
Part III 
Effective Green’s function
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Green’s function near the edge of a band gap
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<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B

<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2
<latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit>
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.1. Comparison with prior results
To evaluate the e↵ective parameters ⇢(0), µ(0), ⇢(2), µ(2) and µ(0)

pq for a chessboard-like medium according
to (102), (109), (141) and (155), eigenfunctions '̃a

n(x) and cell functions �(m)(x) (m = 1, 2, 3) are computed
using the finite element platform NGSolve [25]. The unit cell (either Y or Ya depending on the apex) is dis-
cretized using fourth-order finite elements, with the maximum element size bounded from above by 0.05|Y |1/2.
Before examining the general case with variable shear modulus and mass density, we first evaluate the e↵ective
tensor T = µ(0)/⇢(0) for a medium with constant shear modulus as in [10] by taking `1 =`2 =2, G = (1, 1, 1, 1),
and r = (1, 101, 201, 101). This particular configuration, while bearing little relevance from the viewpoint of
elastic solids, is nonetheless useful as a vehicle to verify the numerical implementation.

Remark 20. At this point, we recall our premise that |Y | = 1. This limitation can, however, be handled with
little di�culty; for instance, at every apex ka with a 6= 0, the foregoing results remain valid for any |Y | > 0

by taking |Ya| = |Y |
Qd

j=1(1+aj) in lieu of the measure given in (78). When a = 0, a similar modification
(omitted herein for brevity) can be implemented.

For all apex points and solution branches under consideration, we find by simulations that: (i) T is diagonal
when the eigenvalue is simple; (ii) so are tensors Tpq = µ(0)

pq /⇢(0) (using the eigenfunction basis as in Lemma 9)
when the eigenvalue is repeated, and (iii) Tpq = 0 for p 6= q. In this setting, Table 1 compares the present
results with those in [10] at apexes A, B, and C for the first four solution branches. For brevity of notation,
we refer to the e↵ective tensors T11 and T22 simply as “T ” when listing the results for repeated eigenvalues.
As can be seen from the display, there is a good overall agreement between the two sets of results.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [10], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
evaluated by integrating (114) numerically over Ba. For completeness, also included in the display are the
leading-order components of U (i)

a and U (ii)
a , obtained by discarding the “dipole” contributions on the right hand-

sides of (114) and (119), i.e. those terms multiplied by �(1)(y0). With reference to (118), approximation (i)
and approximation (ii) give similar result away from y1 � y0

1 = 0. The di↵erence between U (i)
a and U (ii)

a on the
one hand and their leading-order counterparts on the other is, however, striking in that the former bring about
a directivity of wave motion that is absent from the leading-order approximation. This feature is highlighted
in Fig. 4(b), which compares the e↵ective solution envelope ± max |'̃a

n̂|U (ii)
a (y) stemming from (115) and (119)
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illustrate the range of problems to which the HFH theory can
be applied. In Section 2 we excite a checkerboard at a fre-
quency within the stop band and illustrate how the details
of the resultant field are explained and captured using the the-
ory. Section 3 deals with ultrarefraction and leads to a conti-
nuum material with an effective refractive index. AANR is

another striking phenomenon, and in Section 4 we demon-
strate how the HFH technique finds the critical frequencies
for which it occurs. Finally, in Section 5 we draw together
some concluding remarks and discuss future directions.

2. DEFECT MODES
We now explore the effect of light confinement in photonic
crystals with defects and show how these are found and inter-
preted in terms of HFH theory; we actually treat the comple-
mentary problem of localized forcing. If one forces a photonic
crystal at a frequency within the stop band, then the field sim-
ply decays; the homogenization theory gives one the decay
rate and an explicit expression for the field.

The case of r ¼ 10 has well-defined stop bands within the
structure, as illustrated in Fig. 3. The standing wave frequen-
cies that, in some cases, also define the stop band edges are
given in Table 1 together with the corresponding values of T11

and T22. Computations for frequencies within the stop band
readily display decaying solutions (see Fig. 4) together with,
upon further inspection, detailed structure within the solu-
tion. This is described by the homogenization technique using
solutions to the homogenized PDE [Eq. (7)].

Figure 4 shows the response to a line source imposed at the
origin with Fig. 4(a) showing the magnitude of u; the excita-
tion frequency is Ω ¼ 0:172 and lies just inside the stop band
shown in Fig. 4(d). The standing wave frequency, 0.1716, is
very close and is at wavenumber C , which implies that the
local microscale should oscillate with the cell edges (of a
two-by-two cell) being out of phase. A plot of u versus x along

Table 1. First Five Standing Wave Frequencies,
Ω0, and the Corresponding T11 and T22 for the

Standing Wave Cases, κ ! "0; 0# (Wavenumber A),
κ ! "π; 0# (Wavenumber B), and κ ! "π;π#

(Wavenumber C)a

Wavenumber Ω0 T11 T22

A 0.2853 −0:1605 0.0046
A 0.2853 0.0046 −0:1605
A 0.3098 0.1723 0.0052
A 0.3098 0.0052 0.1723
A 0.4043 −0:0339 −0:0339
B 0.1339 −0:0542 0.0068
B 0.1784 0.0692 0.0107
B 0.2946 −0:0066 −0:1289
B 0.3192 −0:0067 0.1430
B 0.3739 0.0193 −0:0620
C 0.1716 −0:0254 −0:0254
C 0.2156 0.0400 −0:0220
C 0.2156 −0:0220 0.0400
C 0.3118 0.0401 0.0401
C 0.4190 −0:0020 −0:2737

aThis table shows the values for r ¼ 10 and is used in the asymptotics shown
in Fig. 3.

Fig. 4. (Color online) Response to localized line source excitation with frequency Ω ¼ 0:172 for the checkerboard structure with r ¼ 10. (a) juj as
a globally decaying solution modulating an oscillatory behavior. (b) u along the line y ¼ 1=2 as the solid line lying within a dashed envelope given by
the asymptotic relation [Eq. (14)]. (c) Further detail of the solution along this line with the points marking the cell edges demonstrating the local out-
of-phase oscillations from cell to cell. (d) Detailed view of the dispersion curves and stop band near the excitation frequency: the dashed lines are
from the full numerics, and the asymptotics are the solid lines.

Craster et al. Vol. 28, No. 6 / June 2011 / J. Opt. Soc. Am. A 1035

y1
<latexit sha1_base64="HOS6Smuy3+EEnvKiy28FOyQcMEQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzweFNx3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QPRzo6t</latexit><latexit sha1_base64="HOS6Smuy3+EEnvKiy28FOyQcMEQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzweFNx3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QPRzo6t</latexit><latexit sha1_base64="HOS6Smuy3+EEnvKiy28FOyQcMEQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzweFNx3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QPRzo6t</latexit><latexit sha1_base64="HOS6Smuy3+EEnvKiy28FOyQcMEQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzweFNx3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QPRzo6t</latexit>

y2
<latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit><latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit><latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit><latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit>

`1
<latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ygvEIrW22zBITh2CH3BxIfAHJcc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDiWT3mljM8mQZIQy9D+4caGIP8qd/8b0sdDWA4GPcxJy74kzKayj9DsobW3v7O6V9ysH1cOj49pJtW11bji2uJbadGNmUQqFLSecxG5mkKWxxE48uZvnnWc0Vmj16KYZRikbKZEIzpy32n2UchAOanXaoAuRTQhXUIeVmoPaV3+oeZ6iclwya3shzVxUMOMElzir9HOLGeMTNsKeR8VStFGxmHZGLrwzJIk2/ihHFu7vFwVLrZ2msb+ZMje269nc/C/r5S65iQqhstyh4suPklwSp8l8dTIUBrmTUw+MG+FnJXzMDOPOF1TxJYTrK29C+6oR0kb4QKEMZ3AOlxDCNdzCPTShBRye4AXe4D3QwWvwsayrFKx6O4U/Cj5/AAybjYc=</latexit><latexit sha1_base64="ygvEIrW22zBITh2CH3BxIfAHJcc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDiWT3mljM8mQZIQy9D+4caGIP8qd/8b0sdDWA4GPcxJy74kzKayj9DsobW3v7O6V9ysH1cOj49pJtW11bji2uJbadGNmUQqFLSecxG5mkKWxxE48uZvnnWc0Vmj16KYZRikbKZEIzpy32n2UchAOanXaoAuRTQhXUIeVmoPaV3+oeZ6iclwya3shzVxUMOMElzir9HOLGeMTNsKeR8VStFGxmHZGLrwzJIk2/ihHFu7vFwVLrZ2msb+ZMje269nc/C/r5S65iQqhstyh4suPklwSp8l8dTIUBrmTUw+MG+FnJXzMDOPOF1TxJYTrK29C+6oR0kb4QKEMZ3AOlxDCNdzCPTShBRye4AXe4D3QwWvwsayrFKx6O4U/Cj5/AAybjYc=</latexit><latexit sha1_base64="5wwGFkWezHwmEF9Ftvqd9XTEfa0=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlkEbywjmA5Ij7G3mkjV7u8funhCO/AcbC0Vs/T92/hs3yRWa+GDg8d4MM/OiVHBjff/bW1vf2NzaLu2Ud/f2Dw4rR8ctozLNsMmUULoTUYOCS2xabgV2Uo00iQS2o/HtzG8/oTZcyQc7STFM6FDymDNqndTqoRD9oF+p+jV/DrJKgoJUoUCjX/nqDRTLEpSWCWpMN/BTG+ZUW84ETsu9zGBK2ZgOseuopAmaMJ9fOyXnThmQWGlX0pK5+nsip4kxkyRynQm1I7PszcT/vG5m4+sw5zLNLEq2WBRnglhFZq+TAdfIrJg4Qpnm7lbCRlRTZl1AZRdCsPzyKmld1gK/Ftz71fpNEUcJTuEMLiCAK6jDHTSgCQwe4Rle4c1T3ov37n0sWte8YuYE/sD7/AEz3I7b</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit>

`2
<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B

<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2
<latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit>

⇡/`1
<latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit>

⇡/`2
<latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit>

�⇡/`2
<latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit>

�⇡/`1
<latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit>

(b)

y0 = ( `1
2 , `2

2 )G1, ⇢1
<latexit sha1_base64="NFKPx+twU0F6vNhOMWmgjC6C/KE="></latexit><latexit sha1_base64="NFKPx+twU0F6vNhOMWmgjC6C/KE="></latexit><latexit sha1_base64="NFKPx+twU0F6vNhOMWmgjC6C/KE="></latexit><latexit sha1_base64="NFKPx+twU0F6vNhOMWmgjC6C/KE="></latexit>
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.1. Comparison with prior results
To evaluate the e↵ective parameters ⇢(0), µ(0), ⇢(2), µ(2) and µ(0)

pq for a chessboard-like medium according
to (102), (109), (141) and (155), eigenfunctions '̃a

n(x) and cell functions �(m)(x) (m = 1, 2, 3) are computed
using the finite element platform NGSolve [25]. The unit cell (either Y or Ya depending on the apex) is dis-
cretized using fourth-order finite elements, with the maximum element size bounded from above by 0.05|Y |1/2.
Before examining the general case with variable shear modulus and mass density, we first evaluate the e↵ective
tensor T = µ(0)/⇢(0) for a medium with constant shear modulus as in [10] by taking `1 =`2 =2, G = (1, 1, 1, 1),
and r = (1, 101, 201, 101). This particular configuration, while bearing little relevance from the viewpoint of
elastic solids, is nonetheless useful as a vehicle to verify the numerical implementation.

Remark 20. At this point, we recall our premise that |Y | = 1. This limitation can, however, be handled with
little di�culty; for instance, at every apex ka with a 6= 0, the foregoing results remain valid for any |Y | > 0

by taking |Ya| = |Y |
Qd

j=1(1+aj) in lieu of the measure given in (78). When a = 0, a similar modification
(omitted herein for brevity) can be implemented.

For all apex points and solution branches under consideration, we find by simulations that: (i) T is diagonal
when the eigenvalue is simple; (ii) so are tensors Tpq = µ(0)

pq /⇢(0) (using the eigenfunction basis as in Lemma 9)
when the eigenvalue is repeated, and (iii) Tpq = 0 for p 6= q. In this setting, Table 1 compares the present
results with those in [10] at apexes A, B, and C for the first four solution branches. For brevity of notation,
we refer to the e↵ective tensors T11 and T22 simply as “T ” when listing the results for repeated eigenvalues.
As can be seen from the display, there is a good overall agreement between the two sets of results.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [10], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
evaluated by integrating (114) numerically over Ba. For completeness, also included in the display are the
leading-order components of U (i)

a and U (ii)
a , obtained by discarding the “dipole” contributions on the right hand-

sides of (114) and (119), i.e. those terms multiplied by �(1)(y0). With reference to (118), approximation (i)
and approximation (ii) give similar result away from y1 � y0

1 = 0. The di↵erence between U (i)
a and U (ii)

a on the
one hand and their leading-order counterparts on the other is, however, striking in that the former bring about
a directivity of wave motion that is absent from the leading-order approximation. This feature is highlighted
in Fig. 4(b), which compares the e↵ective solution envelope ± max |'̃a

n̂|U (ii)
a (y) stemming from (115) and (119)

25

µ(0) : k̂
2
/(2⇢(0)!�

n) is real-valued, we specifically see from (38) that the germane eigenfunction �̃�
n(x) is propa-

gated with O(✏�1) phase velocity c and O(✏) group velocity cg given by

c(k̂) = ✏�1
h
!�

n + ✏2
µ(0) : k̂

2

2⇢(0)!�
n

i k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (40)

By (39), one may alternatively interpret the free Bloch wave at some (k̂, !̂(k̂)) as a product between the
standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0, and a plane-wave “propagator” endowed with O(✏)

phase velocity c and commensurate group velocity cg given by

c(k̂) = ✏
µ(0) : k̂

2

2⇢(0)!�
n

k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (41)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However, from (40) and (41)
one also finds that sign(c · cg) = 1, while sign(c ·cg) = sign(µ(0)). In situations when µ(0) is negative definite,
this highlights the contrast between (39) – designed to isolate the perturbation e↵ects, and (38) – which may
shed light on the physical phenomenon of negative refraction, a�liated with an opposition between the group
and phase velocity vectors. For clarity, the velocity quantities in (40) and (41) are schematically illustrated in
Fig. 1(a) by considering the first optical branch (n = 2).

Remark 6. Considering the acoustic branch (n = 1), we have �̃�
1 = 1, !�

1 = 0, and ! = ✏!̂ whereby

u(x, t) = ✏�2f̃ w0(k̂, !̂) ei(k̂·x�!̂t) + O(✏�1) for f̃ 6= 0,

u(x, t) = U ei(k̂·x�(µ(0):k̂
2
/⇢(0))1/2t) + O(✏) for f̃ = 0.

In this case, the leading-order e↵ective solution still carries the role of amplitude (resp. phase) control when
f 6= 0 (resp. f = 0); however the multiplier of the phase term ei(·) is x- and t-independent, which caters for
a more tangible interpretation of w0.

k

!
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5
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nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
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µ(0):(k̂)2
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, cg(k̂) = �

µ(0) ·k̂
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, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
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n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
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I :(k̂)2/(2⇢0!�
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from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)
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2�0��
n

k̂, a(k̂) =
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�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)
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nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
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where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2
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Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
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n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2
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k̂, a(k̂) =
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�c� c = ��2
µ(0)

I :(k̂)2
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where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.

✏k̂

!�
2

c

a = (1, 0)

a = (1, 1)a = (0, 1)

k1

k2

Y a Y a

Y aY a

⇡/`1

⇡/`2

k

!

band gap

driving 
frequency O(✏2)

and we let ⌘(1) 2
�
H1a

p0 (Ya)
�d

be the unique zero-mean vector given by

�̃a
n⇢⌘(1) + r·

�
G(r⌘(1)+ I⌘(0))

�
+ Gr⌘(0) +

⇢

⇢(0)

�
(eika·x�(1), 1)Ya

'̃a
n � heika·xi'

a�(1)
�

= 0 in Ya, (114)

⌫ · G(r⌘(1) + I⌘(0))|xj=0 = �⌫ · G(r⌘(1) + I⌘(0))|xj=(1+aj)`j
, j = 1, d.

With such definitions, we find that

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w2 �

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
w0 = �h⇢⌘(0)i'

a !̂2

+
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r'̃a

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2, (115)

where

⇢(2) = h⇢�(2)i'
a, µ(2) =

⌦
G{r�(3) + I⌦�(2)}

↵'

a
�
�
G{�(3) ⌦ r'̃a

n}, 1
�
Ya

. (116)

Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (88) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (77). Assuming that the eigenvalue �̃a

n (n > 1) solving (84)–(86) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (91) of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (117)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (106) and (116); and

M(k̂, !̂) = heika·xi'
a � ✏ (eika·x�(1), 1)Ya

· ik̂ + ✏2 �h⇢⌘(0)i'
a !̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r�̃�

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2. (118)

When considering the propagation of free waves (f̃ = 0), the second-order FW-FF approximation of the nth
dispersion branch near k = ka accordingly reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , kak + n > 1,

whereby

!
✏5
= !a

n +
✏2

2⇢(0)!a
n

µ(0) : k̂
2

� ✏4

8(⇢(0))2 (!a
n)3

�
µ(0)⌦ µ(0) + 4(!a

n)2
�
⇢(0)µ(2)� µ(0)⌦ ⇢(2)

� 
: k̂

4
, kak + n > 2.

5.5. Example application in the spatial domain

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is comparabe to the size
of the unit cell, and the basic premise of the two-scale analysis (Section 4) does not apply. Instead, we make
use of the inverse Fourier transform to obtain an e↵ective spatial description of wavefields whose spectrum
is localized in a neighborhood of (ka, !a

n). On adopting the terminology of the two-scale analysis, we denote
respectvely by x and y the “slow” and “fast” spatial coordinate, and we consider the solution

Ua(y) = F�1
d

⇥
hũia(k̂)

⇤
= (2⇡)�d

Z

Rd

hũia(k̂) eik·y dk, k̂ =
k � ka

✏

where hũia(k̂) behaves as in Theorem 2. For simplicity of discussion, we disregard the second-order corrections
in (117) and (118). On applying the inverse Fourier transform to the left-hand side of (117), we obtain

�✏d eika·x�µ(0):r2
x + �⇢(0) !̂2

�
Ua(x),

16

(a) (b) (c)

Figure 1: Wave motion in a periodic medium: (a) phase and group velocities featured by the LW-FF expansion of the first optical

branch, n = 2, about k = 0; (b) schematics of the multi-cell domains Y a 2 R2
supporting the FW-FF homogenization of wave

motion about vertices of the first quadrant of the first Brioullin zone, and (c) source excitation near the edge of a band gap.

3.1.3. First-order corrector
Let �(2) 2

�
H1

p0(Y )
�d⇥d

be the unique second-order tensor solving

�̃�
n⇢�(2) + r·

�
G

�
r�(2) + {I ⌦ �(1)}0�� + G{r�(1) + I�̃�

n} � ⇢

⇢(0)
µ(0)�̃�

n = 0 in Y, (42)

⌫ · G
�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ · G

�
r�(2) + {I ⌦ �(1)}0�|xj=`j , j = 1, d,

8

µ(0) : k̂
2
/(2⇢(0)!�

n) is real-valued, we specifically see from (38) that the germane eigenfunction �̃�
n(x) is propa-

gated with O(✏�1) phase velocity c and O(✏) group velocity cg given by

c(k̂) = ✏�1
h
!�

n + ✏2
µ(0) : k̂

2

2⇢(0)!�
n

i k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (40)

By (39), one may alternatively interpret the free Bloch wave at some (k̂, !̂(k̂)) as a product between the
standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0, and a plane-wave “propagator” endowed with O(✏)

phase velocity c and commensurate group velocity cg given by

c(k̂) = ✏
µ(0) : k̂

2

2⇢(0)!�
n

k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (41)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However, from (40) and (41)
one also finds that sign(c · cg) = 1, while sign(c ·cg) = sign(µ(0)). In situations when µ(0) is negative definite,
this highlights the contrast between (39) – designed to isolate the perturbation e↵ects, and (38) – which may
shed light on the physical phenomenon of negative refraction, a�liated with an opposition between the group
and phase velocity vectors. For clarity, the velocity quantities in (40) and (41) are schematically illustrated in
Fig. 1(a) by considering the first optical branch (n = 2).

Remark 6. Considering the acoustic branch (n = 1), we have �̃�
1 = 1, !�

1 = 0, and ! = ✏!̂ whereby

u(x, t) = ✏�2f̃ w0(k̂, !̂) ei(k̂·x�!̂t) + O(✏�1) for f̃ 6= 0,

u(x, t) = U ei(k̂·x�(µ(0):k̂
2
/⇢(0))1/2t) + O(✏) for f̃ = 0.

In this case, the leading-order e↵ective solution still carries the role of amplitude (resp. phase) control when
f 6= 0 (resp. f = 0); however the multiplier of the phase term ei(·) is x- and t-independent, which caters for
a more tangible interpretation of w0.

k

!
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.

✏k̂

!�
2

c

a = (1, 0)

a = (1, 1)a = (0, 1)

k1

k2

Y a Y a

Y aY a

⇡/`1

⇡/`2

k

!

band gap

driving 
frequency O(✏2)

and we let ⌘(1) 2
�
H1a

p0 (Ya)
�d

be the unique zero-mean vector given by

�̃a
n⇢⌘(1) + r·

�
G(r⌘(1)+ I⌘(0))

�
+ Gr⌘(0) +

⇢

⇢(0)

�
(eika·x�(1), 1)Ya

'̃a
n � heika·xi'

a�(1)
�

= 0 in Ya, (114)

⌫ · G(r⌘(1) + I⌘(0))|xj=0 = �⌫ · G(r⌘(1) + I⌘(0))|xj=(1+aj)`j
, j = 1, d.

With such definitions, we find that

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w2 �

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
w0 = �h⇢⌘(0)i'

a !̂2

+
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r'̃a

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2, (115)

where

⇢(2) = h⇢�(2)i'
a, µ(2) =

⌦
G{r�(3) + I⌦�(2)}

↵'

a
�
�
G{�(3) ⌦ r'̃a

n}, 1
�
Ya

. (116)

Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (88) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (77). Assuming that the eigenvalue �̃a

n (n > 1) solving (84)–(86) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (91) of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (117)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (106) and (116); and

M(k̂, !̂) = heika·xi'
a � ✏ (eika·x�(1), 1)Ya

· ik̂ + ✏2 �h⇢⌘(0)i'
a !̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r�̃�

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2. (118)

When considering the propagation of free waves (f̃ = 0), the second-order FW-FF approximation of the nth
dispersion branch near k = ka accordingly reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , kak + n > 1,

whereby

!
✏5
= !a

n +
✏2

2⇢(0)!a
n

µ(0) : k̂
2

� ✏4

8(⇢(0))2 (!a
n)3

�
µ(0)⌦ µ(0) + 4(!a

n)2
�
⇢(0)µ(2)� µ(0)⌦ ⇢(2)

� 
: k̂

4
, kak + n > 2.

5.5. Example application in the spatial domain

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is comparabe to the size
of the unit cell, and the basic premise of the two-scale analysis (Section 4) does not apply. Instead, we make
use of the inverse Fourier transform to obtain an e↵ective spatial description of wavefields whose spectrum
is localized in a neighborhood of (ka, !a

n). On adopting the terminology of the two-scale analysis, we denote
respectvely by x and y the “slow” and “fast” spatial coordinate, and we consider the solution

Ua(y) = F�1
d

⇥
hũia(k̂)

⇤
= (2⇡)�d

Z

Rd

hũia(k̂) eik·y dk, k̂ =
k � ka

✏

where hũia(k̂) behaves as in Theorem 2. For simplicity of discussion, we disregard the second-order corrections
in (117) and (118). On applying the inverse Fourier transform to the left-hand side of (117), we obtain

�✏d eika·x�µ(0):r2
x + �⇢(0) !̂2

�
Ua(x),
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(a) (b) (c)

Figure 1: Wave motion in a periodic medium: (a) phase and group velocities featured by the LW-FF expansion of the first optical

branch, n = 2, about k = 0; (b) schematics of the multi-cell domains Y a 2 R2
supporting the FW-FF homogenization of wave

motion about vertices of the first quadrant of the first Brioullin zone, and (c) source excitation near the edge of a band gap.

3.1.3. First-order corrector
Let �(2) 2

�
H1

p0(Y )
�d⇥d

be the unique second-order tensor solving

�̃�
n⇢�(2) + r·

�
G

�
r�(2) + {I ⌦ �(1)}0�� + G{r�(1) + I�̃�

n} � ⇢

⇢(0)
µ(0)�̃�

n = 0 in Y, (42)

⌫ · G
�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ · G

�
r�(2) + {I ⌦ �(1)}0�|xj=`j , j = 1, d,

8

Craster et al. (2018) 
J. Opt. Soc. Am., 28

1 101

201101



Green’s function near the edge of a band gap
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`2
<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B

<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2
<latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit>

⇡/`1
<latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit>

⇡/`2
<latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit>

�⇡/`2
<latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit>

�⇡/`1
<latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit>

(b)

y0 = ( `1
2 , `2

2 )G1, ⇢1
<latexit sha1_base64="NFKPx+twU0F6vNhOMWmgjC6C/KE="></latexit><latexit sha1_base64="NFKPx+twU0F6vNhOMWmgjC6C/KE="></latexit><latexit sha1_base64="NFKPx+twU0F6vNhOMWmgjC6C/KE="></latexit><latexit sha1_base64="NFKPx+twU0F6vNhOMWmgjC6C/KE="></latexit>

G2, ⇢2
<latexit sha1_base64="fRnINokq5tZZFV+5LiTZTDaGrMI="></latexit><latexit sha1_base64="fRnINokq5tZZFV+5LiTZTDaGrMI="></latexit><latexit sha1_base64="fRnINokq5tZZFV+5LiTZTDaGrMI="></latexit><latexit sha1_base64="fRnINokq5tZZFV+5LiTZTDaGrMI="></latexit>

G3, ⇢3
<latexit sha1_base64="wA6lGs8R/LI3XhHwQNPsFGyc1Fw="></latexit><latexit sha1_base64="wA6lGs8R/LI3XhHwQNPsFGyc1Fw="></latexit><latexit sha1_base64="wA6lGs8R/LI3XhHwQNPsFGyc1Fw="></latexit><latexit sha1_base64="wA6lGs8R/LI3XhHwQNPsFGyc1Fw="></latexit>
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.1. Comparison with prior results
To evaluate the e↵ective parameters ⇢(0), µ(0), ⇢(2), µ(2) and µ(0)

pq for a chessboard-like medium according
to (102), (109), (141) and (155), eigenfunctions '̃a

n(x) and cell functions �(m)(x) (m = 1, 2, 3) are computed
using the finite element platform NGSolve [25]. The unit cell (either Y or Ya depending on the apex) is dis-
cretized using fourth-order finite elements, with the maximum element size bounded from above by 0.05|Y |1/2.
Before examining the general case with variable shear modulus and mass density, we first evaluate the e↵ective
tensor T = µ(0)/⇢(0) for a medium with constant shear modulus as in [10] by taking `1 =`2 =2, G = (1, 1, 1, 1),
and r = (1, 101, 201, 101). This particular configuration, while bearing little relevance from the viewpoint of
elastic solids, is nonetheless useful as a vehicle to verify the numerical implementation.

Remark 20. At this point, we recall our premise that |Y | = 1. This limitation can, however, be handled with
little di�culty; for instance, at every apex ka with a 6= 0, the foregoing results remain valid for any |Y | > 0

by taking |Ya| = |Y |
Qd

j=1(1+aj) in lieu of the measure given in (78). When a = 0, a similar modification
(omitted herein for brevity) can be implemented.

