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group velocity of the Dirac cones is critical, because not only this
condition ensures that the S and A modes are degenerate over a
broad range of frequency around the Dirac point but more
importantly it allows one to use any unitary transform of the
original orthogonal basis (S and A modes) as effective spin states.
Near the K-point (k||¼ kKþ dk||) and using the A and S modes as
the basis, this system is described by a 4# 4 effective
Hamiltonian:

bHA;S kk
! "

¼ vAbrk $ dkk 0
0 vSbrk $ dkk

# $
; ð1Þ

where brk ¼ bs1; bs2½ ( is the Pauli matrices of the Dirac bands
subspace (Supplementary Note 2). vA and vS are the group
velocities of the A and S modes, respectively, and have an
identical value of vD when degeneracy is achieved. Any bulk mode
can be expanded into a linear superposition of four Dirac-band
eigenstates described by a four-component wavefunction
j/4 ¼ fI

A;f
II
A;f

I
S;f

II
S

% &
, where the superscripts I and II

denote the lower and upper Dirac bands, respectively.

Emulating strong spin–orbing coupling. In the second step, we
introduce strong spin–orbit coupling to induce topological phase
transition, accompanied by the opening of a topological bandgap at
the K and K0 points for the bulk crystal (Fig. 2). Note that the

degeneracy between the A and S modes achieved at the previous
step ensures a complete phononic bandgap in the proximity of the
former Dirac points, forming an ‘insulating state’ for the phononic
crystal (Fig. 2b)43. The use of Lamb waves is crucial to the
formation of the complete bandgap44,45. By enlarging the upper rim
of the air holes into a counterbore structure, as shown in Fig. 2a, an
effective gauge field emulating spin–orbit coupling46 is introduced.
This structural change breaks sz mirror symmetry, and is designed
to induce coupling within two mode pairs in the original Dirac
bands: the lower AI mode and the upper SII mode, as well as the
lower SI mode and the upper AII mode. For all frequencies near the
original Dirac points where the frequency and group velocity
degeneracy are maintained, the eigenmodes of the system become
hybridized as Aþ Sð Þ=

ffiffiffi
2
p

and A ) Sð Þ=
ffiffiffi
2
p

, which will be used as
the two effective spins. Inspection of the numerically calculated
displacement fields confirms such pairwise hybridizations of the A
and S modes as the new eigenmodes (Fig. 2c).

Treating the structural modification as a perturbation, we
mapped the effective Hamiltonian to the Kane–Mele theory46,
proving this system is a phononic analogue of QSHE. Indeed,
keeping the A and S modes as the basis, the perturbation is
described by a first-order correction to the unperturbed
Hamiltonian bHA;S ¼ bHA;Sþ bVA;S with bVA;S ¼ 0;mbs3; mbs3; 0½ (,
where bs3 is a Pauli matrix (Supplementary Note 2). Switching
to the hybridized modes as the basis in the vicinity of K (K0)
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Figure 1 | Dual-scale phononic crystal with degenerate Dirac cones. (a) Perspective view (upper panel) and top view (lower panel) of a phononic crystal
made of a triangular lattice of air holes in a slab of aluminium metamaterial. P¼ 1 cm; L¼ 5.25 mm; R¼ 1.95 mm. The non-resonant metamaterial slab is
2.54-mm thick, with subwavelength air holes at a filling ratio of 0.65. (b) Phononic band structure with degenerate Dirac points and Dirac velocities,
along the irreducible Brillouin zone boundary (shown as inset). (c) Displacement fields of a unit cell at the Dirac point (K). Colour indicates the
displacement amplitudes from the undeformed configuration (grey contours).
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Figure 2 | Spin–orbit coupling and bandgap opening by breaking mirror symmetry rz. (a) Perspective view of the modified phononic crystal (upper
panel) with broken z-mirror symmetry: the top rim of each air hole is enlarged into a counterbore (lower panel) with 14% increase in size and a 20% depth
of the overall thickness. The overall thickness is increased to 2.94 mm to restore the spin degeneracy between the modes at the K-point. (b) Phononic
band structure showing a complete bandgap (5.4% relative bandwidth) induced by the symmetry breaking. Phase and group velocities at the band edge
remain matched near the K-point. Spin Chern number CS, calculated using first-principle finite-element method simulations, is shown for each band.
(c) Displacement fields of a unit cell at the Dirac point (K), illustrating the hybridization between the S and A modes. Colours indicate the absolute value of
the displacement.
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broad range of frequency around the Dirac point but more
importantly it allows one to use any unitary transform of the
original orthogonal basis (S and A modes) as effective spin states.
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transition, accompanied by the opening of a topological bandgap at
the K and K0 points for the bulk crystal (Fig. 2). Note that the
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step ensures a complete phononic bandgap in the proximity of the
former Dirac points, forming an ‘insulating state’ for the phononic
crystal (Fig. 2b)43. The use of Lamb waves is crucial to the
formation of the complete bandgap44,45. By enlarging the upper rim
of the air holes into a counterbore structure, as shown in Fig. 2a, an
effective gauge field emulating spin–orbit coupling46 is introduced.
This structural change breaks sz mirror symmetry, and is designed
to induce coupling within two mode pairs in the original Dirac
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, which will be used as
the two effective spins. Inspection of the numerically calculated
displacement fields confirms such pairwise hybridizations of the A
and S modes as the new eigenmodes (Fig. 2c).

Treating the structural modification as a perturbation, we
mapped the effective Hamiltonian to the Kane–Mele theory46,
proving this system is a phononic analogue of QSHE. Indeed,
keeping the A and S modes as the basis, the perturbation is
described by a first-order correction to the unperturbed
Hamiltonian bHA;S ¼ bHA;Sþ bVA;S with bVA;S ¼ 0;mbs3; mbs3; 0½ (,
where bs3 is a Pauli matrix (Supplementary Note 2). Switching
to the hybridized modes as the basis in the vicinity of K (K0)
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Figure 1 | Dual-scale phononic crystal with degenerate Dirac cones. (a) Perspective view (upper panel) and top view (lower panel) of a phononic crystal
made of a triangular lattice of air holes in a slab of aluminium metamaterial. P¼ 1 cm; L¼ 5.25 mm; R¼ 1.95 mm. The non-resonant metamaterial slab is
2.54-mm thick, with subwavelength air holes at a filling ratio of 0.65. (b) Phononic band structure with degenerate Dirac points and Dirac velocities,
along the irreducible Brillouin zone boundary (shown as inset). (c) Displacement fields of a unit cell at the Dirac point (K). Colour indicates the
displacement amplitudes from the undeformed configuration (grey contours).
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Figure 2 | Spin–orbit coupling and bandgap opening by breaking mirror symmetry rz. (a) Perspective view of the modified phononic crystal (upper
panel) with broken z-mirror symmetry: the top rim of each air hole is enlarged into a counterbore (lower panel) with 14% increase in size and a 20% depth
of the overall thickness. The overall thickness is increased to 2.94 mm to restore the spin degeneracy between the modes at the K-point. (b) Phononic
band structure showing a complete bandgap (5.4% relative bandwidth) induced by the symmetry breaking. Phase and group velocities at the band edge
remain matched near the K-point. Spin Chern number CS, calculated using first-principle finite-element method simulations, is shown for each band.
(c) Displacement fields of a unit cell at the Dirac point (K), illustrating the hybridization between the S and A modes. Colours indicate the absolute value of
the displacement.
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Repeated eigenvalues

Q projections (phonons)

Q = 4
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O(𝜖-2):

Consider next the asymptotic expansion

w̃(x) = e�ika·x�
✏�2w̃0(x) + ✏�1w̃1(x) + w̃2(x) + ✏w̃3(x) + · · ·

�
, (90)

which distills (88)–(89) into a series in ✏. By virtue of (88)–(90) and the analysis similar to that in Section 5.1,
we find that w̃m 2 H1

p (Ya) (m > 0) which further satisfy the coupled boundary conditions

⌫ · G(rw̃m + ik̂w̃m�1)|xj=0 = �⌫ · G(rw̃m + ik̂w̃m�1)|xj=(1+aj)`j
,

ajwm|xj=0 = �ajwm|xj=`j , j = 1, d. (91)

with w̃�1 ⌘ 0.
In the sequel, we conveniently denote by wm the respective constants of integration when solving for w̃m(x).

Recalling (84), (85) and (90), we specifically seek wm as

wm = hw̃mi'
a, m > 0, (92)

so that hũia = f̃ hw̃ia (by extension of Lemma 1) and

hw̃ia = ✏�2w0 + ✏�1w1 + w2 + ✏w3 + · · · . (93)

5.3. Leading-order approximation
By the analysis given in Section 5.1, the O(✏�2) contribution due to (88) and (90) is found as

��̃a
n⇢w̃0 � r·

�
Grw̃0

�
= 0 in Ya. (94)

By virtue of (80)–(82) and (91) with m = 0, we have

w̃0(x) = w0 '̃a
n(x), (95)

where w0 is a constant to be determined.
Similarly, the O(✏�1) equality can be identified as

��̃a
n⇢w̃1 � �!̆2⇢w̃0 � r·

�
G(rw̃1 + ik̂w̃0)

�
� ik̂ ·

�
Grw̃0

�
= 0 in Ya. (96)

By the linearity of the problem, the solution of (96) is given by

w̃1(x) = w0(�
(0)(x)�!̆2+ �(1)(x)· ik̂) + w1 '̃a

n(x), (97)

where w1 is a constant; �(0) 2 H1a
p0 (Ya) uniquely solves

�̃a
n⇢�(0) + r·

�
Gr�(0)

�
+ ⇢'̃a

n = 0 in Ya, (98)

⌫ · Gr�(0)|xj=0 = �⌫ · Gr�(0)|xj=(1+aj)`j
, j = 1, d,

and �(1) 2 (H1a
p0 (Ya))d is a unique vector that satisfies

�̃a
n⇢�(1) + r·
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G(r�(1)+ I'̃a

n)
�

+ Gr'̃a
n = 0 in Ya, (99)

⌫ · G(r�(1)+ I'̃a
n)|xj=0 = �⌫ · G(r�(1)+ I'̃a

n)|xj=(1+aj)`j
, j = 1, d,

Lemma 6. Cell function �(1) solving (99) is real-valued, and !̆ = 0. See Appendix, Section A for proof.

Thanks to Lemma 6, the FW-FF asymptotic analysis near k = ka largely reduces to its LW-FF companion
near k = 0 as in Section 3. In particular, the O(1) contribution to (88) is found as
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By following the treatment of (30) that carries the same structure as (100), we find that w0 solves

�
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�
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a, (101)

featuring the real-valued e↵ective coe�cients
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⌦
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n}, 1
�
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, (102)

where �(1) is given by (99).
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n = 0 in Ya, (98)

⌫ · Gr�(0)|xj=0 = �⌫ · Gr�(0)|xj=(1+aj)`j
, j = 1, d,

and �(1) 2 (H1a
p0 (Ya))d is a unique vector that satisfies

�̃a
n⇢�(1) + r·

�
G(r�(1)+ I'̃a

n)
�

+ Gr'̃a
n = 0 in Ya, (99)

⌫ · G(r�(1)+ I'̃a
n)|xj=0 = �⌫ · G(r�(1)+ I'̃a

n)|xj=(1+aj)`j
, j = 1, d,

Lemma 6. Cell function �(1) solving (99) is real-valued, and !̆ = 0. See Appendix, Section A for proof.

Thanks to Lemma 6, the FW-FF asymptotic analysis near k = ka largely reduces to its LW-FF companion
near k = 0 as in Section 3. In particular, the O(1) contribution to (88) is found as

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂·

�
G(rw̃1 + ik̂w̃0)

�
� �!̂2⇢w̃0 = eika·x in Ya. (100)

By following the treatment of (30) that carries the same structure as (100), we find that w0 solves

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w0 = heika·xi'

a, (101)

featuring the real-valued e↵ective coe�cients

⇢(0) = h⇢'̃a
ni'

a, µ(0) =
⌦
G{r�(1) + I'̃a

n}
↵'

a
�

�
G{�(1) ⌦ r'̃a

n}, 1
�
Ya

, (102)

where �(1) is given by (99).
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6.1. Eigenfunction basis

Assuming that �a
n has multiplicity Q > 1, let �̃a

nq 2 H1
p (Y ) (q = 1, Q) be linearly independent eigenfunctions

that satisfy

�(r+ika)·
�
G(r+ika)�̃a

nq

�
= �̃a

n⇢�̃a
nq in Y, (120)

⌫ · G(r+ika)�̃a
nq|xj=0 = �⌫ · G(r+ika)�̃a

nq|xj=`j , j = 1, d (121)

together with the orthogonality condition (11). Following the analysis in Section 5.1, we let

�̃a
nq(x) = '̃a

nq(x)e�ika·x, q = 1, Q (122)

where '̃a
nq 2 H1

p (Ya) are orthogonal according to (83) and satisfy

�r·
�
Gr'̃a

nq

�
= �̃a

n⇢ '̃a
nq in Ya, (123)

⌫ · Gr'̃a
nq|xj=0 = �⌫ · Gr'̃a

nq|xj=(1+aj)`j
, (124)

aj'̃
a
nq|xj=0 = �aj'̃

a
nq|xj=`j , j = 1, d. (125)

By extending the argument of Lemma 2, we find that '̃a
nq can be taken as real-valued without loss of generality.

In this case, however, a generic solution to (123)–(125) need not have constant argument across Ya.
On the basis of (120)–(125), we define the relevant “averaging” operators as

hũiq
a =

�
ũ, �̃a

nq

�
Ya

, hũiq'
a =

�
ũ, '̃a

nq

�
Ya

, q = 1, Q, (126)

and we generalize (86) as

H1a
p0 (Ya) = {g 2 L2(Y ) : rg 2 (L2(Y ))d, hgiq'

a = 0, q = 1, Q, g|xj=0 = g|xj=(1+aj)`j
, j = 1, d}.

Remark 11. In the sequel, we do not asume implicit summation over repeated indexes p, q and r.

6.2. Leading-order approximation

As indicated earlier, we consider (88)–(89) and we start from the asymptotic expansion of w̃ as given by (90).
In the context of (126), however, there are Q expressions of the e↵ective motion and (92)–(93) become

hw̃iq
a = ✏�2w0q + ✏�1w1q + · · · , wmq = hw̃miq'

a , m > 0, q = 1, Q. (127)

From the results in Section 5.3, we find the O(✏�2) contribution stemming from (88) to be given by (94).
By (123)–(125), we now have

w̃0(x) =
X

q

w0q '̃a
nq(x), (128)

where w0q 2 C (q = 1, Q) are constants to be determined.
Next, we find the O(✏�1) statement of (88) to be given by (96). On multiplying the latter by '̃a

np and
integrating over Ya, one can show by following the proof of Lemma 6 that

X

q

✓(0)

pq ·(ik̂) w0q + �!̆2⇢(0)
p w0p = 0, p = 1, Q. (129)

where
⇢(0)

p =
⌦
⇢'̃a

np

↵p'

a
, ✓(0)

pq =
⌦
Gr'̃a

nq

↵p'

a
�

⌦
Gr'̃a

np

↵q'

a
, p, q = 1, Q. (130)

Remark 12. On recalling Lemma 1 and the discussion in Remark 4, from (128) we find that the leading-order
mean energy density of a Bloch wave ũ (averaged in space and time [31]) is given by

Ē0 = 1
2!2(⇢ũ0, ũ0) = 1

2!2f̃2
X

q

⇢(0)
q w2

0q.

This lends ⇢(0)
q (q = 1, Q) an alternative interpretation as the quanta of energy characterizing respective

dispersion curves.

18



Energy

Bloch wave

Unfortunately the most intriguing and promising wave phenomena in periodic media, such that of negative
refraction, occur at finite frequencies that are beyond the reach of the LW-LF approximation [30]. Indeed,
several authors have argued from the platform of Willis’ dynamic homogenization that the customary concept
of “mean motion” (as computed by averaging over the unit cell of periodicity) is not suitable as a macroscopic
descriptor at finite frequencies [19, 25], unless endowed with additional kinematic degrees of freedom [20]. This
in particular motivates fundamental studies in the low-wavenumber, finite-frequency (LW-FF) regime with the
goals of unmasking the e↵ective wave motion and establishing its governing equation. From a broader perspec-
tive, early ideas of dynamic homogenization at finite frequencies can be found in the asymptotic analysis [22]
of the wave equation with initial data. The leading-order, two-scale homogenization in the LW-FF regime
has been particularly considered in more recent studies [3, 8, 10] dealing with time-harmonic waves, which
exposed the internal resonances of a periodic system [4] as the lynchpin of the macroscopic description. To
shed further light on the problem, we adopt the framework of plane-wave expansion and pursue second-order
homogenization of the time-harmonic wave equation in the LW-FF regime by introducing a generalized defini-
tion of e↵ective wave motion, given by the projection onto a specific (highly oscillating) Bloch eigenfunction.
Such a concept of “weighted average” in particular separates the macroscopic and microscopic field fluctuations
at finite frequencies, allowing for a systematic asymptotic treatment and derivation of the enriched governing
equation in Rd (d > 1) which (i) embodies incipient dispersion along any (acoustic or optical) solution branch,
(ii) accounts for the e↵ective source term, and (iii) recovers the antecedent result [8] in R2 upon discarding
the higher-order terms and setting the source density to zero. Inspired by the idea of multi-cell homogeniza-
tion [26, 13, 8], we next extend our analysis to the finite-wavenumber, finite-frequency (FW-FF) regime via
second-order asymptotic expansion about the apexes of “wavenumber quadrants” comprising the first Brioullin
zone. For completeness, we also consider the degenerate situations of crossing or merging dispersion branches
– relevant to the phenomenon of topologically protected edge states [15], where the e↵ective description is
found to depend on the symmetries of the eigenfunction basis a�liated with a repeated eigenvalue.

All e↵ective descriptions in this work are shown to admit the same general framework, with di↵erences
being limited to (a) the choice of the Bloch eigenfunction supporting the definition of e↵ective motion, (b)
the reference cell of medium periodicity, and (c) the wavenumber-frequency scaling law underpinning the
asymptotic expansion. Consistent with the recent LW-LF analysis [16] we also find that the e↵ective LW-FF
and FW-FF source terms are, at higher orders of approximation, endowed with respective modulation factors
– polynomials in frequency and wavenumber – that account for the interplay between the source density and
periodic medium. As an illustration, we apply our analysis toward the homogenization of wave motion in (a)
one-dimensional polyatomic chains and (b) chessboard-like media in R2, including an asymptotic description
of the Green’s function at frequencies near the edge of a band gap.

2. Preliminaries

With reference to a Cartesian coordinate system endowed with an orthonormal vector basis ej (j = 1, d),
consider the time-harmonic wave equation

�!2⇢(x)u � r·
�
G(x)ru

�
= f(x) in Rd (1)

at frequency !, where G and ⇢ are Y -periodic;

Y = {x : 0 < x·ej < `j ; j = 1, d}, |Y | = 1 (2)

is the unit cell of periodicity, and f is the source term. In what follows, G and ⇢ are assumed to be real-valued
L1(Y ) functions bounded away from zero. When d = 2, one may interpret (1) in the context of anti-plane
shear (elastic) waves, in which case u, G, ⇢ and f take respectively the roles of transverse displacement, shear
modulus, mass density, and body force.

Recalling the plane wave expansion approach [19, 21], we seek the Bloch-wave solutions of (1), namely

u(x) = ũ(x)eik·x, ũ : Y -periodic (3)

2

Unfortunately the most intriguing and promising wave phenomena in periodic media, such that of negative
refraction, occur at finite frequencies that are beyond the reach of the LW-LF approximation [30]. Indeed,
several authors have argued from the platform of Willis’ dynamic homogenization that the customary concept
of “mean motion” (as computed by averaging over the unit cell of periodicity) is not suitable as a macroscopic
descriptor at finite frequencies [19, 25], unless endowed with additional kinematic degrees of freedom [20]. This
in particular motivates fundamental studies in the low-wavenumber, finite-frequency (LW-FF) regime with the
goals of unmasking the e↵ective wave motion and establishing its governing equation. From a broader perspec-
tive, early ideas of dynamic homogenization at finite frequencies can be found in the asymptotic analysis [22]
of the wave equation with initial data. The leading-order, two-scale homogenization in the LW-FF regime
has been particularly considered in more recent studies [3, 8, 10] dealing with time-harmonic waves, which
exposed the internal resonances of a periodic system [4] as the lynchpin of the macroscopic description. To
shed further light on the problem, we adopt the framework of plane-wave expansion and pursue second-order
homogenization of the time-harmonic wave equation in the LW-FF regime by introducing a generalized defini-
tion of e↵ective wave motion, given by the projection onto a specific (highly oscillating) Bloch eigenfunction.
Such a concept of “weighted average” in particular separates the macroscopic and microscopic field fluctuations
at finite frequencies, allowing for a systematic asymptotic treatment and derivation of the enriched governing
equation in Rd (d > 1) which (i) embodies incipient dispersion along any (acoustic or optical) solution branch,
(ii) accounts for the e↵ective source term, and (iii) recovers the antecedent result [8] in R2 upon discarding
the higher-order terms and setting the source density to zero. Inspired by the idea of multi-cell homogeniza-
tion [26, 13, 8], we next extend our analysis to the finite-wavenumber, finite-frequency (FW-FF) regime via
second-order asymptotic expansion about the apexes of “wavenumber quadrants” comprising the first Brioullin
zone. For completeness, we also consider the degenerate situations of crossing or merging dispersion branches
– relevant to the phenomenon of topologically protected edge states [15], where the e↵ective description is
found to depend on the symmetries of the eigenfunction basis a�liated with a repeated eigenvalue.

All e↵ective descriptions in this work are shown to admit the same general framework, with di↵erences
being limited to (a) the choice of the Bloch eigenfunction supporting the definition of e↵ective motion, (b)
the reference cell of medium periodicity, and (c) the wavenumber-frequency scaling law underpinning the
asymptotic expansion. Consistent with the recent LW-LF analysis [16] we also find that the e↵ective LW-FF
and FW-FF source terms are, at higher orders of approximation, endowed with respective modulation factors
– polynomials in frequency and wavenumber – that account for the interplay between the source density and
periodic medium. As an illustration, we apply our analysis toward the homogenization of wave motion in (a)
one-dimensional polyatomic chains and (b) chessboard-like media in R2, including an asymptotic description
of the Green’s function at frequencies near the edge of a band gap.

2. Preliminaries

With reference to a Cartesian coordinate system endowed with an orthonormal vector basis ej (j = 1, d),
consider the time-harmonic wave equation

�!2⇢(x)u � r·
�
G(x)ru

�
= f(x) in Rd (1)

at frequency !, where G and ⇢ are Y -periodic;

Y = {x : 0 < x·ej < `j ; j = 1, d}, |Y | = 1 (2)

is the unit cell of periodicity, and f is the source term. In what follows, G and ⇢ are assumed to be real-valued
L1(Y ) functions bounded away from zero. When d = 2, one may interpret (1) in the context of anti-plane
shear (elastic) waves, in which case u, G, ⇢ and f take respectively the roles of transverse displacement, shear
modulus, mass density, and body force.

Recalling the plane wave expansion approach [19, 21], we seek the Bloch-wave solutions of (1), namely

u(x) = ũ(x)eik·x, ũ : Y -periodic (3)

2

Consider next the asymptotic expansion

w̃(x) = e�ika·x�
✏�2w̃0(x) + ✏�1w̃1(x) + w̃2(x) + ✏w̃3(x) + · · ·

�
, (90)

which distills (88)–(89) into a series in ✏. By virtue of (88)–(90) and the analysis similar to that in Section 5.1,
we find that w̃m 2 H1

p (Ya) (m > 0) which further satisfy the coupled boundary conditions

⌫ · G(rw̃m + ik̂w̃m�1)|xj=0 = �⌫ · G(rw̃m + ik̂w̃m�1)|xj=(1+aj)`j
,

ajwm|xj=0 = �ajwm|xj=`j , j = 1, d. (91)

with w̃�1 ⌘ 0.
In the sequel, we conveniently denote by wm the respective constants of integration when solving for w̃m(x).

Recalling (84), (85) and (90), we specifically seek wm as

wm = hw̃mi'
a, m > 0, (92)

so that hũia = f̃ hw̃ia (by extension of Lemma 1) and

hw̃ia = ✏�2w0 + ✏�1w1 + w2 + ✏w3 + · · · . (93)

5.3. Leading-order approximation
By the analysis given in Section 5.1, the O(✏�2) contribution due to (88) and (90) is found as

��̃a
n⇢w̃0 � r·

�
Grw̃0

�
= 0 in Ya. (94)

By virtue of (80)–(82) and (91) with m = 0, we have

w̃0(x) = w0 '̃a
n(x), (95)

where w0 is a constant to be determined.
Similarly, the O(✏�1) equality can be identified as

��̃a
n⇢w̃1 � �!̆2⇢w̃0 � r·

�
G(rw̃1 + ik̂w̃0)

�
� ik̂ ·

�
Grw̃0

�
= 0 in Ya. (96)

By the linearity of the problem, the solution of (96) is given by

w̃1(x) = w0(�
(0)(x)�!̆2+ �(1)(x)· ik̂) + w1 '̃a

n(x), (97)

where w1 is a constant; �(0) 2 H1a
p0 (Ya) uniquely solves

�̃a
n⇢�(0) + r·

�
Gr�(0)

�
+ ⇢'̃a

n = 0 in Ya, (98)

⌫ · Gr�(0)|xj=0 = �⌫ · Gr�(0)|xj=(1+aj)`j
, j = 1, d,

and �(1) 2 (H1a
p0 (Ya))d is a unique vector that satisfies

�̃a
n⇢�(1) + r·

�
G(r�(1)+ I'̃a

n)
�

+ Gr'̃a
n = 0 in Ya, (99)

⌫ · G(r�(1)+ I'̃a
n)|xj=0 = �⌫ · G(r�(1)+ I'̃a

n)|xj=(1+aj)`j
, j = 1, d,

Lemma 6. Cell function �(1) solving (99) is real-valued, and !̆ = 0. See Appendix, Section A for proof.

Thanks to Lemma 6, the FW-FF asymptotic analysis near k = ka largely reduces to its LW-FF companion
near k = 0 as in Section 3. In particular, the O(1) contribution to (88) is found as

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂·

�
G(rw̃1 + ik̂w̃0)

�
� �!̂2⇢w̃0 = eika·x in Ya. (100)

By following the treatment of (30) that carries the same structure as (100), we find that w0 solves

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w0 = heika·xi'

a, (101)

featuring the real-valued e↵ective coe�cients

⇢(0) = h⇢'̃a
ni'

a, µ(0) =
⌦
G{r�(1) + I'̃a

n}
↵'

a
�

�
G{�(1) ⌦ r'̃a

n}, 1
�
Ya

, (102)

where �(1) is given by (99).
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⇢'̃a

np, '̃
a
nq

�
Ya

= 0 for p 6= q
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Repeated eigenvalue

6.1. Eigenfunction basis

Assuming that �a
n has multiplicity Q > 1, let �̃a

nq 2 H1
p (Y ) (q = 1, Q) be linearly independent eigenfunctions

that satisfy

�(r+ika)·
�
G(r+ika)�̃a

nq

�
= �̃a

n⇢�̃a
nq in Y, (120)

⌫ · G(r+ika)�̃a
nq|xj=0 = �⌫ · G(r+ika)�̃a

nq|xj=`j , j = 1, d (121)

together with the orthogonality condition (11). Following the analysis in Section 5.1, we let

�̃a
nq(x) = '̃a

nq(x)e�ika·x, q = 1, Q (122)

where '̃a
nq 2 H1

p (Ya) are orthogonal according to (83) and satisfy

�r·
�
Gr'̃a

nq

�
= �̃a

n⇢ '̃a
nq in Ya, (123)

⌫ · Gr'̃a
nq|xj=0 = �⌫ · Gr'̃a

nq|xj=(1+aj)`j
, (124)

aj'̃
a
nq|xj=0 = �aj'̃

a
nq|xj=`j , j = 1, d. (125)

By extending the argument of Lemma 2, we find that '̃a
nq can be taken as real-valued without loss of generality.

In this case, however, a generic solution to (123)–(125) need not have constant argument across Ya.
On the basis of (120)–(125), we define the relevant “averaging” operators as

hũiq
a =

�
ũ, �̃a

nq

�
Ya

, hũiq'
a =

�
ũ, '̃a

nq

�
Ya

, q = 1, Q, (126)

and we generalize (86) as

H1a
p0 (Ya) = {g 2 L2(Y ) : rg 2 (L2(Y ))d, hgiq'

a = 0, q = 1, Q, g|xj=0 = g|xj=(1+aj)`j
, j = 1, d}.

Remark 11. In the sequel, we do not asume implicit summation over repeated indexes p, q and r.

6.2. Leading-order approximation

As indicated earlier, we consider (88)–(89) and we start from the asymptotic expansion of w̃ as given by (90).
In the context of (126), however, there are Q expressions of the e↵ective motion and (92)–(93) become

hw̃iq
a = ✏�2w0q + ✏�1w1q + · · · , wmq = hw̃miq'

a , m > 0, q = 1, Q. (127)

From the results in Section 5.3, we find the O(✏�2) contribution stemming from (88) to be given by (94).
By (123)–(125), we now have

w̃0(x) =
X

q

w0q '̃a
nq(x), (128)

where w0q 2 C (q = 1, Q) are constants to be determined.
Next, we find the O(✏�1) statement of (88) to be given by (96). On multiplying the latter by '̃a

np and
integrating over Ya, one can show by following the proof of Lemma 6 that

X

q

✓(0)

pq ·(ik̂) w0q + �!̆2⇢(0)
p w0p = 0, p = 1, Q. (129)

where
⇢(0)

p =
⌦
⇢'̃a

np

↵p'

a
, ✓(0)

pq =
⌦
Gr'̃a

nq

↵p'

a
�

⌦
Gr'̃a

np

↵q'

a
, p, q = 1, Q. (130)

Remark 12. On recalling Lemma 1 and the discussion in Remark 4, from (128) we find that the leading-order
mean energy density of a Bloch wave ũ (averaged in space and time [31]) is given by

Ē0 = 1
2!2(⇢ũ0, ũ0) = 1

2!2f̃2
X

q

⇢(0)
q w2

0q.

This lends ⇢(0)
q (q = 1, Q) an alternative interpretation as the quanta of energy characterizing respective

dispersion curves.
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6.1. Eigenfunction basis

Assuming that �a
n has multiplicity Q > 1, let �̃a

nq 2 H1
p (Y ) (q = 1, Q) be linearly independent eigenfunctions

that are orthogonal in L2
⇢(Y ) and satisfy

�(r+ika)·
�
G(r+ika)�̃a

nq

�
= �̃a

n⇢�̃a
nq in Y, (120)

⌫ · G(r+ika)�̃a
nq|xj=0 = �⌫ · G(r+ika)�̃a

nq|xj=`j , j = 1, d. (121)

Following the analysis in Section 5.1, we let

�̃a
nq(x) = '̃a

nq(x)e�ika·x, q = 1, Q (122)

where '̃a
nq 2 H1

p (Ya) are orthogonal according to (83) and solve

�r·
�
Gr'̃a

nq

�
= �̃a

n⇢ '̃a
nq in Ya, (123)

⌫ · Gr'̃a
nq|xj=0 = �⌫ · Gr'̃a

nq|xj=(1+aj)`j
, (124)

aj'̃
a
nq|xj=0 = �aj'̃

a
nq|xj=`j , j = 1, d. (125)

By extending the argument of Lemma 2, we find that '̃a
nq can be taken as real-valued without loss of generality.

