The role of phonons in dynamic
homogenization: Dirac, Dirac-like,
and almost-Dirac points
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(I) Dirac, Dirac-like, and almost-Dirac points
(Ill) Effective Green’s function
(IV) Waves in periodic discontinua
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Microstructured media
quasistatic homogenization

¢ Dispersion, band gaps, anisotropy, negative index of refraction, super-focusing,
cloaking, topologically protected states....

¢ Eclipsing the quasistatic limit: effective field equation (non-locality, dispersion)
and dynamic material properties

e Willis’ approach (wilis (1981,2009), Norris et al. (2012)) VS. multiple-scales
homogenization (Bensoussan et al. (1978), Bakhvalov et al. (1989))



frequency w

Homogenization regimes

dynamic
homogenization
Cn

S 7
guasistatic limit wavenumber k




Band gaps

before damage

...Scan points ( (
after damage

Scanning Laser
Doppler Vibrometer
(SLDV)

—

scan pts: X

Dontsov, Tokmashev, G (2013) IUSS

SRR



Topologically-protected states
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LW-LF primer

Floguet-Bloch approach + asymptotic expansion
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Scalar wave equation (G, p are Y-periodic) J,\o,\qqui,;g:\(a}/r & \
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Bloch-wave assumption (PWE)

u(xz) = a(x)e®®, w : Y-periodic

Reduced problem
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LW-LF primer

Floguet-Bloch approach + asymptotic expansion
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Bloch-wave assumption (PWE)

u(xz) = a(x)e®®, w : Y-periodic

Reduced problem

— 2 p(@) B — Vi (G() Vi) :@ in Y,
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Asymptotic analysis

\W-LFregime: Kk =ck,  w=ed
Expansion B
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First (zero-mean) cell function
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First (zero-mean) cell function
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Effective LW-LF equation (dynamic)




PDE interpretation &
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Boundary vs bulk correction

C

THEOREM 2. Let u. be the solution to (3), ug the solution to (4), and let the bulk
correction u'V be given by (13) in the interior of D and zero on the exterior of D.
Then for any ball By of radius R > 0 which contains D,

Jue — (uo + Eu(l))HHl(D) + [|ue — woll g1 (Br\D) < C e'/?

and
|ue — uol|L2(Br) < Cre,

THEOREM 5. Let u,. be the solution to (3), ug the solution to (4), and let the bulk
and boundary corrections u'Y) and 0. be given by (13) and (18), respectively. We also

note that in the definition of 0., v must be given by (63). Then for any ball By of
radius R > 0 which contains D, we have

lue — (uo + eul™ + €00 || 1 (py + l[ue — (w0 + €0)|| 1 (Ba\ Dy < Cu € ?[|uo| (D)
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and
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Finite frequencies? k=i, w-c
Primal problem

—w?p(x)d — Vi (G(x)Vew) = 1 in Y,

V- Gvkﬁ)|xj:0 = —V- Gvk@|mj:gj.

Eigensystem

“Amp(x) dm — V- (G(x)Vedm) = 0 in Y,
V- GVibmle,—0 = —V - GVk¢m|xj_e




Effective motion k=ck, w=co

LW-FF approximation

Scaling (isolated eigenvalues)
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< Effective eq.

Wo(z) = wodp ()

A

o1 (z) = wox”(z)- ik + wi1dn(z)

w2 (x) = wox? () : (ik)* + wix¥(x) - ik + wadp(z) + 1 ()
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ApxX? +V-(G(VX"+ Id7)) + GV, = 0 in Y,
v G(Vx"+ IQB%)|xj:0 = v - G(Vx"+ I(E%)|xj:gj

A pX? + V- (G(VX® + T x"Y)) + G{Vx" + Idp} — %u“’cﬁ% =0 inY,

v-G(VX® + {I @ XY )|z;=0 = —v - G(VX? + {T & x"})|e, =0,



1D BVP

MITMNMRARANRNY C

Dirichlet

W(x) = e “wo(@) + € () + wa(@) +

l——(ﬁ)) — € 2w0 —|—e_1w1 + w2 + ewsz + ---




Role of eigenfunctions

Brillouin (1953) Wave Propagation in Periodic Structures
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Negative-index metamaterials




Apexes of the 1st Brillouin zone

a=(0,1) a=(1,1)
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Multi-cell analysis
Vasiliev et al (2005) IJSS, 42




Propagating eigenfunction
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—(V+ik®)- (G(V+ik*)9%) = Apo% in Y,

~V-(GV@2) = App% in Yy,
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Factorized ansatz

Origin, k* =0
w(x) = € “wo(x) + € Twi(x) + waz) + ews(x) +
w = (W) = (qu;;)z)?
Wy = (W) = (W, cb?b)?
(@) = ¢ 2wy + € 'w + way + ewsz +
Apex, k* £ 0
W(w) = e * T (e 2wg(x) + ¢ i (m) + dom) + ews(w) +




Effective model

Averages
(@a = o (2.62) @)% = (369
AR AR
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Effective parameters
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Uncoupling

Average effective density (energy): invariant
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