For all apex points and solution branches under consideration, we find by simulations that: (i) T is diagonal
when the eigenvalue is simple; (ii) so are tensors Tpq = µ(0)

pq /⇢(0) (using the eigenfunction basis as in Lemma 9)
when the eigenvalue is repeated, and (iii) Tpq = 0 for p 6= q. In this setting, Table 1 compares the present
results with those in [10] at apexes A, B, and C for the first four solution branches. For brevity of notation,
we refer to the e↵ective tensors T11 and T22 simply as “T ” when listing the results for repeated eigenvalues.
As can be seen from the display, there is a good overall agreement between the two sets of results.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [10], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
evaluated by integrating (114) numerically over Ba. For completeness, also included in the display are the
leading-order components of U (i)

a and U (ii)
a , obtained by discarding the “dipole” contributions on the right hand-

sides of (114) and (119), i.e. those terms multiplied by �(1)(y0). With reference to (118), approximation (i)
and approximation (ii) give similar result away from y1 � y0

1 = 0. The di↵erence between U (i)
a and U (ii)

a on the
one hand and their leading-order counterparts on the other is, however, striking in that the former bring about
a directivity of wave motion that is absent from the leading-order approximation. This feature is highlighted
in Fig. 4(b), which compares the e↵ective solution envelope ± max |'̃a

n̂|U (ii)
a (y) stemming from (115) and (119)
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illustrate the range of problems to which the HFH theory can
be applied. In Section 2 we excite a checkerboard at a fre-
quency within the stop band and illustrate how the details
of the resultant field are explained and captured using the the-
ory. Section 3 deals with ultrarefraction and leads to a conti-
nuum material with an effective refractive index. AANR is

another striking phenomenon, and in Section 4 we demon-
strate how the HFH technique finds the critical frequencies
for which it occurs. Finally, in Section 5 we draw together
some concluding remarks and discuss future directions.

2. DEFECT MODES
We now explore the effect of light confinement in photonic
crystals with defects and show how these are found and inter-
preted in terms of HFH theory; we actually treat the comple-
mentary problem of localized forcing. If one forces a photonic
crystal at a frequency within the stop band, then the field sim-
ply decays; the homogenization theory gives one the decay
rate and an explicit expression for the field.

The case of r ¼ 10 has well-defined stop bands within the
structure, as illustrated in Fig. 3. The standing wave frequen-
cies that, in some cases, also define the stop band edges are
given in Table 1 together with the corresponding values of T11

and T22. Computations for frequencies within the stop band
readily display decaying solutions (see Fig. 4) together with,
upon further inspection, detailed structure within the solu-
tion. This is described by the homogenization technique using
solutions to the homogenized PDE [Eq. (7)].

Figure 4 shows the response to a line source imposed at the
origin with Fig. 4(a) showing the magnitude of u; the excita-
tion frequency is Ω ¼ 0:172 and lies just inside the stop band
shown in Fig. 4(d). The standing wave frequency, 0.1716, is
very close and is at wavenumber C , which implies that the
local microscale should oscillate with the cell edges (of a
two-by-two cell) being out of phase. A plot of u versus x along

Table 1. First Five Standing Wave Frequencies,
Ω0, and the Corresponding T11 and T22 for the

Standing Wave Cases, κ ! "0; 0# (Wavenumber A),
κ ! "π; 0# (Wavenumber B), and κ ! "π;π#

(Wavenumber C)a

Wavenumber Ω0 T11 T22

A 0.2853 −0:1605 0.0046
A 0.2853 0.0046 −0:1605
A 0.3098 0.1723 0.0052
A 0.3098 0.0052 0.1723
A 0.4043 −0:0339 −0:0339
B 0.1339 −0:0542 0.0068
B 0.1784 0.0692 0.0107
B 0.2946 −0:0066 −0:1289
B 0.3192 −0:0067 0.1430
B 0.3739 0.0193 −0:0620
C 0.1716 −0:0254 −0:0254
C 0.2156 0.0400 −0:0220
C 0.2156 −0:0220 0.0400
C 0.3118 0.0401 0.0401
C 0.4190 −0:0020 −0:2737

aThis table shows the values for r ¼ 10 and is used in the asymptotics shown
in Fig. 3.

Fig. 4. (Color online) Response to localized line source excitation with frequency Ω ¼ 0:172 for the checkerboard structure with r ¼ 10. (a) juj as
a globally decaying solution modulating an oscillatory behavior. (b) u along the line y ¼ 1=2 as the solid line lying within a dashed envelope given by
the asymptotic relation [Eq. (14)]. (c) Further detail of the solution along this line with the points marking the cell edges demonstrating the local out-
of-phase oscillations from cell to cell. (d) Detailed view of the dispersion curves and stop band near the excitation frequency: the dashed lines are
from the full numerics, and the asymptotics are the solid lines.
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`2
<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B

<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2
<latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit>

⇡/`1
<latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit>

⇡/`2
<latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit>

�⇡/`2
<latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit>

�⇡/`1
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.1. Comparison with prior results
To evaluate the e↵ective parameters ⇢(0), µ(0), ⇢(2), µ(2) and µ(0)

pq for a chessboard-like medium according
to (102), (109), (141) and (155), eigenfunctions '̃a

n(x) and cell functions �(m)(x) (m = 1, 2, 3) are computed
using the finite element platform NGSolve [25]. The unit cell (either Y or Ya depending on the apex) is dis-
cretized using fourth-order finite elements, with the maximum element size bounded from above by 0.05|Y |1/2.
Before examining the general case with variable shear modulus and mass density, we first evaluate the e↵ective
tensor T = µ(0)/⇢(0) for a medium with constant shear modulus as in [10] by taking `1 =`2 =2, G = (1, 1, 1, 1),
and r = (1, 101, 201, 101). This particular configuration, while bearing little relevance from the viewpoint of
elastic solids, is nonetheless useful as a vehicle to verify the numerical implementation.

Remark 20. At this point, we recall our premise that |Y | = 1. This limitation can, however, be handled with
little di�culty; for instance, at every apex ka with a 6= 0, the foregoing results remain valid for any |Y | > 0

by taking |Ya| = |Y |
Qd

j=1(1+aj) in lieu of the measure given in (78). When a = 0, a similar modification
(omitted herein for brevity) can be implemented.

For all apex points and solution branches under consideration, we find by simulations that: (i) T is diagonal
when the eigenvalue is simple; (ii) so are tensors Tpq = µ(0)

pq /⇢(0) (using the eigenfunction basis as in Lemma 9)
when the eigenvalue is repeated, and (iii) Tpq = 0 for p 6= q. In this setting, Table 1 compares the present
results with those in [10] at apexes A, B, and C for the first four solution branches. For brevity of notation,
we refer to the e↵ective tensors T11 and T22 simply as “T ” when listing the results for repeated eigenvalues.
As can be seen from the display, there is a good overall agreement between the two sets of results.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [10], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
evaluated by integrating (114) numerically over Ba. For completeness, also included in the display are the
leading-order components of U (i)

a and U (ii)
a , obtained by discarding the “dipole” contributions on the right hand-

sides of (114) and (119), i.e. those terms multiplied by �(1)(y0). With reference to (118), approximation (i)
and approximation (ii) give similar result away from y1 � y0

1 = 0. The di↵erence between U (i)
a and U (ii)

a on the
one hand and their leading-order counterparts on the other is, however, striking in that the former bring about
a directivity of wave motion that is absent from the leading-order approximation. This feature is highlighted
in Fig. 4(b), which compares the e↵ective solution envelope ± max |'̃a

n̂|U (ii)
a (y) stemming from (115) and (119)

25

µ(0) : k̂
2
/(2⇢(0)!�

n) is real-valued, we specifically see from (38) that the germane eigenfunction �̃�
n(x) is propa-

gated with O(✏�1) phase velocity c and O(✏) group velocity cg given by

c(k̂) = ✏�1
h
!�

n + ✏2
µ(0) : k̂

2

2⇢(0)!�
n

i k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (40)

By (39), one may alternatively interpret the free Bloch wave at some (k̂, !̂(k̂)) as a product between the
standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0, and a plane-wave “propagator” endowed with O(✏)

phase velocity c and commensurate group velocity cg given by

c(k̂) = ✏
µ(0) : k̂

2

2⇢(0)!�
n

k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (41)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However, from (40) and (41)
one also finds that sign(c · cg) = 1, while sign(c ·cg) = sign(µ(0)). In situations when µ(0) is negative definite,
this highlights the contrast between (39) – designed to isolate the perturbation e↵ects, and (38) – which may
shed light on the physical phenomenon of negative refraction, a�liated with an opposition between the group
and phase velocity vectors. For clarity, the velocity quantities in (40) and (41) are schematically illustrated in
Fig. 1(a) by considering the first optical branch (n = 2).

Remark 6. Considering the acoustic branch (n = 1), we have �̃�
1 = 1, !�

1 = 0, and ! = ✏!̂ whereby

u(x, t) = ✏�2f̃ w0(k̂, !̂) ei(k̂·x�!̂t) + O(✏�1) for f̃ 6= 0,

u(x, t) = U ei(k̂·x�(µ(0):k̂
2
/⇢(0))1/2t) + O(✏) for f̃ = 0.

In this case, the leading-order e↵ective solution still carries the role of amplitude (resp. phase) control when
f 6= 0 (resp. f = 0); however the multiplier of the phase term ei(·) is x- and t-independent, which caters for
a more tangible interpretation of w0.

k

!
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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2

c
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Y a Y a
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k

!
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frequency O(✏2)

and we let ⌘(1) 2
�
H1a

p0 (Ya)
�d

be the unique zero-mean vector given by

�̃a
n⇢⌘(1) + r·

�
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�
+ Gr⌘(0) +

⇢

⇢(0)

�
(eika·x�(1), 1)Ya

'̃a
n � heika·xi'

a�(1)
�

= 0 in Ya, (114)

⌫ · G(r⌘(1) + I⌘(0))|xj=0 = �⌫ · G(r⌘(1) + I⌘(0))|xj=(1+aj)`j
, j = 1, d.

With such definitions, we find that

�
�
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w2 �
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+
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n}, 1
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+
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 ⌘
: (ik̂)2, (115)

where

⇢(2) = h⇢�(2)i'
a, µ(2) =

⌦
G{r�(3) + I⌦�(2)}

↵'

a
�
�
G{�(3) ⌦ r'̃a

n}, 1
�
Ya

. (116)

Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (88) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (77). Assuming that the eigenvalue �̃a

n (n > 1) solving (84)–(86) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (91) of (ka, !a

n) satisfies

�
�
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�
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�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (117)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (106) and (116); and
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�
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 ⌘
: (ik̂)2. (118)

When considering the propagation of free waves (f̃ = 0), the second-order FW-FF approximation of the nth
dispersion branch near k = ka accordingly reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , kak + n > 1,

whereby

!
✏5
= !a

n +
✏2
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n
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n)2
�
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� 
: k̂

4
, kak + n > 2.

5.5. Example application in the spatial domain

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is comparabe to the size
of the unit cell, and the basic premise of the two-scale analysis (Section 4) does not apply. Instead, we make
use of the inverse Fourier transform to obtain an e↵ective spatial description of wavefields whose spectrum
is localized in a neighborhood of (ka, !a

n). On adopting the terminology of the two-scale analysis, we denote
respectvely by x and y the “slow” and “fast” spatial coordinate, and we consider the solution

Ua(y) = F�1
d

⇥
hũia(k̂)

⇤
= (2⇡)�d

Z

Rd

hũia(k̂) eik·y dk, k̂ =
k � ka

✏

where hũia(k̂) behaves as in Theorem 2. For simplicity of discussion, we disregard the second-order corrections
in (117) and (118). On applying the inverse Fourier transform to the left-hand side of (117), we obtain

�✏d eika·x�µ(0):r2
x + �⇢(0) !̂2

�
Ua(x),

16

(a) (b) (c)

Figure 1: Wave motion in a periodic medium: (a) phase and group velocities featured by the LW-FF expansion of the first optical

branch, n = 2, about k = 0; (b) schematics of the multi-cell domains Y a 2 R2
supporting the FW-FF homogenization of wave

motion about vertices of the first quadrant of the first Brioullin zone, and (c) source excitation near the edge of a band gap.

3.1.3. First-order corrector
Let �(2) 2

�
H1

p0(Y )
�d⇥d

be the unique second-order tensor solving
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Green’s function near the edge of a band gap
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<latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ygvEIrW22zBITh2CH3BxIfAHJcc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDiWT3mljM8mQZIQy9D+4caGIP8qd/8b0sdDWA4GPcxJy74kzKayj9DsobW3v7O6V9ysH1cOj49pJtW11bji2uJbadGNmUQqFLSecxG5mkKWxxE48uZvnnWc0Vmj16KYZRikbKZEIzpy32n2UchAOanXaoAuRTQhXUIeVmoPaV3+oeZ6iclwya3shzVxUMOMElzir9HOLGeMTNsKeR8VStFGxmHZGLrwzJIk2/ihHFu7vFwVLrZ2msb+ZMje269nc/C/r5S65iQqhstyh4suPklwSp8l8dTIUBrmTUw+MG+FnJXzMDOPOF1TxJYTrK29C+6oR0kb4QKEMZ3AOlxDCNdzCPTShBRye4AXe4D3QwWvwsayrFKx6O4U/Cj5/AAybjYc=</latexit><latexit sha1_base64="ygvEIrW22zBITh2CH3BxIfAHJcc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDiWT3mljM8mQZIQy9D+4caGIP8qd/8b0sdDWA4GPcxJy74kzKayj9DsobW3v7O6V9ysH1cOj49pJtW11bji2uJbadGNmUQqFLSecxG5mkKWxxE48uZvnnWc0Vmj16KYZRikbKZEIzpy32n2UchAOanXaoAuRTQhXUIeVmoPaV3+oeZ6iclwya3shzVxUMOMElzir9HOLGeMTNsKeR8VStFGxmHZGLrwzJIk2/ihHFu7vFwVLrZ2msb+ZMje269nc/C/r5S65iQqhstyh4suPklwSp8l8dTIUBrmTUw+MG+FnJXzMDOPOF1TxJYTrK29C+6oR0kb4QKEMZ3AOlxDCNdzCPTShBRye4AXe4D3QwWvwsayrFKx6O4U/Cj5/AAybjYc=</latexit><latexit sha1_base64="5wwGFkWezHwmEF9Ftvqd9XTEfa0=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlkEbywjmA5Ij7G3mkjV7u8funhCO/AcbC0Vs/T92/hs3yRWa+GDg8d4MM/OiVHBjff/bW1vf2NzaLu2Ud/f2Dw4rR8ctozLNsMmUULoTUYOCS2xabgV2Uo00iQS2o/HtzG8/oTZcyQc7STFM6FDymDNqndTqoRD9oF+p+jV/DrJKgoJUoUCjX/nqDRTLEpSWCWpMN/BTG+ZUW84ETsu9zGBK2ZgOseuopAmaMJ9fOyXnThmQWGlX0pK5+nsip4kxkyRynQm1I7PszcT/vG5m4+sw5zLNLEq2WBRnglhFZq+TAdfIrJg4Qpnm7lbCRlRTZl1AZRdCsPzyKmld1gK/Ftz71fpNEUcJTuEMLiCAK6jDHTSgCQwe4Rle4c1T3ov37n0sWte8YuYE/sD7/AEz3I7b</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit>

`2
<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B

<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2
<latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit>

⇡/`1
<latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit>

⇡/`2
<latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit>

�⇡/`2
<latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit>
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.1. Comparison with prior results
To evaluate the e↵ective parameters ⇢(0), µ(0), ⇢(2), µ(2) and µ(0)

pq for a chessboard-like medium according
to (102), (109), (141) and (155), eigenfunctions '̃a

n(x) and cell functions �(m)(x) (m = 1, 2, 3) are computed
using the finite element platform NGSolve [25]. The unit cell (either Y or Ya depending on the apex) is dis-
cretized using fourth-order finite elements, with the maximum element size bounded from above by 0.05|Y |1/2.
Before examining the general case with variable shear modulus and mass density, we first evaluate the e↵ective
tensor T = µ(0)/⇢(0) for a medium with constant shear modulus as in [10] by taking `1 =`2 =2, G = (1, 1, 1, 1),
and r = (1, 101, 201, 101). This particular configuration, while bearing little relevance from the viewpoint of
elastic solids, is nonetheless useful as a vehicle to verify the numerical implementation.

Remark 20. At this point, we recall our premise that |Y | = 1. This limitation can, however, be handled with
little di�culty; for instance, at every apex ka with a 6= 0, the foregoing results remain valid for any |Y | > 0

by taking |Ya| = |Y |
Qd

j=1(1+aj) in lieu of the measure given in (78). When a = 0, a similar modification
(omitted herein for brevity) can be implemented.

For all apex points and solution branches under consideration, we find by simulations that: (i) T is diagonal
when the eigenvalue is simple; (ii) so are tensors Tpq = µ(0)

pq /⇢(0) (using the eigenfunction basis as in Lemma 9)
when the eigenvalue is repeated, and (iii) Tpq = 0 for p 6= q. In this setting, Table 1 compares the present
results with those in [10] at apexes A, B, and C for the first four solution branches. For brevity of notation,
we refer to the e↵ective tensors T11 and T22 simply as “T ” when listing the results for repeated eigenvalues.
As can be seen from the display, there is a good overall agreement between the two sets of results.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [10], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
evaluated by integrating (114) numerically over Ba. For completeness, also included in the display are the
leading-order components of U (i)

a and U (ii)
a , obtained by discarding the “dipole” contributions on the right hand-

sides of (114) and (119), i.e. those terms multiplied by �(1)(y0). With reference to (118), approximation (i)
and approximation (ii) give similar result away from y1 � y0

1 = 0. The di↵erence between U (i)
a and U (ii)

a on the
one hand and their leading-order counterparts on the other is, however, striking in that the former bring about
a directivity of wave motion that is absent from the leading-order approximation. This feature is highlighted
in Fig. 4(b), which compares the e↵ective solution envelope ± max |'̃a

n̂|U (ii)
a (y) stemming from (115) and (119)
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illustrate the range of problems to which the HFH theory can
be applied. In Section 2 we excite a checkerboard at a fre-
quency within the stop band and illustrate how the details
of the resultant field are explained and captured using the the-
ory. Section 3 deals with ultrarefraction and leads to a conti-
nuum material with an effective refractive index. AANR is

another striking phenomenon, and in Section 4 we demon-
strate how the HFH technique finds the critical frequencies
for which it occurs. Finally, in Section 5 we draw together
some concluding remarks and discuss future directions.

2. DEFECT MODES
We now explore the effect of light confinement in photonic
crystals with defects and show how these are found and inter-
preted in terms of HFH theory; we actually treat the comple-
mentary problem of localized forcing. If one forces a photonic
crystal at a frequency within the stop band, then the field sim-
ply decays; the homogenization theory gives one the decay
rate and an explicit expression for the field.

The case of r ¼ 10 has well-defined stop bands within the
structure, as illustrated in Fig. 3. The standing wave frequen-
cies that, in some cases, also define the stop band edges are
given in Table 1 together with the corresponding values of T11

and T22. Computations for frequencies within the stop band
readily display decaying solutions (see Fig. 4) together with,
upon further inspection, detailed structure within the solu-
tion. This is described by the homogenization technique using
solutions to the homogenized PDE [Eq. (7)].

Figure 4 shows the response to a line source imposed at the
origin with Fig. 4(a) showing the magnitude of u; the excita-
tion frequency is Ω ¼ 0:172 and lies just inside the stop band
shown in Fig. 4(d). The standing wave frequency, 0.1716, is
very close and is at wavenumber C , which implies that the
local microscale should oscillate with the cell edges (of a
two-by-two cell) being out of phase. A plot of u versus x along

Table 1. First Five Standing Wave Frequencies,
Ω0, and the Corresponding T11 and T22 for the

Standing Wave Cases, κ ! "0; 0# (Wavenumber A),
κ ! "π; 0# (Wavenumber B), and κ ! "π;π#

(Wavenumber C)a

Wavenumber Ω0 T11 T22

A 0.2853 −0:1605 0.0046
A 0.2853 0.0046 −0:1605
A 0.3098 0.1723 0.0052
A 0.3098 0.0052 0.1723
A 0.4043 −0:0339 −0:0339
B 0.1339 −0:0542 0.0068
B 0.1784 0.0692 0.0107
B 0.2946 −0:0066 −0:1289
B 0.3192 −0:0067 0.1430
B 0.3739 0.0193 −0:0620
C 0.1716 −0:0254 −0:0254
C 0.2156 0.0400 −0:0220
C 0.2156 −0:0220 0.0400
C 0.3118 0.0401 0.0401
C 0.4190 −0:0020 −0:2737

aThis table shows the values for r ¼ 10 and is used in the asymptotics shown
in Fig. 3.

Fig. 4. (Color online) Response to localized line source excitation with frequency Ω ¼ 0:172 for the checkerboard structure with r ¼ 10. (a) juj as
a globally decaying solution modulating an oscillatory behavior. (b) u along the line y ¼ 1=2 as the solid line lying within a dashed envelope given by
the asymptotic relation [Eq. (14)]. (c) Further detail of the solution along this line with the points marking the cell edges demonstrating the local out-
of-phase oscillations from cell to cell. (d) Detailed view of the dispersion curves and stop band near the excitation frequency: the dashed lines are
from the full numerics, and the asymptotics are the solid lines.
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<latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ygvEIrW22zBITh2CH3BxIfAHJcc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDiWT3mljM8mQZIQy9D+4caGIP8qd/8b0sdDWA4GPcxJy74kzKayj9DsobW3v7O6V9ysH1cOj49pJtW11bji2uJbadGNmUQqFLSecxG5mkKWxxE48uZvnnWc0Vmj16KYZRikbKZEIzpy32n2UchAOanXaoAuRTQhXUIeVmoPaV3+oeZ6iclwya3shzVxUMOMElzir9HOLGeMTNsKeR8VStFGxmHZGLrwzJIk2/ihHFu7vFwVLrZ2msb+ZMje269nc/C/r5S65iQqhstyh4suPklwSp8l8dTIUBrmTUw+MG+FnJXzMDOPOF1TxJYTrK29C+6oR0kb4QKEMZ3AOlxDCNdzCPTShBRye4AXe4D3QwWvwsayrFKx6O4U/Cj5/AAybjYc=</latexit><latexit sha1_base64="ygvEIrW22zBITh2CH3BxIfAHJcc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDiWT3mljM8mQZIQy9D+4caGIP8qd/8b0sdDWA4GPcxJy74kzKayj9DsobW3v7O6V9ysH1cOj49pJtW11bji2uJbadGNmUQqFLSecxG5mkKWxxE48uZvnnWc0Vmj16KYZRikbKZEIzpy32n2UchAOanXaoAuRTQhXUIeVmoPaV3+oeZ6iclwya3shzVxUMOMElzir9HOLGeMTNsKeR8VStFGxmHZGLrwzJIk2/ihHFu7vFwVLrZ2msb+ZMje269nc/C/r5S65iQqhstyh4suPklwSp8l8dTIUBrmTUw+MG+FnJXzMDOPOF1TxJYTrK29C+6oR0kb4QKEMZ3AOlxDCNdzCPTShBRye4AXe4D3QwWvwsayrFKx6O4U/Cj5/AAybjYc=</latexit><latexit sha1_base64="5wwGFkWezHwmEF9Ftvqd9XTEfa0=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlkEbywjmA5Ij7G3mkjV7u8funhCO/AcbC0Vs/T92/hs3yRWa+GDg8d4MM/OiVHBjff/bW1vf2NzaLu2Ud/f2Dw4rR8ctozLNsMmUULoTUYOCS2xabgV2Uo00iQS2o/HtzG8/oTZcyQc7STFM6FDymDNqndTqoRD9oF+p+jV/DrJKgoJUoUCjX/nqDRTLEpSWCWpMN/BTG+ZUW84ETsu9zGBK2ZgOseuopAmaMJ9fOyXnThmQWGlX0pK5+nsip4kxkyRynQm1I7PszcT/vG5m4+sw5zLNLEq2WBRnglhFZq+TAdfIrJg4Qpnm7lbCRlRTZl1AZRdCsPzyKmld1gK/Ftz71fpNEUcJTuEMLiCAK6jDHTSgCQwe4Rle4c1T3ov37n0sWte8YuYE/sD7/AEz3I7b</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit>

`2
<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B

<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2
<latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit>

⇡/`1
<latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit>

⇡/`2
<latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit>
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.1. Comparison with prior results
To evaluate the e↵ective parameters ⇢(0), µ(0), ⇢(2), µ(2) and µ(0)

pq for a chessboard-like medium according
to (102), (109), (141) and (155), eigenfunctions '̃a

n(x) and cell functions �(m)(x) (m = 1, 2, 3) are computed
using the finite element platform NGSolve [25]. The unit cell (either Y or Ya depending on the apex) is dis-
cretized using fourth-order finite elements, with the maximum element size bounded from above by 0.05|Y |1/2.
Before examining the general case with variable shear modulus and mass density, we first evaluate the e↵ective
tensor T = µ(0)/⇢(0) for a medium with constant shear modulus as in [10] by taking `1 =`2 =2, G = (1, 1, 1, 1),
and r = (1, 101, 201, 101). This particular configuration, while bearing little relevance from the viewpoint of
elastic solids, is nonetheless useful as a vehicle to verify the numerical implementation.

Remark 20. At this point, we recall our premise that |Y | = 1. This limitation can, however, be handled with
little di�culty; for instance, at every apex ka with a 6= 0, the foregoing results remain valid for any |Y | > 0

by taking |Ya| = |Y |
Qd

j=1(1+aj) in lieu of the measure given in (78). When a = 0, a similar modification
(omitted herein for brevity) can be implemented.

For all apex points and solution branches under consideration, we find by simulations that: (i) T is diagonal
when the eigenvalue is simple; (ii) so are tensors Tpq = µ(0)

pq /⇢(0) (using the eigenfunction basis as in Lemma 9)
when the eigenvalue is repeated, and (iii) Tpq = 0 for p 6= q. In this setting, Table 1 compares the present
results with those in [10] at apexes A, B, and C for the first four solution branches. For brevity of notation,
we refer to the e↵ective tensors T11 and T22 simply as “T ” when listing the results for repeated eigenvalues.
As can be seen from the display, there is a good overall agreement between the two sets of results.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [10], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
evaluated by integrating (114) numerically over Ba. For completeness, also included in the display are the
leading-order components of U (i)

a and U (ii)
a , obtained by discarding the “dipole” contributions on the right hand-

sides of (114) and (119), i.e. those terms multiplied by �(1)(y0). With reference to (118), approximation (i)
and approximation (ii) give similar result away from y1 � y0

1 = 0. The di↵erence between U (i)
a and U (ii)

a on the
one hand and their leading-order counterparts on the other is, however, striking in that the former bring about
a directivity of wave motion that is absent from the leading-order approximation. This feature is highlighted
in Fig. 4(b), which compares the e↵ective solution envelope ± max |'̃a

n̂|U (ii)
a (y) stemming from (115) and (119)

25

µ(0) : k̂
2
/(2⇢(0)!�

n) is real-valued, we specifically see from (38) that the germane eigenfunction �̃�
n(x) is propa-

gated with O(✏�1) phase velocity c and O(✏) group velocity cg given by

c(k̂) = ✏�1
h
!�

n + ✏2
µ(0) : k̂

2

2⇢(0)!�
n

i k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (40)

By (39), one may alternatively interpret the free Bloch wave at some (k̂, !̂(k̂)) as a product between the
standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0, and a plane-wave “propagator” endowed with O(✏)

phase velocity c and commensurate group velocity cg given by

c(k̂) = ✏
µ(0) : k̂

2

2⇢(0)!�
n

k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (41)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However, from (40) and (41)
one also finds that sign(c · cg) = 1, while sign(c ·cg) = sign(µ(0)). In situations when µ(0) is negative definite,
this highlights the contrast between (39) – designed to isolate the perturbation e↵ects, and (38) – which may
shed light on the physical phenomenon of negative refraction, a�liated with an opposition between the group
and phase velocity vectors. For clarity, the velocity quantities in (40) and (41) are schematically illustrated in
Fig. 1(a) by considering the first optical branch (n = 2).