In this case, however, a generic solution to (123)–(125) need not have constant argument across Ya.
On the basis of (120)–(125), we define the relevant “averaging” operators as

hũiq
a =

�
ũ, �̃a

nq

�
Ya

, hũiq'
a =

�
ũ, '̃a

nq

�
Ya

, q = 1, Q, (126)

and we generalize (86) as

H1a
p0 (Ya) = {g 2 L2(Y ) : rg 2 (L2(Y ))d, hgiq'

a = 0, q = 1, Q, g|xj=0 = g|xj=(1+aj)`j
, j = 1, d}.

Remark 11. In the sequel, we do not asume implicit summation over repeated indexes p, q and r.

6.2. Leading-order approximation

As indicated earlier, we consider (88)–(89) and we start from the asymptotic expansion (90) of w̃. From
the results in Section 5.3, we find the O(✏�2) contribution stemming from (88) and (90) to read as in (94).
By (123)–(125), we now have

w̃0(x) =
X

q

w0q '̃a
nq(x), (127)

where w0q 2 C (q = 1, Q) are constants to be determined.
Next, we find the O(✏�1) statement of (88) to be given by (96). On multiplying the latter by '̃a

np and
integrating over Ya, one can show by following the proof of Lemma 6 that

X

q

✓(0)

pq ·(ik̂) w0q + �!̆2⇢(0)
p w0p = 0, p = 1, Q. (128)

where
⇢(0)

p =
⌦
⇢'̃a

np

↵p'

a
, ✓(0)

pq =
⌦
Gr'̃a

nq

↵p'

a
�

⌦
Gr'̃a

np

↵q'

a
, p, q = 1, Q. (129)

Remark 12. On recalling Lemma 1 and the discussion in Remark 4, from (127) we find that the leading-order
mean energy density of a Bloch wave ũ (averaged in space and time [31]) is given by

Ē0 = 1
2!2(⇢ũ0, ũ0) = 1

2!2f̃2
X

q

⇢(0)
q w2

0q.

This lends ⇢(0)
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6.1. Eigenfunction basis

Assuming that �a
n has multiplicity Q > 1, let �̃a

nq 2 H1
p (Y ) (q = 1, Q) be linearly independent eigenfunctions

that are orthogonal in L2
⇢(Y ) and satisfy

�(r+ika)·
�
G(r+ika)�̃a

nq

�
= �̃a

n⇢�̃a
nq in Y, (120)

⌫ · G(r+ika)�̃a
nq|xj=0 = �⌫ · G(r+ika)�̃a

nq|xj=`j , j = 1, d. (121)

Following the analysis in Section 5.1, we let

�̃a
nq(x) = '̃a

nq(x)e�ika·x, q = 1, Q (122)

where '̃a
nq 2 H1

p (Ya) are orthogonal according to (83) and solve

�r·
�
Gr'̃a

nq

�
= �̃a

n⇢ '̃a
nq in Ya, (123)

⌫ · Gr'̃a
nq|xj=0 = �⌫ · Gr'̃a

nq|xj=(1+aj)`j
, (124)

aj'̃
a
nq|xj=0 = �aj'̃

a
nq|xj=`j , j = 1, d. (125)

By extending the argument of Lemma 2, we find that '̃a
nq can be taken as real-valued without loss of generality.

In this case, however, a generic solution to (123)–(125) need not have constant argument across Ya.
On the basis of (120)–(125), we define the relevant “averaging” operators as

hũiq
a =

�
ũ, �̃a

nq

�
Ya

, hũiq'
a =

�
ũ, '̃a

nq

�
Ya

, q = 1, Q, (126)

and we generalize (86) as

H1a
p0 (Ya) = {g 2 L2(Y ) : rg 2 (L2(Y ))d, hgiq'

a = 0, q = 1, Q, g|xj=0 = g|xj=(1+aj)`j
, j = 1, d}.

Remark 11. In the sequel, we do not asume implicit summation over repeated indexes p, q and r.

6.2. Leading-order approximation

As indicated earlier, we consider (88)–(89) and we start from the asymptotic expansion (90) of w̃. From
the results in Section 5.3, we find the O(✏�2) contribution stemming from (88) and (90) to read as in (94).
By (123)–(125), we now have

w̃0(x) =
X

q

w0q '̃a
nq(x), (127)

where w0q 2 C (q = 1, Q) are constants to be determined.
Next, we find the O(✏�1) statement of (88) to be given by (96). On multiplying the latter by '̃a

np and
integrating over Ya, one can show by following the proof of Lemma 6 that

X

q

✓(0)

pq ·(ik̂) w0q + �!̆2⇢(0)
p w0p = 0, p = 1, Q. (128)

where
⇢(0)

p =
⌦
⇢'̃a

np

↵p'

a
, ✓(0)

pq =
⌦
Gr'̃a

nq

↵p'

a
�

⌦
Gr'̃a

np

↵q'

a
, p, q = 1, Q. (129)

Remark 12. On recalling Lemma 1 and the discussion in Remark 4, from (127) we find that the leading-order
mean energy density of a Bloch wave ũ (averaged in space and time [31]) is given by
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group velocity of the Dirac cones is critical, because not only this
condition ensures that the S and A modes are degenerate over a
broad range of frequency around the Dirac point but more
importantly it allows one to use any unitary transform of the
original orthogonal basis (S and A modes) as effective spin states.
Near the K-point (k||¼ kKþ dk||) and using the A and S modes as
the basis, this system is described by a 4# 4 effective
Hamiltonian:

bHA;S kk
! "

¼ vAbrk $ dkk 0
0 vSbrk $ dkk

# $
; ð1Þ

where brk ¼ bs1; bs2½ ( is the Pauli matrices of the Dirac bands
subspace (Supplementary Note 2). vA and vS are the group
velocities of the A and S modes, respectively, and have an
identical value of vD when degeneracy is achieved. Any bulk mode
can be expanded into a linear superposition of four Dirac-band
eigenstates described by a four-component wavefunction
j/4 ¼ fI

A;f
II
A;f

I
S;f

II
S

% &
, where the superscripts I and II

denote the lower and upper Dirac bands, respectively.

Emulating strong spin–orbing coupling. In the second step, we
introduce strong spin–orbit coupling to induce topological phase
transition, accompanied by the opening of a topological bandgap at
the K and K0 points for the bulk crystal (Fig. 2). Note that the

degeneracy between the A and S modes achieved at the previous
step ensures a complete phononic bandgap in the proximity of the
former Dirac points, forming an ‘insulating state’ for the phononic
crystal (Fig. 2b)43. The use of Lamb waves is crucial to the
formation of the complete bandgap44,45. By enlarging the upper rim
of the air holes into a counterbore structure, as shown in Fig. 2a, an
effective gauge field emulating spin–orbit coupling46 is introduced.
This structural change breaks sz mirror symmetry, and is designed
to induce coupling within two mode pairs in the original Dirac
bands: the lower AI mode and the upper SII mode, as well as the
lower SI mode and the upper AII mode. For all frequencies near the
original Dirac points where the frequency and group velocity
degeneracy are maintained, the eigenmodes of the system become
hybridized as Aþ Sð Þ=

ffiffiffi
2
p

and A ) Sð Þ=
ffiffiffi
2
p

, which will be used as
the two effective spins. Inspection of the numerically calculated
displacement fields confirms such pairwise hybridizations of the A
and S modes as the new eigenmodes (Fig. 2c).

Treating the structural modification as a perturbation, we
mapped the effective Hamiltonian to the Kane–Mele theory46,
proving this system is a phononic analogue of QSHE. Indeed,
keeping the A and S modes as the basis, the perturbation is
described by a first-order correction to the unperturbed
Hamiltonian bHA;S ¼ bHA;Sþ bVA;S with bVA;S ¼ 0;mbs3; mbs3; 0½ (,
where bs3 is a Pauli matrix (Supplementary Note 2). Switching
to the hybridized modes as the basis in the vicinity of K (K0)

Γ ΓK M

S mode
A mode

F
re

qu
en

cy
 (

kH
z)

Wave vector

125

135

145

155

A modes

S modes
0

R

L

P

P

y

x

Γ
M

K

K′

Unit cell

Displacement

x
y

z

Max

Figure 1 | Dual-scale phononic crystal with degenerate Dirac cones. (a) Perspective view (upper panel) and top view (lower panel) of a phononic crystal
made of a triangular lattice of air holes in a slab of aluminium metamaterial. P¼ 1 cm; L¼ 5.25 mm; R¼ 1.95 mm. The non-resonant metamaterial slab is
2.54-mm thick, with subwavelength air holes at a filling ratio of 0.65. (b) Phononic band structure with degenerate Dirac points and Dirac velocities,
along the irreducible Brillouin zone boundary (shown as inset). (c) Displacement fields of a unit cell at the Dirac point (K). Colour indicates the
displacement amplitudes from the undeformed configuration (grey contours).
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Figure 2 | Spin–orbit coupling and bandgap opening by breaking mirror symmetry rz. (a) Perspective view of the modified phononic crystal (upper
panel) with broken z-mirror symmetry: the top rim of each air hole is enlarged into a counterbore (lower panel) with 14% increase in size and a 20% depth
of the overall thickness. The overall thickness is increased to 2.94 mm to restore the spin degeneracy between the modes at the K-point. (b) Phononic
band structure showing a complete bandgap (5.4% relative bandwidth) induced by the symmetry breaking. Phase and group velocities at the band edge
remain matched near the K-point. Spin Chern number CS, calculated using first-principle finite-element method simulations, is shown for each band.
(c) Displacement fields of a unit cell at the Dirac point (K), illustrating the hybridization between the S and A modes. Colours indicate the absolute value of
the displacement.
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Remark 18. The exact dispersion relationship due to (160) reads cos(k`) = 1�P(!), where P is a real-valued
polynomial of degree 2N . Inside (the positive half of) the first Brioullin zone, this relationship can be inverted
as k` = g(!), where g(!) = cos�1(1�P(!)) is a single-valued function mapping {! 2 R+ : 0 < P(!) < 2}
to (0, ⇡/`). In light of Theorem 3, repeated eigenvalues at ka with multiplicity Q > 2 are thus not possible in
a polyatomic chain for each such situation would violate the single-valuedness of g(!).

Remark 19. When Q = 2 at ka 2 {0, ⇡/`}, we find that dk/d! = `�1[P (!)(2�P (!))]�1/2P 0(!) is bounded
at ka, i.e. that |d!/dk| > 0 there. By Theorem 3, this further precludes the situations with Q = 2 and
rank(Apq) = 0 in a polyatomic chain.

As an illustration, Fig. 2 plots the FF-FW approximation of the dispersion relationships in polyatomic
chains for N = 2, 3, 4. As can be seen from the display, the second-order model outperforms its leading-order
counterpart and covers with reasonable accuracy at least 50% of the first Brioullin zone in each case. From
panel (c), it is also seen that a one-dimensional, discrete variant of the “full rank Apq” model described in
Section 6.2.3 e↵ectively describes the occurence of a double eigenvalue (Q=2) in a triatomic chain at k = 0.
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Figure 2: FF-FW approximation of the dispersion relationship in polyatomic chains: (a) diatomic chain with m = (1, 0.5) and

c = (1, 0.5); (b) triatomic chain with m = (1, 0.4582, 1.0674) and c = (1, 2.0075, 2.3388), (c) triatomic chain with m = (1, 2.5, 1)
and c = (1, 1, 0.4), and (d) tetratomic chain with m = (1, 2.0237, 1.3539, 1.6625) and c = (1, 0.4257, 1.0521, 0.3731). Here

!0 =

p
c1/m1; solid line plots the exact relationship, and “o” (resp. “x”) marker tracks the leading- (resp. second-) order

approximation.

7.2. FW-FF homogenization of a chessboard-like medium

Consider a chessboard-like periodic medium whose unit cell Y 2 R2 and the first Brioullin zone B are shown
in Fig. 3. In the spirit of the previous example, we let

G = (G1, G2, G3, G4), r = (⇢1, ⇢2, ⇢3, ⇢4).

24

description of the e↵ective field hui in a neighborhood of the nth branch, ! = �̃1/2
n (k), for n> 1. Accordingly,

we describe the featured long-wavelength, finite-frequency (LW-FF) regime via scalings

k = ✏k̂, !2 = �̃�
n + ✏2�!̂2, �̃�

n = �̃n(0), ✏ = o(1), � = ±1 (16)

where �̃�
n > 0 is such that

�r·
�
Gr�̃�

n

�
= �̃�

n⇢�̃�
n in Y, (17)

⌫ · Gr�̃�
n|xj=0 = �⌫ · Gr�̃�

n|xj=`j , j = 1, d (18)

and �̃�
n 2H1

p (Y ) are ⇢-orthogonal as in (11). For the time being, we assume that �̃�
n has multiplicity one.

Remark 2. Concerning the frequency scaling in (16), for n > 1 we have ! = !�
n+✏2�!̂2/(2!�

n)+O(✏4), where
!�

n = (�̃�
n)1/2. This is motivated by the observation that optical branches have zero initial slope, d!/dk = 0,

at k = 0 when �̃�
n is simple [5, 23], see also [9] for the mathematical analysis in R2. When f̃ = 0 in (4), the

sign factor � in (16) accordingly accounts for the possibility that the initial curvature of a given optical branch
can be either positive or negative. When f̃ 6= 0, on the other hand, the pair (k, !) is given a priori (say in a
neighborhood of the nth branch) and we take � = sign(! � !�

n).

Lemma 2. The solution of (17)–(18) is characterized by arg(�̃�
n(x)) = const. for x 2 Y . Accordingly we can

take �̃�
n(x) to be real-valued without loss of generality. See Appendix, Section A for proof.

3.1. Asymptotic expansion at finite frequency

In the LW-FF regime (16), (7)–(8) become

�(�̃�
n+✏2�!̂2)⇢w̃ �

�
r+✏ik̂

�
·
�
G(r+✏ik̂)w̃

�
= 1 in Y, (19)

w̃|xj=0 = w̃|xj=`j ,

⌫ · G(r+✏ik̂)w̃|xj=0 = �⌫ · G(r+✏ik̂)w̃|xj=`j ,
j = 1, d. (20)

Consider next the asymptotic expansion

w̃(x) = ✏�2w̃0(x) + ✏�1w̃1(x) + w̃2(x) + ✏w̃3(x) + · · · , (21)

by which (19)–(20) become a series in ✏. In what follows, the di↵erential equations satisfied by w̃m in Y
(m > 0) are subject to implicit periodic boundary conditions

w̃m|xj=0 = w̃m|xj=`j ,

⌫ · G(rw̃m + ik̂w̃m�1)|xj=0 = �⌫ · G(rw̃m + ik̂w̃m�1)|xj=`j ,
j = 1, d, (22)

where w̃�1 ⌘ 0.
In the sequel, we conveniently denote by wm the respective constants of integration when solving for w̃m(x).

With reference to (15) and (21), we specifically seek wm as

wm = hw̃mi = (w̃m, �̃�
n), m > 0 (23)

so that
hw̃i = ✏�2w0 + ✏�1w1 + w2 + ✏w3 + · · · . (24)

3.1.1. Leading-order approximation
The O(✏�2) contribution stemming from (19) and (21) reads

��̃�
n⇢w̃0 � r·

�
Grw̃0

�
= 0 in Y. (25)

By virtue of (17)–(18) and (22) with m = 0, we have

w̃0(x) = w0 �̃�
n(x), (26)

5

and we extend the domain of '̃a
n to Ya as

8x0 2 Y, 8T ✓ {1, 2, . . . d} =) '̃a
n(x) = (�1)

P
j2T aj '̃a

n(x0), x = x0 +
X

j2T

aj`jej 2 Ya. (79)

From (77) and (79), it is clear that that '̃a
n 2 H1

p (Ya) satisfy

�r·
�
Gr'̃a

n

�
= �̃a

n⇢ '̃a
n in Ya, (80)

⌫ · Gr'̃a
n|xj=0 = �⌫ · Gr'̃a

n|xj=(1+aj)`j
, (81)

aj'̃
a
n|xj=0 = �aj'̃

a
n|xj=`j , j = 1, d. (82)

For clarity, domains Ya are illustrated in Fig. 1(b) for d = 2. We note by recalling (76) and the normalization
of �̃n that (�̃a

n, �̃a
n) = ('̃a

n, '̃a
n) = 1. By virtue of this result and (11), we find '̃a

n to satisfy

('̃a
n, '̃a

n)Ya = |Ya|,
(⇢'̃m, '̃n)Ya = �mn (⇢'̃n, '̃n)Ya (no summation). (83)

where (·, ·)Ya denotes the inner product (6) over Ya.

Remark 9. Thanks to (80)–(82) and Lemma 2 by which '̃a
n can be taken as real-valued, it is apparent that

the eigenfunction �̃a
n corresponding to apex a of B+ represents a plane wave propagating the stencil '̃a

n in
direction �ka. When a = 0 i.e. ka = 0, '̃a

n = �̃a
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n is a standing wave as examined in Section 3.1.2.
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where �̃a
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In the context of (76), one sees that (85) de facto “averages” its argument (by stencil '̃a
n) over: (i) a single

wavelength in the ka-direction, and (ii) dimension(s) of Y in the direction(s) perpendicular to ka. Note that
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5.2. Scaling

For brevity of notation, we let !a
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n)1/2. Given the fact that the intersection between any flat portion
of @B+ and the nth dispersion branch is likely – but not necessarily – a�liated with the onset of a band gap,
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group velocity of the Dirac cones is critical, because not only this
condition ensures that the S and A modes are degenerate over a
broad range of frequency around the Dirac point but more
importantly it allows one to use any unitary transform of the
original orthogonal basis (S and A modes) as effective spin states.
Near the K-point (k||¼ kKþ dk||) and using the A and S modes as
the basis, this system is described by a 4# 4 effective
Hamiltonian:

bHA;S kk
! "

¼ vAbrk $ dkk 0
0 vSbrk $ dkk

# $
; ð1Þ

where brk ¼ bs1; bs2½ ( is the Pauli matrices of the Dirac bands
subspace (Supplementary Note 2). vA and vS are the group
velocities of the A and S modes, respectively, and have an
identical value of vD when degeneracy is achieved. Any bulk mode
can be expanded into a linear superposition of four Dirac-band
eigenstates described by a four-component wavefunction
j/4 ¼ fI

A;f
II
A;f

I
S;f

II
S

% &
, where the superscripts I and II

denote the lower and upper Dirac bands, respectively.

Emulating strong spin–orbing coupling. In the second step, we
introduce strong spin–orbit coupling to induce topological phase
transition, accompanied by the opening of a topological bandgap at
the K and K0 points for the bulk crystal (Fig. 2). Note that the

degeneracy between the A and S modes achieved at the previous
step ensures a complete phononic bandgap in the proximity of the
former Dirac points, forming an ‘insulating state’ for the phononic
crystal (Fig. 2b)43. The use of Lamb waves is crucial to the
formation of the complete bandgap44,45. By enlarging the upper rim
of the air holes into a counterbore structure, as shown in Fig. 2a, an
effective gauge field emulating spin–orbit coupling46 is introduced.
This structural change breaks sz mirror symmetry, and is designed
to induce coupling within two mode pairs in the original Dirac
bands: the lower AI mode and the upper SII mode, as well as the
lower SI mode and the upper AII mode. For all frequencies near the
original Dirac points where the frequency and group velocity
degeneracy are maintained, the eigenmodes of the system become
hybridized as Aþ Sð Þ=

ffiffiffi
2
p

and A ) Sð Þ=
ffiffiffi
2
p

, which will be used as
the two effective spins. Inspection of the numerically calculated
displacement fields confirms such pairwise hybridizations of the A
and S modes as the new eigenmodes (Fig. 2c).

Treating the structural modification as a perturbation, we
mapped the effective Hamiltonian to the Kane–Mele theory46,
proving this system is a phononic analogue of QSHE. Indeed,
keeping the A and S modes as the basis, the perturbation is
described by a first-order correction to the unperturbed
Hamiltonian bHA;S ¼ bHA;Sþ bVA;S with bVA;S ¼ 0;mbs3; mbs3; 0½ (,
where bs3 is a Pauli matrix (Supplementary Note 2). Switching
to the hybridized modes as the basis in the vicinity of K (K0)
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Figure 1 | Dual-scale phononic crystal with degenerate Dirac cones. (a) Perspective view (upper panel) and top view (lower panel) of a phononic crystal
made of a triangular lattice of air holes in a slab of aluminium metamaterial. P¼ 1 cm; L¼ 5.25 mm; R¼ 1.95 mm. The non-resonant metamaterial slab is
2.54-mm thick, with subwavelength air holes at a filling ratio of 0.65. (b) Phononic band structure with degenerate Dirac points and Dirac velocities,
along the irreducible Brillouin zone boundary (shown as inset). (c) Displacement fields of a unit cell at the Dirac point (K). Colour indicates the
displacement amplitudes from the undeformed configuration (grey contours).

110

120

130

140

150

160

Topological bandgap

Γ ΓK

F
re

qu
en

cy
 (

kH
z)

Wave vector

Lower bands

Upper bands

Cs=+1

–1

+1

–1

0

Max

Displacement

x
y

z

M

Figure 2 | Spin–orbit coupling and bandgap opening by breaking mirror symmetry rz. (a) Perspective view of the modified phononic crystal (upper
panel) with broken z-mirror symmetry: the top rim of each air hole is enlarged into a counterbore (lower panel) with 14% increase in size and a 20% depth
of the overall thickness. The overall thickness is increased to 2.94 mm to restore the spin degeneracy between the modes at the K-point. (b) Phononic
band structure showing a complete bandgap (5.4% relative bandwidth) induced by the symmetry breaking. Phase and group velocities at the band edge
remain matched near the K-point. Spin Chern number CS, calculated using first-principle finite-element method simulations, is shown for each band.
(c) Displacement fields of a unit cell at the Dirac point (K), illustrating the hybridization between the S and A modes. Colours indicate the absolute value of
the displacement.
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condition ensures that the S and A modes are degenerate over a
broad range of frequency around the Dirac point but more
importantly it allows one to use any unitary transform of the
original orthogonal basis (S and A modes) as effective spin states.
Near the K-point (k||¼ kKþ dk||) and using the A and S modes as
the basis, this system is described by a 4# 4 effective
Hamiltonian:
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where brk ¼ bs1; bs2½ ( is the Pauli matrices of the Dirac bands
subspace (Supplementary Note 2). vA and vS are the group
velocities of the A and S modes, respectively, and have an
identical value of vD when degeneracy is achieved. Any bulk mode
can be expanded into a linear superposition of four Dirac-band
eigenstates described by a four-component wavefunction
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, where the superscripts I and II

denote the lower and upper Dirac bands, respectively.

Emulating strong spin–orbing coupling. In the second step, we
introduce strong spin–orbit coupling to induce topological phase
transition, accompanied by the opening of a topological bandgap at
the K and K0 points for the bulk crystal (Fig. 2). Note that the

degeneracy between the A and S modes achieved at the previous
step ensures a complete phononic bandgap in the proximity of the
former Dirac points, forming an ‘insulating state’ for the phononic
crystal (Fig. 2b)43. The use of Lamb waves is crucial to the
formation of the complete bandgap44,45. By enlarging the upper rim
of the air holes into a counterbore structure, as shown in Fig. 2a, an
effective gauge field emulating spin–orbit coupling46 is introduced.
This structural change breaks sz mirror symmetry, and is designed
to induce coupling within two mode pairs in the original Dirac
bands: the lower AI mode and the upper SII mode, as well as the
lower SI mode and the upper AII mode. For all frequencies near the
original Dirac points where the frequency and group velocity
degeneracy are maintained, the eigenmodes of the system become
hybridized as Aþ Sð Þ=

ffiffiffi
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and A ) Sð Þ=
ffiffiffi
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, which will be used as
the two effective spins. Inspection of the numerically calculated
displacement fields confirms such pairwise hybridizations of the A
and S modes as the new eigenmodes (Fig. 2c).

Treating the structural modification as a perturbation, we
mapped the effective Hamiltonian to the Kane–Mele theory46,
proving this system is a phononic analogue of QSHE. Indeed,
keeping the A and S modes as the basis, the perturbation is
described by a first-order correction to the unperturbed
Hamiltonian bHA;S ¼ bHA;Sþ bVA;S with bVA;S ¼ 0;mbs3; mbs3; 0½ (,
where bs3 is a Pauli matrix (Supplementary Note 2). Switching
to the hybridized modes as the basis in the vicinity of K (K0)
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Figure 1 | Dual-scale phononic crystal with degenerate Dirac cones. (a) Perspective view (upper panel) and top view (lower panel) of a phononic crystal
made of a triangular lattice of air holes in a slab of aluminium metamaterial. P¼ 1 cm; L¼ 5.25 mm; R¼ 1.95 mm. The non-resonant metamaterial slab is
2.54-mm thick, with subwavelength air holes at a filling ratio of 0.65. (b) Phononic band structure with degenerate Dirac points and Dirac velocities,
along the irreducible Brillouin zone boundary (shown as inset). (c) Displacement fields of a unit cell at the Dirac point (K). Colour indicates the
displacement amplitudes from the undeformed configuration (grey contours).
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panel) with broken z-mirror symmetry: the top rim of each air hole is enlarged into a counterbore (lower panel) with 14% increase in size and a 20% depth
of the overall thickness. The overall thickness is increased to 2.94 mm to restore the spin degeneracy between the modes at the K-point. (b) Phononic
band structure showing a complete bandgap (5.4% relative bandwidth) induced by the symmetry breaking. Phase and group velocities at the band edge
remain matched near the K-point. Spin Chern number CS, calculated using first-principle finite-element method simulations, is shown for each band.
(c) Displacement fields of a unit cell at the Dirac point (K), illustrating the hybridization between the S and A modes. Colours indicate the absolute value of
the displacement.
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Repeated eigenvalues

and we extend the domain of '̃a
n to Ya as

8x0 2 Y, 8T ✓ {1, 2, . . . d} =) '̃a
n(x) = (�1)
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j2T aj '̃a

n(x0), x = x0 +
X

j2T

aj`jej 2 Ya. (79)

From (77) and (79), it is clear that that '̃a
n 2 H1

p (Ya) satisfy

�r·
�
Gr'̃a

n

�
= �̃a

n⇢ '̃a
n in Ya, (80)

⌫ · Gr'̃a
n|xj=0 = �⌫ · Gr'̃a

n|xj=(1+aj)`j
, (81)

aj'̃
a
n|xj=0 = �aj'̃

a
n|xj=`j , j = 1, d. (82)

For clarity, domains Ya are illustrated in Fig. 1(b) for d = 2. We note by recalling (76) and the normalization
of �̃n that (�̃a

n, �̃a
n) = ('̃a

n, '̃a
n) = 1. By virtue of this result and (11), we find '̃a

n to satisfy

('̃a
n, '̃a

n)Ya = |Ya|,
(⇢'̃m, '̃n)Ya = �mn (⇢'̃n, '̃n)Ya (no summation). (83)

where (·, ·)Ya denotes the inner product (6) over Ya.

Remark 9. Thanks to (80)–(82) and Lemma 2 by which '̃a
n can be taken as real-valued, it is apparent that

the eigenfunction �̃a
n corresponding to apex a of B+ represents a plane wave propagating the stencil '̃a

n in
direction �ka. When a = 0 i.e. ka = 0, '̃a

n = �̃a
n ⌘ �̃�

n is a standing wave as examined in Section 3.1.2.

Definition 2. In the sequel, we define the e↵ective wave motion near vertex a of B+ as

hũia =
1

|Ya|
�
ũ, �̃a

n

�
Ya

:=
�
ũ, �̃a

n

�
Ya

, n > 0, (84)

where �̃a
n is extended to Ya � Y by the application of Y -periodicity. To facilitate the analysis, we further

introduce an auxiliary smoothing operator

hũi'
a =

1

|Ya|
�
ũ, '̃a

n

�
Ya

:=
�
ũ, '̃a

n

�
Ya

, n > 0. (85)

In the context of (76), one sees that (85) de facto “averages” its argument (by stencil '̃a
n) over: (i) a single

wavelength in the ka-direction, and (ii) dimension(s) of Y in the direction(s) perpendicular to ka. Note that
in the LW-FF regime (a = 0), both (84) and (85) recover (15).

Definition 3. With reference to (85), we introduce an auxiliary function space

H1a
p0 (Ya) = {g 2 L2(Y ) : rg 2 (L2(Y ))d, hgi'

a = 0, g|xj=0 = g|xj=(1+aj)`j
, j = 1, d, }. (86)

5.2. Scaling

For brevity of notation, we let !a
n = (�̃a

n)1/2. Given the fact that the intersection between any flat portion
of @B+ and the nth dispersion branch is likely – but not necessarily – a�liated with the onset of a band gap,
it is prudent to generalize (16) as

k = ka+ ✏k̂, !2 = �̃a
n + ✏�!̆2 + ✏2�!̂2, ✏ = o(1), � = ±1. (87)

With such premise, (7)–(8) become

�(�̃a
n+✏�!̆2+✏2�!̂2)⇢w̃ �

�
r+ika+✏ik̂

�
·
�
G(r+ika+✏ik̂)w̃

�
= 1 in Y, (88)

w̃|xj=0 = w̃|xj=`j ,

⌫ · G(r+ika+✏ik̂)w̃|xj=0 = �⌫ · G(r+ika+✏ik̂)w̃|xj=`j ,
j = 1, d. (89)
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Cone or no cone?

6.1. Eigenfunction basis

Assuming that �a
n has multiplicity Q > 1, let �̃a

nq 2 H1
p (Y ) (q = 1, Q) be linearly independent eigenfunctions

that satisfy

�(r+ika)·
�
G(r+ika)�̃a

nq

�
= �̃a

n⇢�̃a
nq in Y, (120)

⌫ · G(r+ika)�̃a
nq|xj=0 = �⌫ · G(r+ika)�̃a

nq|xj=`j , j = 1, d (121)

together with the orthogonality condition (11). Following the analysis in Section 5.1, we let

�̃a
nq(x) = '̃a

nq(x)e�ika·x, q = 1, Q (122)

where '̃a
nq 2 H1

p (Ya) are orthogonal according to (83) and satisfy

�r·
�
Gr'̃a

nq

�
= �̃a

n⇢ '̃a
nq in Ya, (123)

⌫ · Gr'̃a
nq|xj=0 = �⌫ · Gr'̃a

nq|xj=(1+aj)`j
, (124)

aj'̃
a
nq|xj=0 = �aj'̃

a
nq|xj=`j , j = 1, d. (125)

By extending the argument of Lemma 2, we find that '̃a
nq can be taken as real-valued without loss of generality.

