Assuming that the eigenvalue �̃a

n (n > 1) solving (84)–(86) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (91) of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (117)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (106) and (116); and

M(k̂, !̂) = heika·xi'
a � ✏ (eika·x�(1), 1)Ya

· ik̂ + ✏2 �h⇢⌘(0)i'
a !̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r�̃�

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2. (118)

When considering the propagation of free waves (f̃ = 0), the second-order FW-FF approximation of the nth
dispersion branch near k = ka accordingly reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , kak + n > 1,

whereby

!
✏5
= !a

n +
✏2

2⇢(0)!a
n

µ(0) : k̂
2

� ✏4

8(⇢(0))2 (!a
n)3

�
µ(0)⌦ µ(0) + 4(!a

n)2
�
⇢(0)µ(2)� µ(0)⌦ ⇢(2)

� 
: k̂

4
, kak + n > 2.

5.5. Example application in the spatial domain

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is comparabe to the size
of the unit cell, and the basic premise of the two-scale analysis (Section 4) does not apply. Instead, we make
use of the inverse Fourier transform to obtain an e↵ective spatial description of wavefields whose spectrum
is localized in a neighborhood of (ka, !a

n). On adopting the terminology of the two-scale analysis, we denote
respectvely by x and y the “slow” and “fast” spatial coordinate, and we consider the solution

Ua(y) = F�1
d

⇥
hũia(k̂)

⇤
= (2⇡)�d

Z

Rd

hũia(k̂) eik·y dk, k̂ =
k � ka

✏

where hũia(k̂) behaves as in Theorem 2. For simplicity of discussion, we disregard the second-order corrections
in (117) and (118). On applying the inverse Fourier transform to the left-hand side of (117), we obtain

�✏d eika·x�µ(0):r2
x + �⇢(0) !̂2

�
Ua(x),
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(a) (b) (c)

Figure 1: Wave motion in a periodic medium: (a) phase and group velocities featured by the LW-FF expansion of the first optical

branch, n = 2, about k = 0; (b) schematics of the multi-cell domains Y a 2 R2
supporting the FW-FF homogenization of wave

motion about vertices of the first quadrant of the first Brioullin zone, and (c) source excitation near the edge of a band gap.

3.1.3. First-order corrector
Let �(2) 2

�
H1

p0(Y )
�d⇥d

be the unique second-order tensor solving

�̃�
n⇢�(2) + r·

�
G

�
r�(2) + {I ⌦ �(1)}0�� + G{r�(1) + I�̃�

n} � ⇢

⇢(0)
µ(0)�̃�

n = 0 in Y, (42)

⌫ · G
�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ · G

�
r�(2) + {I ⌦ �(1)}0�|xj=`j , j = 1, d,

8

⇢(0) = h⇢'̃a
ni'

a, µ(0) =
⌦
G{r�(1) + I'̃a

n}
↵'

a
�

�
G{�(1) ⌦ r'̃a

n}, 1
�
Ya

�
�
µ(0) : (ik̂)2 + ⇢(0) !̂2

�
hũi � ✏2

�
µ(2) : (ik̂)4 + ⇢(2) : (ik̂)2!̂2

�
hũi ✏

= ✏�2f̃M(k̂, !̂),
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in the LW-FF regime (a = 0), both (84) and (85) recover (15).

Definition 3. With reference to (85), we introduce an auxiliary function space

H1a
p0 (Ya) = {g 2 L2(Y ) : rg 2 (L2(Y ))d, hgi'

a = 0, g|xj=0 = g|xj=(1+aj)`j
, j = 1, d, }. (86)

5.2. Scaling

For brevity of notation, we let !a
n = (�̃a

n)1/2. Given the fact that the intersection between any flat portion
of @B+ and the nth dispersion branch is likely – but not necessarily – a�liated with the onset of a band gap,
it is prudent to generalize (16) as

k = ka+ ✏k̂, !2 = �̃a
n + ✏�!̆2 + ✏2�!̂2, ✏ = o(1), � = ±1. (87)