Remark 6. Considering the acoustic branch (n = 1), we have �̃�
1 = 1, !�

1 = 0, and ! = ✏!̂ whereby

u(x, t) = ✏�2f̃ w0(k̂, !̂) ei(k̂·x�!̂t) + O(✏�1) for f̃ 6= 0,

u(x, t) = U ei(k̂·x�(µ(0):k̂
2
/⇢(0))1/2t) + O(✏) for f̃ = 0.

In this case, the leading-order e↵ective solution still carries the role of amplitude (resp. phase) control when
f 6= 0 (resp. f = 0); however the multiplier of the phase term ei(·) is x- and t-independent, which caters for
a more tangible interpretation of w0.

k

!
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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band gap

driving 
frequency O(✏2)

and we let ⌘(1) 2
�
H1a

p0 (Ya)
�d

be the unique zero-mean vector given by

�̃a
n⇢⌘(1) + r·

�
G(r⌘(1)+ I⌘(0))

�
+ Gr⌘(0) +

⇢

⇢(0)

�
(eika·x�(1), 1)Ya

'̃a
n � heika·xi'

a�(1)
�

= 0 in Ya, (114)

⌫ · G(r⌘(1) + I⌘(0))|xj=0 = �⌫ · G(r⌘(1) + I⌘(0))|xj=(1+aj)`j
, j = 1, d.

With such definitions, we find that

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w2 �

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
w0 = �h⇢⌘(0)i'

a !̂2

+
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r'̃a

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2, (115)

where

⇢(2) = h⇢�(2)i'
a, µ(2) =

⌦
G{r�(3) + I⌦�(2)}

↵'

a
�
�
G{�(3) ⌦ r'̃a

n}, 1
�
Ya

. (116)

Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (88) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (77). Assuming that the eigenvalue �̃a

n (n > 1) solving (84)–(86) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (91) of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (117)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (106) and (116); and

M(k̂, !̂) = heika·xi'
a � ✏ (eika·x�(1), 1)Ya

· ik̂ + ✏2 �h⇢⌘(0)i'
a !̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r�̃�

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2. (118)

When considering the propagation of free waves (f̃ = 0), the second-order FW-FF approximation of the nth
dispersion branch near k = ka accordingly reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , kak + n > 1,

whereby

!
✏5
= !a

n +
✏2

2⇢(0)!a
n

µ(0) : k̂
2

� ✏4

8(⇢(0))2 (!a
n)3

�
µ(0)⌦ µ(0) + 4(!a

n)2
�
⇢(0)µ(2)� µ(0)⌦ ⇢(2)

� 
: k̂

4
, kak + n > 2.

5.5. Example application in the spatial domain

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is comparabe to the size
of the unit cell, and the basic premise of the two-scale analysis (Section 4) does not apply. Instead, we make
use of the inverse Fourier transform to obtain an e↵ective spatial description of wavefields whose spectrum
is localized in a neighborhood of (ka, !a

n). On adopting the terminology of the two-scale analysis, we denote
respectvely by x and y the “slow” and “fast” spatial coordinate, and we consider the solution

Ua(y) = F�1
d

⇥
hũia(k̂)

⇤
= (2⇡)�d

Z

Rd

hũia(k̂) eik·y dk, k̂ =
k � ka

✏

where hũia(k̂) behaves as in Theorem 2. For simplicity of discussion, we disregard the second-order corrections
in (117) and (118). On applying the inverse Fourier transform to the left-hand side of (117), we obtain

�✏d eika·x�µ(0):r2
x + �⇢(0) !̂2

�
Ua(x),

16

(a) (b) (c)

Figure 1: Wave motion in a periodic medium: (a) phase and group velocities featured by the LW-FF expansion of the first optical

branch, n = 2, about k = 0; (b) schematics of the multi-cell domains Y a 2 R2
supporting the FW-FF homogenization of wave

motion about vertices of the first quadrant of the first Brioullin zone, and (c) source excitation near the edge of a band gap.

3.1.3. First-order corrector
Let �(2) 2

�
H1

p0(Y )
�d⇥d

be the unique second-order tensor solving

�̃�
n⇢�(2) + r·

�
G

�
r�(2) + {I ⌦ �(1)}0�� + G{r�(1) + I�̃�

n} � ⇢

⇢(0)
µ(0)�̃�

n = 0 in Y, (42)

⌫ · G
�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ · G

�
r�(2) + {I ⌦ �(1)}0�|xj=`j , j = 1, d,
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From (112), we find that f̃(y; k) = �(y�y0)e�i(ka+✏k̂)·y there. In this case (f̃ 6= const.), the claim of Theorem 2
can be generalized as

�
�
µ(0) : (i✏k̂)2 + ⇢(0)✏2�!̂2

�
hũia = he�i✏k̂·y�(y�y0)i'

a � (e�i✏k̂·y�(1)(y)�(y�y0), 1)Ya
· i✏k̂

= |Ya|�1e�i✏k̂·y0�
'̃a

n̂(y0) � �(1)(y0) · i✏k̂
�
, (114)

upon discarding the second-order correction.
By letting �̃a

n̂ satisfy (74)–(75) in every � +Y , (113) is next evaluated on the basis of (114) by: (i) applying
the local approximation

ũ(y; ka+ ✏k̂) ' hũia[✏k̂] �̃a
n̂(y), y 2 Rd

uniformly for all ✏k̂ 2 Ba, and (ii) further extending the domain of integration to Rd, see [13] for related
discussion. Specifically, we write

u(y)
(i)
' |Ba|�1 �̃a

n̂(y) eika·y
Z

Ba

hũia[✏k̂] ei✏k̂·y d(✏k̂) = '̃a
n̂(y) Ua(y), (115)

where '̃a
n̂ = �̃a

n̂ eika·y solves (80)–(82) in every �a+Ya, and

Ua(y) = |Ba|�1

Z

Ba

hũia[✏k̂] ei✏k̂·y d(✏k̂)
(ii)
' |Ba|�1

Z

Rd

hũia[✏k̂] ei✏k̂·y d(✏k̂). (116)

For brevity, we leave the error estimates for another study. We note, however, that the above approximations
are supported by the facts that: (a) hũia solving (114) behaves as O((✏2 + k✏k̂k2)�1) for ✏k̂ 2 Rd, and
(b) relative error due to approximation (ii) diminishes fast with ky �y0k since the phase function in (116) has
no stationary points. On recalling that |Ba| = (2⇡)d/|Ya|, (114) and (116) demonstrate that Ua solves

�
�
µ(0):r2

y + ⇢(0)(!2 � �̃a
n̂)

�
Ua =

⇥
'̃a

n̂(y0) � �(1)(y0) ·ry

⇤
F (y � y0), (117)

where

F (y � y0) =

(
|Ya|�1

Qd
j=1 sinc

⇥⇡(yj�y0
j)

(1+aj)`j

⇤
, approx. (i)

�(y � y0), approx. (ii)
(118)

In the sequel, we will examine the utility of both approximations for a chessboard-like medium examined
in [10].

For future reference we note assuming d = 2, !2 > �̃a
n̂, and µ(0) = µ(0)I for some µ(0) < 0, that the solution

of (118) a�liated with approximation (ii) can be conveniently computed as

U (ii)
a (y) =

1

2⇡µ(0)

h
'̃a

n̂(y0)K0(↵kyk) +
↵

kyk�(1)(y0)·y K1(↵kyk)
i
, ↵ =

s
⇢(0)(!2 � �̃a

n̂)

|µ(0)| . (119)

6. Repeated eigenvalues

Up until this point, we assumed that the eigenvalue �̃a
n is simple. In the case of repeated eigenvalues, however,

the asymptotic analysis must be reformulated to account for the interaction of “competing” eigenfunctions
at !a

n = (�̃a
n)1/2. This degenerate situation was recently considered in [9] and [15] by considering one-

dimensional wave motion and time-domain wave equation, respectively. When the composite is of honeycomb
structure, e↵ective wave motion of this type is notably governed by the Dirac equation [16]. In such periodic
configurations, salient features such as topologically protected edge states are possible – leading to the concept
of topological wave insulators, see [9, 15, 16] for details.

In what follows, we pursue the FW-FF expansion of wave motion about the apex point (ka, !a
n) in situations

when the eigenvalue �a
n is repeated. For generality, we adopt the agnostic scaling framework (87), and we

take (88)-(91) as the starting point.
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(b) relative error due to approximation (ii) diminishes fast with ky �y0k since the phase function in (116) has
no stationary points. On recalling that |Ba| = (2⇡)d/|Ya|, (114) and (116) demonstrate that Ua solves

�
�
µ(0):r2

y + ⇢(0)(!2 � �̃a
n̂)

�
Ua =

⇥
'̃a

n̂(y0) � �(1)(y0) ·ry

⇤
F (y � y0), (117)

where

F (y � y0) =

(
|Ya|�1

Qd
j=1 sinc

⇥⇡(yj�y0
j)

(1+aj)`j

⇤
, approx. (i)

�(y � y0), approx. (ii)
(118)

In the sequel, we will examine the utility of both approximations for a chessboard-like medium examined
in [10].

For future reference we note assuming d = 2, !2 > �̃a
n̂, and µ(0) = µ(0)I for some µ(0) < 0, that the solution

of (118) a�liated with approximation (ii) can be conveniently computed as

U (ii)
a (y) =

1

2⇡µ(0)

h
'̃a

n̂(y0)K0(↵kyk) +
↵

kyk�(1)(y0)·y K1(↵kyk)
i
, ↵ =

s
⇢(0)(!2 � �̃a

n̂)

|µ(0)| . (119)

6. Repeated eigenvalues

Up until this point, we assumed that the eigenvalue �̃a
n is simple. In the case of repeated eigenvalues, however,

the asymptotic analysis must be reformulated to account for the interaction of “competing” eigenfunctions
at !a

n = (�̃a
n)1/2. This degenerate situation was recently considered in [9] and [15] by considering one-

dimensional wave motion and time-domain wave equation, respectively. When the composite is of honeycomb
structure, e↵ective wave motion of this type is notably governed by the Dirac equation [16]. In such periodic
configurations, salient features such as topologically protected edge states are possible – leading to the concept
of topological wave insulators, see [9, 15, 16] for details.

In what follows, we pursue the FW-FF expansion of wave motion about the apex point (ka, !a
n) in situations

when the eigenvalue �a
n is repeated. For generality, we adopt the agnostic scaling framework (87), and we

take (88)-(91) as the starting point.
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Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (84) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (73). Assuming that the eigenvalue �̃a

n (n > 1) solving (80)–(82) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (87) of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (110)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (102) and (109); and

M(k̂, !̂) = heika·xi'
a � ✏ (eika·x�(1), 1)Ya

· ik̂ + ✏2 �h⇢⌘(0)i'
a !̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r'̃a

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2. (111)

When considering the propagation of free waves (f̃ = 0), on the other hand, the second-order FW-FF approx-
imation of the nth dispersion branch near k = ka reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , n > 1.

In situations when n + kak > 2, we further have

!
✏5
= !a

n +
✏2

2⇢(0)!a
n

µ(0) : k̂
2

� ✏4

8(⇢(0))2 (!a
n)3

�
µ(0)⌦ µ(0) + 4(!a

n)2
�
⇢(0)µ(2)� µ(0)⌦ ⇢(2)

� 
: k̂

4
.

5.5. Example application: Green’s function near the edge of a band gap

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is commensurate with the
size of the unit cell, and the usual premise of the two-scale homogenization analysis (see Section 4) ceases to
apply. Instead, we make use of the Bloch expansion theorem [23] to obtain an e↵ective spatial description
of wavefields whose spectrum is localized in a neighborhood of (ka, !a

n). To facilitate the discussion, we
temporarily adopt the terminology of the two-scale analysis and we let y and x = ✏y signify respectively the
“fast” and “slow” spatial coordinate, where y tracks fluctuations on the level of the unit cell. On denoting
by �a the lattice vectors of a structure with period Ya and assuming that u solving (1) for some f 2 L1(Rd)
is likewise absolutely integrable over Rd, their Ya-periodic counterparts

g̃(y; k) =
X

�a

g(y + �a)e�ik·(y+�a), g = u, f (112)

can be shown to satisfy (4)–(5) with Y replaced by Ya. In this setting, the Bloch expansion theorem gives

u(y) = |Ba|�1

Z

ks+Ba

ũ(y; k)eik·y dk, y 2 Rd (113)

and similarly for f , where Ba is the first Brioullin zone corresponding to Ya and ks 2 Rd is an arbitrary shift
vector. In what follows, we conveniently take ks = ka and we denote by � the lattice vectors of a structure
with period Y .

We next consider the Green’s function for an infinite periodic medium at frequency ! near the edge of a
band gap so that ! � !a

n = O(✏2) for some n = n̂ and k = ka, whereas ! � !n(k) > O(1) for all other n and
all k away from ka (see the schematics in Fig. 1(c)). Letting the source density be f(y) = �(y �y0), one finds
that the Green’s function u under such conditions decays strongly [13] with ky � y0k so that (113) applies.

By virtue of (13)–(14), the principal contribution to (113) in this case derives from a neighborhood
of (ka, !a

n̂). Assuming that �a
n̂ is an isolated eigenvalue, this neighborhood is characterized by scalings

k = ka+ ✏k̂, !2 = �a
n̂ + ✏2�!̂2.
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µ(0) : k̂
2
/(2⇢(0)!�

n) is real-valued, we specifically see from (38) that the germane eigenfunction �̃�
n(x) is propa-

gated with O(✏�1) phase velocity c and O(✏) group velocity cg given by

c(k̂) = ✏�1
h
!�

n + ✏2
µ(0) : k̂

2

2⇢(0)!�
n

i k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (40)

By (39), one may alternatively interpret the free Bloch wave at some (k̂, !̂(k̂)) as a product between the
standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0, and a plane-wave “propagator” endowed with O(✏)

phase velocity c and commensurate group velocity cg given by

c(k̂) = ✏
µ(0) : k̂

2

2⇢(0)!�
n

k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (41)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However, from (40) and (41)
one also finds that sign(c · cg) = 1, while sign(c ·cg) = sign(µ(0)). In situations when µ(0) is negative definite,
this highlights the contrast between (39) – designed to isolate the perturbation e↵ects, and (38) – which may
shed light on the physical phenomenon of negative refraction, a�liated with an opposition between the group
and phase velocity vectors. For clarity, the velocity quantities in (40) and (41) are schematically illustrated in
Fig. 1(a) by considering the first optical branch (n = 2).

Remark 6. Considering the acoustic branch (n = 1), we have �̃�
1 = 1, !�

1 = 0, and ! = ✏!̂ whereby

u(x, t) = ✏�2f̃ w0(k̂, !̂) ei(k̂·x�!̂t) + O(✏�1) for f̃ 6= 0,

u(x, t) = U ei(k̂·x�(µ(0):k̂
2
/⇢(0))1/2t) + O(✏) for f̃ = 0.

In this case, the leading-order e↵ective solution still carries the role of amplitude (resp. phase) control when
f 6= 0 (resp. f = 0); however the multiplier of the phase term ei(·) is x- and t-independent, which caters for
a more tangible interpretation of w0.

k
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.

8

rspa.royalsocietypublishing.org
Proc

R
Soc

A
0000000

..........................................................
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n)t) + O(�), (4.24)
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“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
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, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�
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nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n
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µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as
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from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
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n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read
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n). On recalling that �̃�
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1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)
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n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�
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nt, i.e. the solution at k̂ = 0,
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group velocity cg given by
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n
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Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as
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from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
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n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read
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Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +
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n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)
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where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
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and we let ⌘(1) 2
�
H1a

p0 (Ya)
�d

be the unique zero-mean vector given by

�̃a
n⇢⌘(1) + r·

�
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(eika·x�(1), 1)Ya

'̃a
n � heika·xi'

a�(1)
�

= 0 in Ya, (114)

⌫ · G(r⌘(1) + I⌘(0))|xj=0 = �⌫ · G(r⌘(1) + I⌘(0))|xj=(1+aj)`j
, j = 1, d.

With such definitions, we find that

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w2 �

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
w0 = �h⇢⌘(0)i'
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: (ik̂)2, (115)

where

⇢(2) = h⇢�(2)i'
a, µ(2) =

⌦
G{r�(3) + I⌦�(2)}

↵'

a
�
�
G{�(3) ⌦ r'̃a

n}, 1
�
Ya

. (116)

Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (88) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (77). Assuming that the eigenvalue �̃a

n (n > 1) solving (84)–(86) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (91) of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (117)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (106) and (116); and

M(k̂, !̂) = heika·xi'
a � ✏ (eika·x�(1), 1)Ya

· ik̂ + ✏2 �h⇢⌘(0)i'
a !̂2

+ ✏2
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G{r⌘(1)+ I⌘(0)}
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�
�
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�
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+
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�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2. (118)

When considering the propagation of free waves (f̃ = 0), the second-order FW-FF approximation of the nth
dispersion branch near k = ka accordingly reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , kak + n > 1,

whereby

!
✏5
= !a

n +
✏2

2⇢(0)!a
n

µ(0) : k̂
2

� ✏4

8(⇢(0))2 (!a
n)3

�
µ(0)⌦ µ(0) + 4(!a

n)2
�
⇢(0)µ(2)� µ(0)⌦ ⇢(2)

� 
: k̂

4
, kak + n > 2.

5.5. Example application in the spatial domain

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is comparabe to the size
of the unit cell, and the basic premise of the two-scale analysis (Section 4) does not apply. Instead, we make
use of the inverse Fourier transform to obtain an e↵ective spatial description of wavefields whose spectrum
is localized in a neighborhood of (ka, !a

n). On adopting the terminology of the two-scale analysis, we denote
respectvely by x and y the “slow” and “fast” spatial coordinate, and we consider the solution

Ua(y) = F�1
d

⇥
hũia(k̂)

⇤
= (2⇡)�d

Z

Rd

hũia(k̂) eik·y dk, k̂ =
k � ka

✏

where hũia(k̂) behaves as in Theorem 2. For simplicity of discussion, we disregard the second-order corrections
in (117) and (118). On applying the inverse Fourier transform to the left-hand side of (117), we obtain

�✏d eika·x�µ(0):r2
x + �⇢(0) !̂2

�
Ua(x),
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(a) (b) (c)

Figure 1: Wave motion in a periodic medium: (a) phase and group velocities featured by the LW-FF expansion of the first optical

branch, n = 2, about k = 0; (b) schematics of the multi-cell domains Y a 2 R2
supporting the FW-FF homogenization of wave

motion about vertices of the first quadrant of the first Brioullin zone, and (c) source excitation near the edge of a band gap.

3.1.3. First-order corrector
Let �(2) 2

�
H1

p0(Y )
�d⇥d

be the unique second-order tensor solving

�̃�
n⇢�(2) + r·

�
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�
r�(2) + {I ⌦ �(1)}0�� + G{r�(1) + I�̃�

n} � ⇢
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µ(0)�̃�

n = 0 in Y, (42)

⌫ · G
�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ · G

�
r�(2) + {I ⌦ �(1)}0�|xj=`j , j = 1, d,
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Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (84) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (73). Assuming that the eigenvalue �̃a

n (n > 1) solving (80)–(82) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (87) of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (110)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (102) and (109); and

M(k̂, !̂) = heika·xi'
a � ✏ (eika·x�(1), 1)Ya

· ik̂ + ✏2 �h⇢⌘(0)i'
a !̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r'̃a
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�
Ya

+
1
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�
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 ⌘
: (ik̂)2. (111)

When considering the propagation of free waves (f̃ = 0), on the other hand, the second-order FW-FF approx-
imation of the nth dispersion branch near k = ka reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , n > 1.

In situations when n + kak > 2, we further have

!
✏5
= !a

n +
✏2

2⇢(0)!a
n

µ(0) : k̂
2

� ✏4

8(⇢(0))2 (!a
n)3

�
µ(0)⌦ µ(0) + 4(!a

n)2
�
⇢(0)µ(2)� µ(0)⌦ ⇢(2)

� 
: k̂

4
.

5.5. Example application: Green’s function near the edge of a band gap

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is commensurate with the
size of the unit cell, and the usual premise of the two-scale homogenization analysis (see Section 4) ceases to
apply. Instead, we make use of the Bloch expansion theorem [23] to obtain an e↵ective spatial description
of wavefields whose spectrum is localized in a neighborhood of (ka, !a

n). To facilitate the discussion, we
temporarily adopt the terminology of the two-scale analysis and we let y and x = ✏y signify respectively the
“fast” and “slow” spatial coordinate, where y tracks fluctuations on the level of the unit cell. On denoting
by �a the lattice vectors of a structure with period Ya and assuming that u solving (1) for some f 2 L1(Rd)
is likewise absolutely integrable over Rd, their Ya-periodic counterparts

g̃(y; k) =
X

�a

g(y + �a)e�ik·(y+�a), g = u, f (112)

can be shown to satisfy (4)–(5) with Y replaced by Ya. In this setting, the Bloch expansion theorem gives

u(y) = |Ba|�1

Z

ks+Ba

ũ(y; k)eik·y dk, y 2 Rd (113)

and similarly for f , where Ba is the first Brioullin zone corresponding to Ya and ks 2 Rd is an arbitrary shift
vector. In what follows, we conveniently take ks = ka and we denote by � the lattice vectors of a structure
with period Y .

We next consider the Green’s function for an infinite periodic medium at frequency ! near the edge of a
band gap so that ! � !a

n = O(✏2) for some n = n̂ and k = ka, whereas ! � !n(k) > O(1) for all other n and
all k away from ka (see the schematics in Fig. 1(c)). Letting the source density be f(y) = �(y �y0), one finds
that the Green’s function u under such conditions decays strongly [13] with ky � y0k so that (113) applies.

By virtue of (13)–(14), the principal contribution to (113) in this case derives from a neighborhood
of (ka, !a

n̂). Assuming that �a
n̂ is an isolated eigenvalue, this neighborhood is characterized by scalings

k = ka+ ✏k̂, !2 = �a
n̂ + ✏2�!̂2.
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lattice vectors

From (112), we find that f̃(y; k) = �(y�y0)e�i(ka+✏k̂)·y there. In this case (f̃ 6= const.), the claim of Theorem 2
can be generalized as

�
�
µ(0) : (i✏k̂)2 + ⇢(0)✏2�!̂2

�
hũia = he�i✏k̂·y�(y�y0)i'

a � (e�i✏k̂·y�(1)(y)�(y�y0), 1)Ya
· i✏k̂

= |Ya|�1e�i✏k̂·y0�
'̃a

n̂(y0) � �(1)(y0) · i✏k̂
�
, (114)

upon discarding the second-order correction.
By letting �̃a

n̂ satisfy (74)–(75) in every � +Y , (113) is next evaluated on the basis of (114) by: (i) applying
the local approximation

ũ(y; ka+ ✏k̂) ' hũia[✏k̂] �̃a
n̂(y), y 2 Rd

uniformly for all ✏k̂ 2 Ba, and (ii) further extending the domain of integration to Rd, see [13] for related
discussion. Specifically, we write

u(y)
(i)
' |Ba|�1 �̃a

n̂(y) eika·y
Z

Ba

hũia[✏k̂] ei✏k̂·y d(✏k̂) = '̃a
n̂(y) Ua(y), (115)

where '̃a
n̂ = �̃a

n̂ eika·y solves (80)–(82) in every �a+Ya, and

Ua(y) = |Ba|�1

Z

Ba

hũia[✏k̂] ei✏k̂·y d(✏k̂)
(ii)
' |Ba|�1

Z

Rd

hũia[✏k̂] ei✏k̂·y d(✏k̂). (116)

For brevity, we leave the error estimates for another study. We note, however, that the above approximations
are supported by the facts that: (a) hũia solving (114) behaves as O((✏2 + k✏k̂k2)�1) for ✏k̂ 2 Rd, and
(b) relative error due to approximation (ii) diminishes fast with ky �y0k since the phase function in (116) has
no stationary points. On recalling that |Ba| = (2⇡)d/|Ya|, (114) and (116) demonstrate that Ua solves

�
�
µ(0):r2

y + ⇢(0)(!2 � �̃a
n̂)

�
Ua =

⇥
'̃a

n̂(y0) � �(1)(y0) ·ry

⇤
F (y � y0), (117)

where

F (y � y0) =

(
|Ya|�1

Qd
j=1 sinc

⇥⇡(yj�y0
j)

(1+aj)`j

⇤
, approx. (i)

�(y � y0), approx. (ii)
(118)

In the sequel, we will examine the utility of both approximations for a chessboard-like medium examined
in [10].

For future reference we note assuming d = 2, !2 > �̃a
n̂, and µ(0) = µ(0)I for some µ(0) < 0, that the solution

of (118) a�liated with approximation (ii) can be conveniently computed as

U (ii)
a (y) =

1

2⇡µ(0)

h
'̃a

n̂(y0)K0(↵kyk) +
↵

kyk�(1)(y0)·y K1(↵kyk)
i
, ↵ =

s
⇢(0)(!2 � �̃a

n̂)

|µ(0)| . (119)

6. Repeated eigenvalues

Up until this point, we assumed that the eigenvalue �̃a
n is simple. In the case of repeated eigenvalues, however,

the asymptotic analysis must be reformulated to account for the interaction of “competing” eigenfunctions
at !a

n = (�̃a
n)1/2. This degenerate situation was recently considered in [9] and [15] by considering one-

dimensional wave motion and time-domain wave equation, respectively. When the composite is of honeycomb
structure, e↵ective wave motion of this type is notably governed by the Dirac equation [16]. In such periodic
configurations, salient features such as topologically protected edge states are possible – leading to the concept
of topological wave insulators, see [9, 15, 16] for details.

In what follows, we pursue the FW-FF expansion of wave motion about the apex point (ka, !a
n) in situations

when the eigenvalue �a
n is repeated. For generality, we adopt the agnostic scaling framework (87), and we

take (88)-(91) as the starting point.
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Local approximation (leading-order)

Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (84) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (73). Assuming that the eigenvalue �̃a

n (n > 1) solving (80)–(82) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (87) of (ka, !a

n) satisfies
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where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (102) and (109); and
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When considering the propagation of free waves (f̃ = 0), on the other hand, the second-order FW-FF approx-
imation of the nth dispersion branch near k = ka reads
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5.5. Example application: Green’s function near the edge of a band gap

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is commensurate with the
size of the unit cell, and the usual premise of the two-scale homogenization analysis (see Section 4) ceases to
apply. Instead, we make use of the Bloch expansion theorem [23] to obtain an e↵ective spatial description
of wavefields whose spectrum is localized in a neighborhood of (ka, !a

n). To facilitate the discussion, we
temporarily adopt the terminology of the two-scale analysis and we let y and x = ✏y signify respectively the
“fast” and “slow” spatial coordinate, where y tracks fluctuations on the level of the unit cell. On denoting
by �a the lattice vectors of a structure with period Ya and assuming that u solving (1) for some f 2 L1(Rd)
is likewise absolutely integrable over Rd, their Ya-periodic counterparts

g̃(y; k) =
X

�a

g(y + �a)e�ik·(y+�a), g = u, f (112)

can be shown to satisfy (4)–(5) with Y replaced by Ya. In this setting, the Bloch expansion theorem gives

u(y) = |Ba|�1

Z

ks+Ba

ũ(y; k)eik·y dk, y 2 Rd (113)

and similarly for f , where Ba is the first Brioullin zone corresponding to Ya and ks 2 Rd is an arbitrary shift
vector. In what follows, we conveniently take ks = ka and we denote by � the lattice vectors of a structure
with period Y .

We next consider the Green’s function for an infinite periodic medium at frequency ! near the edge of a
band gap so that ! � !a

n = O(✏2) for some n = n̂ and k = ka, whereas ! � !n(k) > O(1) for all other n and
all k away from ka (see the schematics in Fig. 1(c)). Letting the source density be f(y) = �(y �y0), one finds
that the Green’s function u under such conditions decays strongly [13] with ky � y0k so that (113) applies.