In this case, however, a generic solution to (123)–(125) need not have constant argument across Ya.
On the basis of (120)–(125), we define the relevant “averaging” operators as

hũiq
a =

�
ũ, �̃a

nq

�
Ya

, hũiq'
a =

�
ũ, '̃a

nq

�
Ya

, q = 1, Q, (126)

and we generalize (86) as

H1a
p0 (Ya) = {g 2 L2(Y ) : rg 2 (L2(Y ))d, hgiq'

a = 0, q = 1, Q, g|xj=0 = g|xj=(1+aj)`j
, j = 1, d}.

Remark 11. In the sequel, we do not asume implicit summation over repeated indexes p, q and r.

6.2. Leading-order approximation

As indicated earlier, we consider (88)–(89) and we start from the asymptotic expansion of w̃ as given by (90).
In the context of (126), however, there are Q expressions of the e↵ective motion and (92)–(93) become

hw̃iq
a = ✏�2w0q + ✏�1w1q + · · · , wmq = hw̃miq'

a , m > 0, q = 1, Q. (127)

From the results in Section 5.3, we find the O(✏�2) contribution stemming from (88) to be given by (94).
By (123)–(125), we now have

w̃0(x) =
X

q

w0q '̃a
nq(x), (128)

where w0q 2 C (q = 1, Q) are constants to be determined.
Next, we find the O(✏�1) statement of (88) to be given by (96). On multiplying the latter by '̃a

np and
integrating over Ya, one can show by following the proof of Lemma 6 that

X

q

✓(0)

pq ·(ik̂) w0q + �!̆2⇢(0)
p w0p = 0, p = 1, Q. (129)

where
⇢(0)

p =
⌦
⇢'̃a

np

↵p'

a
, ✓(0)

pq =
⌦
Gr'̃a

nq

↵p'

a
�

⌦
Gr'̃a

np

↵q'

a
, p, q = 1, Q. (130)

Remark 12. On recalling Lemma 1 and the discussion in Remark 4, from (128) we find that the leading-order
mean energy density of a Bloch wave ũ (averaged in space and time [31]) is given by

Ē0 = 1
2!2(⇢ũ0, ũ0) = 1

2!2f̃2
X

q

⇢(0)
q w2

0q.

This lends ⇢(0)
q (q = 1, Q) an alternative interpretation as the quanta of energy characterizing respective

dispersion curves.
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Ansatz

O(𝜖-2):

O(𝜖-1):       ➡  Identity

O(𝜖0):       ➡  Effective equation

Consider next the asymptotic expansion

w̃(x) = e�ika·x�
✏�2w̃0(x) + ✏�1w̃1(x) + w̃2(x) + ✏w̃3(x) + · · ·

�
, (90)

which distills (88)–(89) into a series in ✏. By virtue of (88)–(90) and the analysis similar to that in Section 5.1,
we find that w̃m 2 H1

p (Ya) (m > 0) which further satisfy the coupled boundary conditions

⌫ · G(rw̃m + ik̂w̃m�1)|xj=0 = �⌫ · G(rw̃m + ik̂w̃m�1)|xj=(1+aj)`j
,

ajwm|xj=0 = �ajwm|xj=`j , j = 1, d. (91)

with w̃�1 ⌘ 0.
In the sequel, we conveniently denote by wm the respective constants of integration when solving for w̃m(x).

Recalling (84), (85) and (90), we specifically seek wm as

wm = hw̃mi'
a, m > 0, (92)

so that hũia = f̃ hw̃ia (by extension of Lemma 1) and

hw̃ia = ✏�2w0 + ✏�1w1 + w2 + ✏w3 + · · · . (93)

5.3. Leading-order approximation
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��̃a
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�
Grw̃0

�
= 0 in Ya. (94)
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��̃a
n⇢w̃1 � �!̆2⇢w̃0 � r·

�
G(rw̃1 + ik̂w̃0)

�
� ik̂ ·

�
Grw̃0

�
= 0 in Ya. (96)
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n⇢�(0) + r·

�
Gr�(0)
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+ ⇢'̃a

n = 0 in Ya, (98)
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n⇢�(1) + r·

�
G(r�(1)+ I'̃a

n)
�
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n = 0 in Ya, (99)
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⌦
G{r�(1) + I'̃a

n}
↵'

a
�

�
G{�(1) ⌦ r'̃a

n}, 1
�
Ya
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6.1. Eigenfunction basis

Assuming that �a
n has multiplicity Q > 1, let �̃a

nq 2 H1
p (Y ) (q = 1, Q) be linearly independent eigenfunctions

that satisfy

�(r+ika)·
�
G(r+ika)�̃a

nq

�
= �̃a

n⇢�̃a
nq in Y, (120)

⌫ · G(r+ika)�̃a
nq|xj=0 = �⌫ · G(r+ika)�̃a

nq|xj=`j , j = 1, d (121)

together with the orthogonality condition (11). Following the analysis in Section 5.1, we let

�̃a
nq(x) = '̃a

nq(x)e�ika·x, q = 1, Q (122)

where '̃a
nq 2 H1

p (Ya) are orthogonal according to (83) and satisfy

�r·
�
Gr'̃a

nq

�
= �̃a

n⇢ '̃a
nq in Ya, (123)

⌫ · Gr'̃a
nq|xj=0 = �⌫ · Gr'̃a

nq|xj=(1+aj)`j
, (124)

aj'̃
a
nq|xj=0 = �aj'̃

a
nq|xj=`j , j = 1, d. (125)

By extending the argument of Lemma 2, we find that '̃a
nq can be taken as real-valued without loss of generality.

In this case, however, a generic solution to (123)–(125) need not have constant argument across Ya.
On the basis of (120)–(125), we define the relevant “averaging” operators as

hũiq
a =

�
ũ, �̃a

nq

�
Ya

, hũiq'
a =

�
ũ, '̃a

nq

�
Ya

, q = 1, Q, (126)

and we generalize (86) as

H1a
p0 (Ya) = {g 2 L2(Y ) : rg 2 (L2(Y ))d, hgiq'

a = 0, q = 1, Q, g|xj=0 = g|xj=(1+aj)`j
, j = 1, d}.

Remark 11. In the sequel, we do not asume implicit summation over repeated indexes p, q and r.

6.2. Leading-order approximation

As indicated earlier, we consider (88)–(89) and we start from the asymptotic expansion of w̃ as given by (90).
In the context of (126), however, there are Q expressions of the e↵ective motion and (92)–(93) become

hw̃iq
a = ✏�2w0q + ✏�1w1q + · · · , wmq = hw̃miq'

a , m > 0, q = 1, Q. (127)

From the results in Section 5.3, we find the O(✏�2) contribution stemming from (88) to be given by (94).
By (123)–(125), we now have

w̃0(x) =
X

q

w0q '̃a
nq(x), (128)

where w0q 2 C (q = 1, Q) are constants to be determined.
Next, we find the O(✏�1) statement of (88) to be given by (96). On multiplying the latter by '̃a

np and
integrating over Ya, one can show by following the proof of Lemma 6 that

X

q

✓(0)

pq ·(ik̂) w0q + �!̆2⇢(0)
p w0p = 0, p = 1, Q. (129)

where
⇢(0)

p =
⌦
⇢'̃a

np

↵p'

a
, ✓(0)

pq =
⌦
Gr'̃a

nq

↵p'

a
�

⌦
Gr'̃a

np

↵q'

a
, p, q = 1, Q. (130)

Remark 12. On recalling Lemma 1 and the discussion in Remark 4, from (128) we find that the leading-order
mean energy density of a Bloch wave ũ (averaged in space and time [31]) is given by

Ē0 = 1
2!2(⇢ũ0, ũ0) = 1

2!2f̃2
X

q

⇢(0)
q w2

0q.

This lends ⇢(0)
q (q = 1, Q) an alternative interpretation as the quanta of energy characterizing respective

dispersion curves.
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where w0q 2 C (q = 1, Q) are constants to be determined.
Next, we find the O(✏�1) statement of (88) to be given by (96). On multiplying the latter by '̃a
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Generalized EVPFor convenience, we rewrite (128) as the generalized eigenvalue problem
X

q

Apq w0q � ⌧
X

q

Dpq w0q = 0, p = 1, Q (130)

with
Apq = ✓(0)

pq ·ik̂, Dpq = �pq ⇢(0)
q ⌧ = ��!̆2. (131)

Since ✓(0)

pq is real-valued and ⇢(0)
q > 0, we see that Apq is Hermitian skew-symmetric, and that Dpq is positive

definite. In what follows, we seek (whenever possible) a non-trivial solution to (130).

Lemma 7. The following statements hold: every ⌧ solving (130) is either real-valued or zero; (ii) if ⌧ is an
eigenvalue of (130), so is �⌧ ; (iii) the eigenvectors corresponding to ⌧ and �⌧ are complex conjugates of each
other, and (iv) the maximum rank of Apq is Q (resp. Q�1) for Q even (resp. odd). See Appendix, Section A
for proof.

Assumption 1. Hereon, we focus our analysis on the situations where Apq is either: (i) of maximum rank
as in Lemma 7, or (ii) trivial.

Remark 13. The first step in the ensuing analyses is to expose the frequency scaling law in (87) depending
on the nature of Apq. Following the developments in Section 5 and in particular the proof of Lemma 6, the key
issue is whether letting !̆ = 0 turns the e↵ective O(✏�1) equation (130) into an identity for non-trivial w0q –
which can then be deployed to satisfy the e↵ective O(1) equation with the source term.

6.2.1. E↵ective model for full-rank Apq (Q even)
In situations when Q is even, generalized eigenvalue problem (130) has no zero eigenvalues by Lemma 7 and
Assumption 1. Accordingly, assuming the scaling framework (87) with !̆ = 0 does not cater for a non-trivial
solution of (130); we thus let !̆ 6= 0 and w0q = 0 (q = 1, Q) by which the O(✏�1) contribution to (88) becomes

��̃a
n⇢w̃1 � r·

�
G(rw̃1)

�
= 0 in Ya. (132)

As a result, the leading-order solution reads

w̃1(x) =
X

q

w1q '̃a
nq(x), (133)

where w1q 2 C (q = 1, Q) are constants. To compute w1q, we identify the O(1) statement of (88), namely

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
Grw̃1

�
� �!̆2⇢w̃1 = eika·x in Ya. (134)

On multiplying (134) by '̃a
np (p 2 1, Q) and integrating over Ya by parts as in the treatment of (32), we obtain

�
ik̂Gw̃1, r'̃a

np

�
Ya

�
�
ik̂·

�
Grw̃1

�
, '̃a

np

�
Ya

� �!̆2
�
⇢w̃1, '̃

a
np

�
Ya

=
�
eika·x, '̃a

np

�
Ya

. (135)

The substitution of (133) into (135) results in a system of Q governing equations for w1p as

�
X

q

Apq w1q � �!̆2
X

q

Dpq w1q = heika·xip'
a , p = 1, Q (136)

where Apq and Dpq are given by (131). By Lemma 7 and Assumption 1, we find that the generalized eigenvalue
problem underpinning (136) has Q real eigenvalues, hereon denoted by ��r !̆2

r , and we assume �!̆2 6= �r !̆2
r

(r = 1, Q) when solving (136).

Remark 14. By Lemma 7, the above eigenvalues appear in “±” pairs, and we conveniently arrange them
so that (i) !̆2

r = !̆2
r+1 and �r/r+1 = ±1 for r odd, and (ii) 0 < !̆2

1 6 !̆2
2 6 . . . 6 !̆2

Q. In this set-
ting, there are Q/2 pairs of dispersion branches emanating from the apex point (ka, !a

n) given by mappings
(ka+ ✏k̂, !a

n + ✏�r!̆2
r(k̂)/(2!a

n)). Each such branch is characterized by an O(1) (positive or negative) group
velocity, and is stenciled by the respective eigenfunction

P
q er

q '̃a
nq, where er

q 2 C (q = 1, Q) are components

of the unit eigenvector of Apq corresponding to �r !̆2
r .
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Effective models
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6.2. Leading-order approximation

As indicated earlier, we consider (88)–(89) and we start from the asymptotic expansion of w̃ as given by (90).
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6.2.1. E↵ective model for full-rank Apq (Q even)
In situations when Q is even, generalized eigenvalue problem (131) has no zero eigenvalues by Lemma 7 and
Assumption 1. Accordingly, assuming the scaling framework (87) with !̆ = 0 does not cater for a non-trivial
solution of (131); we thus let !̆ 6= 0 and w0q = 0 (q = 1, Q) by which the O(✏�1) contribution to (88) becomes

��̃a
n⇢w̃1 � r·

�
G(rw̃1)

�
= 0 in Ya. (133)

As a result, the leading-order solution reads

w̃1(x) =
X

q

w1q '̃a
nq(x), (134)

where w1q 2 C (q = 1, Q) are constants. To compute w1q, we identify the O(1) statement of (88), namely

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
Grw̃1

�
� �!̆2⇢w̃1 = eika·x in Ya. (135)

On multiplying (135) by '̃a
np (p 2 1, Q) and integrating over Ya by parts as in the treatment of (32), we obtain

�
ik̂Gw̃1, r'̃a

np

�
Ya

�
�
ik̂·

�
Grw̃1

�
, '̃a

np

�
Ya

� �!̆2
�
⇢w̃1, '̃

a
np

�
Ya

=
�
eika·x, '̃a

np

�
Ya

. (136)

The substitution of (134) into (136) results in a system of Q governing equations for w1p as

�
X

q

Apq w1q � �!̆2
X

q

Dpq w1q = heika·xip'
a , p = 1, Q (137)

where Apq and Dpq are given by (132). By Lemma 7 and Assumption 1, we find that the generalized eigenvalue
problem underpinning (137) has Q real eigenvalues, hereon denoted by ��r !̆2

r , and we assume �!̆2 6= �r !̆2
r

(r = 1, Q) when solving (137).

Remark 14. By Lemma 7, the above eigenvalues appear in “±” pairs, and we conveniently arrange them
so that (i) !̆2

r = !̆2
r+1 and �r/r+1 = ±1 for r odd, and (ii) 0 < !̆2

1 6 !̆2
2 6 . . . 6 !̆2

Q. In this set-
ting, there are Q/2 pairs of dispersion branches emanating from the apex point (ka, !a

n) given by mappings
(ka+ ✏k̂, !a

n + ✏�r!̆2
r(k̂)/(2!a

n)). Each such branch is characterized by an O(1) (positive or negative) group
velocity, and is stenciled by the respective eigenfunction

P
q er

q '̃a
nq, where er

q 2 C (q = 1, Q) are components

of the unit eigenvector of Apq corresponding to �r !̆2
r .

19

For convenience, we rewrite (128) as the generalized eigenvalue problem
X

q

Apq w0q � ⌧
X

q

Dpq w0q = 0, p = 1, Q (130)

with
Apq = ✓(0)

pq ·ik̂, Dpq = �pq ⇢(0)
q ⌧ = ��!̆2. (131)

Since ✓(0)

pq is real-valued and ⇢(0)
q > 0, we see that Apq is Hermitian skew-symmetric, and that Dpq is positive

definite. In what follows, we seek (whenever possible) a non-trivial solution to (130).

Lemma 7. The following statements hold: every ⌧ solving (130) is either real-valued or zero; (ii) if ⌧ is an
eigenvalue of (130), so is �⌧ ; (iii) the eigenvectors corresponding to ⌧ and �⌧ are complex conjugates of each
other, and (iv) the maximum rank of Apq is Q (resp. Q�1) for Q even (resp. odd). See Appendix, Section A
for proof.

Assumption 1. Hereon, we focus our analysis on the situations where Apq is either: (i) of maximum rank
as in Lemma 7, or (ii) trivial.

Remark 13. The first step in the ensuing analyses is to expose the frequency scaling law in (87) depending
on the nature of Apq. Following the developments in Section 5 and in particular the proof of Lemma 6, the key
issue is whether letting !̆ = 0 turns the e↵ective O(✏�1) equation (130) into an identity for non-trivial w0q –
which can then be deployed to satisfy the e↵ective O(1) equation with the source term.

6.2.1. E↵ective model for full-rank Apq (Q even)
In situations when Q is even, generalized eigenvalue problem (130) has no zero eigenvalues by Lemma 7 and
Assumption 1. Accordingly, assuming the scaling framework (87) with !̆ = 0 does not cater for a non-trivial
solution of (130); we thus let !̆ 6= 0 and w0q = 0 (q = 1, Q) by which the O(✏�1) contribution to (88) becomes

��̃a
n⇢w̃1 � r·

�
G(rw̃1)

�
= 0 in Ya. (132)

As a result, the leading-order solution reads

w̃1(x) =
X

q

w1q '̃a
nq(x), (133)

where w1q 2 C (q = 1, Q) are constants. To compute w1q, we identify the O(1) statement of (88), namely

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
Grw̃1

�
� �!̆2⇢w̃1 = eika·x in Ya. (134)

On multiplying (134) by '̃a
np (p 2 1, Q) and integrating over Ya by parts as in the treatment of (32), we obtain

�
ik̂Gw̃1, r'̃a

np

�
Ya

�
�
ik̂·

�
Grw̃1

�
, '̃a

np

�
Ya

� �!̆2
�
⇢w̃1, '̃

a
np

�
Ya

=
�
eika·x, '̃a

np

�
Ya

. (135)

The substitution of (133) into (135) results in a system of Q governing equations for w1p as

�
X

q

Apq w1q � �!̆2
X

q

Dpq w1q = heika·xip'
a , p = 1, Q (136)

where Apq and Dpq are given by (131). By Lemma 7 and Assumption 1, we find that the generalized eigenvalue
problem underpinning (136) has Q real eigenvalues, hereon denoted by ��r !̆2

r , and we assume �!̆2 6= �r !̆2
r

(r = 1, Q) when solving (136).

Remark 14. By Lemma 7, the above eigenvalues appear in “±” pairs, and we conveniently arrange them
so that (i) !̆2

r = !̆2
r+1 and �r/r+1 = ±1 for r odd, and (ii) 0 < !̆2

1 6 !̆2
2 6 . . . 6 !̆2

Q. In this set-
ting, there are Q/2 pairs of dispersion branches emanating from the apex point (ka, !a

n) given by mappings
(ka+ ✏k̂, !a

n + ✏�r!̆2
r(k̂)/(2!a

n)). Each such branch is characterized by an O(1) (positive or negative) group
velocity, and is stenciled by the respective eigenfunction

P
q er

q '̃a
nq, where er

q 2 C (q = 1, Q) are components

of the unit eigenvector of Apq corresponding to �r !̆2
r .
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Generalized EVP

⌧ = ��!̆2
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Full-rank Apq: w0q=0 & 𝜏≠0, system of 1st-order PDE’s for w1q

For convenience, we rewrite (129) as the generalized eigenvalue problem
X

q

Apq w0q � ⌧
X

q

Dpq w0q = 0, p = 1, Q (131)

with
Apq = ✓(0)

pq ·ik̂, Dpq = �pq ⇢(0)
q ⌧ = ��!̆2. (132)

Since ✓(0)

pq is real-valued and ⇢(0)
q > 0, we see that Apq is Hermitian skew-symmetric, and that Dpq is positive

definite. In what follows, we seek (whenever possible) a non-trivial solution to (131).

Lemma 7. The following statements hold: every ⌧ solving (131) is either real-valued or zero; (ii) if ⌧ is an
eigenvalue of (131), so is �⌧ ; (iii) the eigenvectors corresponding to ⌧ and �⌧ are complex conjugates of each
other, and (iv) the maximum rank of Apq is Q (resp. Q�1) for Q even (resp. odd). See Appendix, Section A
for proof.

Assumption 1. Hereon, we focus our analysis on the situations where Apq is either: (i) of maximum rank
as in Lemma 7, or (ii) trivial.

Remark 13. The first step in the ensuing analyses is to expose the frequency scaling law in (87) depending
on the nature of Apq. Following the developments in Section 5 and in particular the proof of Lemma 6, the key
issue is whether letting !̆ = 0 turns the e↵ective O(✏�1) equation (131) into an identity for non-trivial w0q –
which can then be deployed to satisfy the e↵ective O(1) equation with the source term.

6.2.1. E↵ective model for full-rank Apq (Q even)
In situations when Q is even, generalized eigenvalue problem (131) has no zero eigenvalues by Lemma 7 and
Assumption 1. Accordingly, assuming the scaling framework (87) with !̆ = 0 does not cater for a non-trivial
solution of (131); we thus let !̆ 6= 0 and w0q = 0 (q = 1, Q) by which the O(✏�1) contribution to (88) becomes

��̃a
n⇢w̃1 � r·

�
G(rw̃1)

�
= 0 in Ya. (133)

As a result, the leading-order solution reads

w̃1(x) =
X

q

w1q '̃a
nq(x), (134)

where w1q 2 C (q = 1, Q) are constants. To compute w1q, we identify the O(1) statement of (88), namely

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
Grw̃1

�
� �!̆2⇢w̃1 = eika·x in Ya. (135)

On multiplying (135) by '̃a
np (p 2 1, Q) and integrating over Ya by parts as in the treatment of (32), we obtain

�
ik̂Gw̃1, r'̃a

np

�
Ya

�
�
ik̂·

�
Grw̃1

�
, '̃a

np

�
Ya

� �!̆2
�
⇢w̃1, '̃

a
np

�
Ya

=
�
eika·x, '̃a

np

�
Ya

. (136)

The substitution of (134) into (136) results in a system of Q governing equations for w1p as

�
X

q

Apq w1q � �!̆2
X

q

Dpq w1q = heika·xip'
a , p = 1, Q (137)

where Apq and Dpq are given by (132). By Lemma 7 and Assumption 1, we find that the generalized eigenvalue
problem underpinning (137) has Q real eigenvalues, hereon denoted by ��r !̆2

r , and we assume �!̆2 6= �r !̆2
r

(r = 1, Q) when solving (137).

Remark 14. By Lemma 7, the above eigenvalues appear in “±” pairs, and we conveniently arrange them
so that (i) !̆2

r = !̆2
r+1 and �r/r+1 = ±1 for r odd, and (ii) 0 < !̆2

1 6 !̆2
2 6 . . . 6 !̆2

Q. In this set-
ting, there are Q/2 pairs of dispersion branches emanating from the apex point (ka, !a

n) given by mappings
(ka+ ✏k̂, !a

n + ✏�r!̆2
r(k̂)/(2!a

n)). Each such branch is characterized by an O(1) (positive or negative) group
velocity, and is stenciled by the respective eigenfunction

P
q er

q '̃a
nq, where er

q 2 C (q = 1, Q) are components

of the unit eigenvector of Apq corresponding to �r !̆2
r .
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7.2.3.Dispersioninamediumwithvariableshearmodulus
Asthelastexample,weconsiderthedispersioninachesboard-likemediumwith`1=`2=1,G=(1,4,1,4),
andr=(1,2,1,2).Thisconfiguration,investigatedin[16]fromtheviewpointofLW-LFapproximation,is
distinctfromthoseexaminedinearlierFW-FFstudiesinthatitfeaturesvariableshearmodulus,i.e.variable
coe�cientintheprincipalpartofthedi↵erentialoperator.WiththeuseofTheorem1,Theorem2and
Theorem3,asymptoticapproximationsofthefirsteightdispersionbranchesforthemediumarecomputed
andshowninFig.5alongthewavenumbercontourABC,seeFig.3(b).Theleading-orderapproximations
areplottedforallbranchesandallapexpoints,whiletheirsecond-ordercounterpartsareshownonlyfor
thosepairs(ka,!a

n)featuringisolatedeigenvalues�̃a
n.Ascanbeseenfromthedisplay,thesecond-order

approximationbringsaboutnotableimprovementintheasymptoticdescriptionofthefirst,second,andsixth
branchnearapexA;howeverthisobservationdoesnotapplytothethirdbranch.Theprincipalreasonfor
thisdropinperformanceofthesecond-orderapproximationistheproximityofneighboringeigenvalues,which
suggestthenecessitytoaccountfortheinteractionofnearbybranchesinsuchsituations.Thisobservation
alsoappliestothefirstandsecondbranchofthepolyatomicchainatk/̀⇡=1inFig.2(d),wherethetwo
eigenvaluesareisolatedyetrelativelyclosetoeachother.FromFig.5,onemayalsonotethatapexBfeatures
distinctasymptoticbehaviorsindirectionsBAandBC.Indeed–indirectionBA,thelocalapproximation
islinear(rank(Apq)=2)andtheuseismadeofthegeneralizedeigenvalueproblemstemmingfrom(137)to
determinethegermaneslopes,seealsoRemark15.IndirectionBC,ontheotherhand,thelocalvariationis
quadratic(rank(Apq)=0)andthegermanecurvaturesarecomputedfromthegeneralizedeigenvalueproblem
dueto(143).Fromabroaderperspective,such“heterogeneous”asymptoticdescriptionatanapexcouldbe
unifiedbypursuingasecond-orderexpansioncateringforrepeatedeigenvalues.Finally,fromthedispersion
diagramweobserve:(i)thepresenceofanarrowbandgapbetweenthesecondandthethirdbranch,and
(ii)thefactthatthelocalbehaviorsofthefirsteightbranchesatapexCarealluniformlydescribedbythe
“trivialApq”model(143).
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Figure5:Firsteightdispersionbranchesforachessboard-likemediumwith`1=`2=1,G=(1,4,1,4),andr=(1,2,1,2).
Dottedlinesplotthe“exact”relationshipscomputednumericallybyNGSolve[24],anddashed(resp.continuous)linestrackthe

leading-(resp.second-)orderapproximationsnearapexesA,BandC.
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7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
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Q=2, rank(Apq)=0: eq. (143)
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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Trivial Apq: w0q≠0 & 𝜏=0, system of 2nd-order PDE’s for w0q

6.2.2. E↵ective model for trivial Apq

In some situations, especially those when G(x) and ⇢(x) carry certain symmetries over Y , the vector coef-
ficients ✓(0)

pq in (130) and thus the coupling matrix Apq in (131) may vanish identically. In this case, (131)
with Apq = 0 yields !̆ = 0 in order to preserve the leading-order solution (128). Accordingly, from (96)
with !̆ = 0 and (143) we find that

w̃1(x) =
X

q

w0q �(1)
q (x)· ik̂ +

X

q

w1q '̃a
nq(x), (138)

where w1q 2 C (q = 1, Q) are constants, and �(1)
q 2 (H1a

p0 (Ya))d are given by

�̃a
n⇢�(1)

q + r·
�
G(r�(1)

q + I'̃a
nq)

�
+ Gr'̃a

nq = 0 in Ya, q = 1, Q (139)

⌫ · G(r�(1)
q + I'̃a

nq)|xj=0 = �⌫ · G(r�(1)
q + I'̃a

nq)|xj=(1+aj)`j
, j = 1, d.

On substituting this result into (100), multiplying by '̃a
np, and integrating over Ya we find that

�
X

q

Bpq w0q � �!̂2
X

q

Dpq w0q = heika·xip'
a , p = 1, Q, (140)

where Dpq is given by (132) and

Bpq = µ(0)
pq : (ik̂)2, µ(0)

pq =
⌦
G{r�(1)

q + I'̃a
nq}

↵p'

a
�

�
G{�(1)

q ⌦ r'̃a
np}, 1

�
Ya

. (141)

Lemma 8. Matrix Bpq is symmetric. See Appendix, Section A for proof.

6.2.3. E↵ective model for rank(Apq) = Q � 1 (Q odd)
When Q is odd, we find by Lemma 7 and Assumption 1 that the generalized eigenvalue problem (131) has
one zero eigenvalue to which corresponds unit eigenvector with components #q 2 R, q = 1, Q. Without loss
of generality, we select the eigenfunction basis '̃a

nq so that #q = �q1, i.e.

A1q = Aq1 = 0, q = 1, Q. (142)

In this case, (131) with ⌧ = ��!̆2 = 0 becomes an identity if w0q = w0�q1 for some constant w0, i.e.

w̃0(x) = w0 '̃a
n1(x). (143)

From (96) with !̆ = 0 and (143), we find that

w̃1(x) = w0�
(1)

1 (x)· ik̂ +
X

q

w1q '̃a
nq(x), (144)

where w1q 2 C (q = 1, Q) are constants and, assuming �(1)

1 · ik̂ 6= 0, �(1)

1 2 (H1a
p0 (Ya))d is given by (139) with

q = 1. For the latter to be solvable, its source term must be orthogonal to '̃a
np, p = 1, Q. On multiplying (139)

by '̃a
np and integrating by parts over Ya, we obtain ✓(0)

1q = 0. Thanks to the premise �(1)

1 · ik̂ 6= 0 which ensures

that ik̂ 6? ✓(0)

1q , this condition is met due to (142).
To compute w0, we recall the O(1) statement of (88) given by (100), whose multiplication by '̃a

n1 and
integration over Ya yields

�
�
µ(0)

11 : (ik̂)2 + �!̂2⇢(0)

1

�
w0 = heika·xi1'

a , p = 1, Q, (145)

where ⇢(0)

1 and µ(0)

11 are given respectively by (130) and (141). On adopting the reasoning as in Section 3,
from (145) we conclude that � = sign(!�!�

n) when f̃ 6=0, and � = sign(µ(0)) when f̃ =0.
We note however that the above leading-order model is incomplete in that it features only a single pro-

jection, w0, at an apex point that features Q eigenfunctions. To identify the remaining Q�1 leading-order
projections in terms of w1q, we revisit the O(1) statement of (88) taking !̆ 6= 0, namely

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
G(rw̃1 + ik̂w̃0)

�
� �!̆2⇢w̃1 � �!̂2⇢w̃0 = eika·x in Ya, (146)

20

Bpq = µ(0)
pq : (ik̂)2, µ(0)

pq =
⌦
G{r�(1)

q + I'̃a
nq}

↵p'

a
�

�
G{�(1)

q ⌦ r'̃a
np}, 1

�
Ya

.

7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
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Q=2, rank(Apq)=0: eq. (143)
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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Caution
Trivial Apq: w0q≠0 & 𝜏=0, system of 2nd-order PDE’s for w0q

6.2.2. E↵ective model for trivial Apq

In some situations, especially those when G(x) and ⇢(x) carry certain symmetries over Y , the vector coef-
ficients ✓(0)

pq in (130) and thus the coupling matrix Apq in (131) may vanish identically. In this case, (131)
with Apq = 0 yields !̆ = 0 in order to preserve the leading-order solution (128). Accordingly, from (96)
with !̆ = 0 and (143) we find that

w̃1(x) =
X

q

w0q �(1)
q (x)· ik̂ +

X

q

w1q '̃a
nq(x), (138)

where w1q 2 C (q = 1, Q) are constants, and �(1)
q 2 (H1a

p0 (Ya))d are given by

�̃a
n⇢�(1)

q + r·
�
G(r�(1)

q + I'̃a
nq)

�
+ Gr'̃a

nq = 0 in Ya, q = 1, Q (139)

⌫ · G(r�(1)
q + I'̃a

nq)|xj=0 = �⌫ · G(r�(1)
q + I'̃a

nq)|xj=(1+aj)`j
, j = 1, d.