With such premise, (7)–(8) become

�(�̃a
n+✏�!̆2+✏2�!̂2)⇢w̃ �

�
r+ika+✏ik̂

�
·
�
G(r+ika+✏ik̂)w̃

�
= 1 in Y, (88)

w̃|xj=0 = w̃|xj=`j ,

⌫ · G(r+ika+✏ik̂)w̃|xj=0 = �⌫ · G(r+ika+✏ik̂)w̃|xj=`j ,
j = 1, d. (89)

13

and we extend the domain of '̃a
n to Ya as

8x0 2 Y, 8T ✓ {1, 2, . . . d} =) '̃a
n(x) = (�1)

P
j2T aj '̃a

n(x0), x = x0 +
X

j2T

aj`jej 2 Ya. (79)

From (77) and (79), it is clear that that '̃a
n 2 H1

p (Ya) satisfy

�r·
�
Gr'̃a

n

�
= �̃a

n⇢ '̃a
n in Ya, (80)

⌫ · Gr'̃a
n|xj=0 = �⌫ · Gr'̃a

n|xj=(1+aj)`j
, (81)

aj'̃
a
n|xj=0 = �aj'̃

a
n|xj=`j , j = 1, d. (82)

For clarity, domains Ya are illustrated in Fig. 1(b) for d = 2. We note by recalling (76) and the normalization
of �̃n that (�̃a

n, �̃a
n) = ('̃a

n, '̃a
n) = 1. By virtue of this result and (11), we find '̃a

n to satisfy

('̃a
n, '̃a

n)Ya = |Ya|,
(⇢'̃m, '̃n)Ya = �mn (⇢'̃n, '̃n)Ya (no summation). (83)

where (·, ·)Ya denotes the inner product (6) over Ya.

Remark 9. Thanks to (80)–(82) and Lemma 2 by which '̃a
n can be taken as real-valued, it is apparent that

the eigenfunction �̃a
n corresponding to apex a of B+ represents a plane wave propagating the stencil '̃a

n in
direction �ka. When a = 0 i.e. ka = 0, '̃a

n = �̃a
n ⌘ �̃�

n is a standing wave as examined in Section 3.1.2.

Definition 2. In the sequel, we define the e↵ective wave motion near vertex a of B+ as
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ũ, �̃a

n

�
Ya

:=
�
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7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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light on the problem, let Tpq be an invertible real-valued matrix such that

g̃'a
np =

X

q

Tpq '̃
a
nq, p= 1, Q (5.29)

represents another (possibly rescaled) basis that is orthogonal in L2
⇢(Ya). In this new frame, we have

f⇢(0)
p =

X

r

Tpr⇢
(0)
r T T

rp,
g✓(0)

pq =
X

r,s

Tpr✓
(0)
rsT

T
sq,

gµ(0)
pq =

X

r,s

Tprµ
(0)
rsT

T
sq, (5.30)

due to (5.12) and (5.21). As a result, effective models (5.17) and (5.20) hold under the mappings

wjq ! gwjq =
X

s

T -T
qswjs, Mpq ! gMpq =

X

r,s

TprMrsT
T
sq,

heika·xip'
a ! heika·xipe'

a =
X

s

Tqs heika·xis'
a , j 2 {0, 1}, M 2 {A,B,D}. (5.31)

which clearly preserve the germane dispersion relationships.

The foregoing remark raises the question of a unique “reference” eigenfunction basis that
facilitates comparison of results across studies. To help the discussion, we let

D-1/2
pq = �pq (⇢

(0)
q )-1/2, ⇢(0) =

1
Q

X

q

⇢(0)
q , (5.32)

and we denote by �A
p 2R and �B

p 2R (p= 1, Q) the real eigenvalues of ⇢(0) P
r,s D

-1/2
pr ArsD

-1/2
sq

and ⇢(0) P
r,s D

-1/2
pr BrsD

-1/2
sq , respectively. Note that �A

p are ordered in ± pairs as in Remark 12.