By virtue of (13)–(14), the principal contribution to (113) in this case derives from a neighborhood
of (ka, !a

n̂). Assuming that �a
n̂ is an isolated eigenvalue, this neighborhood is characterized by scalings

k = ka+ ✏k̂, !2 = �a
n̂ + ✏2�!̂2.
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From (112), we find that f̃(y; k) = �(y�y0)e�i(ka+✏k̂)·y there. In this case (f̃ 6= const.), the claim of Theorem 2
can be generalized as

�
�
µ(0) : (i✏k̂)2 + ⇢(0)✏2�!̂2

�
hũia = he�i✏k̂·y�(y�y0)i'
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'̃a

n̂(y0) � �(1)(y0) · i✏k̂
�
, (114)

upon discarding the second-order correction.
By letting �̃a

n̂ satisfy (74)–(75) in every � +Y , (113) is next evaluated on the basis of (114) by: (i) applying
the local approximation

ũ(y; ka+ ✏k̂) ' hũia[✏k̂] �̃a
n̂(y), y 2 Rd

uniformly for all ✏k̂ 2 Ba, and (ii) further extending the domain of integration to Rd, see [13] for related
discussion. Specifically, we write

u(y)
(i)
' |Ba|�1 �̃a

n̂(y) eika·y
Z

Ba

hũia[✏k̂] ei✏k̂·y d(✏k̂) = '̃a
n̂(y) Ua(y), (115)

where '̃a
n̂ = �̃a

n̂ eika·y solves (80)–(82) in every �a+Ya, and

Ua(y) = |Ba|�1

Z

Ba

hũia[✏k̂] ei✏k̂·y d(✏k̂)
(ii)
' |Ba|�1

Z

Rd

hũia[✏k̂] ei✏k̂·y d(✏k̂). (116)

For brevity, we leave the error estimates for another study. We note, however, that the above approximations
are supported by the facts that: (a) hũia solving (114) behaves as O((✏2 + k✏k̂k2)�1) for ✏k̂ 2 Rd, and
(b) relative error due to approximation (ii) diminishes fast with ky �y0k since the phase function in (116) has
no stationary points. On recalling that |Ba| = (2⇡)d/|Ya|, (114) and (116) demonstrate that Ua solves
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y + ⇢(0)(!2 � �̃a
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⇤
F (y � y0), (117)

where

F (y � y0) =

(
|Ya|�1

Qd
j=1 sinc

⇥⇡(yj�y0
j)

(1+aj)`j

⇤
, approx. (i)

�(y � y0), approx. (ii)
(118)

In the sequel, we will examine the utility of both approximations for a chessboard-like medium examined
in [10].

For future reference we note assuming d = 2, !2 > �̃a
n̂, and µ(0) = µ(0)I for some µ(0) < 0, that the solution

of (118) a�liated with approximation (ii) can be conveniently computed as

U (ii)
a (y) =

1

2⇡µ(0)

h
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n̂(y0)K0(↵kyk) +
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kyk�(1)(y0)·y K1(↵kyk)
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6. Repeated eigenvalues

Up until this point, we assumed that the eigenvalue �̃a
n is simple. In the case of repeated eigenvalues, however,

the asymptotic analysis must be reformulated to account for the interaction of “competing” eigenfunctions
at !a

n = (�̃a
n)1/2. This degenerate situation was recently considered in [9] and [15] by considering one-

dimensional wave motion and time-domain wave equation, respectively. When the composite is of honeycomb
structure, e↵ective wave motion of this type is notably governed by the Dirac equation [16]. In such periodic
configurations, salient features such as topologically protected edge states are possible – leading to the concept
of topological wave insulators, see [9, 15, 16] for details.

In what follows, we pursue the FW-FF expansion of wave motion about the apex point (ka, !a
n) in situations

when the eigenvalue �a
n is repeated. For generality, we adopt the agnostic scaling framework (87), and we

take (88)-(91) as the starting point.
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Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (84) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (73). Assuming that the eigenvalue �̃a

n (n > 1) solving (80)–(82) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (87) of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (110)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (102) and (109); and

M(k̂, !̂) = heika·xi'
a � ✏ (eika·x�(1), 1)Ya

· ik̂ + ✏2 �h⇢⌘(0)i'
a !̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r'̃a

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2. (111)

When considering the propagation of free waves (f̃ = 0), on the other hand, the second-order FW-FF approx-
imation of the nth dispersion branch near k = ka reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , n > 1.

In situations when n + kak > 2, we further have

!
✏5
= !a

n +
✏2

2⇢(0)!a
n

µ(0) : k̂
2

� ✏4

8(⇢(0))2 (!a
n)3

�
µ(0)⌦ µ(0) + 4(!a

n)2
�
⇢(0)µ(2)� µ(0)⌦ ⇢(2)

� 
: k̂

4
.

5.5. Example application: Green’s function near the edge of a band gap

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is commensurate with the
size of the unit cell, and the usual premise of the two-scale homogenization analysis (see Section 4) ceases to
apply. Instead, we make use of the Bloch expansion theorem [23] to obtain an e↵ective spatial description
of wavefields whose spectrum is localized in a neighborhood of (ka, !a

n). To facilitate the discussion, we
temporarily adopt the terminology of the two-scale analysis and we let y and x = ✏y signify respectively the
“fast” and “slow” spatial coordinate, where y tracks fluctuations on the level of the unit cell. On denoting
by �a the lattice vectors of a structure with period Ya and assuming that u solving (1) for some f 2 L1(Rd)
is likewise absolutely integrable over Rd, their Ya-periodic counterparts

g̃(y; k) =
X

�a

g(y + �a)e�ik·(y+�a), g = u, f (112)

can be shown to satisfy (4)–(5) with Y replaced by Ya. In this setting, the Bloch expansion theorem gives

u(y) = |Ba|�1

Z

ks+Ba

ũ(y; k)eik·y dk, y 2 Rd (113)

and similarly for f , where Ba is the first Brioullin zone corresponding to Ya and ks 2 Rd is an arbitrary shift
vector. In what follows, we conveniently take ks = ka and we denote by � the lattice vectors of a structure
with period Y .

We next consider the Green’s function for an infinite periodic medium at frequency ! near the edge of a
band gap so that ! � !a

n = O(✏2) for some n = n̂ and k = ka, whereas ! � !n(k) > O(1) for all other n and
all k away from ka (see the schematics in Fig. 1(c)). Letting the source density be f(y) = �(y �y0), one finds
that the Green’s function u under such conditions decays strongly [13] with ky � y0k so that (113) applies.

By virtue of (13)–(14), the principal contribution to (113) in this case derives from a neighborhood
of (ka, !a

n̂). Assuming that �a
n̂ is an isolated eigenvalue, this neighborhood is characterized by scalings

k = ka+ ✏k̂, !2 = �a
n̂ + ✏2�!̂2.
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`2
<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B

<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2
<latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit>

⇡/`1
<latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit>

⇡/`2
<latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit>

�⇡/`2
<latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit>

�⇡/`1
<latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit>
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.1. Comparison with prior results
To evaluate the e↵ective parameters ⇢(0), µ(0), ⇢(2), µ(2) and µ(0)

pq for a chessboard-like medium according
to (102), (109), (141) and (155), eigenfunctions '̃a

n(x) and cell functions �(m)(x) (m = 1, 2, 3) are computed
using the finite element platform NGSolve [25]. The unit cell (either Y or Ya depending on the apex) is dis-
cretized using fourth-order finite elements, with the maximum element size bounded from above by 0.05|Y |1/2.
Before examining the general case with variable shear modulus and mass density, we first evaluate the e↵ective
tensor T = µ(0)/⇢(0) for a medium with constant shear modulus as in [10] by taking `1 =`2 =2, G = (1, 1, 1, 1),
and r = (1, 101, 201, 101). This particular configuration, while bearing little relevance from the viewpoint of
elastic solids, is nonetheless useful as a vehicle to verify the numerical implementation.

Remark 20. At this point, we recall our premise that |Y | = 1. This limitation can, however, be handled with
little di�culty; for instance, at every apex ka with a 6= 0, the foregoing results remain valid for any |Y | > 0

by taking |Ya| = |Y |
Qd

j=1(1+aj) in lieu of the measure given in (78). When a = 0, a similar modification
(omitted herein for brevity) can be implemented.

For all apex points and solution branches under consideration, we find by simulations that: (i) T is diagonal
when the eigenvalue is simple; (ii) so are tensors Tpq = µ(0)

pq /⇢(0) (using the eigenfunction basis as in Lemma 9)
when the eigenvalue is repeated, and (iii) Tpq = 0 for p 6= q. In this setting, Table 1 compares the present
results with those in [10] at apexes A, B, and C for the first four solution branches. For brevity of notation,
we refer to the e↵ective tensors T11 and T22 simply as “T ” when listing the results for repeated eigenvalues.
As can be seen from the display, there is a good overall agreement between the two sets of results.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [10], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
evaluated by integrating (114) numerically over Ba. For completeness, also included in the display are the
leading-order components of U (i)

a and U (ii)
a , obtained by discarding the “dipole” contributions on the right hand-

sides of (114) and (119), i.e. those terms multiplied by �(1)(y0). With reference to (118), approximation (i)
and approximation (ii) give similar result away from y1 � y0

1 = 0. The di↵erence between U (i)
a and U (ii)

a on the
one hand and their leading-order counterparts on the other is, however, striking in that the former bring about
a directivity of wave motion that is absent from the leading-order approximation. This feature is highlighted
in Fig. 4(b), which compares the e↵ective solution envelope ± max |'̃a

n̂|U (ii)
a (y) stemming from (115) and (119)
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`2
<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B

<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2
<latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit>

⇡/`1
<latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit>

⇡/`2
<latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit>

�⇡/`2
<latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit>

�⇡/`1
<latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit>
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.1. Comparison with prior results
To evaluate the e↵ective parameters ⇢(0), µ(0), ⇢(2), µ(2) and µ(0)

pq for a chessboard-like medium according
to (102), (109), (141) and (155), eigenfunctions '̃a

n(x) and cell functions �(m)(x) (m = 1, 2, 3) are computed
using the finite element platform NGSolve [25]. The unit cell (either Y or Ya depending on the apex) is dis-
cretized using fourth-order finite elements, with the maximum element size bounded from above by 0.05|Y |1/2.
Before examining the general case with variable shear modulus and mass density, we first evaluate the e↵ective
tensor T = µ(0)/⇢(0) for a medium with constant shear modulus as in [10] by taking `1 =`2 =2, G = (1, 1, 1, 1),
and r = (1, 101, 201, 101). This particular configuration, while bearing little relevance from the viewpoint of
elastic solids, is nonetheless useful as a vehicle to verify the numerical implementation.

Remark 20. At this point, we recall our premise that |Y | = 1. This limitation can, however, be handled with
little di�culty; for instance, at every apex ka with a 6= 0, the foregoing results remain valid for any |Y | > 0

by taking |Ya| = |Y |
Qd

j=1(1+aj) in lieu of the measure given in (78). When a = 0, a similar modification
(omitted herein for brevity) can be implemented.

For all apex points and solution branches under consideration, we find by simulations that: (i) T is diagonal
when the eigenvalue is simple; (ii) so are tensors Tpq = µ(0)

pq /⇢(0) (using the eigenfunction basis as in Lemma 9)
when the eigenvalue is repeated, and (iii) Tpq = 0 for p 6= q. In this setting, Table 1 compares the present
results with those in [10] at apexes A, B, and C for the first four solution branches. For brevity of notation,
we refer to the e↵ective tensors T11 and T22 simply as “T ” when listing the results for repeated eigenvalues.
As can be seen from the display, there is a good overall agreement between the two sets of results.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [10], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
evaluated by integrating (114) numerically over Ba. For completeness, also included in the display are the
leading-order components of U (i)

a and U (ii)
a , obtained by discarding the “dipole” contributions on the right hand-

sides of (114) and (119), i.e. those terms multiplied by �(1)(y0). With reference to (118), approximation (i)
and approximation (ii) give similar result away from y1 � y0

1 = 0. The di↵erence between U (i)
a and U (ii)

a on the
one hand and their leading-order counterparts on the other is, however, striking in that the former bring about
a directivity of wave motion that is absent from the leading-order approximation. This feature is highlighted
in Fig. 4(b), which compares the e↵ective solution envelope ± max |'̃a

n̂|U (ii)
a (y) stemming from (115) and (119)
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(e) Example application: Green’s function near the edge of a band gap
In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is
commensurate with the size of the unit cell, and the usual premise of the two-scale
homogenization analysis ceases to apply. Instead, we make use of the Bloch expansion
theorem [26] to obtain an effective spatial description of wavefields whose spectrum is localized in
a neighborhood of (ka,!a

n). To facilitate the discussion, we temporarily adopt the terminology of
the two-scale analysis and we let y and x= ✏y signify respectively the “fast” and “slow” spatial
coordinate, where y tracks fluctuations on the level of the unit cell. On denoting by �a the lattice
vectors of a structure with period Ya and assuming that u solving (2.1) for some f2L1(Rd) is
likewise absolutely integrable over Rd, their Ya-periodic counterparts

g̃(y;k) =
X

�a

g(y + �a)e
�ik·(y+�a), g= u, f (4.35)

can be shown to satisfy (2.4)–(2.5) with Y replaced by Ya. In this setting, the Bloch expansion
theorem gives

u(y) = |Ba|�1
Z

ks+Ba

ũ(y;k)eik·y dk, y 2Rd (4.36)

and similarly for f , where Ba is the first Brillouin zone corresponding to Ya and ks2Rd is an
arbitrary shift vector. In what follows, we conveniently take ks = ka and we denote by � the
lattice vectors of a structure with period Y .

We next consider the Green’s function for an infinite periodic medium at frequency ! near
the edge of a band gap so that ! � !a

n =O(✏2) for some n= n̂ and k= ka, whereas ! � !n(k)>
O(1) for all other n and all k away from ka (see the schematics in Fig. 1(b)). Letting the source
density be f(y) = �(y � y0), one finds that the Green’s function u under such conditions decays
strongly [15] with ky � y0k so that (4.36) applies.

By virtue of (2.13)–(2.14), the principal contribution to (4.36) in this case derives from a
neighborhood of (ka,!a

n̂). Assuming that �̃a
n̂ is an isolated eigenvalue, this neighborhood is

characterized by scalings k= ka+ ✏k̂ and !2 = �̃a
n̂ + ✏2�!̂2. From (4.35), we find that f̃(y;k) =

�(y�y0)e�i(ka+✏k̂)·y there. In this case (f̃ 6= const.), the claim of Theorem 2 can be generalized as

�
�
µ(0): (i✏k̂)2 + ⇢(0) ✏2�!̂2�hũia = he�i✏k̂·y�(y�y0)i'a � (e�i✏k̂·y�(1)(y)�(y�y0), 1)Ya

· i✏k̂

= |Ya|�1e�i✏k̂·y0�
'̃a

n̂(y
0) � �(1)(y0) · i✏k̂

�
, (4.37)

upon discarding the second-order correction.
By letting �̃a

n̂ satisfy (4.2)–(4.3) in every � + Y , (4.36) is next evaluated on the basis of (4.37) by:
(i) applying the local approximation

ũ(y;ka+ ✏k̂) ' hũia[✏k̂] �̃a
n̂(y), y 2Rd

uniformly for all ✏k̂ 2Ba, and (ii) further extending the domain of integration to Rd, see [15] for
related discussion. Specifically, we write

u(y)
(i)
' |Ba|�1 �̃a

n̂(y) e
ika·y

Z

Ba

hũia[✏k̂] ei✏k̂·y d(✏k̂) = '̃a
n̂(y)Ua(y), (4.38)

where '̃a
n̂ = �̃a

n̂ eika·y solves (4.7)–(4.8) in every �a+Ya, and

Ua(y) = |Ba|�1
Z

Ba

hũia[✏k̂] ei✏k̂·y d(✏k̂)
(ii)
' |Ba|�1

Z

Rd
hũia[✏k̂] ei✏k̂·y d(✏k̂). (4.39)

For brevity, we leave the error estimates for another study. We note, however, that the above
approximations are supported by the facts that: (a) hũia solving (4.37) behaves as O((✏2+

k✏k̂k2)�1) for ✏k̂ 2Rd, and (b) relative error due to approximation (ii) diminishes fast with ky �
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(e) Example application: Green’s function near the edge of a band gap
In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is
commensurate with the size of the unit cell, and the usual premise of the two-scale
homogenization analysis ceases to apply. Instead, we make use of the Bloch expansion
theorem [26] to obtain an effective spatial description of wavefields whose spectrum is localized in
a neighborhood of (ka,!a

n). To facilitate the discussion, we temporarily adopt the terminology of
the two-scale analysis and we let y and x= ✏y signify respectively the “fast” and “slow” spatial
coordinate, where y tracks fluctuations on the level of the unit cell. On denoting by �a the lattice
vectors of a structure with period Ya and assuming that u solving (2.1) for some f2L1(Rd) is
likewise absolutely integrable over Rd, their Ya-periodic counterparts

g̃(y;k) =
X

�a

g(y + �a)e
�ik·(y+�a), g= u, f (4.35)

can be shown to satisfy (2.4)–(2.5) with Y replaced by Ya. In this setting, the Bloch expansion
theorem gives

u(y) = |Ba|�1
Z

ks+Ba

ũ(y;k)eik·y dk, y 2Rd (4.36)

and similarly for f , where Ba is the first Brillouin zone corresponding to Ya and ks2Rd is an
arbitrary shift vector. In what follows, we conveniently take ks = ka and we denote by � the
lattice vectors of a structure with period Y .

We next consider the Green’s function for an infinite periodic medium at frequency ! near
the edge of a band gap so that ! � !a

n =O(✏2) for some n= n̂ and k= ka, whereas ! � !n(k)>
O(1) for all other n and all k away from ka (see the schematics in Fig. 1(b)). Letting the source
density be f(y) = �(y � y0), one finds that the Green’s function u under such conditions decays
strongly [15] with ky � y0k so that (4.36) applies.

By virtue of (2.13)–(2.14), the principal contribution to (4.36) in this case derives from a
neighborhood of (ka,!a

n̂). Assuming that �̃a
n̂ is an isolated eigenvalue, this neighborhood is

characterized by scalings k= ka+ ✏k̂ and !2 = �̃a
n̂ + ✏2�!̂2. From (4.35), we find that f̃(y;k) =

�(y�y0)e�i(ka+✏k̂)·y there. In this case (f̃ 6= const.), the claim of Theorem 2 can be generalized as

�
�
µ(0): (i✏k̂)2 + ⇢(0) ✏2�!̂2�hũia = he�i✏k̂·y�(y�y0)i'a � (e�i✏k̂·y�(1)(y)�(y�y0), 1)Ya

· i✏k̂

= |Ya|�1e�i✏k̂·y0�
'̃a

n̂(y
0) � �(1)(y0) · i✏k̂

�
, (4.37)

upon discarding the second-order correction.
By letting �̃a

n̂ satisfy (4.2)–(4.3) in every � + Y , (4.36) is next evaluated on the basis of (4.37) by:
(i) applying the local approximation

ũ(y;ka+ ✏k̂) ' hũia[✏k̂] �̃a
n̂(y), y 2Rd

uniformly for all ✏k̂ 2Ba, and (ii) further extending the domain of integration to Rd, see [15] for
related discussion. Specifically, we write

u(y)
(i)
' |Ba|�1 �̃a

n̂(y) e
ika·y

Z

Ba

hũia[✏k̂] ei✏k̂·y d(✏k̂) = '̃a
n̂(y)Ua(y), (4.38)

where '̃a
n̂ = �̃a

n̂ eika·y solves (4.7)–(4.8) in every �a+Ya, and

Ua(y) = |Ba|�1
Z

Ba

hũia[✏k̂] ei✏k̂·y d(✏k̂)
(ii)
' |Ba|�1

Z

Rd
hũia[✏k̂] ei✏k̂·y d(✏k̂). (4.39)

For brevity, we leave the error estimates for another study. We note, however, that the above
approximations are supported by the facts that: (a) hũia solving (4.37) behaves as O((✏2+

k✏k̂k2)�1) for ✏k̂ 2Rd, and (b) relative error due to approximation (ii) diminishes fast with ky �

Source term
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(d) First- and second-order correctors

Proceeding with the analysis, we let �(2) 2
�
H1a

p0 (Ya)
�d⇥d be the unique tensor solving

�̃a
n⇢�(2) +r·

�
G
�
r�(2) + {I ⌦ �(1)}0��+G{r�(1) + I'̃a

n}�
⇢
⇢(0)

µ(0)'̃a
n = 0 in Ya, (4.29)

⌫ ·G
�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ ·G

�
r�(2) + {I ⌦ �(1)}0�|xj=(1+aj)`j

,

and we introduce ⌘(0) 2H1a
p0 (Ya) as the unique function satisfying

�̃a
n⇢⌘(0) +r·

�
Gr⌘(0)�� ⇢

⇢(0)
heika·xi'a '̃a

n + eika·x = 0 in Ya, (4.30)

⌫ ·Gr⌘(0)|xj=0 = �⌫ ·Gr⌘(0)|xj=(1+aj)`j
.

Then one can show that

�
�
µ(0): (ik̂)2 + �⇢(0) !̂2�w1 = � (eika·x�(1), 1)Ya

· ik̂. (4.31)

We next introduce �(3) 2
�
H1a

p0 (Ya)
�d⇥d⇥d as the unique “zero-mean” tensor solving

�̃a
n⇢�(3) +r·

�
G
�
r�(3)+ {I ⌦ �(2)}0��+G{r�(2)+ I ⌦ �(1)}� ⇢

⇢(0)
{µ(0)⌦ �(1)} = 0 in Ya,

⌫ ·G
�
r�(3) + {I ⌦ �(2)}0�|xj=0 = �⌫ ·G

�
r�(3) + {I ⌦ �(2)}0�|xj=(1+aj)`j

,

and we let ⌘(1) 2
�
H1a

p0 (Ya)
�d be the unique “zero-mean” vector given by

�̃a
n⇢⌘(1) +r·

�
G(r⌘(1)+ I⌘(0))

�
+Gr⌘(0) +

⇢
⇢(0)

�
(eika·x�(1), 1)Ya

'̃a
n � heika·xi'a�(1)� = 0 in Ya,

⌫ ·G(r⌘(1) + I⌘(0))|xj=0 = �⌫ ·G(r⌘(1) + I⌘(0))|xj=(1+aj)`j
.

With such definitions, one finds that

�
�
µ(0): (ik̂)2 + �⇢(0) !̂2�w2 �

�
µ(2): (ik̂)4 + �⇢(2): (ik̂)2!̂2�w0 = �h⇢⌘(0)i'a !̂2

+
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'
a �

�
G{⌘(1)⌦r'̃a

n}, 1
�
Ya

+
1
⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2, (4.32)

where

⇢(2) = h⇢�(2)i'a, µ(2) =
⌦
G{r�(3) + I⌦�(2)}

↵'
a �

�
G{�(3) ⌦r'̃a

n}, 1
�
Ya

. (4.33)

Theorem 2. Assume that the Bloch wave function ũ solves (2.4) with f̃ 6= 0, and consider the effective
wave motion hũia in the sense of (4.10) near apex ka of the first “quadrant” of the first Brillouin zone B+

according to (4.1). Assuming that the eigenvalue �̃a
n (n>1) solving (4.7)–(4.8) has multiplicity one, the

second-order FW-FF approximation of hũia in a neighborhood (4.13) of (ka,!a
n) satisfies

�
�
µ(0): (ik̂)2 + �⇢(0) !̂2�hũia � ✏2

�
µ(2): (ik̂)4 + �⇢(2): (ik̂)2!̂2�hũia ✏

= ✏�2f̃ M(k̂, !̂), (4.34)

where “ ✏
=” signifies equality with an O(✏) residual; the coefficients of homogenization ⇢(0)2R, µ(0)2

Rd⇥d, ⇢(2)2Rd⇥d and µ(2)2Rd⇥d⇥d⇥d are given by (4.28) and (4.33); and

M(k̂, !̂) = heika·xi'a � ✏ (eika·x�(1), 1)Ya
· ik̂ + ✏2 �h⇢⌘(0)i'a !̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'
a �

�
G{⌘(1)⌦r'̃a

n}, 1
�
Ya

+
1
⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2.

When considering the propagation of free waves (f̃ = 0), on the other hand, the second-order FW-FF
approximation of the nth dispersion branch near k= ka reads

�!̂2 ✏3
=

µ(0): k̂
2 � ✏2µ(2): k̂

4

⇢(0) � ✏2⇢(2): k̂
2 , n> 1.Effective term dependent on !y′ �
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theorem [26] to obtain an effective spatial description of wavefields whose spectrum is localized in
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the two-scale analysis and we let y and x= ✏y signify respectively the “fast” and “slow” spatial
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vectors of a structure with period Ya and assuming that u solving (2.1) for some f2L1(Rd) is
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g(y + �a)e
�ik·(y+�a), g= u, f (4.35)

can be shown to satisfy (2.4)–(2.5) with Y replaced by Ya. In this setting, the Bloch expansion
theorem gives

u(y) = |Ba|�1
Z

ks+Ba

ũ(y;k)eik·y dk, y 2Rd (4.36)

and similarly for f , where Ba is the first Brillouin zone corresponding to Ya and ks2Rd is an
arbitrary shift vector. In what follows, we conveniently take ks = ka and we denote by � the
lattice vectors of a structure with period Y .

We next consider the Green’s function for an infinite periodic medium at frequency ! near
the edge of a band gap so that ! � !a

n =O(✏2) for some n= n̂ and k= ka, whereas ! � !n(k)>
O(1) for all other n and all k away from ka (see the schematics in Fig. 1(b)). Letting the source
density be f(y) = �(y � y0), one finds that the Green’s function u under such conditions decays
strongly [15] with ky � y0k so that (4.36) applies.

By virtue of (2.13)–(2.14), the principal contribution to (4.36) in this case derives from a
neighborhood of (ka,!a

n̂). Assuming that �̃a
n̂ is an isolated eigenvalue, this neighborhood is

characterized by scalings k= ka+ ✏k̂ and !2 = �̃a
n̂ + ✏2�!̂2. From (4.35), we find that f̃(y;k) =

�(y�y0)e�i(ka+✏k̂)·y there. In this case (f̃ 6= const.), the claim of Theorem 2 can be generalized as

�
�
µ(0): (i✏k̂)2 + ⇢(0) ✏2�!̂2�hũia = he�i✏k̂·y�(y�y0)i'a � (e�i✏k̂·y�(1)(y)�(y�y0), 1)Ya

· i✏k̂

= |Ya|�1e�i✏k̂·y0�
'̃a

n̂(y
0) � �(1)(y0) · i✏k̂

�
, (4.37)

upon discarding the second-order correction.
By letting �̃a

n̂ satisfy (4.2)–(4.3) in every � + Y , (4.36) is next evaluated on the basis of (4.37) by:
(i) applying the local approximation

ũ(y;ka+ ✏k̂) ' hũia[✏k̂] �̃a
n̂(y), y 2Rd

uniformly for all ✏k̂ 2Ba, and (ii) further extending the domain of integration to Rd, see [15] for
related discussion. Specifically, we write

u(y)
(i)
' |Ba|�1 �̃a

n̂(y) e
ika·y

Z

Ba

hũia[✏k̂] ei✏k̂·y d(✏k̂) = '̃a
n̂(y)Ua(y), (4.38)

where '̃a
n̂ = �̃a

n̂ eika·y solves (4.7)–(4.8) in every �a+Ya, and

Ua(y) = |Ba|�1
Z

Ba

hũia[✏k̂] ei✏k̂·y d(✏k̂)
(ii)
' |Ba|�1

Z

Rd
hũia[✏k̂] ei✏k̂·y d(✏k̂). (4.39)

For brevity, we leave the error estimates for another study. We note, however, that the above
approximations are supported by the facts that: (a) hũia solving (4.37) behaves as O((✏2+

k✏k̂k2)�1) for ✏k̂ 2Rd, and (b) relative error due to approximation (ii) diminishes fast with ky �
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(e) Example application: Green’s function near the edge of a band gap
In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is
commensurate with the size of the unit cell, and the usual premise of the two-scale
homogenization analysis ceases to apply. Instead, we make use of the Bloch expansion
theorem [26] to obtain an effective spatial description of wavefields whose spectrum is localized in
a neighborhood of (ka,!a

n). To facilitate the discussion, we temporarily adopt the terminology of
the two-scale analysis and we let y and x= ✏y signify respectively the “fast” and “slow” spatial
coordinate, where y tracks fluctuations on the level of the unit cell. On denoting by �a the lattice
vectors of a structure with period Ya and assuming that u solving (2.1) for some f2L1(Rd) is
likewise absolutely integrable over Rd, their Ya-periodic counterparts

g̃(y;k) =
X

�a

g(y + �a)e
�ik·(y+�a), g= u, f (4.35)

can be shown to satisfy (2.4)–(2.5) with Y replaced by Ya. In this setting, the Bloch expansion
theorem gives

u(y) = |Ba|�1
Z

ks+Ba

ũ(y;k)eik·y dk, y 2Rd (4.36)

and similarly for f , where Ba is the first Brillouin zone corresponding to Ya and ks2Rd is an
arbitrary shift vector. In what follows, we conveniently take ks = ka and we denote by � the
lattice vectors of a structure with period Y .