On substituting this result into (100), multiplying by '̃a
np, and integrating over Ya we find that

�
X

q

Bpq w0q � �!̂2
X

q

Dpq w0q = heika·xip'
a , p = 1, Q, (140)

where Dpq is given by (132) and

Bpq = µ(0)
pq : (ik̂)2, µ(0)

pq =
⌦
G{r�(1)

q + I'̃a
nq}

↵p'

a
�

�
G{�(1)

q ⌦ r'̃a
np}, 1

�
Ya

. (141)

Lemma 8. Matrix Bpq is symmetric. See Appendix, Section A for proof.

6.2.3. E↵ective model for rank(Apq) = Q � 1 (Q odd)
When Q is odd, we find by Lemma 7 and Assumption 1 that the generalized eigenvalue problem (131) has
one zero eigenvalue to which corresponds unit eigenvector with components #q 2 R, q = 1, Q. Without loss
of generality, we select the eigenfunction basis '̃a

nq so that #q = �q1, i.e.

A1q = Aq1 = 0, q = 1, Q. (142)

In this case, (131) with ⌧ = ��!̆2 = 0 becomes an identity if w0q = w0�q1 for some constant w0, i.e.

w̃0(x) = w0 '̃a
n1(x). (143)

From (96) with !̆ = 0 and (143), we find that

w̃1(x) = w0�
(1)

1 (x)· ik̂ +
X

q

w1q '̃a
nq(x), (144)

where w1q 2 C (q = 1, Q) are constants and, assuming �(1)

1 · ik̂ 6= 0, �(1)

1 2 (H1a
p0 (Ya))d is given by (139) with

q = 1. For the latter to be solvable, its source term must be orthogonal to '̃a
np, p = 1, Q. On multiplying (139)

by '̃a
np and integrating by parts over Ya, we obtain ✓(0)

1q = 0. Thanks to the premise �(1)

1 · ik̂ 6= 0 which ensures

that ik̂ 6? ✓(0)

1q , this condition is met due to (142).
To compute w0, we recall the O(1) statement of (88) given by (100), whose multiplication by '̃a

n1 and
integration over Ya yields

�
�
µ(0)

11 : (ik̂)2 + �!̂2⇢(0)

1

�
w0 = heika·xi1'

a , p = 1, Q, (145)

where ⇢(0)

1 and µ(0)

11 are given respectively by (130) and (141). On adopting the reasoning as in Section 3,
from (145) we conclude that � = sign(!�!�

n) when f̃ 6=0, and � = sign(µ(0)) when f̃ =0.
We note however that the above leading-order model is incomplete in that it features only a single pro-

jection, w0, at an apex point that features Q eigenfunctions. To identify the remaining Q�1 leading-order
projections in terms of w1q, we revisit the O(1) statement of (88) taking !̆ 6= 0, namely

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
G(rw̃1 + ik̂w̃0)

�
� �!̆2⇢w̃1 � �!̂2⇢w̃0 = eika·x in Ya, (146)
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Bpq = µ(0)
pq : (ik̂)2, µ(0)

pq =
⌦
G{r�(1)

q + I'̃a
nq}

↵p'

a
�

�
G{�(1)

q ⌦ r'̃a
np}, 1

�
Ya

.

7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
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Q=2, rank(Apq)=0: eq. (143)
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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On the basis of (5.1)–(5.5), we define the relevant “averaging” operators as

hũiqa =
�
ũ, �̃a

nq
�
Ya

, hũiq'
a =

�
ũ, '̃a

nq
�
Ya

, q= 1, Q, (5.6)

and we generalize the second of (4.12) as

H1a
p0 (Ya) = {g 2H1

p (Ya) : hgiq'
a = 0, q= 1, Q}. (5.7)

Remark 9. In the sequel, we do not asume implicit summation over repeated indexes p, q, r and s.

(b) Leading-order approximation
As indicated earlier, we consider (4.14)–(4.15) and we start from the asymptotic expansion (4.16)
of w̃. From the results in Section 4(c), we find the O(✏�2) contribution stemming from (4.14)
and (4.16) to read as in (4.20). By (5.4)–(5.5), we now have

w̃0(x) =
X

q

w0q '̃
a
nq(x), (5.8)

where w0q2C (q= 1, Q) are constants to be determined.
Next, we find the O(✏�1) statement of (4.14) to be given by (4.22). On multiplying the latter

by '̃a
np and integrating over Ya, one can show by following the proof of Lemma 6 that

X

q

✓(0)
pq ·(ik̂)w0q + �!̆2⇢(0)

p w0p = 0, p= 1, Q. (5.9)

where
⇢(0)

p =
⌦
⇢'̃a

np
↵p'
a , ✓(0)

pq =
⌦
Gr'̃a

nq
↵p'
a �

⌦
Gr'̃a

np
↵q'
a , p, q= 1, Q. (5.10)

Remark 10. On recalling Lemma 1 and the discussion in Remark 3, from (5.8) we find that the leading-
order mean energy density of a Bloch wave ũ (averaged in space and time [34]) is given by

Ē0 = 1
2!

2(⇢ũ0, ũ0) = 1
2!

2f̃2
X

q

⇢(0)
q w2

0q.

This sheds light on ⇢(0)
q (q= 1, Q) as the quanta of energy characterizing respective dispersion curves.

For convenience, we rewrite (5.9) as the generalized eigenvalue problem
X

q

Apqw0q � ⌧
X

q

Dpqw0q = 0, p= 1, Q (5.11)

with
Apq = ✓(0)

pq ·ik̂, Dpq = �pq ⇢
(0)
q , ⌧ =��!̆2. (5.12)

Since ✓(0)
pq are real-valued and ⇢(0)

q > 0, we see that Apq is Hermitian skew-symmetric, and that Dpq

is positive definite. In what follows, we seek (whenever possible) a non-trivial solution to (5.11).

Lemma 7. The following statements hold: every ⌧ solving (5.11) is either real-valued or zero; (ii) if ⌧ is
an eigenvalue of (5.11), so is �⌧ ; (iii) the eigenvectors corresponding to ⌧ and �⌧ are complex conjugates
of each other, and (iv) the maximum rank of Apq is Q (resp. Q�1) for Q even (resp. odd). See Appendix A
(electronic supplementary material) for proof.

Assumption 1. Hereon, we focus our analysis on the situations where Apq is either: (i) of maximum rank
according to Lemma 7, or (ii) trivial.

Remark 11. The first step in the ensuing analyses is to expose the frequency scaling law in (4.13)
depending on the nature of Apq . Following the developments in Section 4 and in particular the proof of
Lemma 6, the key issue is whether letting !̆= 0 turns the effective O(✏�1) equation (5.11) into an identity
for non-trivial w0q – which can then be deployed to satisfy the effective O(1) equation with the source term.
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(i) Effective model for full-rank Apq

In situations when Q is even, generalized eigenvalue problem (5.11) has no zero eigenvalues by
Lemma 7 and Assumption 1. Accordingly, assuming the scaling framework (4.13) with !̆= 0 does
not cater for a non-trivial solution of (5.11); we thus let !̆ 6= 0 and w0q= 0 (q= 1, Q) by which the
O(✏�1) contribution to (4.14) becomes

��̃a
n⇢w̃1 �r·

�
G(rw̃1)

�
= 0 in Ya. (5.13)

As a result, the leading-order solution reads

w̃1(x) =
X

q

w1q '̃
a
nq(x), (5.14)

where w1q 2C are constants. To compute w1q , we identify the O(1) statement of (4.14), namely

��̃a
n⇢w̃2 �r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
Grw̃1

�
� �!̆2⇢w̃1 = eika·x in Ya. (5.15)

On integrating h(5.15)ip'
a , p2 1, Q by parts as in the treatment of (3.17), we obtain

�
ik̂Gw̃1,r'̃a

np
�
Ya

�
�
ik̂·

�
Grw̃1

�
, '̃a

np
�
Ya

� �!̆2�⇢w̃1, '̃
a
np

�
Ya

= heika·xip'
a . (5.16)

The substitution of (5.14) into (5.16) results in a system of Q governing equations for w1p as

�
X

q

Apqw1q � �!̆2
X

q

Dpqw1q = heika·xip'
a , p= 1, Q (5.17)

where Apq and Dpq are given by (5.12). By Lemma 7 and Assumption 1, we find that the
generalized eigenvalue problem underpinning (5.17) has Q real eigenvalues, hereon denoted
by ��r !̆

2
r , and we assume �!̆2 6= �r !̆

2
r (r= 1, Q) when solving (5.17).

Remark 12. By Lemma 7, the above eigenvalues appear in “±” pairs, and we conveniently arrange
them so that (i) !̆2

r = !̆2
r+1 and �r/r+1=±1 for r odd, and (ii) 0< !̆2

1 6 !̆2
2 6 . . .6 !̆2

Q. In this setting,
there are Q/2 pairs of dispersion branches emanating from the apex point (ka,!a

n) given by mappings
(ka+ ✏k̂, !a

n+ ✏�r!̆
2
r (k̂)/(2!

a
n)). Each such branch is characterized by an O(1) (positive or negative)

group velocity, and is stenciled by the respective eigenfunction
P

q e
r
q '̃

a
nq , where er

q 2C (q= 1, Q) are
components of the unit eigenvector of Apq corresponding to �r !̆

2
r .

(ii) Effective model for trivial Apq

In certain situations, the “primal” matrix Apq may become zero due to either trivial ✓(0)
pq in (5.10),

or the vanishing products ✓(0)
pq · ik̂. In this case, (5.11) with Apq = 0 yields !̆= 0 in order to preserve

the leading-order solution (5.8). Accordingly, from (4.22) with !̆= 0 and (5.14) we find that

w̃1(x) =
X

q

w0q�
(1)
q (x)· ik̂ +

X

q

w1q '̃
a
nq(x), (5.18)

where w1q2C (q= 1, Q) are constants, and �(1)
q 2 (H1a

p0 (Ya))
d solve

�̃a
n⇢�(1)

q +r·
�
G(r�(1)

q + I'̃a
nq)

�
+Gr'̃a

nq �
X

r

1

⇢(0)
r
✓(0)

rq ⇢'̃
a
nr = 0 in Ya, q= 1, Q (5.19)

⌫ ·G(r�(1)
q + I'̃a

nq)|xj=0 = �⌫ ·G(r�(1)
q + I'̃a

nq)|xj=(1+aj)`j
.

Note that the last (summative) entry in (5.19) is inserted to ensure that the source term driving �(1)
q

is orthogonal to '̃a
nr (r= 1, Q), while making no contribution to (4.22) due to the fact that Arq = 0.
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(i) Effective model for full-rank Apq

In situations when Q is even, generalized eigenvalue problem (5.11) has no zero eigenvalues by
Lemma 7 and Assumption 1. Accordingly, assuming the scaling framework (4.13) with !̆= 0 does
not cater for a non-trivial solution of (5.11); we thus let !̆ 6= 0 and w0q= 0 (q= 1, Q) by which the
O(✏�1) contribution to (4.14) becomes

��̃a
n⇢w̃1 �r·

�
G(rw̃1)

�
= 0 in Ya. (5.13)

As a result, the leading-order solution reads

w̃1(x) =
X

q

w1q '̃
a
nq(x), (5.14)

where w1q 2 C are constants. To compute w1q , we identify the O(1) statement of (4.14), namely

��̃a
n⇢w̃2 �r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
Grw̃1

�
� �!̆2⇢w̃1 = eika·x in Ya. (5.15)

On integrating h(5.15)ip'
a , p2 1, Q by parts as in the treatment of (3.17), we obtain

�
ik̂Gw̃1,r'̃a

np
�
Ya

�
�
ik̂·

�
Grw̃1

�
, '̃a

np
�
Ya

� �!̆2�⇢w̃1, '̃
a
np

�
Ya

= heika·xip'
a . (5.16)

The substitution of (5.14) into (5.16) results in a system of Q governing equations for w1p as

�
X

q

Apqw1q � �!̆2
X

q

Dpqw1q = heika·xip'
a , p= 1, Q (5.17)

where Apq and Dpq are given by (5.12). By Lemma 7 and Assumption 1, we find that the
generalized eigenvalue problem underpinning (5.17) has Q real eigenvalues, hereon denoted
by ��r !̆

2
r , and we assume �!̆2 6= �r !̆

2
r (r= 1, Q) when solving (5.17).

Remark 12. By Lemma 7, the above eigenvalues appear in “±” pairs, and we conveniently arrange
them so that (i) !̆2

r = !̆2
r+1 and �r/r+1=±1 for r odd, and (ii) 0< !̆2

1 6 !̆2
2 6 . . .6 !̆2

Q. In this setting,
there are Q/2 pairs of dispersion branches emanating from the apex point (ka,!a

n) given by mappings
(ka+ ✏k̂, !a

n+ ✏�r!̆
2
r (k̂)/(2!

a
n)). Each such branch is characterized by an O(1) (positive or negative)

group velocity, and is stenciled by the respective eigenfunction
P

q e
r
q '̃

a
nq , where er

q 2C (q= 1, Q) are
components of the unit eigenvector of Apq corresponding to �r !̆

2
r .

(ii) Effective model for trivial Apq

In certain situations, the “primal” matrix Apq may become zero due to either trivial ✓(0)
pq in (5.10),

or the vanishing products ✓(0)
pq · ik̂. In this case, (5.11) with Apq = 0 yields !̆= 0 in order to preserve

the leading-order solution (5.8). Accordingly, from (4.22) with !̆= 0 and (5.14) we find that

w̃1(x) =
X

q

w0q�
(1)
q (x)· ik̂ +

X

q

w1q '̃
a
nq(x), (5.18)

where w1q2 C (q= 1, Q) are constants, and �(1)
q 2 (H1a

p0 (Ya))
d solve

�̃a
n⇢�(1)

q +r·
�
G(r�(1)

q + I'̃a
nq)

�
+Gr'̃a

nq �
X

r

1

⇢(0)
r
✓(0)

rq ⇢'̃
a
nr = 0 in Ya, q= 1, Q (5.19)

⌫ ·G(r�(1)
q + I'̃a

nq)|xj=0 = �⌫ ·G(r�(1)
q + I'̃a

nq)|xj=(1+aj)`j
.

Note that the last (summative) entry in (5.19) is inserted to ensure that the source term driving �(1)
q

is orthogonal to '̃a
nr (r= 1, Q), while making no contribution to (4.22) due to the fact that Arq = 0.
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(i) Effective model for full-rank Apq

In situations when Q is even, generalized eigenvalue problem (5.11) has no zero eigenvalues by
Lemma 7 and Assumption 1. Accordingly, assuming the scaling framework (4.13) with !̆= 0 does
not cater for a non-trivial solution of (5.11); we thus let !̆ 6= 0 and w0q= 0 (q= 1, Q) by which the
O(✏�1) contribution to (4.14) becomes
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= 0 in Ya. (5.13)

As a result, the leading-order solution reads
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where w1q 2C are constants. To compute w1q , we identify the O(1) statement of (4.14), namely

��̃a
n⇢w̃2 �r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
Grw̃1

�
� �!̆2⇢w̃1 = eika·x in Ya. (5.15)

On integrating h(5.15)ip'
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The substitution of (5.14) into (5.16) results in a system of Q governing equations for w1p as
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X
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Dpqw1q = heika·xip'
a , p= 1, Q (5.17)

where Apq and Dpq are given by (5.12). By Lemma 7 and Assumption 1, we find that the
generalized eigenvalue problem underpinning (5.17) has Q real eigenvalues, hereon denoted
by ��r !̆

2
r , and we assume �!̆2 6= �r !̆

2
r (r= 1, Q) when solving (5.17).

Remark 12. By Lemma 7, the above eigenvalues appear in “±” pairs, and we conveniently arrange
them so that (i) !̆2

r = !̆2
r+1 and �r/r+1=±1 for r odd, and (ii) 0< !̆2

1 6 !̆2
2 6 . . .6 !̆2

Q. In this setting,
there are Q/2 pairs of dispersion branches emanating from the apex point (ka,!a

n) given by mappings
(ka+ ✏k̂, !a

n+ ✏�r!̆
2
r (k̂)/(2!

a
n)). Each such branch is characterized by an O(1) (positive or negative)

group velocity, and is stenciled by the respective eigenfunction
P

q e
r
q '̃

a
nq , where er

q 2C (q= 1, Q) are
components of the unit eigenvector of Apq corresponding to �r !̆

2
r .

(ii) Effective model for trivial Apq

In certain situations, the “primal” matrix Apq may become zero due to either trivial ✓(0)
pq in (5.10),

or the vanishing products ✓(0)
pq · ik̂. In this case, (5.11) with Apq = 0 yields !̆= 0 in order to preserve

the leading-order solution (5.8). Accordingly, from (4.22) with !̆= 0 and (5.14) we find that

w̃1(x) =
X

q

w0q�
(1)
q (x)· ik̂ +

X

q

w1q '̃
a
nq(x), (5.18)

where w1q2C (q= 1, Q) are constants, and �(1)
q 2 (H1a

p0 (Ya))
d solve

�̃a
n⇢�(1)

q +r·
�
G(r�(1)

q + I'̃a
nq)

�
+Gr'̃a

nq �
X

r

1

⇢(0)
r
✓(0)

rq ⇢'̃
a
nr = 0 in Ya, q= 1, Q (5.19)

⌫ ·G(r�(1)
q + I'̃a

nq)|xj=0 = �⌫ ·G(r�(1)
q + I'̃a

nq)|xj=(1+aj)`j
.

Note that the last (summative) entry in (5.19) is inserted to ensure that the source term driving �(1)
q

is orthogonal to '̃a
nr (r= 1, Q), while making no contribution to (4.22) due to the fact that Arq = 0.
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6.2.2. E↵ective model for trivial Apq

In some situations, especially those when G(x) and ⇢(x) carry certain symmetries over Y , the vector coef-
ficients ✓(0)

pq in (129) and thus the coupling matrix Apq in (130) may vanish identically. In this case, (130)
with Apq = 0 yields !̆ = 0 in order to preserve the leading-order solution (127). Accordingly, from (96)
with !̆ = 0 and (142) we find that

w̃1(x) =
X

q

w0q �(1)
q (x)· ik̂ +

X

q

w1q '̃a
nq(x), (137)

where w1q 2 C (q = 1, Q) are constants, and �(1)
q 2 (H1a

p0 (Ya))d are given by

�̃a
n⇢�(1)

q + r·
�
G(r�(1)

q + I'̃a
nq)

�
+ Gr'̃a

nq = 0 in Ya, q = 1, Q (138)

⌫ · G(r�(1)
q + I'̃a

nq)|xj=0 = �⌫ · G(r�(1)
q + I'̃a

nq)|xj=(1+aj)`j
, j = 1, d.

On substituting this result into (100), multiplying by '̃a
np, and integrating over Ya we find that

�
X

q

Bpq w0q � �!̂2
X

q

Dpq w0q = heika·xip'
a , p = 1, Q, (139)

where Dpq is given by (131) and

Bpq = µ(0)
pq : (ik̂)2, µ(0)

pq =
⌦
G{r�(1)

q + I'̃a
nq}

↵p'

a
�

�
G{�(1)

q ⌦ r'̃a
np}, 1

�
Ya

. (140)

Lemma 8. Matrix Bpq is symmetric. See Appendix, Section A for proof.

6.2.3. E↵ective model for rank(Apq) = Q � 1 (Q odd)
When Q is odd, we find by Lemma 7 and Assumption 1 that the generalized eigenvalue problem (130) has
one zero eigenvalue to which corresponds unit eigenvector with components #q 2 R, q = 1, Q. Without loss
of generality, we select the eigenfunction basis '̃a

nq so that #q = �q1, i.e.

A1q = Aq1 = 0, q = 1, Q. (141)

In this case, (130) with ⌧ = ��!̆2 = 0 becomes an identity if w0q = w0�q1 for some constant w0, i.e.

w̃0(x) = w0 '̃a
n1(x). (142)

From (96) with !̆ = 0 and (142), we find that

w̃1(x) = w0�
(1)

1 (x)· ik̂ +
X

q

w1q '̃a
nq(x), (143)

where w1q 2 C (q = 1, Q) are constants and, assuming �(1)

1 · ik̂ 6= 0, �(1)

1 2 (H1a
p0 (Ya))d is given by (138) with

q = 1. For the latter to be solvable, its source term must be orthogonal to '̃a
np, p = 1, Q. On multiplying (138)

by '̃a
np and integrating by parts over Ya, we obtain ✓(0)

1q = 0. Thanks to the premise �(1)

1 · ik̂ 6= 0 which ensures

that ik̂ 6? ✓(0)

1q , this condition is met due to (141).
To compute w0, we recall the O(1) statement of (88) given by (100), whose multiplication by '̃a

n1 and
integration over Ya yields

�
�
µ(0)

11 : (ik̂)2 + �!̂2⇢(0)

1

�
w0 = heika·xi1'

a , (144)

where ⇢(0)

1 and µ(0)

11 are given respectively by (129) and (140). On adopting the reasoning as in Section 3,
from (144) we conclude that � = sign(!�!�

n) when f̃ 6=0, and � = sign(µ(0)) when f̃ =0.
We note however that the above leading-order model is incomplete in that it features only a single pro-

jection, w0, at an apex point that features Q eigenfunctions. Such description is indeed insu�cient when the
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right-hand side of (144) vanishes, resulting in w0 = 0. To identify the remaining Q�1 leading-order projections
in terms of w1q, we revisit the O(1) statement of (88) taking !̆ 6= 0, namely

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
G(rw̃1 + ik̂w̃0)

�
� �!̆2⇢w̃1 � �!̂2⇢w̃0 = eika·x in Ya, (145)

where w̃0 is given by (142). By following the analysis in Section 6.2.3 and making use of (140), (141) and (144),
we find that

�⇢(0)

1 w11 = w0h⇢�(1)

1 ·ik̂
↵1'

a
, (146)

while w1q, q = 2, Q solve the well-posed linear system

�
QX

q=2

Apq w1q � �!̆2
QX

q=2

Dpq w1q = heika·xip'
a + w0

�
µ(0)

p1 : (ik̂)2 + �!̆2h⇢�(1)

1 ip'
a ·ik̂

�
, p = 2, Q. (147)

We note that the role of w11 in the above expansion is “secondary” in that it vanishes when w0 = 0; a
situation that motivates the consideration of w1q in the first place. By the same argument, one can discard

the contribution of w0�
(1)

1 (x)· ik̂ in (143). As a result the “full” e↵ective model when rank(Apq) = Q�1, that
embodies the leading-order contribution of each eigenfunction '̃a

nq (q = 1, Q), is thus given by w0 solving (144)

and w1q, q = 2, Q solving (147). For generality, we note that examples with Q = 3 of this class of configurations
(termed Dirac-like points) were recently exposed [2] by numerical simulations.

Remark 15. On the basis of the above analysis, one may expect that the leading-order FW-FF approximation
at some (ka, !n) with rank(Apq) = Q�N , N >1 and Q�N even, will be described in terms of N components
of w0q and Q�N components of w1q.

6.2.4. Synthesis
Theorem 3. Consider the Bloch wave function ũ(x) solving (4) with f̃ 6= 0 near apex ka of the first “quad-
rant” of the first Brioullin zone, see (73). Assuming that the eigenvalue �̃a

n > 0 solving (80)–(82) has multi-
plicity Q > 1 and that the coupling matrix Apq in (130) is either non-degenerate in the sense of Assumption 1
or zero, the leading FW-FF approximation of u(x, t) = ũ(x)ei(k·x�!t) in a neighborhood (87) of (ka, !a

n) reads

u(x, t) =

8
>>>>><

>>>>>:

✏�1f̃
P

r w1r(k̂, !̆)
⇥
'̃a

nr(x) e�i!a
nt

⇤
ei(✏k̂·x�✏�!̆2/(2!a

n)t), rank(Apq) = Q,

✏�2f̃
P

r w0r(k̂, !̂)
⇥
'̃a

nr(x) e�i!a
nt

⇤
ei(✏k̂·x�✏2�!̂2/(2!a

n)t), rank(Apq) = 0,

✏�2f̃w0(k̂, !̆)
⇥
'̃a

n1(x) e�i!a
nt

⇤
ei(✏k̂·x�✏2�!̂2/(2!a

n)t)

+ ✏�1f̃
P

s w1s(k̂, !̆)
⇥
'̃a

ns(x) e�i!a
nt

⇤
ei(✏k̂·x�✏�!̆2/(2!a

n)t), rank(Apq) = Q�1,

where r = 1, Q; s = 2, Q; w1r solve system (136); w0r solve system (139); w0 solves (144), w1s solve
system (147) and, when rank(Apq) = Q�1, the eigenfunction basis is chosen so that (141) holds. When
considering the free waves (f̃ = 0), we have

u(x, t) =

8
>>>>><

>>>>>:

P
s Us

⇥ P
r es

r '̃a
nr(x) e�i!a

nt
⇤
ei(✏k̂·x�✏�s!̆2

s(k̂)/(2!a
n)t), rank(Apq) = Q,

P
s Us

⇥ P
r gs

r '̃a
nr(x) e�i!a

nt
⇤
ei(✏k̂·x�✏2�s!̂2

s(k̂)/(2!a
n)t), rank(Apq) = 0,

U0

⇥
'̃a

n1(x) e�i!a
nt

⇤
ei(✏k̂·x�✏2�0!̂2

0(k̂)/(2!a
n)t)

+
P

m Um

⇥ P
r hm

r '̃a
nr(x) e�i!a

nt
⇤
ei(✏k̂·x�✏�m!̆2

m(k̂)/(2!a
n)t), rank(Apq) = Q�1,

where r, s=1, Q; m=2, Q; U0, Us and Um are constants; ��s !̆2
s(k̂) (resp. es

r) are the eigenvalues (resp. eigen-
vectors) of system (136); ��s !̂2

s(k̂) (resp. gs
r) are the real eigenvalues (resp. real eigenvectors) of system (139);

��0!̂2
0(k̂) is the eigenvalue of (144); and ��m !̆2

m(k̂) (resp. hm
r ) are the eigenvalues (resp. eigenvectors) of

system (147). The situations with rank(Apq) = Q (resp. rank(Apq) = Q�1) require that Q be even (resp. odd).
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7.2.3.Dispersioninamediumwithvariableshearmodulus
Asthelastexample,weconsiderthedispersioninachesboard-likemediumwith`1=`2=1,G=(1,4,1,4),
andr=(1,2,1,2).Thisconfiguration,investigatedin[16]fromtheviewpointofLW-LFapproximation,is
distinctfromthoseexaminedinearlierFW-FFstudiesinthatitfeaturesvariableshearmodulus,i.e.variable
coe�cientintheprincipalpartofthedi↵erentialoperator.WiththeuseofTheorem1,Theorem2and
Theorem3,asymptoticapproximationsofthefirsteightdispersionbranchesforthemediumarecomputed
andshowninFig.5alongthewavenumbercontourABC,seeFig.3(b).Theleading-orderapproximations
areplottedforallbranchesandallapexpoints,whiletheirsecond-ordercounterpartsareshownonlyfor
thosepairs(ka,!a

n)featuringisolatedeigenvalues�̃a
n.Ascanbeseenfromthedisplay,thesecond-order

approximationbringsaboutnotableimprovementintheasymptoticdescriptionofthefirst,second,andsixth
branchnearapexA;howeverthisobservationdoesnotapplytothethirdbranch.Theprincipalreasonfor
thisdropinperformanceofthesecond-orderapproximationistheproximityofneighboringeigenvalues,which
suggestthenecessitytoaccountfortheinteractionofnearbybranchesinsuchsituations.Thisobservation
alsoappliestothefirstandsecondbranchofthepolyatomicchainatk/̀⇡=1inFig.2(d),wherethetwo
eigenvaluesareisolatedyetrelativelyclosetoeachother.FromFig.5,onemayalsonotethatapexBfeatures
distinctasymptoticbehaviorsindirectionsBAandBC.Indeed–indirectionBA,thelocalapproximation
islinear(rank(Apq)=2)andtheuseismadeofthegeneralizedeigenvalueproblemstemmingfrom(137)to
determinethegermaneslopes,seealsoRemark15.IndirectionBC,ontheotherhand,thelocalvariationis
quadratic(rank(Apq)=0)andthegermanecurvaturesarecomputedfromthegeneralizedeigenvalueproblem
dueto(143).Fromabroaderperspective,such“heterogeneous”asymptoticdescriptionatanapexcouldbe
unifiedbypursuingasecond-orderexpansioncateringforrepeatedeigenvalues.Finally,fromthedispersion
diagramweobserve:(i)thepresenceofanarrowbandgapbetweenthesecondandthethirdbranch,and
(ii)thefactthatthelocalbehaviorsofthefirsteightbranchesatapexCarealluniformlydescribedbythe
“trivialApq”model(143).
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Figure5:Firsteightdispersionbranchesforachessboard-likemediumwith`1=`2=1,G=(1,4,1,4),andr=(1,2,1,2).
Dottedlinesplotthe“exact”relationshipscomputednumericallybyNGSolve[24],anddashed(resp.continuous)linestrackthe

leading-(resp.second-)orderapproximationsnearapexesA,BandC.
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7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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Zero-index metamaterials EM waves: 
ε=0 and/or μ=0

µ(0) : k̂
2
/(2⇢(0)!�

n) is real-valued, we specifically see from (38) that the germane eigenfunction �̃�
n(x) is propa-

gated with O(✏�1) phase velocity c and O(✏) group velocity cg given by

c(k̂) = ✏�1
h
!�

n + ✏2
µ(0) : k̂

2

2⇢(0)!�
n

i k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (40)

By (39), one may alternatively interpret the free Bloch wave at some (k̂, !̂(k̂)) as a product between the
standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0, and a plane-wave “propagator” endowed with O(✏)

phase velocity c and commensurate group velocity cg given by

c(k̂) = ✏
µ(0) : k̂

2

2⇢(0)!�
n

k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (41)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However, from (40) and (41)
one also finds that sign(c · cg) = 1, while sign(c ·cg) = sign(µ(0)). In situations when µ(0) is negative definite,
this highlights the contrast between (39) – designed to isolate the perturbation e↵ects, and (38) – which may
shed light on the physical phenomenon of negative refraction, a�liated with an opposition between the group
and phase velocity vectors. For clarity, the velocity quantities in (40) and (41) are schematically illustrated in
Fig. 1(a) by considering the first optical branch (n = 2).

Remark 6. Considering the acoustic branch (n = 1), we have �̃�
1 = 1, !�

1 = 0, and ! = ✏!̂ whereby

u(x, t) = ✏�2f̃ w0(k̂, !̂) ei(k̂·x�!̂t) + O(✏�1) for f̃ 6= 0,

u(x, t) = U ei(k̂·x�(µ(0):k̂
2
/⇢(0))1/2t) + O(✏) for f̃ = 0.

In this case, the leading-order e↵ective solution still carries the role of amplitude (resp. phase) control when
f 6= 0 (resp. f = 0); however the multiplier of the phase term ei(·) is x- and t-independent, which caters for
a more tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
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depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
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when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
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a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.