Lemma 10. Let k̂/kk̂k be fixed, and consider the eigenfunction basis g̃'a
np given by (5.29) with

Tpq =
p

⇢(0)
X

s

RT
psD

-1/2
sq , p, q= 1, Q, (5.33)

where Rpq is a real-valued orthogonal matrix that: (a) converts ⇢(0) P
r,s D

-1/2
prArsD

-1/2
sq into a 2⇥2

block-diagonal form (·)ot via transformation
P

p,q R
T
op (·)pqRqt when solving (5.17), and (b) collects

the eigenvectors of ⇢(0) P
r,s D

-1/2
prBrsD

-1/2
sq when solving (5.20). Such basis is (i) ⇢-orthonormal in

that (⇢g̃'a
np, g̃'a

nq)Ya
= �pq ⇢

(0) and (ii) unique, i.e. independent of the choice of '̃a
np, when Mpq itself

(M =A,B) has no repeated eigenvalues. In this frame of reference, system (5.17) (resp. system (5.20))
becomes 2⇥2 block-diagonal (resp. diagonal) in direction k̂/kk̂k as

gApq = g✓(0)
pq ·(ik̂) = �p(q+(�1)p) (�1)pi�A

p ,

gBpq = gµ(0)
pq : (ik̂)2 = �pq�

B
p , gDpq = �pq ⇢

(0) (no summation) (5.34)

where gApq, gBpq and gDpq are invariant with respect to the choice of basis '̃a
np. See Appendix A for proof.

With reference to (5.34), we note that the 2⇥2 block-diagonal nature of gApq is perhaps not
surprising, for in this case the germane dispersion branches appear in “±” pairs in terms of the
incipient group velocity, see Remark 12. We also note, omitting the details for brevity, that the
analysis of Lemma 10 also applies to “reduced” system (5.27) arising when rank(Apq) =Q� 1.

Remark 16. At this point, it is unclear under which conditions there exists a common basis g̃'a
np (p= 1, Q)

that simultaneously (block-) diagonalizes Mpq (M =A,B) for all k̂/kk̂k. For instance when Dirac cones
are present (M=A), there is no such basis; otherwise for each k̂?g✓(0)

pq (p, q= 1, Q) the rank of gApq drops
by at least two, and thus negates the Dirac cones. For other types of apexes (with M=B) examined in
Section 7 and elsewhere in the literature [11], on the other hand, such common basis does seem to exist.
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light on the problem, let Tpq be an invertible real-valued matrix such that

g̃'a
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X
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Tpq '̃
a
nq, p= 1, Q (5.29)

represents another (possibly rescaled) basis that is orthogonal in L2
⇢(Ya). In this new frame, we have
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p =

X
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pq =
X

r,s

Tpr✓
(0)
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T
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gµ(0)
pq =
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r,s

Tprµ
(0)
rsT

T
sq, (5.30)

due to (5.12) and (5.21). As a result, effective models (5.17) and (5.20) hold under the mappings

wjq ! gwjq =
X

s

T -T
qswjs, Mpq ! gMpq =

X

r,s

TprMrsT
T
sq,

heika·xip'
a ! heika·xipe'

a =
X

s

Tqs heika·xis'
a , j 2 {0, 1}, M 2 {A,B,D}. (5.31)

which clearly preserve the germane dispersion relationships.

The foregoing remark raises the question of a unique “reference” eigenfunction basis that
facilitates comparison of results across studies. To help the discussion, we let
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(0)
q )-1/2, ⇢(0) =

1
Q

X

q

⇢(0)
q , (5.32)

and we denote by �A
p 2R and �B

p 2R (p= 1, Q) the real eigenvalues of ⇢(0) P
r,s D

-1/2
pr ArsD

-1/2
sq

and ⇢(0) P
r,s D

-1/2
pr BrsD

-1/2
sq , respectively. Note that �A

p are ordered in ± pairs as in Remark 12.