We next consider the Green’s function for an infinite periodic medium at frequency ! near
the edge of a band gap so that ! � !a

n =O(✏2) for some n= n̂ and k= ka, whereas ! � !n(k)>
O(1) for all other n and all k away from ka (see the schematics in Fig. 1(b)). Letting the source
density be f(y) = �(y � y0), one finds that the Green’s function u under such conditions decays
strongly [15] with ky � y0k so that (4.36) applies.

By virtue of (2.13)–(2.14), the principal contribution to (4.36) in this case derives from a
neighborhood of (ka,!a

n̂). Assuming that �̃a
n̂ is an isolated eigenvalue, this neighborhood is

characterized by scalings k= ka+ ✏k̂ and !2 = �̃a
n̂ + ✏2�!̂2. From (4.35), we find that f̃(y;k) =

�(y�y0)e�i(ka+✏k̂)·y there. In this case (f̃ 6= const.), the claim of Theorem 2 can be generalized as

�
�
µ(0): (i✏k̂)2 + ⇢(0) ✏2�!̂2�hũia = he�i✏k̂·y�(y�y0)i'a � (e�i✏k̂·y�(1)(y)�(y�y0), 1)Ya

· i✏k̂

= |Ya|�1e�i✏k̂·y0�
'̃a

n̂(y
0) � �(1)(y0) · i✏k̂

�
, (4.37)

upon discarding the second-order correction.
By letting �̃a

n̂ satisfy (4.2)–(4.3) in every � + Y , (4.36) is next evaluated on the basis of (4.37) by:
(i) applying the local approximation

ũ(y;ka+ ✏k̂) ' hũia[✏k̂] �̃a
n̂(y), y 2Rd

uniformly for all ✏k̂ 2Ba, and (ii) further extending the domain of integration to Rd, see [15] for
related discussion. Specifically, we write

u(y)
(i)
' |Ba|�1 �̃a

n̂(y) e
ika·y

Z

Ba

hũia[✏k̂] ei✏k̂·y d(✏k̂) = '̃a
n̂(y)Ua(y), (4.38)

where '̃a
n̂ = �̃a

n̂ eika·y solves (4.7)–(4.8) in every �a+Ya, and

Ua(y) = |Ba|�1
Z

Ba

hũia[✏k̂] ei✏k̂·y d(✏k̂)
(ii)
' |Ba|�1

Z

Rd
hũia[✏k̂] ei✏k̂·y d(✏k̂). (4.39)

For brevity, we leave the error estimates for another study. We note, however, that the above
approximations are supported by the facts that: (a) hũia solving (4.37) behaves as O((✏2+

k✏k̂k2)�1) for ✏k̂ 2 Rd, and (b) relative error due to approximation (ii) diminishes fast with ky �
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(e) Example application: Green’s function near the edge of a band gap
In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is
commensurate with the size of the unit cell, and the usual premise of the two-scale
homogenization analysis ceases to apply. Instead, we make use of the Bloch expansion
theorem [26] to obtain an effective spatial description of wavefields whose spectrum is localized in
a neighborhood of (ka,!a

n). To facilitate the discussion, we temporarily adopt the terminology of
the two-scale analysis and we let y and x= ✏y signify respectively the “fast” and “slow” spatial
coordinate, where y tracks fluctuations on the level of the unit cell. On denoting by �a the lattice
vectors of a structure with period Ya and assuming that u solving (2.1) for some f2L1(Rd) is
likewise absolutely integrable over Rd, their Ya-periodic counterparts

g̃(y;k) =
X

�a

g(y + �a)e
�ik·(y+�a), g= u, f (4.35)

can be shown to satisfy (2.4)–(2.5) with Y replaced by Ya. In this setting, the Bloch expansion
theorem gives

u(y) = |Ba|�1
Z

ks+Ba

ũ(y;k)eik·y dk, y 2Rd (4.36)

and similarly for f , where Ba is the first Brillouin zone corresponding to Ya and ks2Rd is an
arbitrary shift vector. In what follows, we conveniently take ks = ka and we denote by � the
lattice vectors of a structure with period Y .

We next consider the Green’s function for an infinite periodic medium at frequency ! near
the edge of a band gap so that ! � !a

n =O(✏2) for some n= n̂ and k= ka, whereas ! � !n(k)>
O(1) for all other n and all k away from ka (see the schematics in Fig. 1(b)). Letting the source
density be f(y) = �(y � y0), one finds that the Green’s function u under such conditions decays
strongly [15] with ky � y0k so that (4.36) applies.

By virtue of (2.13)–(2.14), the principal contribution to (4.36) in this case derives from a
neighborhood of (ka,!a

n̂). Assuming that �̃a
n̂ is an isolated eigenvalue, this neighborhood is

characterized by scalings k= ka+ ✏k̂ and !2 = �̃a
n̂ + ✏2�!̂2. From (4.35), we find that f̃(y;k) =

�(y�y0)e�i(ka+✏k̂)·y there. In this case (f̃ 6= const.), the claim of Theorem 2 can be generalized as

�
�
µ(0): (i✏k̂)2 + ⇢(0) ✏2�!̂2�hũia = he�i✏k̂·y�(y�y0)i'a � (e�i✏k̂·y�(1)(y)�(y�y0), 1)Ya

· i✏k̂

= |Ya|�1e�i✏k̂·y0�
'̃a

n̂(y
0) � �(1)(y0) · i✏k̂

�
, (4.37)

upon discarding the second-order correction.
By letting �̃a

n̂ satisfy (4.2)–(4.3) in every � + Y , (4.36) is next evaluated on the basis of (4.37) by:
(i) applying the local approximation

ũ(y;ka+ ✏k̂) ' hũia[✏k̂] �̃a
n̂(y), y 2Rd

uniformly for all ✏k̂ 2Ba, and (ii) further extending the domain of integration to Rd, see [15] for
related discussion. Specifically, we write

u(y)
(i)
' |Ba|�1 �̃a

n̂(y) e
ika·y

Z

Ba

hũia[✏k̂] ei✏k̂·y d(✏k̂) = '̃a
n̂(y)Ua(y), (4.38)

where '̃a
n̂ = �̃a

n̂ eika·y solves (4.7)–(4.8) in every �a+Ya, and

Ua(y) = |Ba|�1
Z

Ba

hũia[✏k̂] ei✏k̂·y d(✏k̂)
(ii)
' |Ba|�1

Z

Rd
hũia[✏k̂] ei✏k̂·y d(✏k̂). (4.39)

For brevity, we leave the error estimates for another study. We note, however, that the above
approximations are supported by the facts that: (a) hũia solving (4.37) behaves as O((✏2+

k✏k̂k2)�1) for ✏k̂ 2 Rd, and (b) relative error due to approximation (ii) diminishes fast with ky �

From (112), we find that f̃(y; k) = �(y�y0)e�i(ka+✏k̂)·y there. In this case (f̃ 6= const.), the claim of Theorem 2
can be generalized as

�
�
µ(0) : (i✏k̂)2 + ⇢(0)✏2�!̂2

�
hũia = he�i✏k̂·y�(y�y0)i'

a � (e�i✏k̂·y�(1)(y)�(y�y0), 1)Ya
· i✏k̂

= |Ya|�1e�i✏k̂·y0�
'̃a

n̂(y0) � �(1)(y0) · i✏k̂
�
, (114)

upon discarding the second-order correction.
By letting �̃a

n̂ satisfy (74)–(75) in every � +Y , (113) is next evaluated on the basis of (114) by: (i) applying
the local approximation

ũ(y; ka+ ✏k̂) ' hũia[✏k̂] �̃a
n̂(y), y 2 Rd

uniformly for all ✏k̂ 2 Ba, and (ii) further extending the domain of integration to Rd, see [13] for related
discussion. Specifically, we write

u(y)
(i)
' |Ba|�1 �̃a

n̂(y) eika·y
Z

Ba

hũia[✏k̂] ei✏k̂·y d(✏k̂) = '̃a
n̂(y) Ua(y), (115)

where '̃a
n̂ = �̃a

n̂ eika·y solves (80)–(82) in every �a+Ya, and

Ua(y) = |Ba|�1

Z

Ba

hũia[✏k̂] ei✏k̂·y d(✏k̂)
(ii)
' |Ba|�1

Z

Rd

hũia[✏k̂] ei✏k̂·y d(✏k̂). (116)

For brevity, we leave the error estimates for another study. We note, however, that the above approximations
are supported by the facts that: (a) hũia solving (114) behaves as O((✏2 + k✏k̂k2)�1) for ✏k̂ 2 Rd, and
(b) relative error due to approximation (ii) diminishes fast with ky �y0k since the phase function in (116) has
no stationary points. On recalling that |Ba| = (2⇡)d/|Ya|, (114) and (116) demonstrate that Ua solves

�
�
µ(0):r2

y + ⇢(0)(!2 � �̃a
n̂)

�
Ua =

⇥
'̃a

n̂(y0) � �(1)(y0) ·ry

⇤
F (y � y0), (117)

where

F (y � y0) =

(
|Ya|�1

Qd
j=1 sinc

⇥⇡(yj�y0
j)

(1+aj)`j

⇤
, approx. (i)

�(y � y0), approx. (ii)
(118)

In the sequel, we will examine the utility of both approximations for a chessboard-like medium examined
in [10].

For future reference we note assuming d = 2, !2 > �̃a
n̂, and µ(0) = µ(0)I for some µ(0) < 0, that the solution

of (118) a�liated with approximation (ii) can be conveniently computed as

U (ii)
a (y) =

1

2⇡µ(0)

h
'̃a

n̂(y0)K0(↵kyk) +
↵

kyk�(1)(y0)·y K1(↵kyk)
i
, ↵ =

s
⇢(0)(!2 � �̃a

n̂)

|µ(0)| . (119)

6. Repeated eigenvalues

Up until this point, we assumed that the eigenvalue �̃a
n is simple. In the case of repeated eigenvalues, however,

the asymptotic analysis must be reformulated to account for the interaction of “competing” eigenfunctions
at !a

n = (�̃a
n)1/2. This degenerate situation was recently considered in [9] and [15] by considering one-

dimensional wave motion and time-domain wave equation, respectively. When the composite is of honeycomb
structure, e↵ective wave motion of this type is notably governed by the Dirac equation [16]. In such periodic
configurations, salient features such as topologically protected edge states are possible – leading to the concept
of topological wave insulators, see [9, 15, 16] for details.

In what follows, we pursue the FW-FF expansion of wave motion about the apex point (ka, !a
n) in situations

when the eigenvalue �a
n is repeated. For generality, we adopt the agnostic scaling framework (87), and we

take (88)-(91) as the starting point.

17
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(e) Example application: Green’s function near the edge of a band gap
In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is
commensurate with the size of the unit cell, and the usual premise of the two-scale
homogenization analysis ceases to apply. Instead, we make use of the Bloch expansion
theorem [26] to obtain an effective spatial description of wavefields whose spectrum is localized in
a neighborhood of (ka,!a

n). To facilitate the discussion, we temporarily adopt the terminology of
the two-scale analysis and we let y and x= ✏y signify respectively the “fast” and “slow” spatial
coordinate, where y tracks fluctuations on the level of the unit cell. On denoting by �a the lattice
vectors of a structure with period Ya and assuming that u solving (2.1) for some f2L1(Rd) is
likewise absolutely integrable over Rd, their Ya-periodic counterparts

g̃(y;k) =
X

�a

g(y + �a)e
�ik·(y+�a), g= u, f (4.35)

can be shown to satisfy (2.4)–(2.5) with Y replaced by Ya. In this setting, the Bloch expansion
theorem gives

u(y) = |Ba|�1
Z

ks+Ba

ũ(y;k)eik·y dk, y 2Rd (4.36)

and similarly for f , where Ba is the first Brillouin zone corresponding to Ya and ks2Rd is an
arbitrary shift vector. In what follows, we conveniently take ks = ka and we denote by � the
lattice vectors of a structure with period Y .

We next consider the Green’s function for an infinite periodic medium at frequency ! near
the edge of a band gap so that ! � !a

n =O(✏2) for some n= n̂ and k= ka, whereas ! � !n(k)>
O(1) for all other n and all k away from ka (see the schematics in Fig. 1(b)). Letting the source
density be f(y) = �(y � y0), one finds that the Green’s function u under such conditions decays
strongly [15] with ky � y0k so that (4.36) applies.

By virtue of (2.13)–(2.14), the principal contribution to (4.36) in this case derives from a
neighborhood of (ka,!a

n̂). Assuming that �̃a
n̂ is an isolated eigenvalue, this neighborhood is

characterized by scalings k= ka+ ✏k̂ and !2 = �̃a
n̂ + ✏2�!̂2. From (4.35), we find that f̃(y;k) =

�(y�y0)e�i(ka+✏k̂)·y there. In this case (f̃ 6= const.), the claim of Theorem 2 can be generalized as

�
�
µ(0): (i✏k̂)2 + ⇢(0) ✏2�!̂2�hũia = he�i✏k̂·y�(y�y0)i'a � (e�i✏k̂·y�(1)(y)�(y�y0), 1)Ya

· i✏k̂

= |Ya|�1e�i✏k̂·y0�
'̃a

n̂(y
0) � �(1)(y0) · i✏k̂

�
, (4.37)

upon discarding the second-order correction.
By letting �̃a

n̂ satisfy (4.2)–(4.3) in every � + Y , (4.36) is next evaluated on the basis of (4.37) by:
(i) applying the local approximation

ũ(y;ka+ ✏k̂) ' hũia[✏k̂] �̃a
n̂(y), y 2Rd

uniformly for all ✏k̂ 2Ba, and (ii) further extending the domain of integration to Rd, see [15] for
related discussion. Specifically, we write

u(y)
(i)
' |Ba|�1 �̃a

n̂(y) e
ika·y

Z

Ba

hũia[✏k̂] ei✏k̂·y d(✏k̂) = '̃a
n̂(y)Ua(y), (4.38)

where '̃a
n̂ = �̃a

n̂ eika·y solves (4.7)–(4.8) in every �a+Ya, and

Ua(y) = |Ba|�1
Z

Ba

hũia[✏k̂] ei✏k̂·y d(✏k̂)
(ii)
' |Ba|�1

Z

Rd
hũia[✏k̂] ei✏k̂·y d(✏k̂). (4.39)

For brevity, we leave the error estimates for another study. We note, however, that the above
approximations are supported by the facts that: (a) hũia solving (4.37) behaves as O((✏2+

k✏k̂k2)�1) for ✏k̂ 2 Rd, and (b) relative error due to approximation (ii) diminishes fast with ky �

Approximation (ii)

O(✏2 + k✏k̂k2)�1 for ✏k̂ 2 Rd
<latexit sha1_base64="Oy+YkJBJ7bnxiEeXJypZanP3k8k="></latexit>

Dossou et al. (2008) 
Phys. Rev. A, 77

From (112), we find that f̃(y; k) = �(y�y0)e�i(ka+✏k̂)·y there. In this case (f̃ 6= const.), the claim of Theorem 2
can be generalized as

�
�
µ(0) : (i✏k̂)2 + ⇢(0)✏2�!̂2

�
hũia = he�i✏k̂·y�(y�y0)i'

a � (e�i✏k̂·y�(1)(y)�(y�y0), 1)Ya
· i✏k̂

= |Ya|�1e�i✏k̂·y0�
'̃a

n̂(y0) � �(1)(y0) · i✏k̂
�
, (114)

upon discarding the second-order correction.
By letting �̃a

n̂ satisfy (74)–(75) in every � +Y , (113) is next evaluated on the basis of (114) by: (i) applying
the local approximation

ũ(y; ka+ ✏k̂) ' hũia[✏k̂] �̃a
n̂(y), y 2 Rd

uniformly for all ✏k̂ 2 Ba, and (ii) further extending the domain of integration to Rd, see [13] for related
discussion. Specifically, we write

u(y)
(i)
' |Ba|�1 �̃a

n̂(y) eika·y
Z

Ba

hũia[✏k̂] ei✏k̂·y d(✏k̂) = '̃a
n̂(y) Ua(y), (115)

where '̃a
n̂ = �̃a

n̂ eika·y solves (80)–(82) in every �a+Ya, and

Ua(y) = |Ba|�1

Z

Ba

hũia[✏k̂] ei✏k̂·y d(✏k̂)
(ii)
' |Ba|�1

Z

Rd

hũia[✏k̂] ei✏k̂·y d(✏k̂). (116)

For brevity, we leave the error estimates for another study. We note, however, that the above approximations
are supported by the facts that: (a) hũia solving (114) behaves as O((✏2 + k✏k̂k2)�1) for ✏k̂ 2 Rd, and
(b) relative error due to approximation (ii) diminishes fast with ky �y0k since the phase function in (116) has
no stationary points. On recalling that |Ba| = (2⇡)d/|Ya|, (114) and (116) demonstrate that Ua solves

�
�
µ(0):r2

y + ⇢(0)(!2 � �̃a
n̂)

�
Ua =

⇥
'̃a

n̂(y0) � �(1)(y0) ·ry

⇤
F (y � y0), (117)

where

F (y � y0) =

(
|Ya|�1

Qd
j=1 sinc

⇥⇡(yj�y0
j)

(1+aj)`j

⇤
, approx. (i)

�(y � y0), approx. (ii)
(118)

In the sequel, we will examine the utility of both approximations for a chessboard-like medium examined
in [10].

For future reference we note assuming d = 2, !2 > �̃a
n̂, and µ(0) = µ(0)I for some µ(0) < 0, that the solution

of (118) a�liated with approximation (ii) can be conveniently computed as

U (ii)
a (y) =

1

2⇡µ(0)

h
'̃a

n̂(y0)K0(↵kyk) +
↵

kyk�(1)(y0)·y K1(↵kyk)
i
, ↵ =

s
⇢(0)(!2 � �̃a

n̂)

|µ(0)| . (119)

6. Repeated eigenvalues

Up until this point, we assumed that the eigenvalue �̃a
n is simple. In the case of repeated eigenvalues, however,

the asymptotic analysis must be reformulated to account for the interaction of “competing” eigenfunctions
at !a

n = (�̃a
n)1/2. This degenerate situation was recently considered in [9] and [15] by considering one-

dimensional wave motion and time-domain wave equation, respectively. When the composite is of honeycomb
structure, e↵ective wave motion of this type is notably governed by the Dirac equation [16]. In such periodic
configurations, salient features such as topologically protected edge states are possible – leading to the concept
of topological wave insulators, see [9, 15, 16] for details.

In what follows, we pursue the FW-FF expansion of wave motion about the apex point (ka, !a
n) in situations

when the eigenvalue �a
n is repeated. For generality, we adopt the agnostic scaling framework (87), and we

take (88)-(91) as the starting point.

17

Local approximation (i)

✏k̂ 2 Ba
<latexit sha1_base64="zapq74fU+rH1J88gtBJ5x/p6ddM=">AAACJXicbVDLSgMxFM3UV62vqks3wSK4KjNV0IWLUjcuK9gHdEq5k6ZtaCYZkoxQhvkZN/6KGxcWEVz5K2baLmzrhZDDOfdyzz1BxJk2rvvt5DY2t7Z38ruFvf2Dw6Pi8UlTy1gR2iCSS9UOQFPOBG0YZjhtR4pCGHDaCsb3md56pkozKZ7MJKLdEIaCDRgBY6le8c6nkWZcCn8EJvEDyft6EtovGaepzwT2QzAjAjyppb0lHdK0Vyy5ZXdWeB14C1BCi6r3ilO/L0kcUmEIB607nhuZbgLKMMJpWvBjTSMgYxjSjoUCQqq7yezKFF9Ypo8HUtknDJ6xfycSCHXmzXZmnvWqlpH/aZ3YDG67CRNRbKgg80WDmGMjcRYZ7jNFieETC4AoZr1iMgIFxNhgCzYEb/XkddCslL2rcuXxulStLeLIozN0ji6Rh25QFT2gOmoggl7QG/pAU+fVeXc+na95a85ZzJyipXJ+fgHRRafq</latexit>



Green’s function near the edge of a band gap

y1
<latexit sha1_base64="HOS6Smuy3+EEnvKiy28FOyQcMEQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzweFNx3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QPRzo6t</latexit><latexit sha1_base64="HOS6Smuy3+EEnvKiy28FOyQcMEQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzweFNx3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QPRzo6t</latexit><latexit sha1_base64="HOS6Smuy3+EEnvKiy28FOyQcMEQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzweFNx3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QPRzo6t</latexit><latexit sha1_base64="HOS6Smuy3+EEnvKiy28FOyQcMEQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzweFNx3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QPRzo6t</latexit>

y2
<latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit><latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit><latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit><latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit>

`1
<latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ygvEIrW22zBITh2CH3BxIfAHJcc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDiWT3mljM8mQZIQy9D+4caGIP8qd/8b0sdDWA4GPcxJy74kzKayj9DsobW3v7O6V9ysH1cOj49pJtW11bji2uJbadGNmUQqFLSecxG5mkKWxxE48uZvnnWc0Vmj16KYZRikbKZEIzpy32n2UchAOanXaoAuRTQhXUIeVmoPaV3+oeZ6iclwya3shzVxUMOMElzir9HOLGeMTNsKeR8VStFGxmHZGLrwzJIk2/ihHFu7vFwVLrZ2msb+ZMje269nc/C/r5S65iQqhstyh4suPklwSp8l8dTIUBrmTUw+MG+FnJXzMDOPOF1TxJYTrK29C+6oR0kb4QKEMZ3AOlxDCNdzCPTShBRye4AXe4D3QwWvwsayrFKx6O4U/Cj5/AAybjYc=</latexit><latexit sha1_base64="ygvEIrW22zBITh2CH3BxIfAHJcc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDiWT3mljM8mQZIQy9D+4caGIP8qd/8b0sdDWA4GPcxJy74kzKayj9DsobW3v7O6V9ysH1cOj49pJtW11bji2uJbadGNmUQqFLSecxG5mkKWxxE48uZvnnWc0Vmj16KYZRikbKZEIzpy32n2UchAOanXaoAuRTQhXUIeVmoPaV3+oeZ6iclwya3shzVxUMOMElzir9HOLGeMTNsKeR8VStFGxmHZGLrwzJIk2/ihHFu7vFwVLrZ2msb+ZMje269nc/C/r5S65iQqhstyh4suPklwSp8l8dTIUBrmTUw+MG+FnJXzMDOPOF1TxJYTrK29C+6oR0kb4QKEMZ3AOlxDCNdzCPTShBRye4AXe4D3QwWvwsayrFKx6O4U/Cj5/AAybjYc=</latexit><latexit sha1_base64="5wwGFkWezHwmEF9Ftvqd9XTEfa0=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlkEbywjmA5Ij7G3mkjV7u8funhCO/AcbC0Vs/T92/hs3yRWa+GDg8d4MM/OiVHBjff/bW1vf2NzaLu2Ud/f2Dw4rR8ctozLNsMmUULoTUYOCS2xabgV2Uo00iQS2o/HtzG8/oTZcyQc7STFM6FDymDNqndTqoRD9oF+p+jV/DrJKgoJUoUCjX/nqDRTLEpSWCWpMN/BTG+ZUW84ETsu9zGBK2ZgOseuopAmaMJ9fOyXnThmQWGlX0pK5+nsip4kxkyRynQm1I7PszcT/vG5m4+sw5zLNLEq2WBRnglhFZq+TAdfIrJg4Qpnm7lbCRlRTZl1AZRdCsPzyKmld1gK/Ftz71fpNEUcJTuEMLiCAK6jDHTSgCQwe4Rle4c1T3ov37n0sWte8YuYE/sD7/AEz3I7b</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit>

`2
<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B

<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.1. Comparison with prior results
To evaluate the e↵ective parameters ⇢(0), µ(0), ⇢(2), µ(2) and µ(0)

pq for a chessboard-like medium according
to (102), (109), (141) and (155), eigenfunctions '̃a

n(x) and cell functions �(m)(x) (m = 1, 2, 3) are computed
using the finite element platform NGSolve [25]. The unit cell (either Y or Ya depending on the apex) is dis-
cretized using fourth-order finite elements, with the maximum element size bounded from above by 0.05|Y |1/2.
Before examining the general case with variable shear modulus and mass density, we first evaluate the e↵ective
tensor T = µ(0)/⇢(0) for a medium with constant shear modulus as in [10] by taking `1 =`2 =2, G = (1, 1, 1, 1),
and r = (1, 101, 201, 101). This particular configuration, while bearing little relevance from the viewpoint of
elastic solids, is nonetheless useful as a vehicle to verify the numerical implementation.

Remark 20. At this point, we recall our premise that |Y | = 1. This limitation can, however, be handled with
little di�culty; for instance, at every apex ka with a 6= 0, the foregoing results remain valid for any |Y | > 0

by taking |Ya| = |Y |
Qd

j=1(1+aj) in lieu of the measure given in (78). When a = 0, a similar modification
(omitted herein for brevity) can be implemented.

For all apex points and solution branches under consideration, we find by simulations that: (i) T is diagonal
when the eigenvalue is simple; (ii) so are tensors Tpq = µ(0)

pq /⇢(0) (using the eigenfunction basis as in Lemma 9)
when the eigenvalue is repeated, and (iii) Tpq = 0 for p 6= q. In this setting, Table 1 compares the present
results with those in [10] at apexes A, B, and C for the first four solution branches. For brevity of notation,
we refer to the e↵ective tensors T11 and T22 simply as “T ” when listing the results for repeated eigenvalues.
As can be seen from the display, there is a good overall agreement between the two sets of results.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [10], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
evaluated by integrating (114) numerically over Ba. For completeness, also included in the display are the
leading-order components of U (i)

a and U (ii)
a , obtained by discarding the “dipole” contributions on the right hand-

sides of (114) and (119), i.e. those terms multiplied by �(1)(y0). With reference to (118), approximation (i)
and approximation (ii) give similar result away from y1 � y0

1 = 0. The di↵erence between U (i)
a and U (ii)

a on the
one hand and their leading-order counterparts on the other is, however, striking in that the former bring about
a directivity of wave motion that is absent from the leading-order approximation. This feature is highlighted
in Fig. 4(b), which compares the e↵ective solution envelope ± max |'̃a

n̂|U (ii)
a (y) stemming from (115) and (119)
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illustrate the range of problems to which the HFH theory can
be applied. In Section 2 we excite a checkerboard at a fre-
quency within the stop band and illustrate how the details
of the resultant field are explained and captured using the the-
ory. Section 3 deals with ultrarefraction and leads to a conti-
nuum material with an effective refractive index. AANR is

another striking phenomenon, and in Section 4 we demon-
strate how the HFH technique finds the critical frequencies
for which it occurs. Finally, in Section 5 we draw together
some concluding remarks and discuss future directions.

2. DEFECT MODES
We now explore the effect of light confinement in photonic
crystals with defects and show how these are found and inter-
preted in terms of HFH theory; we actually treat the comple-
mentary problem of localized forcing. If one forces a photonic
crystal at a frequency within the stop band, then the field sim-
ply decays; the homogenization theory gives one the decay
rate and an explicit expression for the field.