✏k̂

!�
2

c

a = (1, 0)

a = (1, 1)a = (0, 1)

k1

k2

Y a Y a

Y aY a

⇡/`1

⇡/`2

k

!

band gap

driving 
frequency O(✏2)

and we let ⌘(1) 2
�
H1a

p0 (Ya)
�d

be the unique zero-mean vector given by

�̃a
n⇢⌘(1) + r·

�
G(r⌘(1)+ I⌘(0))

�
+ Gr⌘(0) +

⇢

⇢(0)

�
(eika·x�(1), 1)Ya

'̃a
n � heika·xi'

a�(1)
�

= 0 in Ya, (114)

⌫ · G(r⌘(1) + I⌘(0))|xj=0 = �⌫ · G(r⌘(1) + I⌘(0))|xj=(1+aj)`j
, j = 1, d.

With such definitions, we find that

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w2 �

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
w0 = �h⇢⌘(0)i'

a !̂2

+
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r'̃a

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2, (115)

where

⇢(2) = h⇢�(2)i'
a, µ(2) =

⌦
G{r�(3) + I⌦�(2)}

↵'

a
�
�
G{�(3) ⌦ r'̃a

n}, 1
�
Ya

. (116)

Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (88) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (77). Assuming that the eigenvalue �̃a

n (n > 1) solving (84)–(86) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (91) of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (117)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (106) and (116); and

M(k̂, !̂) = heika·xi'
a � ✏ (eika·x�(1), 1)Ya

· ik̂ + ✏2 �h⇢⌘(0)i'
a !̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r�̃�

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2. (118)

When considering the propagation of free waves (f̃ = 0), the second-order FW-FF approximation of the nth
dispersion branch near k = ka accordingly reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , kak + n > 1,

whereby

!
✏5
= !a

n +
✏2

2⇢(0)!a
n

µ(0) : k̂
2

� ✏4

8(⇢(0))2 (!a
n)3

�
µ(0)⌦ µ(0) + 4(!a

n)2
�
⇢(0)µ(2)� µ(0)⌦ ⇢(2)

� 
: k̂

4
, kak + n > 2.

5.5. Example application in the spatial domain

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is comparabe to the size
of the unit cell, and the basic premise of the two-scale analysis (Section 4) does not apply. Instead, we make
use of the inverse Fourier transform to obtain an e↵ective spatial description of wavefields whose spectrum
is localized in a neighborhood of (ka, !a

n). On adopting the terminology of the two-scale analysis, we denote
respectvely by x and y the “slow” and “fast” spatial coordinate, and we consider the solution

Ua(y) = F�1
d

⇥
hũia(k̂)

⇤
= (2⇡)�d

Z

Rd

hũia(k̂) eik·y dk, k̂ =
k � ka

✏

where hũia(k̂) behaves as in Theorem 2. For simplicity of discussion, we disregard the second-order corrections
in (117) and (118). On applying the inverse Fourier transform to the left-hand side of (117), we obtain

�✏d eika·x�µ(0):r2
x + �⇢(0) !̂2

�
Ua(x),
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(a) (b) (c)

Figure 1: Wave motion in a periodic medium: (a) phase and group velocities featured by the LW-FF expansion of the first optical

branch, n = 2, about k = 0; (b) schematics of the multi-cell domains Y a 2 R2
supporting the FW-FF homogenization of wave

motion about vertices of the first quadrant of the first Brioullin zone, and (c) source excitation near the edge of a band gap.

3.1.3. First-order corrector
Let �(2) 2

�
H1

p0(Y )
�d⇥d

be the unique second-order tensor solving

�̃�
n⇢�(2) + r·

�
G

�
r�(2) + {I ⌦ �(1)}0�� + G{r�(1) + I�̃�

n} � ⇢

⇢(0)
µ(0)�̃�

n = 0 in Y, (42)

⌫ · G
�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ · G

�
r�(2) + {I ⌦ �(1)}0�|xj=`j , j = 1, d,
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FIG. 3. (Color online) Various field profiles illustrating per-
fect transmission. In (a) the magnetic field pattern is shown
for the same setup as Fig. 2 but with the modifications,
ϵ2,1 = 9.3, ϵ2,2 = 16.4, and ϵ2,3 = 19.1. In (b) the corre-
sponding E field is shown. The power flow is illustrated in
(c) with the Poynting vector map (time-averaged over one
period) and filled contours representing its magnitude.

nontrivial fashion. Moreover, the E field in the defects
is oriented purely in the φ̂ direction [see also Eq. (6)],
vanishes at the boundary, and then abruptly transitions
to a radial field. Just as in Fig. 2(b), the E field among
defects exhibits a complicated spatial dependence. In
Fig. 3(c), the magnitude of the (time-averaged) Poynt-
ing vector, S = c/(8π)Re[E ×H∗], is shown with vector
field overlays. The energy flow tends to “wrap around”
the defects, and is compensated by higher energy flux
in regions exterior to the defects to satisfy energy con-
servation. In all, Figs. 3(a)-(c) demonstrate the incident
wave emerging from the MIZIM/defect structure in its
original form. This type of structure can thus provide an

FIG. 4. (Color online) (a) Transmission (S21) versus K
(see text) of the 8 mm defect for the the three defect sys-
tem in Fig. 3. The effects of loss are shown in (b) for
Γ/ωp = 0.001, 0.01, and 0.05.

alternative cloaking scenario that does not involve dis-
torting the EM field via transformation media [26]. It
also differs from the mechanism behind scattering can-
cellation [2]. The underlying physics resides in the long
phase variation and “tunneling” effect [10] inherent to
near-zero index materials. The defect’s EM signatures
of the impinging source wave may also serve as a type
of sensor, serving as an “observation window” into the
surroundings as mentioned in other contexts [2, 23].

The transmitted power as a function of the rod geom-
etry or electrical response can yield further insight into
the role that defects play in transmissivity and reflectiv-
ity enhancement crucial in the cloaking or shielding of
an object. In Fig. 4(a), the transmission (S21) is plot-
ted as a function of the material parameter, K, where
K ≡ √

ϵ2,2. Similar results follow for variations in the
defect radius. Without loss of generality, we vary only
the intermediate sized defect (8 mm). The transmission
peaks coincide with the corresponding Bessel function ze-
ros, i.e., when J1(k2,iRi) = 0. Likewise, reflection dips
occur where J0(k2,iRi) vanishes (as does the magnetic
field in the MIZIM). Not surprisingly, incorporating a
small amount of loss reduces the effect somewhat without
shifting the location of the peaks (Fig. 4(b)). The close
proximity of the maxima and minima in the transmis-
sion spectra might be accessible via active tuning of the
defects in real-time through inclusion of liquid crystals
or BaSr TiO3, creating a potential host of reconfigurable
devices [27].

3

ing the E field (6) gives,

T =
1

1−
iπ

w

N
∑

i=1

√

µ2,i

ϵ2,i

RiJ1(k2,iRi)

J0(k2,iRi)

. (8)

According to Eq. (8), strong reflection of the incident
wave arises if the sum in the denominator diverges (so
that T → 0). In fact, this can occur if only a single de-
fect satisfies J0(k2,iRi) = 0, irregardless of the number
of other defects or their material properties, ϵ2,i and µ2,i.
To highlight this phenomenon further, consider Eq. (5),
with k2,iRi chosen such that denominator of (5) is zero.
Then on physical grounds, the magnetic field inside re-
gion 1 must then vanish to maintain a finite value for H2.
Because the H field in region 1 is zero, the EM wave is to-
tally reflected, or, R = −1 [see expression above Eq. (5)].
Thus, one can optimize the system for the many combi-
nations of frequency, defect size, and ϵ2,i and µ2,i, that
yields zeros to J0(k2,iRi). A key aspect is that the E and
H fields in the defects are finite. It may be possible to
also obtain perfect reflection by coating a cylinder with
perfectly magnetic conducting (PMC) layers [22], but at
the cost of eliminating the internal defect field.
The denominator in Eq. (8) also reveals how to achieve

perfect transmission of EM energy through the structure.
By choosing suitable combinations of k2,i and Ri that
yield roots to J1(k2,iRi) = 0 (for all i), E1 at the bound-
ary between regions 1 and 2 will also be zero. Each term
in the summation in Eq. (8) therefore vanishes and per-
fect transmission ensues. This criteria also ensures that
the perfect transmission phenomenon is insensitive to the
width d of the MIZIM (see Eq. (8)). This differs from a
single ENZ slab, where the transmission varies inversely
with the electrical size of the slab [7]. The methodol-
ogy explored here is easily modified for other polarization
states of the incident source wave.
We now compliment our analytical results with numer-

ical simulations from a commercial finite element soft-
ware package [25]. In what follows we take the spatial
domain to have dimensions, w = 44 mm, and d = 60
mm (for the cases studied here, the results are relatively
insensitive to these values). Unless otherwise stated, the
excitation source has a frequency of f = 15 GHz, and
all defects are nonmagnetic (µ2,i = 1). Our investiga-
tion first centers around the MIZIM region containing
three arbitrarily arranged dielectric defects, each with
the proper radii and material parameters to yield perfect
reflection. In Fig. 2(a), the magnetic field distribution
is shown for defects with radii R1 = 4 mm, R2 = 8
mm, and R3 = 12 mm. The corresponding permittiv-
ities are ϵ2,1 = 3.66, ϵ2,2 = 11.86, and ϵ2,3 = 15.67.
The plot clearly demonstrates complete reflection of the
incident radiation, despite the impedance matching; an
unexpected result that holds for even electrically small
subwavelength defects (Ri/λ0 ≪ 1). This is evident

FIG. 2. (Color online) Perfect reflection: (a) the magnetic
field distribution for an arrangement of three defects embed-
ded in a MIZIM. The radii are R1 = 4 mm, R2 = 8 mm, and
R3 = 12 mm with respective materials, ϵ2,1 = 3.7, ϵ2,2 = 11.9,
and ϵ2,3 = 15.7. The E field magnitude is shown in (b) with
its associated vector field distribution.

by considering the first zero of the Bessel function for
a single defect (i = 1): R/λ0 ≈ 0.38274/

√
ϵ2,1µ2,1. In

Fig. 2(b), the E field is shown for the same parameters
in (a). Although both the E and H field are curl-free in
the MIZIM, the electric field exhibits more complicated
behavior, since its 2-D polarization state can vary in x
and y. As alluded to above, if only one defect is tailored
to satisfy J0(2π

√
ϵ2,iµ2,iRi/λ0) = 0 (no matter how elec-

trically small), the other two defects can have arbitrary
geometric and material composition without destroying
perfect reflectivity. This surprising outcome does not de-
pend on the relative location of a given set of defects
due to the quasistatic nature of the EM field in the long
wavelength limit.
In contrast, we now consider the same type of MIZIM

and defect configuration to illustrate how incoming waves
can undergo complete transmission. In Fig. 3 (a), the z-
component of the magnetic field is shown as a function
of position throughout the structure. The parameters
are the same as previously, with only ϵ2,i adjusted to
satisfy vanishing of the sum in Eq. (8). The magnetic
field is of course uniform in the MIZIM with standing
Bessel waves in the defects. Panel (b) is the correspond-
ing E field with its vector field distribution. The electric
field plot shows that after the incident wave penetrates
the metamaterial, it immediately becomes distorted in a

ZIM

ZIM



7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
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Q=2, rank(Apq)=0: eq. (143)
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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Figure 2: FF-FW approximation of the dispersion relationship in polyatomic chains: (a) diatomic chain with m = (1, 0.5) and

c = (1, 0.5); (b) triatomic chain with m = (1, 0.4582, 1.0674) and c = (1, 2.0075, 2.3388), (c) triatomic chain with m = (1, 2.5, 1)
and c = (1, 1, 0.4), and (d) tetratomic chain with m = (1, 2.0237, 1.3539, 1.6625) and c = (1, 0.4257, 1.0521, 0.3731). Here

!0 =

p
c1/m1; solid line plots the exact relationship, and “o” (resp. “x”) marker tracks the leading- (resp. second-) order

approximation.
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`2
<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B

<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [9], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
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C
<latexit sha1_base64="swc2Ht8AegamOXklOPEBBpxdaOQ="></latexit><latexit sha1_base64="swc2Ht8AegamOXklOPEBBpxdaOQ="></latexit><latexit sha1_base64="swc2Ht8AegamOXklOPEBBpxdaOQ="></latexit><latexit sha1_base64="swc2Ht8AegamOXklOPEBBpxdaOQ="></latexit>

Chessboard

y1
<latexit sha1_base64="HOS6Smuy3+EEnvKiy28FOyQcMEQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzweFNx3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QPRzo6t</latexit><latexit sha1_base64="HOS6Smuy3+EEnvKiy28FOyQcMEQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzweFNx3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QPRzo6t</latexit><latexit sha1_base64="HOS6Smuy3+EEnvKiy28FOyQcMEQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzweFNx3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QPRzo6t</latexit><latexit sha1_base64="HOS6Smuy3+EEnvKiy28FOyQcMEQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzweFNx3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QPRzo6t</latexit>

y2
<latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit><latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit><latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit><latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit>

`1
<latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ygvEIrW22zBITh2CH3BxIfAHJcc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDiWT3mljM8mQZIQy9D+4caGIP8qd/8b0sdDWA4GPcxJy74kzKayj9DsobW3v7O6V9ysH1cOj49pJtW11bji2uJbadGNmUQqFLSecxG5mkKWxxE48uZvnnWc0Vmj16KYZRikbKZEIzpy32n2UchAOanXaoAuRTQhXUIeVmoPaV3+oeZ6iclwya3shzVxUMOMElzir9HOLGeMTNsKeR8VStFGxmHZGLrwzJIk2/ihHFu7vFwVLrZ2msb+ZMje269nc/C/r5S65iQqhstyh4suPklwSp8l8dTIUBrmTUw+MG+FnJXzMDOPOF1TxJYTrK29C+6oR0kb4QKEMZ3AOlxDCNdzCPTShBRye4AXe4D3QwWvwsayrFKx6O4U/Cj5/AAybjYc=</latexit><latexit sha1_base64="ygvEIrW22zBITh2CH3BxIfAHJcc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDiWT3mljM8mQZIQy9D+4caGIP8qd/8b0sdDWA4GPcxJy74kzKayj9DsobW3v7O6V9ysH1cOj49pJtW11bji2uJbadGNmUQqFLSecxG5mkKWxxE48uZvnnWc0Vmj16KYZRikbKZEIzpy32n2UchAOanXaoAuRTQhXUIeVmoPaV3+oeZ6iclwya3shzVxUMOMElzir9HOLGeMTNsKeR8VStFGxmHZGLrwzJIk2/ihHFu7vFwVLrZ2msb+ZMje269nc/C/r5S65iQqhstyh4suPklwSp8l8dTIUBrmTUw+MG+FnJXzMDOPOF1TxJYTrK29C+6oR0kb4QKEMZ3AOlxDCNdzCPTShBRye4AXe4D3QwWvwsayrFKx6O4U/Cj5/AAybjYc=</latexit><latexit sha1_base64="5wwGFkWezHwmEF9Ftvqd9XTEfa0=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlkEbywjmA5Ij7G3mkjV7u8funhCO/AcbC0Vs/T92/hs3yRWa+GDg8d4MM/OiVHBjff/bW1vf2NzaLu2Ud/f2Dw4rR8ctozLNsMmUULoTUYOCS2xabgV2Uo00iQS2o/HtzG8/oTZcyQc7STFM6FDymDNqndTqoRD9oF+p+jV/DrJKgoJUoUCjX/nqDRTLEpSWCWpMN/BTG+ZUW84ETsu9zGBK2ZgOseuopAmaMJ9fOyXnThmQWGlX0pK5+nsip4kxkyRynQm1I7PszcT/vG5m4+sw5zLNLEq2WBRnglhFZq+TAdfIrJg4Qpnm7lbCRlRTZl1AZRdCsPzyKmld1gK/Ftz71fpNEUcJTuEMLiCAK6jDHTSgCQwe4Rle4c1T3ov37n0sWte8YuYE/sD7/AEz3I7b</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit>

`2
<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B

<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.1. Comparison with prior results
To evaluate the e↵ective parameters ⇢(0), µ(0), ⇢(2), µ(2) and µ(0)

pq for a chessboard-like medium according
to (102), (109), (141) and (155), eigenfunctions '̃a

n(x) and cell functions �(m)(x) (m = 1, 2, 3) are computed
using the finite element platform NGSolve [25]. The unit cell (either Y or Ya depending on the apex) is dis-
cretized using fourth-order finite elements, with the maximum element size bounded from above by 0.05|Y |1/2.
Before examining the general case with variable shear modulus and mass density, we first evaluate the e↵ective
tensor T = µ(0)/⇢(0) for a medium with constant shear modulus as in [10] by taking `1 =`2 =2, G = (1, 1, 1, 1),
and r = (1, 101, 201, 101). This particular configuration, while bearing little relevance from the viewpoint of
elastic solids, is nonetheless useful as a vehicle to verify the numerical implementation.

Remark 20. At this point, we recall our premise that |Y | = 1. This limitation can, however, be handled with
little di�culty; for instance, at every apex ka with a 6= 0, the foregoing results remain valid for any |Y | > 0

by taking |Ya| = |Y |
Qd

j=1(1+aj) in lieu of the measure given in (78). When a = 0, a similar modification
(omitted herein for brevity) can be implemented.

For all apex points and solution branches under consideration, we find by simulations that: (i) T is diagonal
when the eigenvalue is simple; (ii) so are tensors Tpq = µ(0)

pq /⇢(0) (using the eigenfunction basis as in Lemma 9)
when the eigenvalue is repeated, and (iii) Tpq = 0 for p 6= q. In this setting, Table 1 compares the present
results with those in [10] at apexes A, B, and C for the first four solution branches. For brevity of notation,
we refer to the e↵ective tensors T11 and T22 simply as “T ” when listing the results for repeated eigenvalues.
As can be seen from the display, there is a good overall agreement between the two sets of results.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [10], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
evaluated by integrating (114) numerically over Ba. For completeness, also included in the display are the
leading-order components of U (i)

a and U (ii)
a , obtained by discarding the “dipole” contributions on the right hand-

sides of (114) and (119), i.e. those terms multiplied by �(1)(y0). With reference to (118), approximation (i)
and approximation (ii) give similar result away from y1 � y0

1 = 0. The di↵erence between U (i)
a and U (ii)

a on the
one hand and their leading-order counterparts on the other is, however, striking in that the former bring about
a directivity of wave motion that is absent from the leading-order approximation. This feature is highlighted
in Fig. 4(b), which compares the e↵ective solution envelope ± max |'̃a

n̂|U (ii)
a (y) stemming from (115) and (119)
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Clusters of nearby eigenvalues

For convenience, we rewrite (129) as the generalized eigenvalue problem
X

q

Apq w0q � ⌧
X

q

Dpq w0q = 0, p = 1, Q (131)

with
Apq = ✓(0)

pq ·ik̂, Dpq = �pq ⇢(0)
q ⌧ = ��!̆2. (132)

Since ✓(0)

pq is real-valued and ⇢(0)
q > 0, we see that Apq is Hermitian skew-symmetric, and that Dpq is positive

definite. In what follows, we seek (whenever possible) a non-trivial solution to (131).

Lemma 7. The following statements hold: every ⌧ solving (131) is either real-valued or zero; (ii) if ⌧ is an
eigenvalue of (131), so is �⌧ ; (iii) the eigenvectors corresponding to ⌧ and �⌧ are complex conjugates of each
other, and (iv) the maximum rank of Apq is Q (resp. Q�1) for Q even (resp. odd). See Appendix, Section A
for proof.

Assumption 1. Hereon, we focus our analysis on the situations where Apq is either: (i) of maximum rank
as in Lemma 7, or (ii) trivial.

Remark 13. The first step in the ensuing analyses is to expose the frequency scaling law in (87) depending
on the nature of Apq. Following the developments in Section 5 and in particular the proof of Lemma 6, the key
issue is whether letting !̆ = 0 turns the e↵ective O(✏�1) equation (131) into an identity for non-trivial w0q –
which can then be deployed to satisfy the e↵ective O(1) equation with the source term.

6.2.1. E↵ective model for full-rank Apq (Q even)
In situations when Q is even, generalized eigenvalue problem (131) has no zero eigenvalues by Lemma 7 and
Assumption 1. Accordingly, assuming the scaling framework (87) with !̆ = 0 does not cater for a non-trivial
solution of (131); we thus let !̆ 6= 0 and w0q = 0 (q = 1, Q) by which the O(✏�1) contribution to (88) becomes

��̃a
n⇢w̃1 � r·

�
G(rw̃1)

�
= 0 in Ya. (133)

As a result, the leading-order solution reads

w̃1(x) =
X

q

w1q '̃a
nq(x), (134)

where w1q 2 C (q = 1, Q) are constants. To compute w1q, we identify the O(1) statement of (88), namely

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
Grw̃1

�
� �!̆2⇢w̃1 = eika·x in Ya. (135)

On multiplying (135) by '̃a
np (p 2 1, Q) and integrating over Ya by parts as in the treatment of (32), we obtain

�
ik̂Gw̃1, r'̃a

np

�
Ya

�
�
ik̂·

�
Grw̃1

�
, '̃a

np

�
Ya

� �!̆2
�
⇢w̃1, '̃

a
np

�
Ya

=
�
eika·x, '̃a

np

�
Ya

. (136)

The substitution of (134) into (136) results in a system of Q governing equations for w1p as

�
X

q

Apq w1q � �!̆2
X

q

Dpq w1q = heika·xip'
a , p = 1, Q (137)

where Apq and Dpq are given by (132). By Lemma 7 and Assumption 1, we find that the generalized eigenvalue
problem underpinning (137) has Q real eigenvalues, hereon denoted by ��r !̆2

r , and we assume �!̆2 6= �r !̆2
r

(r = 1, Q) when solving (137).

Remark 14. By Lemma 7, the above eigenvalues appear in “±” pairs, and we conveniently arrange them
so that (i) !̆2

r = !̆2
r+1 and �r/r+1 = ±1 for r odd, and (ii) 0 < !̆2

1 6 !̆2
2 6 . . . 6 !̆2

Q. In this set-
ting, there are Q/2 pairs of dispersion branches emanating from the apex point (ka, !a

n) given by mappings
(ka+ ✏k̂, !a

n + ✏�r!̆2
r(k̂)/(2!a

n)). Each such branch is characterized by an O(1) (positive or negative) group
velocity, and is stenciled by the respective eigenfunction

P
q er

q '̃a
nq, where er

q 2 C (q = 1, Q) are components

of the unit eigenvector of Apq corresponding to �r !̆2
r .
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Repeated eigenvalue

7.2.3.Dispersioninamediumwithvariableshearmodulus
Asthelastexample,weconsiderthedispersioninachesboard-likemediumwith`1=`2=1,G=(1,4,1,4),
andr=(1,2,1,2).Thisconfiguration,investigatedin[16]fromtheviewpointofLW-LFapproximation,is
distinctfromthoseexaminedinearlierFW-FFstudiesinthatitfeaturesvariableshearmodulus,i.e.variable
coe�cientintheprincipalpartofthedi↵erentialoperator.WiththeuseofTheorem1,Theorem2and
Theorem3,asymptoticapproximationsofthefirsteightdispersionbranchesforthemediumarecomputed
andshowninFig.5alongthewavenumbercontourABC,seeFig.3(b).Theleading-orderapproximations
areplottedforallbranchesandallapexpoints,whiletheirsecond-ordercounterpartsareshownonlyfor
thosepairs(ka,!a

n)featuringisolatedeigenvalues�̃a
n.Ascanbeseenfromthedisplay,thesecond-order

approximationbringsaboutnotableimprovementintheasymptoticdescriptionofthefirst,second,andsixth
branchnearapexA;howeverthisobservationdoesnotapplytothethirdbranch.Theprincipalreasonfor
thisdropinperformanceofthesecond-orderapproximationistheproximityofneighboringeigenvalues,which
suggestthenecessitytoaccountfortheinteractionofnearbybranchesinsuchsituations.Thisobservation
alsoappliestothefirstandsecondbranchofthepolyatomicchainatk/̀⇡=1inFig.2(d),wherethetwo
eigenvaluesareisolatedyetrelativelyclosetoeachother.FromFig.5,onemayalsonotethatapexBfeatures
distinctasymptoticbehaviorsindirectionsBAandBC.Indeed–indirectionBA,thelocalapproximation
islinear(rank(Apq)=2)andtheuseismadeofthegeneralizedeigenvalueproblemstemmingfrom(137)to
determinethegermaneslopes,seealsoRemark15.IndirectionBC,ontheotherhand,thelocalvariationis
quadratic(rank(Apq)=0)andthegermanecurvaturesarecomputedfromthegeneralizedeigenvalueproblem
dueto(143).Fromabroaderperspective,such“heterogeneous”asymptoticdescriptionatanapexcouldbe
unifiedbypursuingasecond-orderexpansioncateringforrepeatedeigenvalues.Finally,fromthedispersion
diagramweobserve:(i)thepresenceofanarrowbandgapbetweenthesecondandthethirdbranch,and
(ii)thefactthatthelocalbehaviorsofthefirsteightbranchesatapexCarealluniformlydescribedbythe
“trivialApq”model(143).
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Figure5:Firsteightdispersionbranchesforachessboard-likemediumwith`1=`2=1,G=(1,4,1,4),andr=(1,2,1,2).
Dottedlinesplotthe“exact”relationshipscomputednumericallybyNGSolve[24],anddashed(resp.continuous)linestrackthe

leading-(resp.second-)orderapproximationsnearapexesA,BandC.
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7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
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Q=2, rank(Apq)=0: eq. (143)
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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underpinning analyses, however, is that the distance between �̃a
n and its neighbors is O(1).

In what follows, we relax this restriction by considering a cluster of Q nearby eigenvalues �̃a
j ,

j = n�na, n+nb that are separated by O(✏). For generality, we allow for the possibility that some
of the eigenvalues �̃a

j in this set may be equal, i.e. repeated.

Remark 14. To aid the analysis, we denote the featured cluster by �̃a
j(q), (q= 1, Q) where the mapping

j(q) : [1, Q]! [n� na, n+ nb] is one-to-one, albeit not necessarily monotonic. In the sequel, we also let
�̃a

nq (q= 1, Q) be the eigenfunctions corresponding respectively to �̃a
j(q).

(a) Eigenfunction basis
In line with the above description, we consider a set of nearby eigenvalues �̃a

j(q) given by

�̃a
j(q) = �̃a

n + ✏�q, �q Q 0, q= 1, Q. (6.1)

Assumption 2. We allow for �̃a
n to have multiplicity 16Q0<Q, and we select the mapping j(q) so that

�q = 0 for q= 1, Q0. All other eigenvalues �̃a
j(q) (q >Q0) are assumed to be simple.

From (6.1), one finds that the eigenfunctions �̃a
nq 2H1

p (Y ) corresponding to �̃a
j(q) solve

�(r+ika)·
�
G(r+ika)�̃a

nq
�
= �̃a

n⇢�̃a
nq + ✏�q ⇢�̃

a
nq in Y, (6.2)

⌫ ·G(r+ika)�̃a
nq|xj=0 = �⌫ ·G(r+ika)�̃a

nq|xj=`j
.

Following the previous analysis, we introduce the real-valued eigenfunctions '̃a
nq 2H1

p (Ya) that
are: (i) orthogonal in L2

⇢(Ya), (ii) related to '̃a
nq via (4.3), and (iii) solve

�r·
�
Gr'̃a

nq
�
= �̃a

n⇢ '̃a
nq + ✏�q ⇢'̃

a
nq in Ya,

aj '̃
a
nq|xj=0 = � aj '̃

a
nq|xj=`j

,

⌫ ·Gr'̃a
nq|xj=0 = � ⌫ ·Gr'̃a

nq|xj=(1+aj)`j
.

(6.3)

Inherently, (6.2)–(6.3) suggest use of the “averaging” operators (5.4) and function space (5.5).

(b) Leading-order approximation
We again refer to (4.12), and we start from the asymptotic expansion (4.13) of w̃. From the results
in Section 4(c), one finds that the O(✏�2) contribution to (4.12) is given by (4.17). Thanks to (6.3),
one finds that (4.17) is satisfied by (5.6) up to the O(✏) residual

✏⇢(x)
X

q

�qw0q '̃
a
nq(x). (6.4)

This remainder inherently carries over to the O(✏�1) statement of (4.12), which now reads

��̃a
n⇢w̃1 � �!̆2⇢w̃0 �r·

�
G(rw̃1+ ik̂w̃0)

�
� ik̂ ·

�
Grw̃0

�
� ⇢

X

q

�qw0q '̃
a
nq = 0 in Ya. (6.5)

On integrating h(6.5)ip'
a by parts, one can show as in the proof of Lemma 6 that

X

q

A�
pqw0q � ⌧

X

q

Dpqw0q = 0, p= 1, Q (6.6)

up to respective O(✏) residuals
✏�p h⇢w̃1ip'

a , p= 1, Q, (6.7)

where
A�

pq = ✓(0)
pq ·ik̂ + �qDpq, Dpq = �pq ⇢

(0)
q , ⌧ =��!̆2, (6.8)

with ⇢(0)
p and ✓(0)

pq given by (5.8). As before, we seek (when possible) a non-trivial solution to (6.6).

For convenience, we rewrite (129) as the generalized eigenvalue problem
X

q

Apq w0q � ⌧
X

q

Dpq w0q = 0, p = 1, Q (131)

with
Apq = ✓(0)

pq ·ik̂, Dpq = �pq ⇢(0)
q ⌧ = ��!̆2. (132)

Since ✓(0)

pq is real-valued and ⇢(0)
q > 0, we see that Apq is Hermitian skew-symmetric, and that Dpq is positive

definite. In what follows, we seek (whenever possible) a non-trivial solution to (131).

Lemma 7. The following statements hold: every ⌧ solving (131) is either real-valued or zero; (ii) if ⌧ is an
eigenvalue of (131), so is �⌧ ; (iii) the eigenvectors corresponding to ⌧ and �⌧ are complex conjugates of each
other, and (iv) the maximum rank of Apq is Q (resp. Q�1) for Q even (resp. odd). See Appendix, Section A
for proof.

Assumption 1. Hereon, we focus our analysis on the situations where Apq is either: (i) of maximum rank
as in Lemma 7, or (ii) trivial.

Remark 13. The first step in the ensuing analyses is to expose the frequency scaling law in (87) depending
on the nature of Apq. Following the developments in Section 5 and in particular the proof of Lemma 6, the key
issue is whether letting !̆ = 0 turns the e↵ective O(✏�1) equation (131) into an identity for non-trivial w0q –
which can then be deployed to satisfy the e↵ective O(1) equation with the source term.