Lemma 10. Let k̂/kk̂k be fixed, and consider the eigenfunction basis g̃'a
np given by (5.29) with

Tpq =
p

⇢(0)
X

s

RT
psD

-1/2
sq , p, q= 1, Q, (5.33)

where Rpq is a real-valued orthogonal matrix that: (a) converts ⇢(0) P
r,s D

-1/2
prArsD

-1/2
sq into a 2⇥2

block-diagonal form (·)ot via transformation
P

p,q R
T
op (·)pqRqt when solving (5.17), and (b) collects

the eigenvectors of ⇢(0) P
r,s D

-1/2
prBrsD

-1/2
sq when solving (5.20). Such basis is (i) ⇢-orthonormal in

that (⇢g̃'a
np, g̃'a

nq)Ya
= �pq ⇢

(0) and (ii) unique, i.e. independent of the choice of '̃a
np, when Mpq itself

(M =A,B) has no repeated eigenvalues. In this frame of reference, system (5.17) (resp. system (5.20))
becomes 2⇥2 block-diagonal (resp. diagonal) in direction k̂/kk̂k as

gApq = g✓(0)
pq ·(ik̂) = �p(q+(�1)p) (�1)pi�A

p ,

gBpq = gµ(0)
pq : (ik̂)2 = �pq�

B
p , gDpq = �pq ⇢

(0) (no summation) (5.34)

where gApq, gBpq and gDpq are invariant with respect to the choice of basis '̃a
np. See Appendix A for proof.

With reference to (5.34), we note that the 2⇥2 block-diagonal nature of gApq is perhaps not
surprising, for in this case the germane dispersion branches appear in “±” pairs in terms of the
incipient group velocity, see Remark 12. We also note, omitting the details for brevity, that the
analysis of Lemma 10 also applies to “reduced” system (5.27) arising when rank(Apq) =Q� 1.

Remark 16. At this point, it is unclear under which conditions there exists a common basis g̃'a
np (p= 1, Q)

that simultaneously (block-) diagonalizes Mpq (M =A,B) for all k̂/kk̂k. For instance when Dirac cones
are present (M=A), there is no such basis; otherwise for each k̂?g✓(0)

pq (p, q= 1, Q) the rank of gApq drops
by at least two, and thus negates the Dirac cones. For other types of apexes (with M=B) examined in
Section 7 and elsewhere in the literature [11], on the other hand, such common basis does seem to exist.
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light on the problem, let Tpq be an invertible real-valued matrix such that
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X
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Tpq '̃
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represents another (possibly rescaled) basis that is orthogonal in L2
⇢(Ya). In this new frame, we have
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T
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T
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due to (5.12) and (5.21). As a result, effective models (5.17) and (5.20) hold under the mappings

wjq ! gwjq =
X

s
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qswjs, Mpq ! gMpq =

X

r,s

TprMrsT
T
sq,

heika·xip'
a ! heika·xipe'

a =
X

s

Tqs heika·xis'
a , j 2 {0, 1}, M 2 {A,B,D}. (5.31)

which clearly preserve the germane dispersion relationships.

The foregoing remark raises the question of a unique “reference” eigenfunction basis that
facilitates comparison of results across studies. To help the discussion, we let
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and we denote by �A
p 2R and �B

p 2R (p= 1, Q) the real eigenvalues of ⇢(0) P
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sq

and ⇢(0) P
r,s D
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-1/2
sq , respectively. Note that �A

p are ordered in ± pairs as in Remark 12.

Lemma 10. Let k̂/kk̂k be fixed, and consider the eigenfunction basis g̃'a
np given by (5.29) with