The case of r ¼ 10 has well-defined stop bands within the
structure, as illustrated in Fig. 3. The standing wave frequen-
cies that, in some cases, also define the stop band edges are
given in Table 1 together with the corresponding values of T11

and T22. Computations for frequencies within the stop band
readily display decaying solutions (see Fig. 4) together with,
upon further inspection, detailed structure within the solu-
tion. This is described by the homogenization technique using
solutions to the homogenized PDE [Eq. (7)].

Figure 4 shows the response to a line source imposed at the
origin with Fig. 4(a) showing the magnitude of u; the excita-
tion frequency is Ω ¼ 0:172 and lies just inside the stop band
shown in Fig. 4(d). The standing wave frequency, 0.1716, is
very close and is at wavenumber C , which implies that the
local microscale should oscillate with the cell edges (of a
two-by-two cell) being out of phase. A plot of u versus x along

Table 1. First Five Standing Wave Frequencies,
Ω0, and the Corresponding T11 and T22 for the

Standing Wave Cases, κ ! "0; 0# (Wavenumber A),
κ ! "π; 0# (Wavenumber B), and κ ! "π;π#

(Wavenumber C)a

Wavenumber Ω0 T11 T22

A 0.2853 −0:1605 0.0046
A 0.2853 0.0046 −0:1605
A 0.3098 0.1723 0.0052
A 0.3098 0.0052 0.1723
A 0.4043 −0:0339 −0:0339
B 0.1339 −0:0542 0.0068
B 0.1784 0.0692 0.0107
B 0.2946 −0:0066 −0:1289
B 0.3192 −0:0067 0.1430
B 0.3739 0.0193 −0:0620
C 0.1716 −0:0254 −0:0254
C 0.2156 0.0400 −0:0220
C 0.2156 −0:0220 0.0400
C 0.3118 0.0401 0.0401
C 0.4190 −0:0020 −0:2737

aThis table shows the values for r ¼ 10 and is used in the asymptotics shown
in Fig. 3.

Fig. 4. (Color online) Response to localized line source excitation with frequency Ω ¼ 0:172 for the checkerboard structure with r ¼ 10. (a) juj as
a globally decaying solution modulating an oscillatory behavior. (b) u along the line y ¼ 1=2 as the solid line lying within a dashed envelope given by
the asymptotic relation [Eq. (14)]. (c) Further detail of the solution along this line with the points marking the cell edges demonstrating the local out-
of-phase oscillations from cell to cell. (d) Detailed view of the dispersion curves and stop band near the excitation frequency: the dashed lines are
from the full numerics, and the asymptotics are the solid lines.
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`2
<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2
<latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit>

⇡/`1
<latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit>

⇡/`2
<latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit>

�⇡/`2
<latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit>

�⇡/`1
<latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit>
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.1. Comparison with prior results
To evaluate the e↵ective parameters ⇢(0), µ(0), ⇢(2), µ(2) and µ(0)

pq for a chessboard-like medium according
to (102), (109), (141) and (155), eigenfunctions '̃a

n(x) and cell functions �(m)(x) (m = 1, 2, 3) are computed
using the finite element platform NGSolve [25]. The unit cell (either Y or Ya depending on the apex) is dis-
cretized using fourth-order finite elements, with the maximum element size bounded from above by 0.05|Y |1/2.
Before examining the general case with variable shear modulus and mass density, we first evaluate the e↵ective
tensor T = µ(0)/⇢(0) for a medium with constant shear modulus as in [10] by taking `1 =`2 =2, G = (1, 1, 1, 1),
and r = (1, 101, 201, 101). This particular configuration, while bearing little relevance from the viewpoint of
elastic solids, is nonetheless useful as a vehicle to verify the numerical implementation.

Remark 20. At this point, we recall our premise that |Y | = 1. This limitation can, however, be handled with
little di�culty; for instance, at every apex ka with a 6= 0, the foregoing results remain valid for any |Y | > 0

by taking |Ya| = |Y |
Qd

j=1(1+aj) in lieu of the measure given in (78). When a = 0, a similar modification
(omitted herein for brevity) can be implemented.

For all apex points and solution branches under consideration, we find by simulations that: (i) T is diagonal
when the eigenvalue is simple; (ii) so are tensors Tpq = µ(0)

pq /⇢(0) (using the eigenfunction basis as in Lemma 9)
when the eigenvalue is repeated, and (iii) Tpq = 0 for p 6= q. In this setting, Table 1 compares the present
results with those in [10] at apexes A, B, and C for the first four solution branches. For brevity of notation,
we refer to the e↵ective tensors T11 and T22 simply as “T ” when listing the results for repeated eigenvalues.
As can be seen from the display, there is a good overall agreement between the two sets of results.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [10], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
evaluated by integrating (114) numerically over Ba. For completeness, also included in the display are the
leading-order components of U (i)

a and U (ii)
a , obtained by discarding the “dipole” contributions on the right hand-

sides of (114) and (119), i.e. those terms multiplied by �(1)(y0). With reference to (118), approximation (i)
and approximation (ii) give similar result away from y1 � y0

1 = 0. The di↵erence between U (i)
a and U (ii)

a on the
one hand and their leading-order counterparts on the other is, however, striking in that the former bring about
a directivity of wave motion that is absent from the leading-order approximation. This feature is highlighted
in Fig. 4(b), which compares the e↵ective solution envelope ± max |'̃a

n̂|U (ii)
a (y) stemming from (115) and (119)

25

µ(0) : k̂
2
/(2⇢(0)!�

n) is real-valued, we specifically see from (38) that the germane eigenfunction �̃�
n(x) is propa-

gated with O(✏�1) phase velocity c and O(✏) group velocity cg given by

c(k̂) = ✏�1
h
!�

n + ✏2
µ(0) : k̂

2

2⇢(0)!�
n

i k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (40)

By (39), one may alternatively interpret the free Bloch wave at some (k̂, !̂(k̂)) as a product between the
standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0, and a plane-wave “propagator” endowed with O(✏)

phase velocity c and commensurate group velocity cg given by

c(k̂) = ✏
µ(0) : k̂

2

2⇢(0)!�
n

k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (41)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However, from (40) and (41)
one also finds that sign(c · cg) = 1, while sign(c ·cg) = sign(µ(0)). In situations when µ(0) is negative definite,
this highlights the contrast between (39) – designed to isolate the perturbation e↵ects, and (38) – which may
shed light on the physical phenomenon of negative refraction, a�liated with an opposition between the group
and phase velocity vectors. For clarity, the velocity quantities in (40) and (41) are schematically illustrated in
Fig. 1(a) by considering the first optical branch (n = 2).

Remark 6. Considering the acoustic branch (n = 1), we have �̃�
1 = 1, !�

1 = 0, and ! = ✏!̂ whereby

u(x, t) = ✏�2f̃ w0(k̂, !̂) ei(k̂·x�!̂t) + O(✏�1) for f̃ 6= 0,

u(x, t) = U ei(k̂·x�(µ(0):k̂
2
/⇢(0))1/2t) + O(✏) for f̃ = 0.

In this case, the leading-order e↵ective solution still carries the role of amplitude (resp. phase) control when
f 6= 0 (resp. f = 0); however the multiplier of the phase term ei(·) is x- and t-independent, which caters for
a more tangible interpretation of w0.

k

!
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�
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n)]t) + O(�) (4.23)
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nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
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� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)
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nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
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, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2
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Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
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k̂, a(k̂) =
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�c� c = ��2
µ(0)

I :(k̂)2
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where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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, j = 1, d.

With such definitions, we find that
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w2 �

�
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�
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a !̂2
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⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r'̃a

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2, (115)

where

⇢(2) = h⇢�(2)i'
a, µ(2) =

⌦
G{r�(3) + I⌦�(2)}

↵'

a
�
�
G{�(3) ⌦ r'̃a

n}, 1
�
Ya

. (116)

Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (88) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (77). Assuming that the eigenvalue �̃a

n (n > 1) solving (84)–(86) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (91) of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (117)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (106) and (116); and

M(k̂, !̂) = heika·xi'
a � ✏ (eika·x�(1), 1)Ya

· ik̂ + ✏2 �h⇢⌘(0)i'
a !̂2
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⇣⌦
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↵'

a
�
�
G{⌘(1)⌦ r�̃�

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2. (118)

When considering the propagation of free waves (f̃ = 0), the second-order FW-FF approximation of the nth
dispersion branch near k = ka accordingly reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , kak + n > 1,
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!
✏5
= !a

n +
✏2

2⇢(0)!a
n

µ(0) : k̂
2

� ✏4

8(⇢(0))2 (!a
n)3

�
µ(0)⌦ µ(0) + 4(!a

n)2
�
⇢(0)µ(2)� µ(0)⌦ ⇢(2)

� 
: k̂

4
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5.5. Example application in the spatial domain

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is comparabe to the size
of the unit cell, and the basic premise of the two-scale analysis (Section 4) does not apply. Instead, we make
use of the inverse Fourier transform to obtain an e↵ective spatial description of wavefields whose spectrum
is localized in a neighborhood of (ka, !a

n). On adopting the terminology of the two-scale analysis, we denote
respectvely by x and y the “slow” and “fast” spatial coordinate, and we consider the solution

Ua(y) = F�1
d

⇥
hũia(k̂)

⇤
= (2⇡)�d

Z

Rd

hũia(k̂) eik·y dk, k̂ =
k � ka

✏

where hũia(k̂) behaves as in Theorem 2. For simplicity of discussion, we disregard the second-order corrections
in (117) and (118). On applying the inverse Fourier transform to the left-hand side of (117), we obtain

�✏d eika·x�µ(0):r2
x + �⇢(0) !̂2

�
Ua(x),
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(a) (b) (c)

Figure 1: Wave motion in a periodic medium: (a) phase and group velocities featured by the LW-FF expansion of the first optical

branch, n = 2, about k = 0; (b) schematics of the multi-cell domains Y a 2 R2
supporting the FW-FF homogenization of wave

motion about vertices of the first quadrant of the first Brioullin zone, and (c) source excitation near the edge of a band gap.

3.1.3. First-order corrector
Let �(2) 2

�
H1

p0(Y )
�d⇥d

be the unique second-order tensor solving

�̃�
n⇢�(2) + r·

�
G

�
r�(2) + {I ⌦ �(1)}0�� + G{r�(1) + I�̃�

n} � ⇢

⇢(0)
µ(0)�̃�

n = 0 in Y, (42)

⌫ · G
�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ · G

�
r�(2) + {I ⌦ �(1)}0�|xj=`j , j = 1, d,
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y0k since the phase function in (4.39) has no stationary points. On recalling that |Ba|= (2⇡)d/|Ya|,
(4.37) and (4.39) demonstrate that Ua solves

�
�
µ(0):r2

y + ⇢(0)(!2 � �̃a
n̂)

�
Ua =

⇥
'̃a

n̂(y
0) � �(1)(y0) ·ry

⇤
F (y � y0), (4.40)

where

F (y � y0) =

8
<

:
|Ya|�1 Qd

j=1 sinc
⇥⇡(yj�y0

j)

(1+aj)`j

⇤
, approx. (i)

�(y � y0), approx. (ii)
(4.41)

Later on, we will examine the utility of both approximations for a chessboard-like medium
examined in [11]. For future reference, we also note letting d= 2, !2 > �̃a

n̂, and µ(0) = µ(0)I for
some µ(0)< 0, that the solution of (4.41) affiliated with approximation (ii) can be computed as

U (ii)
a (y) =

1
2⇡µ(0)

h
'̃a

n̂(y
0)K0(↵kyk) +

↵
kyk�

(1)(y0)·yK1(↵kyk)
i
, ↵=

⇣⇢(0)(!2 � �̃a
n̂)

|µ(0)|

⌘1/2
,

(4.42)
where K0 and K1 denote modified Bessel functions of the second kind.

5. Repeated eigenvalues
Up until this point, we assumed that the eigenvalue �̃a

n is simple. In the case of repeated
eigenvalues however, the asymptotic analysis must entail, and account for the interaction of,
“competing” eigenfunctions at !a

n = (�̃a
n)

1/2. This degenerate situation was recently examined
in [9,17] and [12] by considering one-dimensional wave motion, time-domain wave equation,
and time-harmonic wave equation in separable bi-periodic structures, respectively. In composites
with honeycomb structure, such situations are notably governed by the Dirac equation [18]. In
this class of periodic configurations, salient features such as topologically protected edge states
are possible – leading to the concept of topological wave insulators, see [9,17,18] for details.

In what follows, we pursue the FW-FF expansion of wave motion about the apex
point (ka,!a

n) in situations when the eigenvalue �̃a
n is repeated. For generality, we adopt the

agnostic scaling framework (4.13), and we take (4.14)-(4.17) as the starting point.

(a) Eigenfunction basis
Assuming that �̃a

n has multiplicity Q> 1, let �̃a
nq 2H1

p (Y ) (q= 1, Q) be linearly independent
eigenfunctions that are orthogonal in L2

⇢(Y ) and satisfy

� (r+ika)·
�
G(r+ika)�̃a

nq
�
= �̃a

n⇢�̃a
nq in Y, (5.1)

⌫ ·G(r+ika)�̃a
nq|xj=0 = �⌫ ·G(r+ika)�̃a

nq|xj=`j
. (5.2)

Following the analysis in Section 4(a), we let

�̃a
nq(x) = '̃a

nq(x)e
�ika·x in Y, q= 1, Q (5.3)

where '̃a
nq 2H1

p (Ya) are orthogonal according to (4.9) and solve

�r·
�
Gr'̃a

nq
�
= �̃a

n⇢ '̃a
nq in Ya, (5.4)

aj '̃
a
nq|xj=0 = �aj '̃

a
nq|xj=`j

,

⌫ ·Gr'̃a
nq|xj=0 = �⌫ ·Gr'̃a

nq|xj=(1+aj)`j
.

(5.5)

By extending the argument of Lemma 2, we find that '̃a
nq can be taken as real-valued without

loss of generality. In this case, however, a generic solution to (5.4)–(5.5) need not have constant
argument across Ya.
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where K0 and K1 denote modified Bessel functions of the second kind.
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1/2. This degenerate situation was recently examined
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and time-harmonic wave equation in separable bi-periodic structures, respectively. In composites
with honeycomb structure, such situations are notably governed by the Dirac equation [18]. In
this class of periodic configurations, salient features such as topologically protected edge states
are possible – leading to the concept of topological wave insulators, see [9,17,18] for details.
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n is repeated. For generality, we adopt the
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nq(x)e
�ika·x in Y, q= 1, Q (5.3)

where '̃a
nq 2H1

p (Ya) are orthogonal according to (4.9) and solve

�r·
�
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By extending the argument of Lemma 2, we find that '̃a
nq can be taken as real-valued without

loss of generality. In this case, however, a generic solution to (5.4)–(5.5) need not have constant
argument across Ya.

From (112), we find that f̃(y; k) = �(y�y0)e�i(ka+✏k̂)·y there. In this case (f̃ 6= const.), the claim of Theorem 2
can be generalized as

�
�
µ(0) : (i✏k̂)2 + ⇢(0)✏2�!̂2

�
hũia = he�i✏k̂·y�(y�y0)i'

a � (e�i✏k̂·y�(1)(y)�(y�y0), 1)Ya
· i✏k̂

= |Ya|�1e�i✏k̂·y0�
'̃a

n̂(y0) � �(1)(y0) · i✏k̂
�
, (114)

upon discarding the second-order correction.
By letting �̃a

n̂ satisfy (74)–(75) in every � +Y , (113) is next evaluated on the basis of (114) by: (i) applying
the local approximation

ũ(y; ka+ ✏k̂) ' hũia[✏k̂] �̃a
n̂(y), y 2 Rd

uniformly for all ✏k̂ 2 Ba, and (ii) further extending the domain of integration to Rd, see [13] for related
discussion. Specifically, we write

u(y)
(i)
' |Ba|�1 �̃a

n̂(y) eika·y
Z

Ba

hũia[✏k̂] ei✏k̂·y d(✏k̂) = '̃a
n̂(y) Ua(y), (115)

where '̃a
n̂ = �̃a

n̂ eika·y solves (80)–(82) in every �a+Ya, and

Ua(y) = |Ba|�1

Z

Ba

hũia[✏k̂] ei✏k̂·y d(✏k̂)
(ii)
' |Ba|�1

Z

Rd

hũia[✏k̂] ei✏k̂·y d(✏k̂). (116)

For brevity, we leave the error estimates for another study. We note, however, that the above approximations
are supported by the facts that: (a) hũia solving (114) behaves as O((✏2 + k✏k̂k2)�1) for ✏k̂ 2 Rd, and
(b) relative error due to approximation (ii) diminishes fast with ky �y0k since the phase function in (116) has
no stationary points. On recalling that |Ba| = (2⇡)d/|Ya|, (114) and (116) demonstrate that Ua solves

�
�
µ(0):r2

y + ⇢(0)(!2 � �̃a
n̂)

�
Ua =

⇥
'̃a

n̂(y0) � �(1)(y0) ·ry

⇤
F (y � y0), (117)

where

F (y � y0) =

(
|Ya|�1

Qd
j=1 sinc

⇥⇡(yj�y0
j)

(1+aj)`j

⇤
, approx. (i)

�(y � y0), approx. (ii)
(118)

In the sequel, we will examine the utility of both approximations for a chessboard-like medium examined
in [10].

For future reference we note assuming d = 2, !2 > �̃a
n̂, and µ(0) = µ(0)I for some µ(0) < 0, that the solution

of (118) a�liated with approximation (ii) can be conveniently computed as

U (ii)
a (y) =

1

2⇡µ(0)

h
'̃a

n̂(y0)K0(↵kyk) +
↵

kyk�(1)(y0)·y K1(↵kyk)
i
, ↵ =

s
⇢(0)(!2 � �̃a

n̂)

|µ(0)| . (119)

6. Repeated eigenvalues

Up until this point, we assumed that the eigenvalue �̃a
n is simple. In the case of repeated eigenvalues, however,

the asymptotic analysis must be reformulated to account for the interaction of “competing” eigenfunctions
at !a

n = (�̃a
n)1/2. This degenerate situation was recently considered in [9] and [15] by considering one-

dimensional wave motion and time-domain wave equation, respectively. When the composite is of honeycomb
structure, e↵ective wave motion of this type is notably governed by the Dirac equation [16]. In such periodic
configurations, salient features such as topologically protected edge states are possible – leading to the concept
of topological wave insulators, see [9, 15, 16] for details.

In what follows, we pursue the FW-FF expansion of wave motion about the apex point (ka, !a
n) in situations

when the eigenvalue �a
n is repeated. For generality, we adopt the agnostic scaling framework (87), and we

take (88)-(91) as the starting point.
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no stationary points. On recalling that |Ba| = (2⇡)d/|Ya|, (114) and (116) demonstrate that Ua solves

�
�
µ(0):r2

y + ⇢(0)(!2 � �̃a
n̂)

�
Ua =

⇥
'̃a

n̂(y0) � �(1)(y0) ·ry

⇤
F (y � y0), (117)

where

F (y � y0) =

(
|Ya|�1

Qd
j=1 sinc

⇥⇡(yj�y0
j)

(1+aj)`j

⇤
, approx. (i)

�(y � y0), approx. (ii)
(118)

In the sequel, we will examine the utility of both approximations for a chessboard-like medium examined
in [10].

For future reference we note assuming d = 2, !2 > �̃a
n̂, and µ(0) = µ(0)I for some µ(0) < 0, that the solution

of (118) a�liated with approximation (ii) can be conveniently computed as

U (ii)
a (y) =

1

2⇡µ(0)

h
'̃a

n̂(y0)K0(↵kyk) +
↵

kyk�(1)(y0)·y K1(↵kyk)
i
, ↵ =

s
⇢(0)(!2 � �̃a

n̂)

|µ(0)| . (119)

6. Repeated eigenvalues

Up until this point, we assumed that the eigenvalue �̃a
n is simple. In the case of repeated eigenvalues, however,

the asymptotic analysis must be reformulated to account for the interaction of “competing” eigenfunctions
at !a

n = (�̃a
n)1/2. This degenerate situation was recently considered in [9] and [15] by considering one-

dimensional wave motion and time-domain wave equation, respectively. When the composite is of honeycomb
structure, e↵ective wave motion of this type is notably governed by the Dirac equation [16]. In such periodic
configurations, salient features such as topologically protected edge states are possible – leading to the concept
of topological wave insulators, see [9, 15, 16] for details.

In what follows, we pursue the FW-FF expansion of wave motion about the apex point (ka, !a
n) in situations

when the eigenvalue �a
n is repeated. For generality, we adopt the agnostic scaling framework (87), and we

take (88)-(91) as the starting point.
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Effective Green’s function
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`2
<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B

<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (
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in Section 7.2.2, and (b) first Brillouin zone B.

7.2.1. Comparison with prior results
To evaluate the e↵ective parameters ⇢(0), µ(0), ⇢(2), µ(2) and µ(0)

pq for a chessboard-like medium according
to (102), (109), (141) and (155), eigenfunctions '̃a

n(x) and cell functions �(m)(x) (m = 1, 2, 3) are computed
using the finite element platform NGSolve [25]. The unit cell (either Y or Ya depending on the apex) is dis-
cretized using fourth-order finite elements, with the maximum element size bounded from above by 0.05|Y |1/2.
Before examining the general case with variable shear modulus and mass density, we first evaluate the e↵ective
tensor T = µ(0)/⇢(0) for a medium with constant shear modulus as in [10] by taking `1 =`2 =2, G = (1, 1, 1, 1),
and r = (1, 101, 201, 101). This particular configuration, while bearing little relevance from the viewpoint of
elastic solids, is nonetheless useful as a vehicle to verify the numerical implementation.

Remark 20. At this point, we recall our premise that |Y | = 1. This limitation can, however, be handled with
little di�culty; for instance, at every apex ka with a 6= 0, the foregoing results remain valid for any |Y | > 0

by taking |Ya| = |Y |
Qd

j=1(1+aj) in lieu of the measure given in (78). When a = 0, a similar modification
(omitted herein for brevity) can be implemented.

For all apex points and solution branches under consideration, we find by simulations that: (i) T is diagonal
when the eigenvalue is simple; (ii) so are tensors Tpq = µ(0)

pq /⇢(0) (using the eigenfunction basis as in Lemma 9)
when the eigenvalue is repeated, and (iii) Tpq = 0 for p 6= q. In this setting, Table 1 compares the present
results with those in [10] at apexes A, B, and C for the first four solution branches. For brevity of notation,
we refer to the e↵ective tensors T11 and T22 simply as “T ” when listing the results for repeated eigenvalues.
As can be seen from the display, there is a good overall agreement between the two sets of results.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [10], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
evaluated by integrating (114) numerically over Ba. For completeness, also included in the display are the
leading-order components of U (i)

a and U (ii)
a , obtained by discarding the “dipole” contributions on the right hand-

sides of (114) and (119), i.e. those terms multiplied by �(1)(y0). With reference to (118), approximation (i)
and approximation (ii) give similar result away from y1 � y0

1 = 0. The di↵erence between U (i)
a and U (ii)

a on the
one hand and their leading-order counterparts on the other is, however, striking in that the former bring about
a directivity of wave motion that is absent from the leading-order approximation. This feature is highlighted
in Fig. 4(b), which compares the e↵ective solution envelope ± max |'̃a

n̂|U (ii)
a (y) stemming from (115) and (119)
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illustrate the range of problems to which the HFH theory can
be applied. In Section 2 we excite a checkerboard at a fre-
quency within the stop band and illustrate how the details
of the resultant field are explained and captured using the the-
ory. Section 3 deals with ultrarefraction and leads to a conti-
nuum material with an effective refractive index. AANR is

another striking phenomenon, and in Section 4 we demon-
strate how the HFH technique finds the critical frequencies
for which it occurs. Finally, in Section 5 we draw together
some concluding remarks and discuss future directions.

2. DEFECT MODES
We now explore the effect of light confinement in photonic
crystals with defects and show how these are found and inter-
preted in terms of HFH theory; we actually treat the comple-
mentary problem of localized forcing. If one forces a photonic
crystal at a frequency within the stop band, then the field sim-
ply decays; the homogenization theory gives one the decay
rate and an explicit expression for the field.

The case of r ¼ 10 has well-defined stop bands within the
structure, as illustrated in Fig. 3. The standing wave frequen-
cies that, in some cases, also define the stop band edges are
given in Table 1 together with the corresponding values of T11

and T22. Computations for frequencies within the stop band
readily display decaying solutions (see Fig. 4) together with,
upon further inspection, detailed structure within the solu-
tion. This is described by the homogenization technique using
solutions to the homogenized PDE [Eq. (7)].

Figure 4 shows the response to a line source imposed at the
origin with Fig. 4(a) showing the magnitude of u; the excita-
tion frequency is Ω ¼ 0:172 and lies just inside the stop band
shown in Fig. 4(d). The standing wave frequency, 0.1716, is
very close and is at wavenumber C , which implies that the
local microscale should oscillate with the cell edges (of a
two-by-two cell) being out of phase. A plot of u versus x along

Table 1. First Five Standing Wave Frequencies,
Ω0, and the Corresponding T11 and T22 for the

Standing Wave Cases, κ ! "0; 0# (Wavenumber A),
κ ! "π; 0# (Wavenumber B), and κ ! "π;π#

(Wavenumber C)a

Wavenumber Ω0 T11 T22

A 0.2853 −0:1605 0.0046
A 0.2853 0.0046 −0:1605
A 0.3098 0.1723 0.0052
A 0.3098 0.0052 0.1723
A 0.4043 −0:0339 −0:0339
B 0.1339 −0:0542 0.0068
B 0.1784 0.0692 0.0107
B 0.2946 −0:0066 −0:1289
B 0.3192 −0:0067 0.1430
B 0.3739 0.0193 −0:0620
C 0.1716 −0:0254 −0:0254
C 0.2156 0.0400 −0:0220
C 0.2156 −0:0220 0.0400
C 0.3118 0.0401 0.0401
C 0.4190 −0:0020 −0:2737

aThis table shows the values for r ¼ 10 and is used in the asymptotics shown
in Fig. 3.

Fig. 4. (Color online) Response to localized line source excitation with frequency Ω ¼ 0:172 for the checkerboard structure with r ¼ 10. (a) juj as
a globally decaying solution modulating an oscillatory behavior. (b) u along the line y ¼ 1=2 as the solid line lying within a dashed envelope given by
the asymptotic relation [Eq. (14)]. (c) Further detail of the solution along this line with the points marking the cell edges demonstrating the local out-
of-phase oscillations from cell to cell. (d) Detailed view of the dispersion curves and stop band near the excitation frequency: the dashed lines are
from the full numerics, and the asymptotics are the solid lines.
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`2
<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B

<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2
<latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit>

⇡/`1
<latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit>

⇡/`2
<latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit>

�⇡/`2
<latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit>

�⇡/`1
<latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit>
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.1. Comparison with prior results
To evaluate the e↵ective parameters ⇢(0), µ(0), ⇢(2), µ(2) and µ(0)

pq for a chessboard-like medium according
to (102), (109), (141) and (155), eigenfunctions '̃a

n(x) and cell functions �(m)(x) (m = 1, 2, 3) are computed
using the finite element platform NGSolve [25]. The unit cell (either Y or Ya depending on the apex) is dis-
cretized using fourth-order finite elements, with the maximum element size bounded from above by 0.05|Y |1/2.
Before examining the general case with variable shear modulus and mass density, we first evaluate the e↵ective
tensor T = µ(0)/⇢(0) for a medium with constant shear modulus as in [10] by taking `1 =`2 =2, G = (1, 1, 1, 1),
and r = (1, 101, 201, 101). This particular configuration, while bearing little relevance from the viewpoint of
elastic solids, is nonetheless useful as a vehicle to verify the numerical implementation.