6.2.1. E↵ective model for full-rank Apq (Q even)
In situations when Q is even, generalized eigenvalue problem (131) has no zero eigenvalues by Lemma 7 and
Assumption 1. Accordingly, assuming the scaling framework (87) with !̆ = 0 does not cater for a non-trivial
solution of (131); we thus let !̆ 6= 0 and w0q = 0 (q = 1, Q) by which the O(✏�1) contribution to (88) becomes

��̃a
n⇢w̃1 � r·

�
G(rw̃1)

�
= 0 in Ya. (133)

As a result, the leading-order solution reads

w̃1(x) =
X

q

w1q '̃a
nq(x), (134)

where w1q 2 C (q = 1, Q) are constants. To compute w1q, we identify the O(1) statement of (88), namely

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
Grw̃1

�
� �!̆2⇢w̃1 = eika·x in Ya. (135)

On multiplying (135) by '̃a
np (p 2 1, Q) and integrating over Ya by parts as in the treatment of (32), we obtain

�
ik̂Gw̃1, r'̃a

np

�
Ya

�
�
ik̂·

�
Grw̃1

�
, '̃a

np

�
Ya

� �!̆2
�
⇢w̃1, '̃

a
np

�
Ya

=
�
eika·x, '̃a

np

�
Ya

. (136)

The substitution of (134) into (136) results in a system of Q governing equations for w1p as

�
X

q

Apq w1q � �!̆2
X

q

Dpq w1q = heika·xip'
a , p = 1, Q (137)

where Apq and Dpq are given by (132). By Lemma 7 and Assumption 1, we find that the generalized eigenvalue
problem underpinning (137) has Q real eigenvalues, hereon denoted by ��r !̆2

r , and we assume �!̆2 6= �r !̆2
r

(r = 1, Q) when solving (137).

Remark 14. By Lemma 7, the above eigenvalues appear in “±” pairs, and we conveniently arrange them
so that (i) !̆2

r = !̆2
r+1 and �r/r+1 = ±1 for r odd, and (ii) 0 < !̆2

1 6 !̆2
2 6 . . . 6 !̆2

Q. In this set-
ting, there are Q/2 pairs of dispersion branches emanating from the apex point (ka, !a

n) given by mappings
(ka+ ✏k̂, !a

n + ✏�r!̆2
r(k̂)/(2!a

n)). Each such branch is characterized by an O(1) (positive or negative) group
velocity, and is stenciled by the respective eigenfunction

P
q er

q '̃a
nq, where er

q 2 C (q = 1, Q) are components

of the unit eigenvector of Apq corresponding to �r !̆2
r .
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underpinning analyses, however, is that the distance between �̃a
n and its neighbors is O(1).

In what follows, we relax this restriction by considering a cluster of Q nearby eigenvalues �̃a
j ,

j = n�na, n+nb that are separated by O(✏). For generality, we allow for the possibility that some
of the eigenvalues �̃a

j in this set may be equal, i.e. repeated.

Remark 14. To aid the analysis, we denote the featured cluster by �̃a
j(q), (q= 1, Q) where the mapping

j(q) : [1, Q]! [n� na, n+ nb] is one-to-one, albeit not necessarily monotonic. In the sequel, we also let
�̃a

nq (q= 1, Q) be the eigenfunctions corresponding respectively to �̃a
j(q).

(a) Eigenfunction basis
In line with the above description, we consider a set of nearby eigenvalues �̃a

j(q) given by

�̃a
j(q) = �̃a

n + ✏�q, �q Q 0, q= 1, Q. (6.1)

Assumption 2. We allow for �̃a
n to have multiplicity 16Q0<Q, and we select the mapping j(q) so that

�q = 0 for q= 1, Q0. All other eigenvalues �̃a
j(q) (q >Q0) are assumed to be simple.

From (6.1), one finds that the eigenfunctions �̃a
nq 2H1

p (Y ) corresponding to �̃a
j(q) solve

�(r+ika)·
�
G(r+ika)�̃a

nq
�
= �̃a

n⇢�̃a
nq + ✏�q ⇢�̃

a
nq in Y, (6.2)

⌫ ·G(r+ika)�̃a
nq|xj=0 = �⌫ ·G(r+ika)�̃a

nq|xj=`j
.

Following the previous analysis, we introduce the real-valued eigenfunctions '̃a
nq 2H1

p (Ya) that
are: (i) orthogonal in L2

⇢(Ya), (ii) related to '̃a
nq via (4.3), and (iii) solve

�r·
�
Gr'̃a

nq
�
= �̃a

n⇢ '̃a
nq + ✏�q ⇢'̃

a
nq in Ya,

aj '̃
a
nq|xj=0 = � aj '̃

a
nq|xj=`j

,

⌫ ·Gr'̃a
nq|xj=0 = � ⌫ ·Gr'̃a

nq|xj=(1+aj)`j
.

(6.3)

Inherently, (6.2)–(6.3) suggest use of the “averaging” operators (5.4) and function space (5.5).

(b) Leading-order approximation
We again refer to (4.12), and we start from the asymptotic expansion (4.13) of w̃. From the results
in Section 4(c), one finds that the O(✏�2) contribution to (4.12) is given by (4.17). Thanks to (6.3),
one finds that (4.17) is satisfied by (5.6) up to the O(✏) residual

✏⇢(x)
X

q

�qw0q '̃
a
nq(x). (6.4)

This remainder inherently carries over to the O(✏�1) statement of (4.12), which now reads

��̃a
n⇢w̃1 � �!̆2⇢w̃0 �r·

�
G(rw̃1+ ik̂w̃0)

�
� ik̂ ·

�
Grw̃0

�
� ⇢

X

q

�qw0q '̃
a
nq = 0 in Ya. (6.5)

On integrating h(6.5)ip'
a by parts, one can show as in the proof of Lemma 6 that

X

q

A�
pqw0q � ⌧

X

q

Dpqw0q = 0, p= 1, Q (6.6)

up to respective O(✏) residuals
✏�p h⇢w̃1ip'

a , p= 1, Q, (6.7)

where
A�

pq = ✓(0)
pq ·ik̂ + �qDpq, Dpq = �pq ⇢

(0)
q , ⌧ =��!̆2, (6.8)

with ⇢(0)
p and ✓(0)

pq given by (5.8). As before, we seek (when possible) a non-trivial solution to (6.6).
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underpinning analyses, however, is that the distance between �̃a
n and its neighbors is O(1).

In what follows, we relax this restriction by considering a cluster of Q nearby eigenvalues �̃a
j ,

j = n�na, n+nb that are separated by O(✏). For generality, we allow for the possibility that some
of the eigenvalues �̃a

j in this set may be equal, i.e. repeated.

Remark 14. To aid the analysis, we denote the featured cluster by �̃a
j(q), (q= 1, Q) where the mapping

j(q) : [1, Q]! [n� na, n+ nb] is one-to-one, albeit not necessarily monotonic. In the sequel, we also let
�̃a

nq (q= 1, Q) be the eigenfunctions corresponding respectively to �̃a
j(q).

(a) Eigenfunction basis
In line with the above description, we consider a set of nearby eigenvalues �̃a

j(q) given by

�̃a
j(q) = �̃a

n + ✏�q, �q Q 0, q= 1, Q. (6.1)

Assumption 2. We allow for �̃a
n to have multiplicity 16Q0<Q, and we select the mapping j(q) so that

�q = 0 for q= 1, Q0. All other eigenvalues �̃a
j(q) (q >Q0) are assumed to be simple.

From (6.1), one finds that the eigenfunctions �̃a
nq 2H1

p (Y ) corresponding to �̃a
j(q) solve

�(r+ika)·
�
G(r+ika)�̃a

nq
�
= �̃a

n⇢�̃a
nq + ✏�q ⇢�̃

a
nq in Y, (6.2)

⌫ ·G(r+ika)�̃a
nq|xj=0 = �⌫ ·G(r+ika)�̃a

nq|xj=`j
.

Following the previous analysis, we introduce the real-valued eigenfunctions '̃a
nq 2H1

p (Ya) that
are: (i) orthogonal in L2

⇢(Ya), (ii) related to '̃a
nq via (4.3), and (iii) solve

�r·
�
Gr'̃a

nq
�
= �̃a

n⇢ '̃a
nq + ✏�q ⇢'̃

a
nq in Ya,

aj '̃
a
nq|xj=0 = � aj '̃

a
nq|xj=`j

,

⌫ ·Gr'̃a
nq|xj=0 = � ⌫ ·Gr'̃a

nq|xj=(1+aj)`j
.

(6.3)

Inherently, (6.2)–(6.3) suggest use of the “averaging” operators (5.4) and function space (5.5).

(b) Leading-order approximation
We again refer to (4.12), and we start from the asymptotic expansion (4.13) of w̃. From the results
in Section 4(c), one finds that the O(✏�2) contribution to (4.12) is given by (4.17). Thanks to (6.3),
one finds that (4.17) is satisfied by (5.6) up to the O(✏) residual

✏⇢(x)
X

q

�qw0q '̃
a
nq(x). (6.4)

This remainder inherently carries over to the O(✏�1) statement of (4.12), which now reads

��̃a
n⇢w̃1 � �!̆2⇢w̃0 �r·

�
G(rw̃1+ ik̂w̃0)

�
� ik̂ ·

�
Grw̃0

�
� ⇢

X

q

�qw0q '̃
a
nq = 0 in Ya. (6.5)

On integrating h(6.5)ip'
a by parts, one can show as in the proof of Lemma 6 that

X

q

A�
pqw0q � ⌧

X

q

Dpqw0q = 0, p= 1, Q (6.6)

up to respective O(✏) residuals
✏�p h⇢w̃1ip'

a , p= 1, Q, (6.7)

where
A�

pq = ✓(0)
pq ·ik̂ + �qDpq, Dpq = �pq ⇢

(0)
q , ⌧ =��!̆2, (6.8)

with ⇢(0)
p and ✓(0)

pq given by (5.8). As before, we seek (when possible) a non-trivial solution to (6.6).
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Cluster

Governing equation

O(𝜖-2):

Consider next the asymptotic expansion

w̃(x) = e�ika·x�
✏�2w̃0(x) + ✏�1w̃1(x) + w̃2(x) + ✏w̃3(x) + · · ·

�
, (90)

which distills (88)–(89) into a series in ✏. By virtue of (88)–(90) and the analysis similar to that in Section 5.1,
we find that w̃m 2 H1

p (Ya) (m > 0) which further satisfy the coupled boundary conditions

⌫ · G(rw̃m + ik̂w̃m�1)|xj=0 = �⌫ · G(rw̃m + ik̂w̃m�1)|xj=(1+aj)`j
,

ajwm|xj=0 = �ajwm|xj=`j , j = 1, d. (91)

with w̃�1 ⌘ 0.
In the sequel, we conveniently denote by wm the respective constants of integration when solving for w̃m(x).

Recalling (84), (85) and (90), we specifically seek wm as

wm = hw̃mi'
a, m > 0, (92)

so that hũia = f̃ hw̃ia (by extension of Lemma 1) and

hw̃ia = ✏�2w0 + ✏�1w1 + w2 + ✏w3 + · · · . (93)

5.3. Leading-order approximation
By the analysis given in Section 5.1, the O(✏�2) contribution due to (88) and (90) is found as

��̃a
n⇢w̃0 � r·

�
Grw̃0

�
= 0 in Ya. (94)

By virtue of (80)–(82) and (91) with m = 0, we have

w̃0(x) = w0 '̃a
n(x), (95)

where w0 is a constant to be determined.
Similarly, the O(✏�1) equality can be identified as

��̃a
n⇢w̃1 � �!̆2⇢w̃0 � r·

�
G(rw̃1 + ik̂w̃0)

�
� ik̂ ·

�
Grw̃0

�
= 0 in Ya. (96)

By the linearity of the problem, the solution of (96) is given by

w̃1(x) = w0(�
(0)(x)�!̆2+ �(1)(x)· ik̂) + w1 '̃a

n(x), (97)

where w1 is a constant; �(0) 2 H1a
p0 (Ya) uniquely solves

�̃a
n⇢�(0) + r·

�
Gr�(0)

�
+ ⇢'̃a

n = 0 in Ya, (98)

⌫ · Gr�(0)|xj=0 = �⌫ · Gr�(0)|xj=(1+aj)`j
, j = 1, d,

and �(1) 2 (H1a
p0 (Ya))d is a unique vector that satisfies

�̃a
n⇢�(1) + r·

�
G(r�(1)+ I'̃a

n)
�

+ Gr'̃a
n = 0 in Ya, (99)

⌫ · G(r�(1)+ I'̃a
n)|xj=0 = �⌫ · G(r�(1)+ I'̃a

n)|xj=(1+aj)`j
, j = 1, d,

Lemma 6. Cell function �(1) solving (99) is real-valued, and !̆ = 0. See Appendix, Section A for proof.

Thanks to Lemma 6, the FW-FF asymptotic analysis near k = ka largely reduces to its LW-FF companion
near k = 0 as in Section 3. In particular, the O(1) contribution to (88) is found as

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂·

�
G(rw̃1 + ik̂w̃0)

�
� �!̂2⇢w̃0 = eika·x in Ya. (100)

By following the treatment of (30) that carries the same structure as (100), we find that w0 solves

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w0 = heika·xi'

a, (101)

featuring the real-valued e↵ective coe�cients

⇢(0) = h⇢'̃a
ni'

a, µ(0) =
⌦
G{r�(1) + I'̃a

n}
↵'

a
�

�
G{�(1) ⌦ r'̃a

n}, 1
�
Ya

, (102)

where �(1) is given by (99).
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On the basis of (5.1)–(5.5), we define the relevant “averaging” operators as

hũiqa =
�
ũ, �̃a

nq
�
Ya

, hũiq'
a =

�
ũ, '̃a

nq
�
Ya

, q= 1, Q, (5.6)

and we generalize the second of (4.12) as

H1a
p0 (Ya) = {g 2H1

p (Ya) : hgiq'
a = 0, q= 1, Q}. (5.7)

Remark 9. In the sequel, we do not asume implicit summation over repeated indexes p, q, r and s.

(b) Leading-order approximation
As indicated earlier, we consider (4.14)–(4.15) and we start from the asymptotic expansion (4.16)
of w̃. From the results in Section 4(c), we find the O(✏�2) contribution stemming from (4.14)
and (4.16) to read as in (4.20). By (5.4)–(5.5), we now have

w̃0(x) =
X

q

w0q '̃
a
nq(x), (5.8)

where w0q2C (q= 1, Q) are constants to be determined.
Next, we find the O(✏�1) statement of (4.14) to be given by (4.22). On multiplying the latter

by '̃a
np and integrating over Ya, one can show by following the proof of Lemma 6 that

X

q

✓(0)
pq ·(ik̂)w0q + �!̆2⇢(0)

p w0p = 0, p= 1, Q. (5.9)

where
⇢(0)

p =
⌦
⇢'̃a

np
↵p'
a , ✓(0)

pq =
⌦
Gr'̃a

nq
↵p'
a �

⌦
Gr'̃a

np
↵q'
a , p, q= 1, Q. (5.10)

Remark 10. On recalling Lemma 1 and the discussion in Remark 3, from (5.8) we find that the leading-
order mean energy density of a Bloch wave ũ (averaged in space and time [34]) is given by

Ē0 = 1
2!

2(⇢ũ0, ũ0) = 1
2!

2f̃2
X

q

⇢(0)
q w2

0q.

This sheds light on ⇢(0)
q (q= 1, Q) as the quanta of energy characterizing respective dispersion curves.

For convenience, we rewrite (5.9) as the generalized eigenvalue problem
X

q

Apqw0q � ⌧
X

q

Dpqw0q = 0, p= 1, Q (5.11)

with
Apq = ✓(0)

pq ·ik̂, Dpq = �pq ⇢
(0)
q , ⌧ =��!̆2. (5.12)

Since ✓(0)
pq are real-valued and ⇢(0)

q > 0, we see that Apq is Hermitian skew-symmetric, and that Dpq

is positive definite. In what follows, we seek (whenever possible) a non-trivial solution to (5.11).

Lemma 7. The following statements hold: every ⌧ solving (5.11) is either real-valued or zero; (ii) if ⌧ is
an eigenvalue of (5.11), so is �⌧ ; (iii) the eigenvectors corresponding to ⌧ and �⌧ are complex conjugates
of each other, and (iv) the maximum rank of Apq is Q (resp. Q�1) for Q even (resp. odd). See Appendix A
(electronic supplementary material) for proof.

Assumption 1. Hereon, we focus our analysis on the situations where Apq is either: (i) of maximum rank
according to Lemma 7, or (ii) trivial.

Remark 11. The first step in the ensuing analyses is to expose the frequency scaling law in (4.13)
depending on the nature of Apq . Following the developments in Section 4 and in particular the proof of
Lemma 6, the key issue is whether letting !̆= 0 turns the effective O(✏�1) equation (5.11) into an identity
for non-trivial w0q – which can then be deployed to satisfy the effective O(1) equation with the source term.

Leading-order solution

k = ka
<latexit sha1_base64="R2dAbTbzt/RIJMObrXerX/4hsbk=">AAACGXicbVC7TsMwFHV4lvIKMLJYVEhMVVKQYEGqYGEsEn1Ibagcx2mtOnZkO0hVlN9g4VdYGECIESb+BqfN0AdHsnx8zr3yvcePGVXacX6tldW19Y3N0lZ5e2d3b98+OGwpkUhMmlgwITs+UoRRTpqaakY6sSQo8hlp+6Pb3G8/Eamo4A96HBMvQgNOQ4qRNlLfdnq+YIEaR+ZKRxm8hvPCYzr7RlnWtytO1ZkALhO3IBVQoNG3v3uBwElEuMYMKdV1nVh7KZKaYkayci9RJEZ4hAakayhHEVFeOtksg6dGCWAopDlcw4k625GiSOWzmcoI6aFa9HLxP6+b6PDKSymPE004nn4UJgxqAfOYYEAlwZqNDUFYUjMrxEMkEdYmzLIJwV1ceZm0alX3vFq7v6jUb4o4SuAYnIAz4IJLUAd3oAGaAINn8ArewYf1Yr1Zn9bXtHTFKnqOwBysnz8QRqI6</latexit>
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6. Nearby eigenvalues
So far we considered the effective wave motion in a neighborhood of (ka, �̃a

n), where the
eigenvalue �̃a

n is either simple, or repeated with multiplicity Q. An implicit assumption in the
underpinning analyses, however, is that the distance between �̃a

n and its neighbors is O(1).
In what follows, we relax this restriction by considering a cluster of Q nearby eigenvalues �̃a

j ,
j = n�na, n+nb that are separated by O(✏). For generality, we allow for the possibility that some
of the eigenvalues �̃a

j in this set may be equal, i.e. repeated.

Remark 17. To aid the analysis, we denote the featured cluster by �̃a
j(q), (q= 1, Q) where the mapping

j(q) : [1, Q]! [n� na, n+ nb] is one-to-one, albeit not necessarily monotonic. In the sequel, we also let
�̃a

nq (q= 1, Q) be the eigenfunctions corresponding respectively to �̃a
j(q).

(a) Eigenfunction basis
In line with the above description, we consider a set of nearby eigenvalues �̃a

j(q) given by

�̃a
j(q) = �̃a

n + ✏�q, �q Q 0, q= 1, Q. (6.1)

Assumption 2. We allow for �̃a
n to have multiplicity 16Q0<Q, and we conveniently select the

mapping j(q) so that �q = 0 for q= 1, Q0. All other eigenvalues �̃a
j(q) (q >Q0) are assumed to be simple.

From (6.1), one finds that the eigenfunctions �̃a
nq 2H1

p (Y ) corresponding to �̃a
j(q) solve

�(r+ika)·
�
G(r+ika)�̃a

nq
�
= �̃a

n⇢�̃a
nq + ✏�q ⇢�̃

a
nq in Y, (6.2)

⌫ ·G(r+ika)�̃a
nq|xj=0 = �⌫ ·G(r+ika)�̃a

nq|xj=`j
. (6.3)

Following the previous analysis, we introduce the real-valued eigenfunctions '̃a
nq 2H1

p (Ya) that
are: (i) orthogonal in L2

⇢(Ya), (ii) related to '̃a
nq via (4.4), and (iii) solve

�r·
�
Gr'̃a

nq
�
= �̃a

n⇢ '̃a
nq + ✏�q ⇢'̃

a
nq in Ya, (6.4)

aj '̃
a
nq|xj=0 = �aj '̃

a
nq|xj=`j

,

⌫ ·Gr'̃a
nq|xj=0 = �⌫ ·Gr'̃a

nq|xj=(1+aj)`j
.

(6.5)

Inherently, (6.2)–(6.5) suggest use of the “averaging” operators (5.6) and function space (5.7).

(b) Leading-order approximation
We again refer to (4.14)–(4.15), and we start from the asymptotic expansion (4.16) of w̃. From the
results in Section 4(c), one finds that the O(✏�2) contribution to (4.14) is given by (4.20). Thanks
to (6.4)–(6.5), one finds that (4.20) is satisfied by (5.8) up to the O(✏) residual

✏⇢(x)
X

q

�qw0q '̃
a
nq(x). (6.6)

This remainder inherently carries over to the O(✏�1) statement of (4.14), which now reads

��̃a
n⇢w̃1 � �!̆2⇢w̃0 �r·

�
G(rw̃1+ ik̂w̃0)

�
� ik̂ ·

�
Grw̃0

�
� ⇢

X

q

�qw0q '̃
a
nq = 0 in Ya. (6.7)

On integrating h(6.7)ip'
a by parts, one can show as in the proof of Lemma 6 that

X

q

A�
pqw0q � ⌧

X

q

Dpqw0q = 0, p= 1, Q (6.8)

up to respective O(✏) residuals
✏�p h⇢w̃1ip'

a , p= 1, Q, (6.9)

Residual
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6. Nearby eigenvalues
So far we considered the effective wave motion in a neighborhood of (ka, �̃a

n), where the
eigenvalue �̃a

n is either simple, or repeated with multiplicity Q. An implicit assumption in the
underpinning analyses, however, is that the distance between �̃a

n and its neighbors is O(1).
In what follows, we relax this restriction by considering a cluster of Q nearby eigenvalues �̃a

j ,
j = n�na, n+nb that are separated by O(✏). For generality, we allow for the possibility that some
of the eigenvalues �̃a

j in this set may be equal, i.e. repeated.

Remark 17. To aid the analysis, we denote the featured cluster by �̃a
j(q), (q= 1, Q) where the mapping

j(q) : [1, Q]! [n� na, n+ nb] is one-to-one, albeit not necessarily monotonic. In the sequel, we also let
�̃a

nq (q= 1, Q) be the eigenfunctions corresponding respectively to �̃a
j(q).

(a) Eigenfunction basis
In line with the above description, we consider a set of nearby eigenvalues �̃a

j(q) given by

�̃a
j(q) = �̃a

n + ✏�q, �q Q 0, q= 1, Q. (6.1)

Assumption 2. We allow for �̃a
n to have multiplicity 16Q0<Q, and we conveniently select the

mapping j(q) so that �q = 0 for q= 1, Q0. All other eigenvalues �̃a
j(q) (q >Q0) are assumed to be simple.

From (6.1), one finds that the eigenfunctions �̃a
nq 2H1

p (Y ) corresponding to �̃a
j(q) solve

�(r+ika)·
�
G(r+ika)�̃a

nq
�
= �̃a

n⇢�̃a
nq + ✏�q ⇢�̃

a
nq in Y, (6.2)

⌫ ·G(r+ika)�̃a
nq|xj=0 = �⌫ ·G(r+ika)�̃a

nq|xj=`j
. (6.3)

Following the previous analysis, we introduce the real-valued eigenfunctions '̃a
nq 2H1

p (Ya) that
are: (i) orthogonal in L2

⇢(Ya), (ii) related to '̃a
nq via (4.4), and (iii) solve

�r·
�
Gr'̃a

nq
�
= �̃a

n⇢ '̃a
nq + ✏�q ⇢'̃

a
nq in Ya, (6.4)

aj '̃
a
nq|xj=0 = �aj '̃

a
nq|xj=`j

,

⌫ ·Gr'̃a
nq|xj=0 = �⌫ ·Gr'̃a

nq|xj=(1+aj)`j
.

(6.5)

Inherently, (6.2)–(6.5) suggest use of the “averaging” operators (5.6) and function space (5.7).

(b) Leading-order approximation
We again refer to (4.14)–(4.15), and we start from the asymptotic expansion (4.16) of w̃. From the
results in Section 4(c), one finds that the O(✏�2) contribution to (4.14) is given by (4.20). Thanks
to (6.4)–(6.5), one finds that (4.20) is satisfied by (5.8) up to the O(✏) residual

✏⇢(x)
X

q

�qw0q '̃
a
nq(x). (6.6)

This remainder inherently carries over to the O(✏�1) statement of (4.14), which now reads

��̃a
n⇢w̃1 � �!̆2⇢w̃0 �r·

�
G(rw̃1+ ik̂w̃0)

�
� ik̂ ·

�
Grw̃0

�
� ⇢

X

q

�qw0q '̃
a
nq = 0 in Ya. (6.7)

On integrating h(6.7)ip'
a by parts, one can show as in the proof of Lemma 6 that

X

q

A�
pqw0q � ⌧

X

q

Dpqw0q = 0, p= 1, Q (6.8)

up to respective O(✏) residuals
✏�p h⇢w̃1ip'

a , p= 1, Q, (6.9)
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underpinning analyses, however, is that the distance between �̃a
n and its neighbors is O(1).

In what follows, we relax this restriction by considering a cluster of Q nearby eigenvalues �̃a
j ,

j = n�na, n+nb that are separated by O(✏). For generality, we allow for the possibility that some
of the eigenvalues �̃a

j in this set may be equal, i.e. repeated.

Remark 14. To aid the analysis, we denote the featured cluster by �̃a
j(q), (q= 1, Q) where the mapping

j(q) : [1, Q]! [n� na, n+ nb] is one-to-one, albeit not necessarily monotonic. In the sequel, we also let
�̃a

nq (q= 1, Q) be the eigenfunctions corresponding respectively to �̃a
j(q).

(a) Eigenfunction basis
In line with the above description, we consider a set of nearby eigenvalues �̃a

j(q) given by

�̃a
j(q) = �̃a

n + ✏�q, �q Q 0, q= 1, Q. (6.1)

Assumption 2. We allow for �̃a
n to have multiplicity 16Q0<Q, and we select the mapping j(q) so that

�q = 0 for q= 1, Q0. All other eigenvalues �̃a
j(q) (q >Q0) are assumed to be simple.

From (6.1), one finds that the eigenfunctions �̃a
nq 2H1

p (Y ) corresponding to �̃a
j(q) solve

�(r+ika)·
�
G(r+ika)�̃a

nq
�
= �̃a

n⇢�̃a
nq + ✏�q ⇢�̃

a
nq in Y, (6.2)

⌫ ·G(r+ika)�̃a
nq|xj=0 = �⌫ ·G(r+ika)�̃a

nq|xj=`j
.

Following the previous analysis, we introduce the real-valued eigenfunctions '̃a
nq 2H1

p (Ya) that
are: (i) orthogonal in L2

⇢(Ya), (ii) related to '̃a
nq via (4.3), and (iii) solve

�r·
�
Gr'̃a

nq
�
= �̃a

n⇢ '̃a
nq + ✏�q ⇢'̃

a
nq in Ya,

aj '̃
a
nq|xj=0 = � aj '̃

a
nq|xj=`j

,

⌫ ·Gr'̃a
nq|xj=0 = � ⌫ ·Gr'̃a

nq|xj=(1+aj)`j
.

(6.3)

Inherently, (6.2)–(6.3) suggest use of the “averaging” operators (5.4) and function space (5.5).

(b) Leading-order approximation
We again refer to (4.12), and we start from the asymptotic expansion (4.13) of w̃. From the results
in Section 4(c), one finds that the O(✏�2) contribution to (4.12) is given by (4.17). Thanks to (6.3),
one finds that (4.17) is satisfied by (5.6) up to the O(✏) residual

✏⇢(x)
X

q

�qw0q '̃
a
nq(x). (6.4)

This remainder inherently carries over to the O(✏�1) statement of (4.12), which now reads

��̃a
n⇢w̃1 � �!̆2⇢w̃0 �r·

�
G(rw̃1+ ik̂w̃0)

�
� ik̂ ·

�
Grw̃0

�
� ⇢

X

q

�qw0q '̃
a
nq = 0 in Ya. (6.5)

On integrating h(6.5)ip'
a by parts, one can show as in the proof of Lemma 6 that

X

q

A�
pqw0q � ⌧

X

q

Dpqw0q = 0, p= 1, Q (6.6)

up to respective O(✏) residuals
✏�p h⇢w̃1ip'

a , p= 1, Q, (6.7)

where
A�

pq = ✓(0)
pq ·ik̂ + �qDpq, Dpq = �pq ⇢

(0)
q , ⌧ =��!̆2, (6.8)

with ⇢(0)
p and ✓(0)

pq given by (5.8). As before, we seek (when possible) a non-trivial solution to (6.6).