Tpq =
p

⇢(0)
X

s

RT
psD

-1/2
sq , p, q= 1, Q, (5.33)

where Rpq is a real-valued orthogonal matrix that: (a) converts ⇢(0) P
r,s D

-1/2
prArsD

-1/2
sq into a 2⇥2

block-diagonal form (·)ot via transformation
P

p,q R
T
op (·)pqRqt when solving (5.17), and (b) collects

the eigenvectors of ⇢(0) P
r,s D

-1/2
prBrsD

-1/2
sq when solving (5.20). Such basis is (i) ⇢-orthonormal in

that (⇢g̃'a
np, g̃'a

nq)Ya
= �pq ⇢

(0) and (ii) unique, i.e. independent of the choice of '̃a
np, when Mpq itself

(M =A,B) has no repeated eigenvalues. In this frame of reference, system (5.17) (resp. system (5.20))
becomes 2⇥2 block-diagonal (resp. diagonal) in direction k̂/kk̂k as

gApq = g✓(0)
pq ·(ik̂) = �p(q+(�1)p) (�1)pi�A

p ,

gBpq = gµ(0)
pq : (ik̂)2 = �pq�

B
p , gDpq = �pq ⇢

(0) (no summation) (5.34)

where gApq, gBpq and gDpq are invariant with respect to the choice of basis '̃a
np. See Appendix A for proof.

With reference to (5.34), we note that the 2⇥2 block-diagonal nature of gApq is perhaps not
surprising, for in this case the germane dispersion branches appear in “±” pairs in terms of the
incipient group velocity, see Remark 12. We also note, omitting the details for brevity, that the
analysis of Lemma 10 also applies to “reduced” system (5.27) arising when rank(Apq) =Q� 1.

Remark 16. At this point, it is unclear under which conditions there exists a common basis g̃'a
np (p= 1, Q)

that simultaneously (block-) diagonalizes Mpq (M =A,B) for all k̂/kk̂k. For instance when Dirac cones
are present (M=A), there is no such basis; otherwise for each k̂?g✓(0)

pq (p, q= 1, Q) the rank of gApq drops
by at least two, and thus negates the Dirac cones. For other types of apexes (with M=B) examined in
Section 7 and elsewhere in the literature [11], on the other hand, such common basis does seem to exist.
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7.2.3.Dispersioninamediumwithvariableshearmodulus
Asthelastexample,weconsiderthedispersioninachesboard-likemediumwith`1=`2=1,G=(1,4,1,4),
andr=(1,2,1,2).Thisconfiguration,investigatedin[16]fromtheviewpointofLW-LFapproximation,is
distinctfromthoseexaminedinearlierFW-FFstudiesinthatitfeaturesvariableshearmodulus,i.e.variable
coe�cientintheprincipalpartofthedi↵erentialoperator.WiththeuseofTheorem1,Theorem2and
Theorem3,asymptoticapproximationsofthefirsteightdispersionbranchesforthemediumarecomputed
andshowninFig.5alongthewavenumbercontourABC,seeFig.3(b).Theleading-orderapproximations
areplottedforallbranchesandallapexpoints,whiletheirsecond-ordercounterpartsareshownonlyfor
thosepairs(ka,!a

n)featuringisolatedeigenvalues�̃a
n.Ascanbeseenfromthedisplay,thesecond-order

approximationbringsaboutnotableimprovementintheasymptoticdescriptionofthefirst,second,andsixth
branchnearapexA;howeverthisobservationdoesnotapplytothethirdbranch.Theprincipalreasonfor
thisdropinperformanceofthesecond-orderapproximationistheproximityofneighboringeigenvalues,which
suggestthenecessitytoaccountfortheinteractionofnearbybranchesinsuchsituations.Thisobservation
alsoappliestothefirstandsecondbranchofthepolyatomicchainatk/̀⇡=1inFig.2(d),wherethetwo
eigenvaluesareisolatedyetrelativelyclosetoeachother.FromFig.5,onemayalsonotethatapexBfeatures
distinctasymptoticbehaviorsindirectionsBAandBC.Indeed–indirectionBA,thelocalapproximation
islinear(rank(Apq)=2)andtheuseismadeofthegeneralizedeigenvalueproblemstemmingfrom(137)to
determinethegermaneslopes,seealsoRemark15.IndirectionBC,ontheotherhand,thelocalvariationis
quadratic(rank(Apq)=0)andthegermanecurvaturesarecomputedfromthegeneralizedeigenvalueproblem
dueto(143).Fromabroaderperspective,such“heterogeneous”asymptoticdescriptionatanapexcouldbe
unifiedbypursuingasecond-orderexpansioncateringforrepeatedeigenvalues.Finally,fromthedispersion
diagramweobserve:(i)thepresenceofanarrowbandgapbetweenthesecondandthethirdbranch,and
(ii)thefactthatthelocalbehaviorsofthefirsteightbranchesatapexCarealluniformlydescribedbythe
“trivialApq”model(143).
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Q=2,rank(Apq)=2:eq.(137)
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Figure5:Firsteightdispersionbranchesforachessboard-likemediumwith`1=`2=1,G=(1,4,1,4),andr=(1,2,1,2).
Dottedlinesplotthe“exact”relationshipscomputednumericallybyNGSolve[24],anddashed(resp.continuous)linestrackthe