Remark 20. At this point, we recall our premise that |Y | = 1. This limitation can, however, be handled with
little di�culty; for instance, at every apex ka with a 6= 0, the foregoing results remain valid for any |Y | > 0

by taking |Ya| = |Y |
Qd

j=1(1+aj) in lieu of the measure given in (78). When a = 0, a similar modification
(omitted herein for brevity) can be implemented.

For all apex points and solution branches under consideration, we find by simulations that: (i) T is diagonal
when the eigenvalue is simple; (ii) so are tensors Tpq = µ(0)

pq /⇢(0) (using the eigenfunction basis as in Lemma 9)
when the eigenvalue is repeated, and (iii) Tpq = 0 for p 6= q. In this setting, Table 1 compares the present
results with those in [10] at apexes A, B, and C for the first four solution branches. For brevity of notation,
we refer to the e↵ective tensors T11 and T22 simply as “T ” when listing the results for repeated eigenvalues.
As can be seen from the display, there is a good overall agreement between the two sets of results.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [10], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
evaluated by integrating (114) numerically over Ba. For completeness, also included in the display are the
leading-order components of U (i)

a and U (ii)
a , obtained by discarding the “dipole” contributions on the right hand-

sides of (114) and (119), i.e. those terms multiplied by �(1)(y0). With reference to (118), approximation (i)
and approximation (ii) give similar result away from y1 � y0

1 = 0. The di↵erence between U (i)
a and U (ii)

a on the
one hand and their leading-order counterparts on the other is, however, striking in that the former bring about
a directivity of wave motion that is absent from the leading-order approximation. This feature is highlighted
in Fig. 4(b), which compares the e↵ective solution envelope ± max |'̃a

n̂|U (ii)
a (y) stemming from (115) and (119)

25

µ(0) : k̂
2
/(2⇢(0)!�

n) is real-valued, we specifically see from (38) that the germane eigenfunction �̃�
n(x) is propa-

gated with O(✏�1) phase velocity c and O(✏) group velocity cg given by

c(k̂) = ✏�1
h
!�

n + ✏2
µ(0) : k̂

2

2⇢(0)!�
n

i k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (40)

By (39), one may alternatively interpret the free Bloch wave at some (k̂, !̂(k̂)) as a product between the
standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0, and a plane-wave “propagator” endowed with O(✏)

phase velocity c and commensurate group velocity cg given by

c(k̂) = ✏
µ(0) : k̂

2

2⇢(0)!�
n

k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (41)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However, from (40) and (41)
one also finds that sign(c · cg) = 1, while sign(c ·cg) = sign(µ(0)). In situations when µ(0) is negative definite,
this highlights the contrast between (39) – designed to isolate the perturbation e↵ects, and (38) – which may
shed light on the physical phenomenon of negative refraction, a�liated with an opposition between the group
and phase velocity vectors. For clarity, the velocity quantities in (40) and (41) are schematically illustrated in
Fig. 1(a) by considering the first optical branch (n = 2).

Remark 6. Considering the acoustic branch (n = 1), we have �̃�
1 = 1, !�

1 = 0, and ! = ✏!̂ whereby

u(x, t) = ✏�2f̃ w0(k̂, !̂) ei(k̂·x�!̂t) + O(✏�1) for f̃ 6= 0,

u(x, t) = U ei(k̂·x�(µ(0):k̂
2
/⇢(0))1/2t) + O(✏) for f̃ = 0.

In this case, the leading-order e↵ective solution still carries the role of amplitude (resp. phase) control when
f 6= 0 (resp. f = 0); however the multiplier of the phase term ei(·) is x- and t-independent, which caters for
a more tangible interpretation of w0.

k

!
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5
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n(x) ei(✏k̂·x�[!�
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nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
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, cg(k̂) = �

µ(0) ·k̂
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n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)
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nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
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where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2
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Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
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n)t) e✏2µ(0)
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n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2
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k̂, a(k̂) =
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�c� c = ��2
µ(0)

I :(k̂)2
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where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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With such definitions, we find that
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where
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Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (88) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (77). Assuming that the eigenvalue �̃a

n (n > 1) solving (84)–(86) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (91) of (ka, !a

n) satisfies
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where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (106) and (116); and
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When considering the propagation of free waves (f̃ = 0), the second-order FW-FF approximation of the nth
dispersion branch near k = ka accordingly reads
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5.5. Example application in the spatial domain

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is comparabe to the size
of the unit cell, and the basic premise of the two-scale analysis (Section 4) does not apply. Instead, we make
use of the inverse Fourier transform to obtain an e↵ective spatial description of wavefields whose spectrum
is localized in a neighborhood of (ka, !a

n). On adopting the terminology of the two-scale analysis, we denote
respectvely by x and y the “slow” and “fast” spatial coordinate, and we consider the solution

Ua(y) = F�1
d

⇥
hũia(k̂)

⇤
= (2⇡)�d

Z

Rd

hũia(k̂) eik·y dk, k̂ =
k � ka

✏

where hũia(k̂) behaves as in Theorem 2. For simplicity of discussion, we disregard the second-order corrections
in (117) and (118). On applying the inverse Fourier transform to the left-hand side of (117), we obtain

�✏d eika·x�µ(0):r2
x + �⇢(0) !̂2

�
Ua(x),
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(a) (b) (c)

Figure 1: Wave motion in a periodic medium: (a) phase and group velocities featured by the LW-FF expansion of the first optical

branch, n = 2, about k = 0; (b) schematics of the multi-cell domains Y a 2 R2
supporting the FW-FF homogenization of wave

motion about vertices of the first quadrant of the first Brioullin zone, and (c) source excitation near the edge of a band gap.

3.1.3. First-order corrector
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(i) Green’s function near the edge of a band gap

We first consider an elastic “chessboard” with `1=`2=2, G=(1, 1, 1, 1), and r=(1, 101, 201, 101)

as in [11], and we seek an effective description of its response due to a point source acting at
frequency != 0.1720 that is just inside the first band gap, see Fig. 1(b). In this case, the results
from Section 4(e) apply with n̂= 1, a= (1, 1), and ✏2 = !2 � �̃a

1 = 1.374⇥ 10�4. Placing the point
source, �(y � y0), as in Fig. 3(a), we find that '̃a

n̂(y
0) = 0.9161 and �(1)(y0) = (�1.704,�1.704).

For such loading configuration, Fig. 4(a) compares the respective solutions U (i)
a and U (ii)

a of (4.40)
with F (y � y0) given by (4.41) along line y2 � y0

2 =
1
4 `2. Here U (ii)

a is given by (4.42), while U (i)
a

is evaluated by integrating (4.37) numerically over Ba. For completeness, also included in the
display are the leading-order components of U (i)

a and U (ii)
a , obtained by discarding the “dipole”

contributions on the right hand-sides of (4.37) and (4.42), i.e. those terms multiplied by �(1)(y0). We
first note that approximation (i) and approximation (ii) give similar result away from y1 � y0

1 = 0.
The difference between U (i)

a and U (ii)
a on the one hand and their leading-order counterparts on

the other is, however, striking in that the former bring about a directivity of wave motion that is
absent from the leading-order approximation. This is highlighted in Fig. 4(b), which compares
the effective solution envelope ±max |'̃a

n̂|U
(ii)
a (y) due to (4.38) and (4.42) with the corresponding

numerical simulation [11]. It is apparent that ±max |'̃a
n̂|U

(ii)
a (y) provides notably better effective

description of the numerical simulation than the reference envelope 1
2⇡K1(↵kyk) [11], cf. (4.42),

in terms of both magnitude and directivity of the wave motion. For completeness the specifics
of numerical implementation, including a tabulated comparison of the effective coefficients ⇢(0)

and µ(0) with those in [11], is provided in Appendix C (electronic supplementary material).
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Figure 4. Response of a chessboard-like medium with `1=`2=2, G= (1, 1, 1, 1) and r= (1, 101, 201, 101) along

line y2 � y02 = 0.5 due to the point source shown in Fig. 3(a) at frequency != 0.1720: (a) asymptotic fields U (i)
a and U (ii)

a

solving (4.42) together with their leading-order (monopole) counterparts, and (b) numerical simulation of the problem [11]

versus “trend” envelope ± 1
2⇡K1(↵kyk) [11] and envelope ±max |'̃a

n̂|U
(ii)
a due to (4.38) and (4.42).

(ii) Dispersion in a medium with variable shear modulus

We next consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G= (1, 4, 1, 4),
and r= (1, 2, 1, 2). This configuration, examined in [20] from the LW-LF standpoint, differs from
the previous example for it features a variable shear modulus. Using the results from Section 4 and
Section 5, asymptotic approximations of the first eight dispersion branches computed and shown
in Fig. 5 along the Brillouin contour ABC, see Fig. 3(b). The leading-order approximations are
plotted for all branches and all apex points, while their second-order counterparts are shown
only for those pairs (ka,!a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display,

the second-order model brings about notable improvement in the asymptotic description of the
first, second, and sixth branch near apex A; however this observation does not apply to the third
branch, see the circled apex region, due to the proximity of neighboring eigenvalues (this issue will
be addressed shortly). From Fig. 5, one may also note that apex B features distinct asymptotic



Effective Green’s function
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`2
<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B

<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.1. Comparison with prior results
To evaluate the e↵ective parameters ⇢(0), µ(0), ⇢(2), µ(2) and µ(0)

pq for a chessboard-like medium according
to (102), (109), (141) and (155), eigenfunctions '̃a

n(x) and cell functions �(m)(x) (m = 1, 2, 3) are computed
using the finite element platform NGSolve [25]. The unit cell (either Y or Ya depending on the apex) is dis-
cretized using fourth-order finite elements, with the maximum element size bounded from above by 0.05|Y |1/2.
Before examining the general case with variable shear modulus and mass density, we first evaluate the e↵ective
tensor T = µ(0)/⇢(0) for a medium with constant shear modulus as in [10] by taking `1 =`2 =2, G = (1, 1, 1, 1),
and r = (1, 101, 201, 101). This particular configuration, while bearing little relevance from the viewpoint of
elastic solids, is nonetheless useful as a vehicle to verify the numerical implementation.

Remark 20. At this point, we recall our premise that |Y | = 1. This limitation can, however, be handled with
little di�culty; for instance, at every apex ka with a 6= 0, the foregoing results remain valid for any |Y | > 0

by taking |Ya| = |Y |
Qd

j=1(1+aj) in lieu of the measure given in (78). When a = 0, a similar modification
(omitted herein for brevity) can be implemented.

For all apex points and solution branches under consideration, we find by simulations that: (i) T is diagonal
when the eigenvalue is simple; (ii) so are tensors Tpq = µ(0)

pq /⇢(0) (using the eigenfunction basis as in Lemma 9)
when the eigenvalue is repeated, and (iii) Tpq = 0 for p 6= q. In this setting, Table 1 compares the present
results with those in [10] at apexes A, B, and C for the first four solution branches. For brevity of notation,
we refer to the e↵ective tensors T11 and T22 simply as “T ” when listing the results for repeated eigenvalues.
As can be seen from the display, there is a good overall agreement between the two sets of results.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [10], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
evaluated by integrating (114) numerically over Ba. For completeness, also included in the display are the
leading-order components of U (i)

a and U (ii)
a , obtained by discarding the “dipole” contributions on the right hand-

sides of (114) and (119), i.e. those terms multiplied by �(1)(y0). With reference to (118), approximation (i)
and approximation (ii) give similar result away from y1 � y0

1 = 0. The di↵erence between U (i)
a and U (ii)

a on the
one hand and their leading-order counterparts on the other is, however, striking in that the former bring about
a directivity of wave motion that is absent from the leading-order approximation. This feature is highlighted
in Fig. 4(b), which compares the e↵ective solution envelope ± max |'̃a

n̂|U (ii)
a (y) stemming from (115) and (119)
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illustrate the range of problems to which the HFH theory can
be applied. In Section 2 we excite a checkerboard at a fre-
quency within the stop band and illustrate how the details
of the resultant field are explained and captured using the the-
ory. Section 3 deals with ultrarefraction and leads to a conti-
nuum material with an effective refractive index. AANR is

another striking phenomenon, and in Section 4 we demon-
strate how the HFH technique finds the critical frequencies
for which it occurs. Finally, in Section 5 we draw together
some concluding remarks and discuss future directions.

2. DEFECT MODES
We now explore the effect of light confinement in photonic
crystals with defects and show how these are found and inter-
preted in terms of HFH theory; we actually treat the comple-
mentary problem of localized forcing. If one forces a photonic
crystal at a frequency within the stop band, then the field sim-
ply decays; the homogenization theory gives one the decay
rate and an explicit expression for the field.

The case of r ¼ 10 has well-defined stop bands within the
structure, as illustrated in Fig. 3. The standing wave frequen-
cies that, in some cases, also define the stop band edges are
given in Table 1 together with the corresponding values of T11

and T22. Computations for frequencies within the stop band
readily display decaying solutions (see Fig. 4) together with,
upon further inspection, detailed structure within the solu-
tion. This is described by the homogenization technique using
solutions to the homogenized PDE [Eq. (7)].

Figure 4 shows the response to a line source imposed at the
origin with Fig. 4(a) showing the magnitude of u; the excita-
tion frequency is Ω ¼ 0:172 and lies just inside the stop band
shown in Fig. 4(d). The standing wave frequency, 0.1716, is
very close and is at wavenumber C , which implies that the
local microscale should oscillate with the cell edges (of a
two-by-two cell) being out of phase. A plot of u versus x along

Table 1. First Five Standing Wave Frequencies,
Ω0, and the Corresponding T11 and T22 for the

Standing Wave Cases, κ ! "0; 0# (Wavenumber A),
κ ! "π; 0# (Wavenumber B), and κ ! "π;π#

(Wavenumber C)a

Wavenumber Ω0 T11 T22

A 0.2853 −0:1605 0.0046
A 0.2853 0.0046 −0:1605
A 0.3098 0.1723 0.0052
A 0.3098 0.0052 0.1723
A 0.4043 −0:0339 −0:0339
B 0.1339 −0:0542 0.0068
B 0.1784 0.0692 0.0107
B 0.2946 −0:0066 −0:1289
B 0.3192 −0:0067 0.1430
B 0.3739 0.0193 −0:0620
C 0.1716 −0:0254 −0:0254
C 0.2156 0.0400 −0:0220
C 0.2156 −0:0220 0.0400
C 0.3118 0.0401 0.0401
C 0.4190 −0:0020 −0:2737

aThis table shows the values for r ¼ 10 and is used in the asymptotics shown
in Fig. 3.

Fig. 4. (Color online) Response to localized line source excitation with frequency Ω ¼ 0:172 for the checkerboard structure with r ¼ 10. (a) juj as
a globally decaying solution modulating an oscillatory behavior. (b) u along the line y ¼ 1=2 as the solid line lying within a dashed envelope given by
the asymptotic relation [Eq. (14)]. (c) Further detail of the solution along this line with the points marking the cell edges demonstrating the local out-
of-phase oscillations from cell to cell. (d) Detailed view of the dispersion curves and stop band near the excitation frequency: the dashed lines are
from the full numerics, and the asymptotics are the solid lines.
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`2
<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B

<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2
<latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit>

⇡/`1
<latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit>

⇡/`2
<latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit>

�⇡/`2
<latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit>

�⇡/`1
<latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O/XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=</latexit>
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.1. Comparison with prior results
To evaluate the e↵ective parameters ⇢(0), µ(0), ⇢(2), µ(2) and µ(0)

pq for a chessboard-like medium according
to (102), (109), (141) and (155), eigenfunctions '̃a

n(x) and cell functions �(m)(x) (m = 1, 2, 3) are computed
using the finite element platform NGSolve [25]. The unit cell (either Y or Ya depending on the apex) is dis-
cretized using fourth-order finite elements, with the maximum element size bounded from above by 0.05|Y |1/2.
Before examining the general case with variable shear modulus and mass density, we first evaluate the e↵ective
tensor T = µ(0)/⇢(0) for a medium with constant shear modulus as in [10] by taking `1 =`2 =2, G = (1, 1, 1, 1),
and r = (1, 101, 201, 101). This particular configuration, while bearing little relevance from the viewpoint of
elastic solids, is nonetheless useful as a vehicle to verify the numerical implementation.

Remark 20. At this point, we recall our premise that |Y | = 1. This limitation can, however, be handled with
little di�culty; for instance, at every apex ka with a 6= 0, the foregoing results remain valid for any |Y | > 0

by taking |Ya| = |Y |
Qd

j=1(1+aj) in lieu of the measure given in (78). When a = 0, a similar modification
(omitted herein for brevity) can be implemented.

For all apex points and solution branches under consideration, we find by simulations that: (i) T is diagonal
when the eigenvalue is simple; (ii) so are tensors Tpq = µ(0)

pq /⇢(0) (using the eigenfunction basis as in Lemma 9)
when the eigenvalue is repeated, and (iii) Tpq = 0 for p 6= q. In this setting, Table 1 compares the present
results with those in [10] at apexes A, B, and C for the first four solution branches. For brevity of notation,
we refer to the e↵ective tensors T11 and T22 simply as “T ” when listing the results for repeated eigenvalues.
As can be seen from the display, there is a good overall agreement between the two sets of results.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [10], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
evaluated by integrating (114) numerically over Ba. For completeness, also included in the display are the
leading-order components of U (i)

a and U (ii)
a , obtained by discarding the “dipole” contributions on the right hand-

sides of (114) and (119), i.e. those terms multiplied by �(1)(y0). With reference to (118), approximation (i)
and approximation (ii) give similar result away from y1 � y0

1 = 0. The di↵erence between U (i)
a and U (ii)

a on the
one hand and their leading-order counterparts on the other is, however, striking in that the former bring about
a directivity of wave motion that is absent from the leading-order approximation. This feature is highlighted
in Fig. 4(b), which compares the e↵ective solution envelope ± max |'̃a

n̂|U (ii)
a (y) stemming from (115) and (119)

25

µ(0) : k̂
2
/(2⇢(0)!�

n) is real-valued, we specifically see from (38) that the germane eigenfunction �̃�
n(x) is propa-

gated with O(✏�1) phase velocity c and O(✏) group velocity cg given by

c(k̂) = ✏�1
h
!�

n + ✏2
µ(0) : k̂

2

2⇢(0)!�
n

i k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (40)

By (39), one may alternatively interpret the free Bloch wave at some (k̂, !̂(k̂)) as a product between the
standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0, and a plane-wave “propagator” endowed with O(✏)

phase velocity c and commensurate group velocity cg given by

c(k̂) = ✏
µ(0) : k̂

2

2⇢(0)!�
n

k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (41)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However, from (40) and (41)
one also finds that sign(c · cg) = 1, while sign(c ·cg) = sign(µ(0)). In situations when µ(0) is negative definite,
this highlights the contrast between (39) – designed to isolate the perturbation e↵ects, and (38) – which may
shed light on the physical phenomenon of negative refraction, a�liated with an opposition between the group
and phase velocity vectors. For clarity, the velocity quantities in (40) and (41) are schematically illustrated in
Fig. 1(a) by considering the first optical branch (n = 2).

Remark 6. Considering the acoustic branch (n = 1), we have �̃�
1 = 1, !�

1 = 0, and ! = ✏!̂ whereby

u(x, t) = ✏�2f̃ w0(k̂, !̂) ei(k̂·x�!̂t) + O(✏�1) for f̃ 6= 0,

u(x, t) = U ei(k̂·x�(µ(0):k̂
2
/⇢(0))1/2t) + O(✏) for f̃ = 0.

In this case, the leading-order e↵ective solution still carries the role of amplitude (resp. phase) control when
f 6= 0 (resp. f = 0); however the multiplier of the phase term ei(·) is x- and t-independent, which caters for
a more tangible interpretation of w0.

k

!

8

rspa.royalsocietypublishing.org
Proc

R
Soc

A
0000000

..........................................................

Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5
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n(x) ei(✏k̂·x�[!�
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nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
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� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)
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nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
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where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2
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Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)
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n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2
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k̂, a(k̂) =
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�c� c = ��2
µ(0)

I :(k̂)2
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where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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With such definitions, we find that

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w2 �

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
w0 = �h⇢⌘(0)i'

a !̂2

+
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r'̃a

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2, (115)

where

⇢(2) = h⇢�(2)i'
a, µ(2) =

⌦
G{r�(3) + I⌦�(2)}

↵'

a
�
�
G{�(3) ⌦ r'̃a

n}, 1
�
Ya

. (116)

Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (88) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (77). Assuming that the eigenvalue �̃a

n (n > 1) solving (84)–(86) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (91) of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (117)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (106) and (116); and

M(k̂, !̂) = heika·xi'
a � ✏ (eika·x�(1), 1)Ya

· ik̂ + ✏2 �h⇢⌘(0)i'
a !̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r�̃�

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2. (118)

When considering the propagation of free waves (f̃ = 0), the second-order FW-FF approximation of the nth
dispersion branch near k = ka accordingly reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , kak + n > 1,

whereby

!
✏5
= !a

n +
✏2

2⇢(0)!a
n

µ(0) : k̂
2

� ✏4

8(⇢(0))2 (!a
n)3

�
µ(0)⌦ µ(0) + 4(!a

n)2
�
⇢(0)µ(2)� µ(0)⌦ ⇢(2)

� 
: k̂

4
, kak + n > 2.

5.5. Example application in the spatial domain

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is comparabe to the size
of the unit cell, and the basic premise of the two-scale analysis (Section 4) does not apply. Instead, we make
use of the inverse Fourier transform to obtain an e↵ective spatial description of wavefields whose spectrum
is localized in a neighborhood of (ka, !a

n). On adopting the terminology of the two-scale analysis, we denote
respectvely by x and y the “slow” and “fast” spatial coordinate, and we consider the solution

Ua(y) = F�1
d

⇥
hũia(k̂)

⇤
= (2⇡)�d

Z

Rd

hũia(k̂) eik·y dk, k̂ =
k � ka

✏

where hũia(k̂) behaves as in Theorem 2. For simplicity of discussion, we disregard the second-order corrections
in (117) and (118). On applying the inverse Fourier transform to the left-hand side of (117), we obtain

�✏d eika·x�µ(0):r2
x + �⇢(0) !̂2

�
Ua(x),

16

(a) (b) (c)

Figure 1: Wave motion in a periodic medium: (a) phase and group velocities featured by the LW-FF expansion of the first optical

branch, n = 2, about k = 0; (b) schematics of the multi-cell domains Y a 2 R2
supporting the FW-FF homogenization of wave

motion about vertices of the first quadrant of the first Brioullin zone, and (c) source excitation near the edge of a band gap.

3.1.3. First-order corrector
Let �(2) 2

�
H1

p0(Y )
�d⇥d

be the unique second-order tensor solving

�̃�
n⇢�(2) + r·

�
G

�
r�(2) + {I ⌦ �(1)}0�� + G{r�(1) + I�̃�

n} � ⇢

⇢(0)
µ(0)�̃�

n = 0 in Y, (42)

⌫ · G
�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ · G

�
r�(2) + {I ⌦ �(1)}0�|xj=`j , j = 1, d,

8

Table 1: Non-trivial components of the e↵ective tensor T = µ(0)/⇢(0)
at apexes A, B, and C for the first four branches versus

the values obtained in [10], assuming a chessboard-like medium with `1 = `2 =2, G = (1, 1, 1, 1) and r = (1, 101, 201, 101). For

clarity, all instances of repeated eigenvalues (Q = 2) are indicated by an asterisk.

Apex a !n T [1, 1] T [2, 2] T [2, 2] [10] T [2, 2] [10]

A (0,0) 0.2853⇤ �0.1605 0.0046 �0.1605 0.0046
A – 0.2853⇤ 0.0046 -0.1605 0.0046 �0.1605
A – 0.3098⇤ 0.1723 0.0052 0.1723 0.0052
A – 0.3098⇤ 0.0052 0.1723 0.0052 0.1723
B (1,0) 0.1339 �0.0541 0.0069 �0.0542 0.0068
B – 0.1784 0.0692 0.0107 0.0692 0.0107
B – 0.2946 �0.0066 -0.1289 �0.0066 �0.1289
B – 0.3192 �0.0067 0.1430 �0.0067 0.1430
C (1,1) 0.1716 �0.0254 -0.0254 �0.0254 �0.0254
C – 0.2156⇤ 0.0397 -0.0220 0.0400 �0.0220
C – 0.2156⇤ �0.0220 0.0397 �0.0220 0.0400
C – 0.3118 0.0401 0.0401 0.0401 0.0401

with numerical simulations of the medium response due to point source [10] located as in Fig. 3(b). As can
be seen from the display, ± max |'̃a

n̂|U (ii)
a (y) provides notably better e↵ective description of the numerical

response than the reference envelope 1
2⇡ K1(↵kyk) [10], cf. (119), in terms of both amplitude and directivity

of the wave motion.
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Figure 4: Response of a chessboard-like medium with `1=`2=2, G = (1, 1, 1, 1) and r = (1, 101, 201, 101) along line y2�y02 = 0.5

due to point source acting at the center of a unit cell Y with frequency ! = 0.1720: (a) asymptotic fields U (i)
a and U (ii)

a

solving (119) together with their leading-order (monopole) counterparts, and (b) numerical solution of the problem [10] versus a

“trend” envelope
1
2⇡K1(↵kyk) [10] and the envelope ±max |'̃a

n̂|U
(ii)
a stemming from (115) and (119).

7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [17] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
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A bit more rigor…

µ(0) : k̂
2
/(2⇢(0)!�

n) is real-valued, we specifically see from (38) that the germane eigenfunction �̃�
n(x) is propa-

gated with O(✏�1) phase velocity c and O(✏) group velocity cg given by

c(k̂) = ✏�1
h
!�

n + ✏2
µ(0) : k̂

2

2⇢(0)!�
n

i k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (40)

By (39), one may alternatively interpret the free Bloch wave at some (k̂, !̂(k̂)) as a product between the
standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0, and a plane-wave “propagator” endowed with O(✏)

phase velocity c and commensurate group velocity cg given by

c(k̂) = ✏
µ(0) : k̂

2

2⇢(0)!�
n

k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (41)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However, from (40) and (41)
one also finds that sign(c · cg) = 1, while sign(c ·cg) = sign(µ(0)). In situations when µ(0) is negative definite,
this highlights the contrast between (39) – designed to isolate the perturbation e↵ects, and (38) – which may
shed light on the physical phenomenon of negative refraction, a�liated with an opposition between the group
and phase velocity vectors. For clarity, the velocity quantities in (40) and (41) are schematically illustrated in
Fig. 1(a) by considering the first optical branch (n = 2).

Remark 6. Considering the acoustic branch (n = 1), we have �̃�
1 = 1, !�

1 = 0, and ! = ✏!̂ whereby

u(x, t) = ✏�2f̃ w0(k̂, !̂) ei(k̂·x�!̂t) + O(✏�1) for f̃ 6= 0,

u(x, t) = U ei(k̂·x�(µ(0):k̂
2
/⇢(0))1/2t) + O(✏) for f̃ = 0.

In this case, the leading-order e↵ective solution still carries the role of amplitude (resp. phase) control when
f 6= 0 (resp. f = 0); however the multiplier of the phase term ei(·) is x- and t-independent, which caters for
a more tangible interpretation of w0.

k

!
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5
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⇡/`1

⇡/`2

k

!

band gap

driving 
frequency O(✏2)

and we let ⌘(1) 2
�
H1a

p0 (Ya)
�d

be the unique zero-mean vector given by

�̃a
n⇢⌘(1) + r·

�
G(r⌘(1)+ I⌘(0))

�
+ Gr⌘(0) +

⇢

⇢(0)

�
(eika·x�(1), 1)Ya

'̃a
n � heika·xi'

a�(1)
�

= 0 in Ya, (114)

⌫ · G(r⌘(1) + I⌘(0))|xj=0 = �⌫ · G(r⌘(1) + I⌘(0))|xj=(1+aj)`j
, j = 1, d.