7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
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Q=2, rank(Apq)=0: eq. (143)
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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Figure 2: FF-FW approximation of the dispersion relationship in polyatomic chains: (a) diatomic chain with m = (1, 0.5) and

c = (1, 0.5); (b) triatomic chain with m = (1, 0.4582, 1.0674) and c = (1, 2.0075, 2.3388), (c) triatomic chain with m = (1, 2.5, 1)
and c = (1, 1, 0.4), and (d) tetratomic chain with m = (1, 2.0237, 1.3539, 1.6625) and c = (1, 0.4257, 1.0521, 0.3731). Here

!0 =

p
c1/m1; solid line plots the exact relationship, and “o” (resp. “x”) marker tracks the leading- (resp. second-) order

approximation.
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<latexit sha1_base64="HOS6Smuy3+EEnvKiy28FOyQcMEQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzweFNx3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QPRzo6t</latexit><latexit sha1_base64="HOS6Smuy3+EEnvKiy28FOyQcMEQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzweFNx3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QPRzo6t</latexit><latexit sha1_base64="HOS6Smuy3+EEnvKiy28FOyQcMEQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzweFNx3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QPRzo6t</latexit><latexit sha1_base64="HOS6Smuy3+EEnvKiy28FOyQcMEQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzweFNx3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QPRzo6t</latexit>

y2
<latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit><latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit><latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit><latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit>

`1
<latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ygvEIrW22zBITh2CH3BxIfAHJcc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDiWT3mljM8mQZIQy9D+4caGIP8qd/8b0sdDWA4GPcxJy74kzKayj9DsobW3v7O6V9ysH1cOj49pJtW11bji2uJbadGNmUQqFLSecxG5mkKWxxE48uZvnnWc0Vmj16KYZRikbKZEIzpy32n2UchAOanXaoAuRTQhXUIeVmoPaV3+oeZ6iclwya3shzVxUMOMElzir9HOLGeMTNsKeR8VStFGxmHZGLrwzJIk2/ihHFu7vFwVLrZ2msb+ZMje269nc/C/r5S65iQqhstyh4suPklwSp8l8dTIUBrmTUw+MG+FnJXzMDOPOF1TxJYTrK29C+6oR0kb4QKEMZ3AOlxDCNdzCPTShBRye4AXe4D3QwWvwsayrFKx6O4U/Cj5/AAybjYc=</latexit><latexit sha1_base64="ygvEIrW22zBITh2CH3BxIfAHJcc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDiWT3mljM8mQZIQy9D+4caGIP8qd/8b0sdDWA4GPcxJy74kzKayj9DsobW3v7O6V9ysH1cOj49pJtW11bji2uJbadGNmUQqFLSecxG5mkKWxxE48uZvnnWc0Vmj16KYZRikbKZEIzpy32n2UchAOanXaoAuRTQhXUIeVmoPaV3+oeZ6iclwya3shzVxUMOMElzir9HOLGeMTNsKeR8VStFGxmHZGLrwzJIk2/ihHFu7vFwVLrZ2msb+ZMje269nc/C/r5S65iQqhstyh4suPklwSp8l8dTIUBrmTUw+MG+FnJXzMDOPOF1TxJYTrK29C+6oR0kb4QKEMZ3AOlxDCNdzCPTShBRye4AXe4D3QwWvwsayrFKx6O4U/Cj5/AAybjYc=</latexit><latexit sha1_base64="5wwGFkWezHwmEF9Ftvqd9XTEfa0=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlkEbywjmA5Ij7G3mkjV7u8funhCO/AcbC0Vs/T92/hs3yRWa+GDg8d4MM/OiVHBjff/bW1vf2NzaLu2Ud/f2Dw4rR8ctozLNsMmUULoTUYOCS2xabgV2Uo00iQS2o/HtzG8/oTZcyQc7STFM6FDymDNqndTqoRD9oF+p+jV/DrJKgoJUoUCjX/nqDRTLEpSWCWpMN/BTG+ZUW84ETsu9zGBK2ZgOseuopAmaMJ9fOyXnThmQWGlX0pK5+nsip4kxkyRynQm1I7PszcT/vG5m4+sw5zLNLEq2WBRnglhFZq+TAdfIrJg4Qpnm7lbCRlRTZl1AZRdCsPzyKmld1gK/Ftz71fpNEUcJTuEMLiCAK6jDHTSgCQwe4Rle4c1T3ov37n0sWte8YuYE/sD7/AEz3I7b</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit>

`2
<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B

<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2
<latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit>
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [9], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
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<latexit sha1_base64="HOS6Smuy3+EEnvKiy28FOyQcMEQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzweFNx3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QPRzo6t</latexit><latexit sha1_base64="HOS6Smuy3+EEnvKiy28FOyQcMEQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzweFNx3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QPRzo6t</latexit><latexit sha1_base64="HOS6Smuy3+EEnvKiy28FOyQcMEQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzweFNx3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QPRzo6t</latexit><latexit sha1_base64="HOS6Smuy3+EEnvKiy28FOyQcMEQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzweFNx3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QPRzo6t</latexit>

y2
<latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit><latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit><latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit><latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit>

`1
<latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ygvEIrW22zBITh2CH3BxIfAHJcc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDiWT3mljM8mQZIQy9D+4caGIP8qd/8b0sdDWA4GPcxJy74kzKayj9DsobW3v7O6V9ysH1cOj49pJtW11bji2uJbadGNmUQqFLSecxG5mkKWxxE48uZvnnWc0Vmj16KYZRikbKZEIzpy32n2UchAOanXaoAuRTQhXUIeVmoPaV3+oeZ6iclwya3shzVxUMOMElzir9HOLGeMTNsKeR8VStFGxmHZGLrwzJIk2/ihHFu7vFwVLrZ2msb+ZMje269nc/C/r5S65iQqhstyh4suPklwSp8l8dTIUBrmTUw+MG+FnJXzMDOPOF1TxJYTrK29C+6oR0kb4QKEMZ3AOlxDCNdzCPTShBRye4AXe4D3QwWvwsayrFKx6O4U/Cj5/AAybjYc=</latexit><latexit sha1_base64="ygvEIrW22zBITh2CH3BxIfAHJcc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDiWT3mljM8mQZIQy9D+4caGIP8qd/8b0sdDWA4GPcxJy74kzKayj9DsobW3v7O6V9ysH1cOj49pJtW11bji2uJbadGNmUQqFLSecxG5mkKWxxE48uZvnnWc0Vmj16KYZRikbKZEIzpy32n2UchAOanXaoAuRTQhXUIeVmoPaV3+oeZ6iclwya3shzVxUMOMElzir9HOLGeMTNsKeR8VStFGxmHZGLrwzJIk2/ihHFu7vFwVLrZ2msb+ZMje269nc/C/r5S65iQqhstyh4suPklwSp8l8dTIUBrmTUw+MG+FnJXzMDOPOF1TxJYTrK29C+6oR0kb4QKEMZ3AOlxDCNdzCPTShBRye4AXe4D3QwWvwsayrFKx6O4U/Cj5/AAybjYc=</latexit><latexit sha1_base64="5wwGFkWezHwmEF9Ftvqd9XTEfa0=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlkEbywjmA5Ij7G3mkjV7u8funhCO/AcbC0Vs/T92/hs3yRWa+GDg8d4MM/OiVHBjff/bW1vf2NzaLu2Ud/f2Dw4rR8ctozLNsMmUULoTUYOCS2xabgV2Uo00iQS2o/HtzG8/oTZcyQc7STFM6FDymDNqndTqoRD9oF+p+jV/DrJKgoJUoUCjX/nqDRTLEpSWCWpMN/BTG+ZUW84ETsu9zGBK2ZgOseuopAmaMJ9fOyXnThmQWGlX0pK5+nsip4kxkyRynQm1I7PszcT/vG5m4+sw5zLNLEq2WBRnglhFZq+TAdfIrJg4Qpnm7lbCRlRTZl1AZRdCsPzyKmld1gK/Ftz71fpNEUcJTuEMLiCAK6jDHTSgCQwe4Rle4c1T3ov37n0sWte8YuYE/sD7/AEz3I7b</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit>

`2
<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2
<latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit>
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.1. Comparison with prior results
To evaluate the e↵ective parameters ⇢(0), µ(0), ⇢(2), µ(2) and µ(0)

pq for a chessboard-like medium according
to (102), (109), (141) and (155), eigenfunctions '̃a

n(x) and cell functions �(m)(x) (m = 1, 2, 3) are computed
using the finite element platform NGSolve [25]. The unit cell (either Y or Ya depending on the apex) is dis-
cretized using fourth-order finite elements, with the maximum element size bounded from above by 0.05|Y |1/2.
Before examining the general case with variable shear modulus and mass density, we first evaluate the e↵ective
tensor T = µ(0)/⇢(0) for a medium with constant shear modulus as in [10] by taking `1 =`2 =2, G = (1, 1, 1, 1),
and r = (1, 101, 201, 101). This particular configuration, while bearing little relevance from the viewpoint of
elastic solids, is nonetheless useful as a vehicle to verify the numerical implementation.

Remark 20. At this point, we recall our premise that |Y | = 1. This limitation can, however, be handled with
little di�culty; for instance, at every apex ka with a 6= 0, the foregoing results remain valid for any |Y | > 0

by taking |Ya| = |Y |
Qd

j=1(1+aj) in lieu of the measure given in (78). When a = 0, a similar modification
(omitted herein for brevity) can be implemented.

For all apex points and solution branches under consideration, we find by simulations that: (i) T is diagonal
when the eigenvalue is simple; (ii) so are tensors Tpq = µ(0)

pq /⇢(0) (using the eigenfunction basis as in Lemma 9)
when the eigenvalue is repeated, and (iii) Tpq = 0 for p 6= q. In this setting, Table 1 compares the present
results with those in [10] at apexes A, B, and C for the first four solution branches. For brevity of notation,
we refer to the e↵ective tensors T11 and T22 simply as “T ” when listing the results for repeated eigenvalues.
As can be seen from the display, there is a good overall agreement between the two sets of results.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [10], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
evaluated by integrating (114) numerically over Ba. For completeness, also included in the display are the
leading-order components of U (i)

a and U (ii)
a , obtained by discarding the “dipole” contributions on the right hand-

sides of (114) and (119), i.e. those terms multiplied by �(1)(y0). With reference to (118), approximation (i)
and approximation (ii) give similar result away from y1 � y0

1 = 0. The di↵erence between U (i)
a and U (ii)

a on the
one hand and their leading-order counterparts on the other is, however, striking in that the former bring about
a directivity of wave motion that is absent from the leading-order approximation. This feature is highlighted
in Fig. 4(b), which compares the e↵ective solution envelope ± max |'̃a

n̂|U (ii)
a (y) stemming from (115) and (119)
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Three nearby eigenvalues
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Figure 6. Asymptotics of closely spaced dispersion branches: (a) two nearby eigenvalues at apex k`= 1 in the tetratomic

chain from Fig. 2, and (b) three nearby eigenvalues at apex A in the chessboard medium from Fig. 5.

we pursue the plane-wave expansion approach and we adopt the projection of a Bloch wave
onto an eigenfunction for the unit cell of periodicity – at a fixed wavenumber and frequency
– as effective descriptor of wave motion. In this way we obtain a homogenized field equation
(including the source term), for an arbitrary dispersion branch, near corners of the “wavenumber
quadrants” comprising the first Brillouin zone. We consider the situations of both (i) isolated,
(ii) repeated, and (iii) nearby eigenvalues. The second-order analysis of isolated eigenvalues
demonstrates that the leading correction of the effective differential operator is O(✏2). In contrast,
the effective source term is found to undergo an O(✏) correction, which may be important for
the development of homogenized Green’s functions for periodic media. In the case of repeated
eigenvalues, the effective description of wave motion reveals three distinct asymptotic regimes
depending on the symmetries of the germane eigenfunction basis. One of these regimes is shown
to describe the so-called Dirac points, i.e. conical contacts between dispersion surfaces, that are
relevant to the phenomenon of topological insulation. In situations involving nearby eigenvalues
(some of which may be repeated), the leading-order model is found to invariably entail a Dirac-
like system of equations that generates “blunted” conical dispersion surfaces. We illustrate the
analytical developments by several examples, including the Green’s function near the edge of
a band gap, and clusters of closely spaced dispersion branches. The mathematical framework
established in this work naturally lends itself to the effective analysis of related (e.g. Maxwell or
Navier) field equations and emerging physical phenomena, such as topologically protected states
and topological networks [18,19], that revolve around the gapping of Dirac cones.
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<latexit sha1_base64="HOS6Smuy3+EEnvKiy28FOyQcMEQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzweFNx3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QPRzo6t</latexit><latexit sha1_base64="HOS6Smuy3+EEnvKiy28FOyQcMEQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzweFNx3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QPRzo6t</latexit><latexit sha1_base64="HOS6Smuy3+EEnvKiy28FOyQcMEQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzweFNx3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QPRzo6t</latexit><latexit sha1_base64="HOS6Smuy3+EEnvKiy28FOyQcMEQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzweFNx3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QPRzo6t</latexit>

y2
<latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit><latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit><latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit><latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit>

`1
<latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ygvEIrW22zBITh2CH3BxIfAHJcc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDiWT3mljM8mQZIQy9D+4caGIP8qd/8b0sdDWA4GPcxJy74kzKayj9DsobW3v7O6V9ysH1cOj49pJtW11bji2uJbadGNmUQqFLSecxG5mkKWxxE48uZvnnWc0Vmj16KYZRikbKZEIzpy32n2UchAOanXaoAuRTQhXUIeVmoPaV3+oeZ6iclwya3shzVxUMOMElzir9HOLGeMTNsKeR8VStFGxmHZGLrwzJIk2/ihHFu7vFwVLrZ2msb+ZMje269nc/C/r5S65iQqhstyh4suPklwSp8l8dTIUBrmTUw+MG+FnJXzMDOPOF1TxJYTrK29C+6oR0kb4QKEMZ3AOlxDCNdzCPTShBRye4AXe4D3QwWvwsayrFKx6O4U/Cj5/AAybjYc=</latexit><latexit sha1_base64="ygvEIrW22zBITh2CH3BxIfAHJcc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDiWT3mljM8mQZIQy9D+4caGIP8qd/8b0sdDWA4GPcxJy74kzKayj9DsobW3v7O6V9ysH1cOj49pJtW11bji2uJbadGNmUQqFLSecxG5mkKWxxE48uZvnnWc0Vmj16KYZRikbKZEIzpy32n2UchAOanXaoAuRTQhXUIeVmoPaV3+oeZ6iclwya3shzVxUMOMElzir9HOLGeMTNsKeR8VStFGxmHZGLrwzJIk2/ihHFu7vFwVLrZ2msb+ZMje269nc/C/r5S65iQqhstyh4suPklwSp8l8dTIUBrmTUw+MG+FnJXzMDOPOF1TxJYTrK29C+6oR0kb4QKEMZ3AOlxDCNdzCPTShBRye4AXe4D3QwWvwsayrFKx6O4U/Cj5/AAybjYc=</latexit><latexit sha1_base64="5wwGFkWezHwmEF9Ftvqd9XTEfa0=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlkEbywjmA5Ij7G3mkjV7u8funhCO/AcbC0Vs/T92/hs3yRWa+GDg8d4MM/OiVHBjff/bW1vf2NzaLu2Ud/f2Dw4rR8ctozLNsMmUULoTUYOCS2xabgV2Uo00iQS2o/HtzG8/oTZcyQc7STFM6FDymDNqndTqoRD9oF+p+jV/DrJKgoJUoUCjX/nqDRTLEpSWCWpMN/BTG+ZUW84ETsu9zGBK2ZgOseuopAmaMJ9fOyXnThmQWGlX0pK5+nsip4kxkyRynQm1I7PszcT/vG5m4+sw5zLNLEq2WBRnglhFZq+TAdfIrJg4Qpnm7lbCRlRTZl1AZRdCsPzyKmld1gK/Ftz71fpNEUcJTuEMLiCAK6jDHTSgCQwe4Rle4c1T3ov37n0sWte8YuYE/sD7/AEz3I7b</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit>

`2
<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2
<latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit>
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.1. Comparison with prior results
To evaluate the e↵ective parameters ⇢(0), µ(0), ⇢(2), µ(2) and µ(0)

pq for a chessboard-like medium according
to (102), (109), (141) and (155), eigenfunctions '̃a

n(x) and cell functions �(m)(x) (m = 1, 2, 3) are computed
using the finite element platform NGSolve [25]. The unit cell (either Y or Ya depending on the apex) is dis-
cretized using fourth-order finite elements, with the maximum element size bounded from above by 0.05|Y |1/2.
Before examining the general case with variable shear modulus and mass density, we first evaluate the e↵ective
tensor T = µ(0)/⇢(0) for a medium with constant shear modulus as in [10] by taking `1 =`2 =2, G = (1, 1, 1, 1),
and r = (1, 101, 201, 101). This particular configuration, while bearing little relevance from the viewpoint of
elastic solids, is nonetheless useful as a vehicle to verify the numerical implementation.

Remark 20. At this point, we recall our premise that |Y | = 1. This limitation can, however, be handled with
little di�culty; for instance, at every apex ka with a 6= 0, the foregoing results remain valid for any |Y | > 0

by taking |Ya| = |Y |
Qd

j=1(1+aj) in lieu of the measure given in (78). When a = 0, a similar modification
(omitted herein for brevity) can be implemented.

For all apex points and solution branches under consideration, we find by simulations that: (i) T is diagonal
when the eigenvalue is simple; (ii) so are tensors Tpq = µ(0)

pq /⇢(0) (using the eigenfunction basis as in Lemma 9)
when the eigenvalue is repeated, and (iii) Tpq = 0 for p 6= q. In this setting, Table 1 compares the present
results with those in [10] at apexes A, B, and C for the first four solution branches. For brevity of notation,
we refer to the e↵ective tensors T11 and T22 simply as “T ” when listing the results for repeated eigenvalues.
As can be seen from the display, there is a good overall agreement between the two sets of results.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [10], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
evaluated by integrating (114) numerically over Ba. For completeness, also included in the display are the
leading-order components of U (i)

a and U (ii)
a , obtained by discarding the “dipole” contributions on the right hand-

sides of (114) and (119), i.e. those terms multiplied by �(1)(y0). With reference to (118), approximation (i)
and approximation (ii) give similar result away from y1 � y0

1 = 0. The di↵erence between U (i)
a and U (ii)

a on the
one hand and their leading-order counterparts on the other is, however, striking in that the former bring about
a directivity of wave motion that is absent from the leading-order approximation. This feature is highlighted
in Fig. 4(b), which compares the e↵ective solution envelope ± max |'̃a

n̂|U (ii)
a (y) stemming from (115) and (119)
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Tetratomic chain
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(d)(c)
k`/⇡

<latexit sha1_base64="9VDrJ5GcOzgq3BnoL8fyaLT567c="></latexit><latexit sha1_base64="9VDrJ5GcOzgq3BnoL8fyaLT567c="></latexit><latexit sha1_base64="9VDrJ5GcOzgq3BnoL8fyaLT567c="></latexit><latexit sha1_base64="9VDrJ5GcOzgq3BnoL8fyaLT567c="></latexit>

k`/⇡
<latexit sha1_base64="9VDrJ5GcOzgq3BnoL8fyaLT567c="></latexit><latexit sha1_base64="9VDrJ5GcOzgq3BnoL8fyaLT567c="></latexit><latexit sha1_base64="9VDrJ5GcOzgq3BnoL8fyaLT567c="></latexit><latexit sha1_base64="9VDrJ5GcOzgq3BnoL8fyaLT567c="></latexit>

k`/⇡
<latexit sha1_base64="9VDrJ5GcOzgq3BnoL8fyaLT567c="></latexit><latexit sha1_base64="9VDrJ5GcOzgq3BnoL8fyaLT567c="></latexit><latexit sha1_base64="9VDrJ5GcOzgq3BnoL8fyaLT567c="></latexit><latexit sha1_base64="9VDrJ5GcOzgq3BnoL8fyaLT567c="></latexit>

k`/⇡
<latexit sha1_base64="9VDrJ5GcOzgq3BnoL8fyaLT567c="></latexit><latexit sha1_base64="9VDrJ5GcOzgq3BnoL8fyaLT567c="></latexit><latexit sha1_base64="9VDrJ5GcOzgq3BnoL8fyaLT567c="></latexit><latexit sha1_base64="9VDrJ5GcOzgq3BnoL8fyaLT567c="></latexit>

!
/!

0

<latexit sha1_base64="+jAXO/IUHuEtzGo/3zMZRATaELY="></latexit><latexit sha1_base64="+jAXO/IUHuEtzGo/3zMZRATaELY="></latexit><latexit sha1_base64="+jAXO/IUHuEtzGo/3zMZRATaELY="></latexit><latexit sha1_base64="+jAXO/IUHuEtzGo/3zMZRATaELY="></latexit> !
/!

0

<latexit sha1_base64="+jAXO/IUHuEtzGo/3zMZRATaELY="></latexit><latexit sha1_base64="+jAXO/IUHuEtzGo/3zMZRATaELY="></latexit><latexit sha1_base64="+jAXO/IUHuEtzGo/3zMZRATaELY="></latexit><latexit sha1_base64="+jAXO/IUHuEtzGo/3zMZRATaELY="></latexit>

!
/!

0

<latexit sha1_base64="+jAXO/IUHuEtzGo/3zMZRATaELY="></latexit><latexit sha1_base64="+jAXO/IUHuEtzGo/3zMZRATaELY="></latexit><latexit sha1_base64="+jAXO/IUHuEtzGo/3zMZRATaELY="></latexit><latexit sha1_base64="+jAXO/IUHuEtzGo/3zMZRATaELY="></latexit>

!
/!

0

<latexit sha1_base64="+jAXO/IUHuEtzGo/3zMZRATaELY="></latexit><latexit sha1_base64="+jAXO/IUHuEtzGo/3zMZRATaELY="></latexit><latexit sha1_base64="+jAXO/IUHuEtzGo/3zMZRATaELY="></latexit><latexit sha1_base64="+jAXO/IUHuEtzGo/3zMZRATaELY="></latexit>
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k�/�
<latexit sha1_base64="9VDrJ5GcOzgq3BnoL8fyaLT567c="></latexit><latexit sha1_base64="9VDrJ5GcOzgq3BnoL8fyaLT567c="></latexit><latexit sha1_base64="9VDrJ5GcOzgq3BnoL8fyaLT567c="></latexit><latexit sha1_base64="9VDrJ5GcOzgq3BnoL8fyaLT567c="></latexit>

�
/�

0

<latexit sha1_base64="+jAXO/IUHuEtzGo/3zMZRATaELY="></latexit><latexit sha1_base64="+jAXO/IUHuEtzGo/3zMZRATaELY="></latexit><latexit sha1_base64="+jAXO/IUHuEtzGo/3zMZRATaELY="></latexit><latexit sha1_base64="+jAXO/IUHuEtzGo/3zMZRATaELY="></latexit>

n = 1
<latexit sha1_base64="uKD7GJdOitS3Hz2QlcT65YAN8kQ="></latexit><latexit sha1_base64="uKD7GJdOitS3Hz2QlcT65YAN8kQ="></latexit><latexit sha1_base64="uKD7GJdOitS3Hz2QlcT65YAN8kQ="></latexit><latexit sha1_base64="uKD7GJdOitS3Hz2QlcT65YAN8kQ="></latexit>

n = 2
<latexit sha1_base64="/ilsVLqzg+4A0jz9DSEQ8t/YUjk="></latexit><latexit sha1_base64="/ilsVLqzg+4A0jz9DSEQ8t/YUjk="></latexit><latexit sha1_base64="/ilsVLqzg+4A0jz9DSEQ8t/YUjk="></latexit><latexit sha1_base64="/ilsVLqzg+4A0jz9DSEQ8t/YUjk="></latexit>
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cluster, (6.17)
<latexit sha1_base64="PHzAWiZUC1867ESUsR6IIl3erro=">AAAB/3icdVDJSgNBEO1xjXEbFbx4aQxCBBlm3Ca5Bb14jGBUSELo6VRiY89Cd40Yxhz8FS8eFPHqb3jzb+wsgoo+KHi8V0VVvSCRQqPrflgTk1PTM7O5ufz8wuLSsr2yeq7jVHGo8VjG6jJgGqSIoIYCJVwmClgYSLgIro8H/sUNKC3i6Ax7CTRD1o1ER3CGRmrZ6w2EW8y4TDWC6u/Q4qHj+dstu+A63q7vH3jUdcrlsn+wNyLuXol6jjtEgYxRbdnvjXbM0xAi5JJpXffcBJsZUyi4hH6+kWpIGL9mXagbGrEQdDMb3t+nW0Zp006sTEVIh+r3iYyFWvfCwHSGDK/0b28g/uXVU+yUmpmIkhQh4qNFnVRSjOkgDNoWCjjKniGMK2FupfyKKcZNFjpvQvj6lP5Pzncdz/DT/ULlaBxHjmyQTVIkHvFJhZyQKqkRTu7IA3kiz9a99Wi9WK+j1glrPLNGfsB6+wQHdZVy</latexit><latexit sha1_base64="PHzAWiZUC1867ESUsR6IIl3erro=">AAAB/3icdVDJSgNBEO1xjXEbFbx4aQxCBBlm3Ca5Bb14jGBUSELo6VRiY89Cd40Yxhz8FS8eFPHqb3jzb+wsgoo+KHi8V0VVvSCRQqPrflgTk1PTM7O5ufz8wuLSsr2yeq7jVHGo8VjG6jJgGqSIoIYCJVwmClgYSLgIro8H/sUNKC3i6Ax7CTRD1o1ER3CGRmrZ6w2EW8y4TDWC6u/Q4qHj+dstu+A63q7vH3jUdcrlsn+wNyLuXol6jjtEgYxRbdnvjXbM0xAi5JJpXffcBJsZUyi4hH6+kWpIGL9mXagbGrEQdDMb3t+nW0Zp006sTEVIh+r3iYyFWvfCwHSGDK/0b28g/uXVU+yUmpmIkhQh4qNFnVRSjOkgDNoWCjjKniGMK2FupfyKKcZNFjpvQvj6lP5Pzncdz/DT/ULlaBxHjmyQTVIkHvFJhZyQKqkRTu7IA3kiz9a99Wi9WK+j1glrPLNGfsB6+wQHdZVy</latexit><latexit sha1_base64="PHzAWiZUC1867ESUsR6IIl3erro=">AAAB/3icdVDJSgNBEO1xjXEbFbx4aQxCBBlm3Ca5Bb14jGBUSELo6VRiY89Cd40Yxhz8FS8eFPHqb3jzb+wsgoo+KHi8V0VVvSCRQqPrflgTk1PTM7O5ufz8wuLSsr2yeq7jVHGo8VjG6jJgGqSIoIYCJVwmClgYSLgIro8H/sUNKC3i6Ax7CTRD1o1ER3CGRmrZ6w2EW8y4TDWC6u/Q4qHj+dstu+A63q7vH3jUdcrlsn+wNyLuXol6jjtEgYxRbdnvjXbM0xAi5JJpXffcBJsZUyi4hH6+kWpIGL9mXagbGrEQdDMb3t+nW0Zp006sTEVIh+r3iYyFWvfCwHSGDK/0b28g/uXVU+yUmpmIkhQh4qNFnVRSjOkgDNoWCjjKniGMK2FupfyKKcZNFjpvQvj6lP5Pzncdz/DT/ULlaBxHjmyQTVIkHvFJhZyQKqkRTu7IA3kiz9a99Wi9WK+j1glrPLNGfsB6+wQHdZVy</latexit><latexit sha1_base64="PHzAWiZUC1867ESUsR6IIl3erro=">AAAB/3icdVDJSgNBEO1xjXEbFbx4aQxCBBlm3Ca5Bb14jGBUSELo6VRiY89Cd40Yxhz8FS8eFPHqb3jzb+wsgoo+KHi8V0VVvSCRQqPrflgTk1PTM7O5ufz8wuLSsr2yeq7jVHGo8VjG6jJgGqSIoIYCJVwmClgYSLgIro8H/sUNKC3i6Ax7CTRD1o1ER3CGRmrZ6w2EW8y4TDWC6u/Q4qHj+dstu+A63q7vH3jUdcrlsn+wNyLuXol6jjtEgYxRbdnvjXbM0xAi5JJpXffcBJsZUyi4hH6+kWpIGL9mXagbGrEQdDMb3t+nW0Zp006sTEVIh+r3iYyFWvfCwHSGDK/0b28g/uXVU+yUmpmIkhQh4qNFnVRSjOkgDNoWCjjKniGMK2FupfyKKcZNFjpvQvj6lP5Pzncdz/DT/ULlaBxHjmyQTVIkHvFJhZyQKqkRTu7IA3kiz9a99Wi9WK+j1glrPLNGfsB6+wQHdZVy</latexit>
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numerical
<latexit sha1_base64="6HVxYENjsnSJ21NTG9GX3ySjaHs="></latexit><latexit sha1_base64="6HVxYENjsnSJ21NTG9GX3ySjaHs="></latexit><latexit sha1_base64="6HVxYENjsnSJ21NTG9GX3ySjaHs="></latexit><latexit sha1_base64="6HVxYENjsnSJ21NTG9GX3ySjaHs="></latexit>
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numerical
<latexit sha1_base64="6HVxYENjsnSJ21NTG9GX3ySjaHs="></latexit><latexit sha1_base64="6HVxYENjsnSJ21NTG9GX3ySjaHs="></latexit><latexit sha1_base64="6HVxYENjsnSJ21NTG9GX3ySjaHs="></latexit><latexit sha1_base64="6HVxYENjsnSJ21NTG9GX3ySjaHs="></latexit>

-0.3 -0.2 -0.1 0 0.1 0.2 0.3
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8.6

leading-order model
<latexit sha1_base64="0pG3lF9Lcju9VyVjdNjXrr8XkSg="></latexit><latexit sha1_base64="0pG3lF9Lcju9VyVjdNjXrr8XkSg="></latexit><latexit sha1_base64="0pG3lF9Lcju9VyVjdNjXrr8XkSg="></latexit><latexit sha1_base64="0pG3lF9Lcju9VyVjdNjXrr8XkSg="></latexit>

leading-order model
<latexit sha1_base64="0pG3lF9Lcju9VyVjdNjXrr8XkSg="></latexit><latexit sha1_base64="0pG3lF9Lcju9VyVjdNjXrr8XkSg="></latexit><latexit sha1_base64="0pG3lF9Lcju9VyVjdNjXrr8XkSg="></latexit><latexit sha1_base64="0pG3lF9Lcju9VyVjdNjXrr8XkSg="></latexit>

k�1/�
<latexit sha1_base64="tFm2G5eQzHdmhVXRo7BVE2kqbd8="></latexit><latexit sha1_base64="tFm2G5eQzHdmhVXRo7BVE2kqbd8="></latexit><latexit sha1_base64="tFm2G5eQzHdmhVXRo7BVE2kqbd8="></latexit><latexit sha1_base64="tFm2G5eQzHdmhVXRo7BVE2kqbd8="></latexit>
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/
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<latexit sha1_base64="FlMjWDHAv7BUSZkEEy3bDax7T+4="></latexit><latexit sha1_base64="FlMjWDHAv7BUSZkEEy3bDax7T+4="></latexit><latexit sha1_base64="FlMjWDHAv7BUSZkEEy3bDax7T+4="></latexit><latexit sha1_base64="FlMjWDHAv7BUSZkEEy3bDax7T+4="></latexit>
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cluster, (6.11)
<latexit sha1_base64="y4U2VuWpmQHILVyz8Tdmv39r37c=">AAAB/3icdVDLSgNBEJz1bXxFBS9eBoOgIMvuGhK9Bb14jGBUSEKYnfQmQ2YfzPSKYc3BX/HiQRGv/oY3/8ZZjaCiBQ1FVTfdXX4ihUbHebMmJqemZ2bn5gsLi0vLK8XVtXMdp4pDg8cyVpc+0yBFBA0UKOEyUcBCX8KFPzjO/YsrUFrE0RkOE2iHrBeJQHCGRuoUN1oI15hxmWoENdqjOxXbdXc7xZJjHx5UvHKFOrbjVF3PzYlXLe+XqWuUHCUyRr1TfG11Y56GECGXTOum6yTYzphCwSWMCq1UQ8L4gPWgaWjEQtDt7OP+Ed02SpcGsTIVIf1Qv09kLNR6GPqmM2TY17+9XPzLa6YYHLQzESUpQsQ/FwWppBjTPAzaFQo4yqEhjCthbqW8zxTjJgtdMCF8fUr/J+eeCcx2Tsul2tE4jjmySbbIDnFJldTICamTBuHkhtyRB/Jo3Vr31pP1/Nk6YY1n1skPWC/vyauVRw==</latexit><latexit sha1_base64="y4U2VuWpmQHILVyz8Tdmv39r37c=">AAAB/3icdVDLSgNBEJz1bXxFBS9eBoOgIMvuGhK9Bb14jGBUSEKYnfQmQ2YfzPSKYc3BX/HiQRGv/oY3/8ZZjaCiBQ1FVTfdXX4ihUbHebMmJqemZ2bn5gsLi0vLK8XVtXMdp4pDg8cyVpc+0yBFBA0UKOEyUcBCX8KFPzjO/YsrUFrE0RkOE2iHrBeJQHCGRuoUN1oI15hxmWoENdqjOxXbdXc7xZJjHx5UvHKFOrbjVF3PzYlXLe+XqWuUHCUyRr1TfG11Y56GECGXTOum6yTYzphCwSWMCq1UQ8L4gPWgaWjEQtDt7OP+Ed02SpcGsTIVIf1Qv09kLNR6GPqmM2TY17+9XPzLa6YYHLQzESUpQsQ/FwWppBjTPAzaFQo4yqEhjCthbqW8zxTjJgtdMCF8fUr/J+eeCcx2Tsul2tE4jjmySbbIDnFJldTICamTBuHkhtyRB/Jo3Vr31pP1/Nk6YY1n1skPWC/vyauVRw==</latexit><latexit sha1_base64="y4U2VuWpmQHILVyz8Tdmv39r37c=">AAAB/3icdVDLSgNBEJz1bXxFBS9eBoOgIMvuGhK9Bb14jGBUSEKYnfQmQ2YfzPSKYc3BX/HiQRGv/oY3/8ZZjaCiBQ1FVTfdXX4ihUbHebMmJqemZ2bn5gsLi0vLK8XVtXMdp4pDg8cyVpc+0yBFBA0UKOEyUcBCX8KFPzjO/YsrUFrE0RkOE2iHrBeJQHCGRuoUN1oI15hxmWoENdqjOxXbdXc7xZJjHx5UvHKFOrbjVF3PzYlXLe+XqWuUHCUyRr1TfG11Y56GECGXTOum6yTYzphCwSWMCq1UQ8L4gPWgaWjEQtDt7OP+Ed02SpcGsTIVIf1Qv09kLNR6GPqmM2TY17+9XPzLa6YYHLQzESUpQsQ/FwWppBjTPAzaFQo4yqEhjCthbqW8zxTjJgtdMCF8fUr/J+eeCcx2Tsul2tE4jjmySbbIDnFJldTICamTBuHkhtyRB/Jo3Vr31pP1/Nk6YY1n1skPWC/vyauVRw==</latexit><latexit sha1_base64="y4U2VuWpmQHILVyz8Tdmv39r37c=">AAAB/3icdVDLSgNBEJz1bXxFBS9eBoOgIMvuGhK9Bb14jGBUSEKYnfQmQ2YfzPSKYc3BX/HiQRGv/oY3/8ZZjaCiBQ1FVTfdXX4ihUbHebMmJqemZ2bn5gsLi0vLK8XVtXMdp4pDg8cyVpc+0yBFBA0UKOEyUcBCX8KFPzjO/YsrUFrE0RkOE2iHrBeJQHCGRuoUN1oI15hxmWoENdqjOxXbdXc7xZJjHx5UvHKFOrbjVF3PzYlXLe+XqWuUHCUyRr1TfG11Y56GECGXTOum6yTYzphCwSWMCq1UQ8L4gPWgaWjEQtDt7OP+Ed02SpcGsTIVIf1Qv09kLNR6GPqmM2TY17+9XPzLa6YYHLQzESUpQsQ/FwWppBjTPAzaFQo4yqEhjCthbqW8zxTjJgtdMCF8fUr/J+eeCcx2Tsul2tE4jjmySbbIDnFJldTICamTBuHkhtyRB/Jo3Vr31pP1/Nk6YY1n1skPWC/vyauVRw==</latexit> cluster, (6.18)