leading-(resp.second-)orderapproximationsnearapexesA,BandC.
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7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
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Q=2, rank(Apq)=0: eq. (143)
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
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Q=2, rank(Apq)=0: eq. (143)
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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light on the problem, let Tpq be an invertible real-valued matrix such that

g̃'a
np =

X

q

Tpq '̃
a
nq, p= 1, Q (5.29)

represents another (possibly rescaled) basis that is orthogonal in L2
⇢(Ya). In this new frame, we have

f⇢(0)
p =

X

r

Tpr⇢
(0)
r T T

rp,
g✓(0)

pq =
X

r,s

Tpr✓
(0)
rsT

T
sq,

gµ(0)
pq =

X

r,s

Tprµ
(0)
rsT

T
sq, (5.30)

due to (5.12) and (5.21). As a result, effective models (5.17) and (5.20) hold under the mappings

wjq ! gwjq =
X

s

T -T
qswjs, Mpq ! gMpq =

X

r,s

TprMrsT
T
sq,

heika·xip'
a ! heika·xipe'

a =
X

s

Tqs heika·xis'
a , j 2 {0, 1}, M 2 {A,B,D}. (5.31)

which clearly preserve the germane dispersion relationships.

The foregoing remark raises the question of a unique “reference” eigenfunction basis that
facilitates comparison of results across studies. To help the discussion, we let

D-1/2
pq = �pq (⇢

(0)
q )-1/2, ⇢(0) =

1
Q

X

q

⇢(0)
q , (5.32)

and we denote by �A
p 2R and �B

p 2R (p= 1, Q) the real eigenvalues of ⇢(0) P
r,s D

-1/2
pr ArsD

-1/2
sq

and ⇢(0) P
r,s D

-1/2
pr BrsD

-1/2
sq , respectively. Note that �A

p are ordered in ± pairs as in Remark 12.

Lemma 10. Let k̂/kk̂k be fixed, and consider the eigenfunction basis g̃'a
np given by (5.29) with

Tpq =
p

⇢(0)
X

s

RT
psD

-1/2
sq , p, q= 1, Q, (5.33)

where Rpq is a real-valued orthogonal matrix that: (a) converts ⇢(0) P
r,s D

-1/2
prArsD

-1/2
sq into a 2⇥2

block-diagonal form (·)ot via transformation
P

p,q R
T
op (·)pqRqt when solving (5.17), and (b) collects

the eigenvectors of ⇢(0) P
r,s D

-1/2
prBrsD

-1/2
sq when solving (5.20). Such basis is (i) ⇢-orthonormal in

that (⇢g̃'a
np, g̃'a

nq)Ya
= �pq ⇢

(0) and (ii) unique, i.e. independent of the choice of '̃a
np, when Mpq itself

(M =A,B) has no repeated eigenvalues. In this frame of reference, system (5.17) (resp. system (5.20))
becomes 2⇥2 block-diagonal (resp. diagonal) in direction k̂/kk̂k as

gApq = g✓(0)
pq ·(ik̂) = �p(q+(�1)p) (�1)pi�A

p ,

gBpq = gµ(0)
pq : (ik̂)2 = �pq�

B
p , gDpq = �pq ⇢

(0) (no summation) (5.34)

where gApq, gBpq and gDpq are invariant with respect to the choice of basis '̃a
np. See Appendix A for proof.