<latexit sha1_base64="BqDG9g5sNRCx/187dL5Hd/Zy3KQ=">AAAB/3icdVDLSgNBEJz1GeMrKnjxMhiECBJ215DEW9CLxwgmCkkIs5OODpl9MNMrhjUHf8WLB0W8+hve/BtnkwgqWtBQVHXT3eVFUmi07Q9rZnZufmExs5RdXlldW89tbDZ1GCsODR7KUF16TIMUATRQoITLSAHzPQkX3uAk9S9uQGkRBuc4jKDjs6tA9AVnaKRubruNcIsJl7FGUKMDWigXnep+N5e3i0fVslsqU7to2xXHdVLiVkqHJeoYJUWeTFHv5t7bvZDHPgTIJdO65dgRdhKmUHAJo2w71hAxPmBX0DI0YD7oTjK+f0T3jNKj/VCZCpCO1e8TCfO1Hvqe6fQZXuvfXir+5bVi7Fc7iQiiGCHgk0X9WFIMaRoG7QkFHOXQEMaVMLdSfs0U4yYLnTUhfH1K/ydNt+gYflbK146ncWTIDtklBeKQCqmRU1InDcLJHXkgT+TZurcerRfrddI6Y01ntsgPWG+f1E6VTg==</latexit><latexit sha1_base64="BqDG9g5sNRCx/187dL5Hd/Zy3KQ=">AAAB/3icdVDLSgNBEJz1GeMrKnjxMhiECBJ215DEW9CLxwgmCkkIs5OODpl9MNMrhjUHf8WLB0W8+hve/BtnkwgqWtBQVHXT3eVFUmi07Q9rZnZufmExs5RdXlldW89tbDZ1GCsODR7KUF16TIMUATRQoITLSAHzPQkX3uAk9S9uQGkRBuc4jKDjs6tA9AVnaKRubruNcIsJl7FGUKMDWigXnep+N5e3i0fVslsqU7to2xXHdVLiVkqHJeoYJUWeTFHv5t7bvZDHPgTIJdO65dgRdhKmUHAJo2w71hAxPmBX0DI0YD7oTjK+f0T3jNKj/VCZCpCO1e8TCfO1Hvqe6fQZXuvfXir+5bVi7Fc7iQiiGCHgk0X9WFIMaRoG7QkFHOXQEMaVMLdSfs0U4yYLnTUhfH1K/ydNt+gYflbK146ncWTIDtklBeKQCqmRU1InDcLJHXkgT+TZurcerRfrddI6Y01ntsgPWG+f1E6VTg==</latexit><latexit sha1_base64="BqDG9g5sNRCx/187dL5Hd/Zy3KQ=">AAAB/3icdVDLSgNBEJz1GeMrKnjxMhiECBJ215DEW9CLxwgmCkkIs5OODpl9MNMrhjUHf8WLB0W8+hve/BtnkwgqWtBQVHXT3eVFUmi07Q9rZnZufmExs5RdXlldW89tbDZ1GCsODR7KUF16TIMUATRQoITLSAHzPQkX3uAk9S9uQGkRBuc4jKDjs6tA9AVnaKRubruNcIsJl7FGUKMDWigXnep+N5e3i0fVslsqU7to2xXHdVLiVkqHJeoYJUWeTFHv5t7bvZDHPgTIJdO65dgRdhKmUHAJo2w71hAxPmBX0DI0YD7oTjK+f0T3jNKj/VCZCpCO1e8TCfO1Hvqe6fQZXuvfXir+5bVi7Fc7iQiiGCHgk0X9WFIMaRoG7QkFHOXQEMaVMLdSfs0U4yYLnTUhfH1K/ydNt+gYflbK146ncWTIDtklBeKQCqmRU1InDcLJHXkgT+TZurcerRfrddI6Y01ntsgPWG+f1E6VTg==</latexit><latexit sha1_base64="BqDG9g5sNRCx/187dL5Hd/Zy3KQ=">AAAB/3icdVDLSgNBEJz1GeMrKnjxMhiECBJ215DEW9CLxwgmCkkIs5OODpl9MNMrhjUHf8WLB0W8+hve/BtnkwgqWtBQVHXT3eVFUmi07Q9rZnZufmExs5RdXlldW89tbDZ1GCsODR7KUF16TIMUATRQoITLSAHzPQkX3uAk9S9uQGkRBuc4jKDjs6tA9AVnaKRubruNcIsJl7FGUKMDWigXnep+N5e3i0fVslsqU7to2xXHdVLiVkqHJeoYJUWeTFHv5t7bvZDHPgTIJdO65dgRdhKmUHAJo2w71hAxPmBX0DI0YD7oTjK+f0T3jNKj/VCZCpCO1e8TCfO1Hvqe6fQZXuvfXir+5bVi7Fc7iQiiGCHgk0X9WFIMaRoG7QkFHOXQEMaVMLdSfs0U4yYLnTUhfH1K/ydNt+gYflbK146ncWTIDtklBeKQCqmRU1InDcLJHXkgT+TZurcerRfrddI6Y01ntsgPWG+f1E6VTg==</latexit>

Figure 6. Asymptotics of closely spaced dispersion branches: (a) two nearby eigenvalues at apex k`= 1 in the tetratomic

chain from Fig. 2, and (b) three nearby eigenvalues at apex A in the chessboard medium from Fig. 5.

we pursue the plane-wave expansion approach and we adopt the projection of a Bloch wave
onto an eigenfunction for the unit cell of periodicity – at a fixed wavenumber and frequency
– as effective descriptor of wave motion. In this way we obtain a homogenized field equation
(including the source term), for an arbitrary dispersion branch, near corners of the “wavenumber
quadrants” comprising the first Brillouin zone. We consider the situations of both (i) isolated,
(ii) repeated, and (iii) nearby eigenvalues. The second-order analysis of isolated eigenvalues
demonstrates that the leading correction of the effective differential operator is O(✏2). In contrast,
the effective source term is found to undergo an O(✏) correction, which may be important for
the development of homogenized Green’s functions for periodic media. In the case of repeated
eigenvalues, the effective description of wave motion reveals three distinct asymptotic regimes
depending on the symmetries of the germane eigenfunction basis. One of these regimes is shown
to describe the so-called Dirac points, i.e. conical contacts between dispersion surfaces, that are
relevant to the phenomenon of topological insulation. In situations involving nearby eigenvalues
(some of which may be repeated), the leading-order model is found to invariably entail a Dirac-
like system of equations that generates “blunted” conical dispersion surfaces. We illustrate the
analytical developments by several examples, including the Green’s function near the edge of
a band gap, and clusters of closely spaced dispersion branches. The mathematical framework
established in this work naturally lends itself to the effective analysis of related (e.g. Maxwell or
Navier) field equations and emerging physical phenomena, such as topologically protected states
and topological networks [18,19], that revolve around the gapping of Dirac cones.
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Figure 6. Asymptotics of closely spaced dispersion branches: (a) two nearby eigenvalues at apex k`= 1 in the tetratomic

chain from Fig. 2, and (b) three nearby eigenvalues at apex A in the chessboard medium from Fig. 5.

we pursue the plane-wave expansion approach and we adopt the projection of a Bloch wave
onto an eigenfunction for the unit cell of periodicity – at a fixed wavenumber and frequency
– as effective descriptor of wave motion. In this way we obtain a homogenized field equation
(including the source term), for an arbitrary dispersion branch, near corners of the “wavenumber
quadrants” comprising the first Brillouin zone. We consider the situations of both (i) isolated,
(ii) repeated, and (iii) nearby eigenvalues. The second-order analysis of isolated eigenvalues
demonstrates that the leading correction of the effective differential operator is O(✏2). In contrast,
the effective source term is found to undergo an O(✏) correction, which may be important for
the development of homogenized Green’s functions for periodic media. In the case of repeated
eigenvalues, the effective description of wave motion reveals three distinct asymptotic regimes
depending on the symmetries of the germane eigenfunction basis. One of these regimes is shown
to describe the so-called Dirac points, i.e. conical contacts between dispersion surfaces, that are
relevant to the phenomenon of topological insulation. In situations involving nearby eigenvalues
(some of which may be repeated), the leading-order model is found to invariably entail a Dirac-
like system of equations that generates “blunted” conical dispersion surfaces. We illustrate the
analytical developments by several examples, including the Green’s function near the edge of
a band gap, and clusters of closely spaced dispersion branches. The mathematical framework
established in this work naturally lends itself to the effective analysis of related (e.g. Maxwell or
Navier) field equations and emerging physical phenomena, such as topologically protected states
and topological networks [18,19], that revolve around the gapping of Dirac cones.
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For convenience, we rewrite (129) as the generalized eigenvalue problem
X

q

Apq w0q � ⌧
X

q

Dpq w0q = 0, p = 1, Q (131)

with
Apq = ✓(0)

pq ·ik̂, Dpq = �pq ⇢(0)
q ⌧ = ��!̆2. (132)

Since ✓(0)

pq is real-valued and ⇢(0)
q > 0, we see that Apq is Hermitian skew-symmetric, and that Dpq is positive

definite. In what follows, we seek (whenever possible) a non-trivial solution to (131).

Lemma 7. The following statements hold: every ⌧ solving (131) is either real-valued or zero; (ii) if ⌧ is an
eigenvalue of (131), so is �⌧ ; (iii) the eigenvectors corresponding to ⌧ and �⌧ are complex conjugates of each
other, and (iv) the maximum rank of Apq is Q (resp. Q�1) for Q even (resp. odd). See Appendix, Section A
for proof.

Assumption 1. Hereon, we focus our analysis on the situations where Apq is either: (i) of maximum rank
as in Lemma 7, or (ii) trivial.

Remark 13. The first step in the ensuing analyses is to expose the frequency scaling law in (87) depending
on the nature of Apq. Following the developments in Section 5 and in particular the proof of Lemma 6, the key
issue is whether letting !̆ = 0 turns the e↵ective O(✏�1) equation (131) into an identity for non-trivial w0q –
which can then be deployed to satisfy the e↵ective O(1) equation with the source term.

6.2.1. E↵ective model for full-rank Apq (Q even)
In situations when Q is even, generalized eigenvalue problem (131) has no zero eigenvalues by Lemma 7 and
Assumption 1. Accordingly, assuming the scaling framework (87) with !̆ = 0 does not cater for a non-trivial
solution of (131); we thus let !̆ 6= 0 and w0q = 0 (q = 1, Q) by which the O(✏�1) contribution to (88) becomes

��̃a
n⇢w̃1 � r·

�
G(rw̃1)

�
= 0 in Ya. (133)

As a result, the leading-order solution reads

w̃1(x) =
X

q

w1q '̃a
nq(x), (134)

where w1q 2 C (q = 1, Q) are constants. To compute w1q, we identify the O(1) statement of (88), namely

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
Grw̃1

�
� �!̆2⇢w̃1 = eika·x in Ya. (135)

On multiplying (135) by '̃a
np (p 2 1, Q) and integrating over Ya by parts as in the treatment of (32), we obtain

�
ik̂Gw̃1, r'̃a

np

�
Ya

�
�
ik̂·

�
Grw̃1

�
, '̃a

np

�
Ya

� �!̆2
�
⇢w̃1, '̃

a
np

�
Ya

=
�
eika·x, '̃a

np

�
Ya

. (136)

The substitution of (134) into (136) results in a system of Q governing equations for w1p as

�
X

q

Apq w1q � �!̆2
X

q

Dpq w1q = heika·xip'
a , p = 1, Q (137)

where Apq and Dpq are given by (132). By Lemma 7 and Assumption 1, we find that the generalized eigenvalue
problem underpinning (137) has Q real eigenvalues, hereon denoted by ��r !̆2

r , and we assume �!̆2 6= �r !̆2
r

(r = 1, Q) when solving (137).

Remark 14. By Lemma 7, the above eigenvalues appear in “±” pairs, and we conveniently arrange them
so that (i) !̆2

r = !̆2
r+1 and �r/r+1 = ±1 for r odd, and (ii) 0 < !̆2

1 6 !̆2
2 6 . . . 6 !̆2

Q. In this set-
ting, there are Q/2 pairs of dispersion branches emanating from the apex point (ka, !a

n) given by mappings
(ka+ ✏k̂, !a

n + ✏�r!̆2
r(k̂)/(2!a

n)). Each such branch is characterized by an O(1) (positive or negative) group
velocity, and is stenciled by the respective eigenfunction

P
q er

q '̃a
nq, where er

q 2 C (q = 1, Q) are components

of the unit eigenvector of Apq corresponding to �r !̆2
r .
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Fig. 3. (a),(b) Zoom-in to Point T and R in Fig. (2 b). t i and r i are neighboring modes on coarse discretization of wavenumbers. t 1 and t 2 belong to the same 
wavenumber Q 1 =  0 . 3651 , Q 2 =  0 , t 3 and t 4 belong to Q 1 =  0 . 3719 , Q 2 =  0 , r 1 and r 2 belong to Q 1 =  0 . 5 , Q 2 =  0 . 18 , r 3 and r 4 belong to Q 1 =  0 . 5 , Q 2 =  0 . 1867 . 
(c),(d) Band structure evaluations on finer discretization of wavenumbers. 

Fig. 4. (a),(b) Real and imaginary part of λ1 and λ2 . Level repulsion on real µ axis is marked by the red curves. The real and imaginary part of the 
exceptional point are indicated by the red circles. The parameters in Eq. (15) : ϵ1 =  1 , ϵ1 =  2 , ω 1 =  2 , ω 1 =  −1 and φ =  π/ 25 . (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web version of this article.) 
Fig. (3 ) where there is a degeneracy of two eigenvalues but the associated eigenvectors are still linearly independent. The 
latter is called a diabolic point . The presence of exceptional points in the complex µ plane is associated with avoided cross- 
ings (level repulsion) of λn on the real µ axis. 

As an example, if A is a 2 × 2 matrix of the form 
A =  [ϵ1 0 

0 ϵ2 
]

+ µU [ω 1 0 
0 ω 2 

]
U T ; U =  [cos φ − sin φ

sin φ cos φ
]

(15) 
then it has an exceptional point at 

µc =  − ϵ1 − ϵ2 
ω 1 − ω 2 exp (± 2i φ) (16) 

A has two eigenvalues λ1 , λ2 whose variations in the vicinity of the exceptional point are shown in Fig. (4 ). The exceptional 
point itself is marked with a red circle in the real and imaginary domains of the eigenvalues. The imaginary figure ( Fig. 4 b) 
is flipped with respect to the imaginary µ axis for easy visualization of the exceptional point. Fig. (4 a) shows both the 
coalescing of the two surfaces at the exceptional point and the associated phenomenon of level repulsion which follows on 
the real µ axis. The latter is emphasized by the red curve. On the real µ axis the complex parts of the eigenvalues are zero 

Macroscopic view

Zoom-in
?



Remarks

7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
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Q=2, rank(Apq)=0: eq. (143)
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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Figure 2: FF-FW approximation of the dispersion relationship in polyatomic chains: (a) diatomic chain with m = (1, 0.5) and

c = (1, 0.5); (b) triatomic chain with m = (1, 0.4582, 1.0674) and c = (1, 2.0075, 2.3388), (c) triatomic chain with m = (1, 2.5, 1)
and c = (1, 1, 0.4), and (d) tetratomic chain with m = (1, 2.0237, 1.3539, 1.6625) and c = (1, 0.4257, 1.0521, 0.3731). Here

!0 =

p
c1/m1; solid line plots the exact relationship, and “o” (resp. “x”) marker tracks the leading- (resp. second-) order

approximation.
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`2
<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2
<latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit>

⇡/`1
<latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit>

⇡/`2
<latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit>

�⇡/`2
<latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit>

�⇡/`1
<latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit>
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [9], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
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Direction-dependent asymptotic behavior

Dirac Wave



Remarks

7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
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Q=2, rank(Apq)=0: eq. (143)
<latexit sha1_base64="5AUSpk7VoZjEQMdlp6mC26i9vQs="></latexit><latexit sha1_base64="5AUSpk7VoZjEQMdlp6mC26i9vQs="></latexit><latexit sha1_base64="5AUSpk7VoZjEQMdlp6mC26i9vQs="></latexit><latexit sha1_base64="5AUSpk7VoZjEQMdlp6mC26i9vQs="></latexit>

Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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Figure 2: FF-FW approximation of the dispersion relationship in polyatomic chains: (a) diatomic chain with m = (1, 0.5) and

c = (1, 0.5); (b) triatomic chain with m = (1, 0.4582, 1.0674) and c = (1, 2.0075, 2.3388), (c) triatomic chain with m = (1, 2.5, 1)
and c = (1, 1, 0.4), and (d) tetratomic chain with m = (1, 2.0237, 1.3539, 1.6625) and c = (1, 0.4257, 1.0521, 0.3731). Here

!0 =

p
c1/m1; solid line plots the exact relationship, and “o” (resp. “x”) marker tracks the leading- (resp. second-) order

approximation.
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`2
<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2
<latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit>

⇡/`1
<latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit>

⇡/`2
<latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit>

�⇡/`2
<latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit>

�⇡/`1
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [9], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
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Lemma 5.11. A sufficient condition for the occurrence of a Dirac point [15], i.e. conical contact between
dispersion surfaces, at (ka, ωa

n) is given by

rank(Apq) = Q ∀ k̂

∥k̂∥
∈ {κ ∈ Rd : ∥κ∥ = 1}, Q > 1.

As a result, ‘simple’ (Q = 2) Dirac points of the scalar wave equation are not possible.

Proof. When Q = 2, the eigenvalues of Apq are ± θ
(0)
12 · k̂, which vanish for k̂/∥k̂∥ ⊥ θ

(0)
12 . !

Remark 5.12. The effective description given by theorem 5.9 inherently depends upon the
choice of the eigenfunction basis ϕ̃a

nq (q = 1, Q), since any linear combination thereof is also an
eigenfunction. To shed light on the problem, let Tpq be an invertible real-valued matrix such that

˜̃ϕa
np =

∑

q
Tpqϕ̃

a
nq, p = 1, Q (5.29)

represents another (possibly rescaled) basis that is orthogonal in L2
ρ (Ya). In this new frame, we

have
ρ̃

(0)
p =

∑

r
Tpr ρ

(0)
r TT

rp, θ̃
(0)
pq =

∑

r,s
Tpr θ

(0)
rs TT

sq and µ̃
(0)
pq =

∑

r,s
Tpr µ

(0)
rs TT

sq, (5.30)

due to (5.12) and (5.21). As a result, effective models (5.17) and (5.20) hold under the mappings

wjq → w̃jq =
∑

s
T− T

qs wjs, Mpq → M̃pq =
∑

r,s
TprMrsTT

sq

and ⟨eika·x⟩pϕ
a → ⟨eika·x⟩pϕ̃

a =
∑

s
Tqs⟨eika·x⟩sϕ

a , j ∈ {0, 1}, M ∈ {A, B, D},

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭
(5.31)

which clearly preserve the germane dispersion relationships.

The foregoing remark raises the question of a unique ‘reference’ eigenfunction basis that
facilitates comparison of results across studies. To help the discussion, we let

D− 1/2
pq = δpq (ρ(0)

q )− 1/2 and ρ(0) = 1
Q

∑

q
ρ

(0)
q , (5.32)

and we denote by λA
p ∈ R and λB

p ∈ R (p = 1, Q) the real eigenvalues of ρ(0)∑
r,s D− 1/2

pr ArsD
− 1/2
sq and

ρ(0) ∑
r,s D− 1/2

pr BrsD
− 1/2
sq , respectively. Note that λA

p are ordered in ± pairs as in remark 5.6.

Lemma 5.13. Let k̂/∥k̂∥ be fixed, and consider the eigenfunction basis ˜̃ϕa
np given by (5.29) with

Tpq =
√

ρ(0)
∑

s
RT

psD
− 1/2
sq , p, q = 1, Q, (5.33)

where Rpq is a real-valued orthogonal matrix that: (a) converts ρ(0) ∑
r,s D− 1/2

pr ArsD
− 1/2
sq into a 2 × 2

block-diagonal form (·)ot via transformation
∑

p,q RT
op(·)pqRqt when solving (5.17) and (b) collects

the eigenvectors of ρ(0)∑
r,s D− 1/2

pr BrsD
− 1/2
sq when solving (5.20). Such basis is (i) ρ-orthonormal in

that (ρ˜̃ϕa
np,˜̃ϕa

nq)Ya
= δpq ρ(0) and (ii) unique, i.e. independent of the choice of ϕ̃a

np, when Mpq itself (M =
A, B) has no repeated eigenvalues. In this frame of reference, system (5.17) (respectively, system (5.20))
becomes 2 × 2 block-diagonal (respectively, diagonal) in direction k̂/∥k̂∥ as

Ãpq = θ̃
(0)
pq · (ik̂) = δp(q+(− 1)p)(− 1)piλA

p

and B̃pq = µ̃
(0)
pq : (ik̂)2 = δpqλ

B
p , D̃pq = δpqρ

(0) (no summation),

⎫
⎪⎬

⎪⎭
(5.34)

where Ãpq, B̃pq and D̃pq are invariant with respect to the choice of basis ϕ̃a
np. See electronic supplementary

material, appendix A for proof.
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6.1. Eigenfunction basis

Assuming that �a
n has multiplicity Q > 1, let �̃a

nq 2 H1
p (Y ) (q = 1, Q) be linearly independent eigenfunctions

that satisfy

�(r+ika)·
�
G(r+ika)�̃a

nq

�
= �̃a

n⇢�̃a
nq in Y, (120)

⌫ · G(r+ika)�̃a
nq|xj=0 = �⌫ · G(r+ika)�̃a

nq|xj=`j , j = 1, d (121)

together with the orthogonality condition (11). Following the analysis in Section 5.1, we let

�̃a
nq(x) = '̃a

nq(x)e�ika·x, q = 1, Q (122)

where '̃a
nq 2 H1

p (Ya) are orthogonal according to (83) and satisfy

�r·
�
Gr'̃a

nq

�
= �̃a

n⇢ '̃a
nq in Ya, (123)

⌫ · Gr'̃a
nq|xj=0 = �⌫ · Gr'̃a

nq|xj=(1+aj)`j
, (124)

aj'̃
a
nq|xj=0 = �aj'̃

a
nq|xj=`j , j = 1, d. (125)

By extending the argument of Lemma 2, we find that '̃a
nq can be taken as real-valued without loss of generality.

In this case, however, a generic solution to (123)–(125) need not have constant argument across Ya.
On the basis of (120)–(125), we define the relevant “averaging” operators as

hũiq
a =

�
ũ, �̃a

nq

�
Ya

, hũiq'
a =

�
ũ, '̃a

nq

�
Ya

, q = 1, Q, (126)

and we generalize (86) as

H1a
p0 (Ya) = {g 2 L2(Y ) : rg 2 (L2(Y ))d, hgiq'

a = 0, q = 1, Q, g|xj=0 = g|xj=(1+aj)`j
, j = 1, d}.

Remark 11. In the sequel, we do not asume implicit summation over repeated indexes p, q and r.

6.2. Leading-order approximation

As indicated earlier, we consider (88)–(89) and we start from the asymptotic expansion of w̃ as given by (90).
In the context of (126), however, there are Q expressions of the e↵ective motion and (92)–(93) become

hw̃iq
a = ✏�2w0q + ✏�1w1q + · · · , wmq = hw̃miq'

a , m > 0, q = 1, Q. (127)

From the results in Section 5.3, we find the O(✏�2) contribution stemming from (88) to be given by (94).
By (123)–(125), we now have

w̃0(x) =
X

q

w0q '̃a
nq(x), (128)

where w0q 2 C (q = 1, Q) are constants to be determined.
Next, we find the O(✏�1) statement of (88) to be given by (96). On multiplying the latter by '̃a

np and
integrating over Ya, one can show by following the proof of Lemma 6 that

X

q

✓(0)

pq ·(ik̂) w0q + �!̆2⇢(0)
p w0p = 0, p = 1, Q. (129)

where
⇢(0)

p =
⌦
⇢'̃a

np

↵p'

a
, ✓(0)

pq =
⌦
Gr'̃a

nq

↵p'

a
�

⌦
Gr'̃a

np

↵q'

a
, p, q = 1, Q. (130)

Remark 12. On recalling Lemma 1 and the discussion in Remark 4, from (128) we find that the leading-order
mean energy density of a Bloch wave ũ (averaged in space and time [31]) is given by

Ē0 = 1
2!2(⇢ũ0, ũ0) = 1

2!2f̃2
X

q

⇢(0)
q w2

0q.

This lends ⇢(0)
q (q = 1, Q) an alternative interpretation as the quanta of energy characterizing respective

dispersion curves.
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For convenience, we rewrite (129) as the generalized eigenvalue problem
X

q

Apq w0q � ⌧
X

q

Dpq w0q = 0, p = 1, Q (131)

with
Apq = ✓(0)

pq ·ik̂, Dpq = �pq ⇢(0)
q ⌧ = ��!̆2. (132)

Since ✓(0)

pq is real-valued and ⇢(0)
q > 0, we see that Apq is Hermitian skew-symmetric, and that Dpq is positive

definite. In what follows, we seek (whenever possible) a non-trivial solution to (131).

Lemma 7. The following statements hold: every ⌧ solving (131) is either real-valued or zero; (ii) if ⌧ is an
eigenvalue of (131), so is �⌧ ; (iii) the eigenvectors corresponding to ⌧ and �⌧ are complex conjugates of each
other, and (iv) the maximum rank of Apq is Q (resp. Q�1) for Q even (resp. odd). See Appendix, Section A
for proof.

Assumption 1. Hereon, we focus our analysis on the situations where Apq is either: (i) of maximum rank
as in Lemma 7, or (ii) trivial.

Remark 13. The first step in the ensuing analyses is to expose the frequency scaling law in (87) depending
on the nature of Apq. Following the developments in Section 5 and in particular the proof of Lemma 6, the key
issue is whether letting !̆ = 0 turns the e↵ective O(✏�1) equation (131) into an identity for non-trivial w0q –
which can then be deployed to satisfy the e↵ective O(1) equation with the source term.

6.2.1. E↵ective model for full-rank Apq (Q even)
In situations when Q is even, generalized eigenvalue problem (131) has no zero eigenvalues by Lemma 7 and
Assumption 1. Accordingly, assuming the scaling framework (87) with !̆ = 0 does not cater for a non-trivial
solution of (131); we thus let !̆ 6= 0 and w0q = 0 (q = 1, Q) by which the O(✏�1) contribution to (88) becomes

��̃a
n⇢w̃1 � r·

�
G(rw̃1)

�
= 0 in Ya. (133)

As a result, the leading-order solution reads

w̃1(x) =
X

q

w1q '̃a
nq(x), (134)

where w1q 2 C (q = 1, Q) are constants. To compute w1q, we identify the O(1) statement of (88), namely

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
Grw̃1

�
� �!̆2⇢w̃1 = eika·x in Ya. (135)

On multiplying (135) by '̃a
np (p 2 1, Q) and integrating over Ya by parts as in the treatment of (32), we obtain

�
ik̂Gw̃1, r'̃a

np

�
Ya

�
�
ik̂·

�
Grw̃1

�
, '̃a

np

�
Ya

� �!̆2
�
⇢w̃1, '̃

a
np

�
Ya

=
�
eika·x, '̃a

np

�
Ya

. (136)

The substitution of (134) into (136) results in a system of Q governing equations for w1p as

�
X

q

Apq w1q � �!̆2
X

q

Dpq w1q = heika·xip'
a , p = 1, Q (137)

where Apq and Dpq are given by (132). By Lemma 7 and Assumption 1, we find that the generalized eigenvalue
problem underpinning (137) has Q real eigenvalues, hereon denoted by ��r !̆2

r , and we assume �!̆2 6= �r !̆2
r

(r = 1, Q) when solving (137).

Remark 14. By Lemma 7, the above eigenvalues appear in “±” pairs, and we conveniently arrange them
so that (i) !̆2

r = !̆2
r+1 and �r/r+1 = ±1 for r odd, and (ii) 0 < !̆2

1 6 !̆2
2 6 . . . 6 !̆2

Q. In this set-
ting, there are Q/2 pairs of dispersion branches emanating from the apex point (ka, !a

n) given by mappings
(ka+ ✏k̂, !a

n + ✏�r!̆2
r(k̂)/(2!a

n)). Each such branch is characterized by an O(1) (positive or negative) group
velocity, and is stenciled by the respective eigenfunction

P
q er

q '̃a
nq, where er

q 2 C (q = 1, Q) are components

of the unit eigenvector of Apq corresponding to �r !̆2
r .
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