With reference to (5.34), we note that the 2⇥2 block-diagonal nature of gApq is perhaps not
surprising, for in this case the germane dispersion branches appear in “±” pairs in terms of the
incipient group velocity, see Remark 12. We also note, omitting the details for brevity, that the
analysis of Lemma 10 also applies to “reduced” system (5.27) arising when rank(Apq) =Q� 1.

Remark 16. At this point, it is unclear under which conditions there exists a common basis g̃'a
np (p= 1, Q)

that simultaneously (block-) diagonalizes Mpq (M =A,B) for all k̂/kk̂k. For instance when Dirac cones
are present (M=A), there is no such basis; otherwise for each k̂?g✓(0)

pq (p, q= 1, Q) the rank of gApq drops
by at least two, and thus negates the Dirac cones. For other types of apexes (with M=B) examined in
Section 7 and elsewhere in the literature [11], on the other hand, such common basis does seem to exist.
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surprising, for in this case the germane dispersion branches appear in “±” pairs in terms of the
incipient group velocity, see Remark 12. We also note, omitting the details for brevity, that the
analysis of Lemma 10 also applies to “reduced” system (5.27) arising when rank(Apq) =Q� 1.

Remark 16. At this point, it is unclear under which conditions there exists a common basis g̃'a
np (p= 1, Q)

that simultaneously (block-) diagonalizes Mpq (M =A,B) for all k̂/kk̂k. For instance when Dirac cones
are present (M=A), there is no such basis; otherwise for each k̂?g✓(0)

pq (p, q= 1, Q) the rank of gApq drops
by at least two, and thus negates the Dirac cones. For other types of apexes (with M=B) examined in
Section 7 and elsewhere in the literature [11], on the other hand, such common basis does seem to exist.
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The foregoing remark raises the question of a unique “reference” eigenfunction basis that
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where gApq, gBpq and gDpq are invariant with respect to the choice of basis '̃a
np. See Appendix A for proof.

With reference to (5.34), we note that the 2⇥2 block-diagonal nature of gApq is perhaps not
surprising, for in this case the germane dispersion branches appear in “±” pairs in terms of the
incipient group velocity, see Remark 12. We also note, omitting the details for brevity, that the
analysis of Lemma 10 also applies to “reduced” system (5.27) arising when rank(Apq) =Q� 1.

Remark 16. At this point, it is unclear under which conditions there exists a common basis g̃'a
np (p= 1, Q)

that simultaneously (block-) diagonalizes Mpq (M =A,B) for all k̂/kk̂k. For instance when Dirac cones
are present (M=A), there is no such basis; otherwise for each k̂?g✓(0)

pq (p, q= 1, Q) the rank of gApq drops
by at least two, and thus negates the Dirac cones. For other types of apexes (with M=B) examined in
Section 7 and elsewhere in the literature [11], on the other hand, such common basis does seem to exist.
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where gApq, gBpq and gDpq are invariant with respect to the choice of basis '̃a
np. See Appendix A for proof.

With reference to (5.34), we note that the 2⇥2 block-diagonal nature of gApq is perhaps not
surprising, for in this case the germane dispersion branches appear in “±” pairs in terms of the
incipient group velocity, see Remark 12. We also note, omitting the details for brevity, that the
analysis of Lemma 10 also applies to “reduced” system (5.27) arising when rank(Apq) =Q� 1.

Remark 16. At this point, it is unclear under which conditions there exists a common basis g̃'a
np (p= 1, Q)

that simultaneously (block-) diagonalizes Mpq (M =A,B) for all k̂/kk̂k. For instance when Dirac cones
are present (M=A), there is no such basis; otherwise for each k̂?g✓(0)

pq (p, q= 1, Q) the rank of gApq drops
by at least two, and thus negates the Dirac cones. For other types of apexes (with M=B) examined in
Section 7 and elsewhere in the literature [11], on the other hand, such common basis does seem to exist.
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