With such definitions, we find that

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w2 �

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
w0 = �h⇢⌘(0)i'

a !̂2

+
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r'̃a

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2, (115)

where

⇢(2) = h⇢�(2)i'
a, µ(2) =

⌦
G{r�(3) + I⌦�(2)}

↵'

a
�
�
G{�(3) ⌦ r'̃a

n}, 1
�
Ya

. (116)

Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (88) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (77). Assuming that the eigenvalue �̃a

n (n > 1) solving (84)–(86) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (91) of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (117)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (106) and (116); and

M(k̂, !̂) = heika·xi'
a � ✏ (eika·x�(1), 1)Ya

· ik̂ + ✏2 �h⇢⌘(0)i'
a !̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r�̃�

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2. (118)

When considering the propagation of free waves (f̃ = 0), the second-order FW-FF approximation of the nth
dispersion branch near k = ka accordingly reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , kak + n > 1,

whereby

!
✏5
= !a

n +
✏2

2⇢(0)!a
n

µ(0) : k̂
2

� ✏4

8(⇢(0))2 (!a
n)3

�
µ(0)⌦ µ(0) + 4(!a

n)2
�
⇢(0)µ(2)� µ(0)⌦ ⇢(2)

� 
: k̂

4
, kak + n > 2.

5.5. Example application in the spatial domain

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is comparabe to the size
of the unit cell, and the basic premise of the two-scale analysis (Section 4) does not apply. Instead, we make
use of the inverse Fourier transform to obtain an e↵ective spatial description of wavefields whose spectrum
is localized in a neighborhood of (ka, !a

n). On adopting the terminology of the two-scale analysis, we denote
respectvely by x and y the “slow” and “fast” spatial coordinate, and we consider the solution

Ua(y) = F�1
d

⇥
hũia(k̂)

⇤
= (2⇡)�d

Z

Rd

hũia(k̂) eik·y dk, k̂ =
k � ka

✏

where hũia(k̂) behaves as in Theorem 2. For simplicity of discussion, we disregard the second-order corrections
in (117) and (118). On applying the inverse Fourier transform to the left-hand side of (117), we obtain

�✏d eika·x�µ(0):r2
x + �⇢(0) !̂2

�
Ua(x),

16

(a) (b) (c)

Figure 1: Wave motion in a periodic medium: (a) phase and group velocities featured by the LW-FF expansion of the first optical

branch, n = 2, about k = 0; (b) schematics of the multi-cell domains Y a 2 R2
supporting the FW-FF homogenization of wave

motion about vertices of the first quadrant of the first Brioullin zone, and (c) source excitation near the edge of a band gap.

3.1.3. First-order corrector
Let �(2) 2

�
H1

p0(Y )
�d⇥d

be the unique second-order tensor solving

�̃�
n⇢�(2) + r·

�
G

�
r�(2) + {I ⌦ �(1)}0�� + G{r�(1) + I�̃�

n} � ⇢

⇢(0)
µ(0)�̃�

n = 0 in Y, (42)

⌫ · G
�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ · G

�
r�(2) + {I ⌦ �(1)}0�|xj=`j , j = 1, d,

8

Meng/Oudghiri-Idrissi/G

Long-wavelength motion:  !     →   !k = ϵk̂ λ =
2π

∥k∥
= O(ϵ−1)

Let  !y = ϵ−1x, ω = ϵΩ, u(y) = U(x)

�r ·
�
G(y)ru

�
� !2⇢(y)u = ✏2f(✏y) in Rd
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Scalar wave equation, small ! , square gridk

�r ·
�
G(x/✏)rU

�
� ⌦2⇢(x/✏)U = f(x) in Rd
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G(y + z) = G(y), ⇢(y + z) = ⇢(y) 8y 2 Rd, z 2 Zd
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Bloch waves:  !H1
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Abstract. This work is to compare the second-order asymptotic using two-scale homogenization

and the one using Floquet-Bloch expansion for the time-harmonic wave equation at low or high

frequency !.

Key words. waves in periodic media, dynamic homogenization, finite wavenumber, finite fre-

quency, Green’s function

1. Introduction.

1.1. Preliminaries. With reference to a Cartesian coordinate system endowed
with an orthonormal vector basis ej (j = 1, d), consider the time-harmonic wave
equation

�r·
�
G(

r

✏
)rU

�
� ⌦2⇢(

r

✏
)U = f(r) in Rd, (1.1)

at frequency ! (which may depend on ✏), where G and ⇢ are 2⇡Zd-periodic; i.e.,

G(x+ z) = G(x), ⇢(x+ z) = ⇢(x), 8x 2 Rd, z 2 Zd.

Here f is the source term, G and ⇢ are assumed to be real-valued L1
loc(Rd) functions

bounded away from zero. We furthermore assume that G is di↵erentiable. When d=2,
one may interpret (1.2) in the context of anti-plane shear (elastic) waves, in which
case u,G, ⇢ and f take respectively the roles of transverse displacement, shear mod-
ulus, mass density, and body force.

with a change of variables x = ✏�1r, ! = ✏⌦ and u(x) = U(r), one can get

�r·
�
G(x)ru

�
� !2⇢(x)u = ✏2f(✏x) in Rd. (1.2)

Let us denote the second-order elliptic operator on L2
loc(Rd)

A = � 1

⇢(x)
r·

�
G(x)r

�
,

and we regard A as the self-adjoint operator on L2
loc(Rd) with domain D(A) = {u 2

H1
loc(Rd); Au 2 L2

loc(Rd)}. For any k 2 C, let us also introduce the second-order
elliptic operator on the d-dimentional torus Td := Rd/2⇡Zd

A(k) = � 1

⇢(y)

�
r+ ik)·

⇥
G(y)(r+ ik)

⇤
,

and we regard A(k) as the self-adjoint operator on L2(Td) with domain D(A) = {u 2
H1(Td); A(k)u 2 L2(Td)}. From the theory of compact self-adjoint operator [4][pp
614–619], there exists a discrete set of eigenvalues {!2

m(k)}1m=0 and eigenfunctions
{�m(y;k)}1m=0 such that

A(k)�m(y;k) = !2
m(k)�m(y;k), (1.3)

where �m(y;k) 2 H1(Td), moreover

h�m(y;k),�n(y;k)i :=
Z

Td

⇢(y)�m(y;k)�n(y;k)dy = �mn,

1

d-dimensional taurus  !  𝕋d = ℝd /2πℤd

Scalar wave equation, small ! , finite frequencyk

Eigenvalues ! ,  eigenfunctions !{ω2
m(k)}∞

m=0 {ϕm(y; k)}∞
m=0
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Elliptic operator:  !H1
loc(ℝ

d) ↦ L2
loc(ℝ

d)

A = � 1

⇢(y)
r·

�
G(y)ru

�

<latexit sha1_base64="5eOlYC3tWdsy2AgQ6Yy1Q3uBlg8="></latexit>



Bloch waves

Bloch variety
and {�m(y;k)}1m=0 is a complete orthogonal basis in L2(Td).

The real Bloch variety or dispersion relation is the set [3]

BA = [1
m=0{(k,!m(k));k 2 Rd},

and due to the periodicity of the media structure, the dispersion relation is exactly
its restriction on the Brillourin zone B := [� 1

2 ,
1
2 ]

d, and the p-th branch is given by

{(k,!p(k));k 2 B}.

Notations.
• h·i denotes the average of a (tensor-valued) function over Td, 1

|Td|
R
Td ·dy.

• : denotes the contraction between two tensors.
• L2(⌦; ⇢) denotes the weighted L2-space in ⌦, the L2(⌦; ⇢)-norm is given by

� R
⌦ ⇢| · |2

� 1
2 .

• Hp
per(Td) denotes periodic Sobolev Hp(Td) space on Td.

• {·} denotes tensor averaging over all index permutations; in particular for an
nth-order tensor ⌧ , one has

{⌧}j1,j2,...jn =
1

n!

X

(l1,l2,...ln)2P

⌧l1,l2,...ln , j1, j2, . . . jn 2 1, d (1.4)

where P denotes the set of all permutations of (j1, j2, . . . jn).
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ûm(k) =

Z

Td
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⇢(y)ũ(y;k)�m(y;k)dy. (1.9)

2

Bloch expansion thm.

and {�m(y;k)}1m=0 is a complete orthogonal basis in L2(Td).
The real Bloch variety or dispersion relation is the set [3]

BA = [1
m=0{(k,!m(k));k 2 Rd},

and due to the periodicity of the media structure, the dispersion relation is exactly
its restriction on the Brillourin zone B := [� 1

2 ,
1
2 ]

d, and the p-th branch is given by

{(k,!p(k));k 2 B}.

Notations.
• h·i denotes the average of a (tensor-valued) function over Td, 1

|Td|
R
Td ·dy.

• : denotes the contraction between two tensors.
• L2(⌦; ⇢) denotes the weighted L2-space in ⌦, the L2(⌦; ⇢)-norm is given by

� R
⌦ ⇢| · |2

� 1
2 .

• Hp
per(Td) denotes periodic Sobolev Hp(Td) space on Td.

• {·} denotes tensor averaging over all index permutations; in particular for an
nth-order tensor ⌧ , one has

{⌧}j1,j2,...jn =
1

n!

X

(l1,l2,...ln)2P

⌧l1,l2,...ln , j1, j2, . . . jn 2 1, d (1.4)

where P denotes the set of all permutations of (j1, j2, . . . jn).
• The partial symmetrization is given by

{⌧}0j1,j2,...jn =
1

(n�1)!

X

(l2,...ln)2Q

⌧j1,l2,...ln , j1, j2, . . . jn 2 1, d (1.5)

where Q denotes the set of all permutations of (j2, j3, . . . jn).

1.2. Bloch Expansion. The Bloch expansion theorem [4][pp 616–617] (see also
[5]) plays an important role in our study.

Theorem 1.1. Let u 2 L2(Rd), then

u(y) =

Z

B
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Formal solution
RepresentationIn summary

u(y) =

Z

B

1X

m=0

ûm(k)eik·y�m(y;k)dk, (1.10)

ûm(k) =

Z

Rd

⇢(y)u(y)eik·y�m(y;k)dy, (1.11)

and the Parseval’s identity holds

kuk2L2(Rd;⇢) =
1X

m=0

Z

B
|ûm(k)|2dk =

1X

m=0

kûm(k)k2L2(B) (1.12)

2. Bloch expansion solution. In this section, we first obtain a formal solution
u using the Bloch expansion. To begin with, we first observe that the time harmonic
wave equation (1.2) reads

Au� !2u =
1

⇢(x)
✏2f(✏x) = g(x) in Rd, (2.1)

and

Aeik·y = eik·yA(k),

then from the Bloch expansion theorem

Au(y) =

Z

B
A
⇥
eik·yũ(y;k)

⇤
dk =

Z

B
eik·yA(k)ũ(y;k)dk

=

Z

B
eik·yA(k)

1X

m=0

ûm(k)�m(y;k)dk

=

Z

B
eik·y

1X

m=0

ûm(k)!2
m(k)�m(y;k)dk,

this yields that

Au(y)� !2u =

Z

B
eik·y

1X

m=0

ûm(k)!2
m(k)�m(y;k)dk � !2

Z

B

1X

m=0

ûm(k)eik·y�m(y;
¯
k)dk

=

Z

B
eik·y

1X

m=0

ûm(k)
�
!2
m(k)� !2

�
�m(y;k)dk.

On the other hand

g(y) =

Z

B

1X

m=0

ĝm(k)eik·y�m(y;k)dk,

where

ĝm(k) =

Z

Rd

✏2f(✏y)eik·y�m(y;k)dy.

3

Field equation

Au� !2u =
1

⇢(y)
✏2f(✏y) := g(y) in Rd
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ûm(k) =

Z

Rd

⇢(y)u(y)eik·y�m(y;k)dy, (1.11)

and the Parseval’s identity holds

kuk2L2(Rd;⇢) =
1X

m=0

Z

B
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ûm(k)!2
m(k)�m(y;k)dk � !2

Z

B

1X

m=0
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ENFANT NOTE

Abstract. This work is to compare the second-order asymptotic using two-scale homogenization

and the one using Floquet-Bloch expansion for the time-harmonic wave equation at low or high

frequency !.

Key words. waves in periodic media, dynamic homogenization, finite wavenumber, finite fre-

quency, Green’s function

1. Introduction.

1.1. Preliminaries. With reference to a Cartesian coordinate system endowed
with an orthonormal vector basis ej (j = 1, d), consider the time-harmonic wave
equation

�r·
�
G(

r

✏
)rU

�
� ⌦2⇢(

r

✏
)U = f(r) in Rd, (1.1)

at frequency ! (which may depend on ✏), where G and ⇢ are 2⇡Zd-periodic; i.e.,

G(x+ z) = G(x), ⇢(x+ z) = ⇢(x), 8x 2 Rd, z 2 Zd.

Here f is the source term, G and ⇢ are assumed to be real-valued L1
loc(Rd) functions

bounded away from zero. We furthermore assume that G is di↵erentiable. When d=2,
one may interpret (1.2) in the context of anti-plane shear (elastic) waves, in which
case u,G, ⇢ and f take respectively the roles of transverse displacement, shear mod-
ulus, mass density, and body force.

with a change of variables x = ✏�1r, ! = ✏⌦ and u(x) = U(r), one can get

�r·
�
G(x)ru

�
� !2⇢(x)u = ✏2f(✏x) in Rd. (1.2)

Let us denote the second-order elliptic operator on L2
loc(Rd)

A = � 1

⇢(x)
r·

�
G(x)r

�
,

and we regard A as the self-adjoint operator on L2
loc(Rd) with domain D(A) = {u 2

H1
loc(Rd); Au 2 L2

loc(Rd)}. For any k 2 C, let us also introduce the second-order
elliptic operator on the d-dimentional torus Td := Rd/2⇡Zd

A(k) = � 1

⇢(y)

�
r+ ik)·

⇥
G(y)(r+ ik)

⇤
,

and we regard A(k) as the self-adjoint operator on L2(Td) with domain D(A) = {u 2
H1(Td); A(k)u 2 L2(Td)}. From the theory of compact self-adjoint operator [4][pp
614–619], there exists a discrete set of eigenvalues {!2

m(k)}1m=0 and eigenfunctions
{�m(y;k)}1m=0 such that

A(k)�m(y;k) = !2
m(k)�m(y;k), (1.3)

where �m(y;k) 2 H1(Td), moreover

h�m(y;k),�n(y;k)i :=
Z

Td

⇢(y)�m(y;k)�n(y;k)dy = �mn,

1



Formal solution
Au� !2u =

1

⇢(y)
✏2f(✏y) := g(y) in Rd
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kûm(k)k2L2(B) (1.12)

2. Bloch expansion solution. In this section, we first obtain a formal solution
u using the Bloch expansion. To begin with, we first observe that the time harmonic
wave equation (1.2) reads

Au� !2u =
1

⇢(x)
✏2f(✏x) = g(x) in Rd, (2.1)

and

Aeik·y = eik·yA(k),

then from the Bloch expansion theorem

Au(y) =

Z

B
A
⇥
eik·yũ(y;k)
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=

Z

B
eik·yA(k)

1X

m=0
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ûm(k) =

Z

Rd

⇢(y)u(y)eik·y�m(y;k)dy, (1.11)

and the Parseval’s identity holds

kuk2L2(Rd;⇢) =
1X

m=0

Z

B
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Formal solution

Au� !2u =
1

⇢(y)
✏2f(✏y) := g(y) in Rd
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By Parseval’s identity !(ω2 ≠ ω2
m(k))
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µ(0) : k̂
2
/(2⇢(0)!�

n) is real-valued, we specifically see from (38) that the germane eigenfunction �̃�
n(x) is propa-

gated with O(✏�1) phase velocity c and O(✏) group velocity cg given by

c(k̂) = ✏�1
h
!�

n + ✏2
µ(0) : k̂

2

2⇢(0)!�
n

i k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (40)

By (39), one may alternatively interpret the free Bloch wave at some (k̂, !̂(k̂)) as a product between the
standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0, and a plane-wave “propagator” endowed with O(✏)

phase velocity c and commensurate group velocity cg given by

c(k̂) = ✏
µ(0) : k̂

2

2⇢(0)!�
n

k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (41)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However, from (40) and (41)
one also finds that sign(c · cg) = 1, while sign(c ·cg) = sign(µ(0)). In situations when µ(0) is negative definite,
this highlights the contrast between (39) – designed to isolate the perturbation e↵ects, and (38) – which may
shed light on the physical phenomenon of negative refraction, a�liated with an opposition between the group
and phase velocity vectors. For clarity, the velocity quantities in (40) and (41) are schematically illustrated in
Fig. 1(a) by considering the first optical branch (n = 2).

Remark 6. Considering the acoustic branch (n = 1), we have �̃�
1 = 1, !�

1 = 0, and ! = ✏!̂ whereby

u(x, t) = ✏�2f̃ w0(k̂, !̂) ei(k̂·x�!̂t) + O(✏�1) for f̃ 6= 0,

u(x, t) = U ei(k̂·x�(µ(0):k̂
2
/⇢(0))1/2t) + O(✏) for f̃ = 0.

In this case, the leading-order e↵ective solution still carries the role of amplitude (resp. phase) control when
f 6= 0 (resp. f = 0); however the multiplier of the phase term ei(·) is x- and t-independent, which caters for
a more tangible interpretation of w0.

k

!
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��
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where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�
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Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)
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I and expand the propagating term in (4.23) as
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from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
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Accordingly, we find the phase velocity and spatial attenuation vectors to read
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n). On recalling that �̃�
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1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
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8

rspa.royalsocietypublishing.org
Proc

R
Soc

A
0000000

..........................................................

Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5
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n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
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, cg(k̂) = �

µ(0) ·k̂
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, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2
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n

k̂, cg(k̂) = �
µ(0) ·k̂
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n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.

✏k̂

!�
2

c

a = (1, 0)

a = (1, 1)a = (0, 1)

k1

k2

Y a Y a

Y aY a

⇡/`1

⇡/`2

k

!

band gap

driving 
frequency O(✏2)

and we let ⌘(1) 2
�
H1a

p0 (Ya)
�d

be the unique zero-mean vector given by

�̃a
n⇢⌘(1) + r·

�
G(r⌘(1)+ I⌘(0))

�
+ Gr⌘(0) +

⇢

⇢(0)

�
(eika·x�(1), 1)Ya

'̃a
n � heika·xi'

a�(1)
�

= 0 in Ya, (114)

⌫ · G(r⌘(1) + I⌘(0))|xj=0 = �⌫ · G(r⌘(1) + I⌘(0))|xj=(1+aj)`j
, j = 1, d.

With such definitions, we find that

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w2 �

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
w0 = �h⇢⌘(0)i'

a !̂2

+
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r'̃a

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2, (115)

where

⇢(2) = h⇢�(2)i'
a, µ(2) =

⌦
G{r�(3) + I⌦�(2)}

↵'

a
�
�
G{�(3) ⌦ r'̃a

n}, 1
�
Ya

. (116)

Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (88) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (77). Assuming that the eigenvalue �̃a

n (n > 1) solving (84)–(86) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (91) of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (117)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (106) and (116); and

M(k̂, !̂) = heika·xi'
a � ✏ (eika·x�(1), 1)Ya

· ik̂ + ✏2 �h⇢⌘(0)i'
a !̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r�̃�

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2. (118)

When considering the propagation of free waves (f̃ = 0), the second-order FW-FF approximation of the nth
dispersion branch near k = ka accordingly reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , kak + n > 1,

whereby

!
✏5
= !a

n +
✏2

2⇢(0)!a
n

µ(0) : k̂
2

� ✏4

8(⇢(0))2 (!a
n)3

�
µ(0)⌦ µ(0) + 4(!a

n)2
�
⇢(0)µ(2)� µ(0)⌦ ⇢(2)

� 
: k̂

4
, kak + n > 2.

5.5. Example application in the spatial domain

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is comparabe to the size
of the unit cell, and the basic premise of the two-scale analysis (Section 4) does not apply. Instead, we make
use of the inverse Fourier transform to obtain an e↵ective spatial description of wavefields whose spectrum
is localized in a neighborhood of (ka, !a

n). On adopting the terminology of the two-scale analysis, we denote
respectvely by x and y the “slow” and “fast” spatial coordinate, and we consider the solution

Ua(y) = F�1
d

⇥
hũia(k̂)

⇤
= (2⇡)�d

Z

Rd

hũia(k̂) eik·y dk, k̂ =
k � ka

✏

where hũia(k̂) behaves as in Theorem 2. For simplicity of discussion, we disregard the second-order corrections
in (117) and (118). On applying the inverse Fourier transform to the left-hand side of (117), we obtain

�✏d eika·x�µ(0):r2
x + �⇢(0) !̂2

�
Ua(x),

16

(a) (b) (c)

Figure 1: Wave motion in a periodic medium: (a) phase and group velocities featured by the LW-FF expansion of the first optical

branch, n = 2, about k = 0; (b) schematics of the multi-cell domains Y a 2 R2
supporting the FW-FF homogenization of wave

motion about vertices of the first quadrant of the first Brioullin zone, and (c) source excitation near the edge of a band gap.

3.1.3. First-order corrector
Let �(2) 2

�
H1

p0(Y )
�d⇥d

be the unique second-order tensor solving

�̃�
n⇢�(2) + r·

�
G

�
r�(2) + {I ⌦ �(1)}0�� + G{r�(1) + I�̃�

n} � ⇢

⇢(0)
µ(0)�̃�

n = 0 in Y, (42)

⌫ · G
�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ · G

�
r�(2) + {I ⌦ �(1)}0�|xj=`j , j = 1, d,

8

Source term

Since equation (2.1) holds in the L2(Rd), then from the Paresval identity

ûm(k)
�
!2
m(k)� !2

�
= ĝm(k),

and when !2
m(k)� !2 6= 0 for all m = 0, 1, · · · ,

ûm(k) =
ĝm(k)

!2
m(k)� !2

,

whereby

u(y) =

Z

B

1X

m=0

ĝm(k)

!2
m(k)� !2

eik·y�m(y;k)dk

=

Z

B

1X

m=0

R
Rd ✏2f(✏y)eik·y�m(y;k)dy

!2
m(k)� !2

eik·y�m(y;k)dk. (2.2)

Now we have obtain a formal solution u given by (2.2). Verification of the solution.

2.1. The body force. Assumption 1. Assume that the source f has the fol-

lowing form

f(x) =
1

(2⇡)d

⇣Z

Rd

F (k)eik·xdk
⌘
�p(

x

✏
; 0),

where F�1[F ] 2 L2(Rd) \ L1(Rd) and F 2 L2(Rd) \ L1(Rd), and F is compactly

supported in some open bounded region 0 2 Y ⇢ Rd
. Here p 2 {0, 1, 2, · · · }.

Remark 1. When p = 0, �p(
x
✏ ; 0) is a constant. This implies that f is a constant

multiplication of the Fourier inversion transform of F given by

1

(2⇡)d

⇣Z

Rd

F (k)eik·xdk
⌘
.

We assume hereon that f satisfies Assumption 1.
Lemma 2.1. Let � be a 2⇡Zd

-periodic function and assume that � is bounded.

Assume that the Fourier series of �p(x; 0)�(x) converges pointwise almost everywhere,

�p(x; 0)�(x) ⇠
X

n2Zd

ane
in·x. (2.3)

Then

Z

Rd

f(✏x)eik·x�(x)dx = ✏�d
X

n2Zd

anF (
k + n

✏
). (2.4)

(a) If k 2 B\✏Y , then

Z

Rd

f(✏x)eik·x�(x)dx = 0.

(b) If k 2 ✏Y , then

Z

Rd

f(✏x)eik·x�(x)dx = ✏�da0F (k/✏).
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Since equation (2.1) holds in the L2(Rd), then from the Paresval identity

ûm(k)
�
!2
m(k)� !2

�
= ĝm(k),

and when !2
m(k)� !2 6= 0 for all m = 0, 1, · · · ,

ûm(k) =
ĝm(k)

!2
m(k)� !2

,

whereby

u(y) =

Z

B

1X

m=0

ĝm(k)

!2
m(k)� !2

eik·y�m(y;k)dk

=

Z

B

1X

m=0

R
Rd ✏2f(✏y)eik·y�m(y;k)dy

!2
m(k)� !2

eik·y�m(y;k)dk. (2.2)

Now we have obtain a formal solution u given by (2.2). Verification of the solution.

2.1. The body force. Assumption 1. Assume that the source f has the fol-

lowing form

f(x) =
1

(2⇡)d

⇣Z

Rd

F (k)eik·xdk
⌘
�p(

x

✏
; 0),

where F�1[F ] 2 L2(Rd) \ L1(Rd) and F 2 L2(Rd) \ L1(Rd), and F is compactly

supported in some open bounded region 0 2 Y ⇢ Rd
. Here p 2 {0, 1, 2, · · · }.

Remark 1. When p = 0, �p(
x
✏ ; 0) is a constant. This implies that f is a constant

multiplication of the Fourier inversion transform of F given by

1

(2⇡)d

⇣Z

Rd

F (k)eik·xdk
⌘
.

We assume hereon that f satisfies Assumption 1.
Lemma 2.1. Let � be a 2⇡Zd

-periodic function and assume that � is bounded.

Assume that the Fourier series of �p(x; 0)�(x) converges pointwise almost everywhere,

�p(x; 0)�(x) ⇠
X

n2Zd

ane
in·x. (2.3)

Then

Z

Rd

f(✏x)eik·x�(x)dx = ✏�d
X

n2Zd

anF (
k + n

✏
). (2.4)

(a) If k 2 B\✏Y , then

Z

Rd

f(✏x)eik·x�(x)dx = 0.

(b) If k 2 ✏Y , then

Z

Rd

f(✏x)eik·x�(x)dx = ✏�da0F (k/✏).
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small !k pth branch

Since equation (2.1) holds in the L2(Rd), then from the Paresval identity

ûm(k)
�
!2
m(k)� !2

�
= ĝm(k),

and when !2
m(k)� !2 6= 0 for all m = 0, 1, · · · ,

ûm(k) =
ĝm(k)

!2
m(k)� !2

,

whereby

u(y) =

Z

B

1X

m=0

ĝm(k)

!2
m(k)� !2

eik·y�m(y;k)dk

=

Z

B

1X

m=0

R
Rd ✏2f(✏y)eik·y�m(y;k)dy

!2
m(k)� !2

eik·y�m(y;k)dk. (2.2)

Now we have obtain a formal solution u given by (2.2). Verification of the solution.

2.1. The body force. Assumption 1. Assume that the source f has the fol-

lowing form

f(x) =
1

(2⇡)d

⇣Z

Rd

F (k)eik·xdk
⌘
�p(

x

✏
; 0),

f(✏⇠) =
1

(2⇡)d/2

h Z

Rd

F (k)eik·✏⇠dk
i
�p(⇠;0), p > 1

where F�1[F ] 2 L2(Rd) \ L1(Rd) and F 2 L2(Rd) \ L1(Rd), and F is compactly

supported in some open bounded region 0 2 Y ⇢ Rd
. Here p 2 {0, 1, 2, · · · }.

Remark 1. When p = 0, �p(
x
✏ ;0) is a constant. This implies that f is a constant

multiplication of the Fourier inversion transform of F given by

1

(2⇡)d

⇣Z

Rd

F (k)eik·xdk
⌘
.

We assume hereon that f satisfies Assumption 1.
Lemma 2.1. Let � be a bounded 2⇡Zd

-periodic function. Assume that the Fourier

series of ⇢(⇠)�p(⇠;0)�(⇠) converges pointwise almost everywhere, i.e.

⇢(⇠)�p(⇠;0)�(⇠) ⇠
X

n2Zd

ane
in·⇠. (2.3)

Then

Z

Rd

f(✏⇠)eik·⇠�(⇠)d⇠ = ✏�d
X

n2Zd

anF (
k + n

✏
). (2.4)

(a) If k 2 B\✏Y , then

Z

Rd

f(✏⇠)eik·⇠�(⇠)d⇠ = 0 for k 2 B\✏Y
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and when !2
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,

whereby
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Now we have obtain a formal solution u given by (2.2). Verification of the solution.

2.1. The body force. Assumption 1. Assume that the source f has the fol-

lowing form

f(x) =
1

(2⇡)d

⇣Z

Rd

F (k)eik·xdk
⌘
�p(

x

✏
; 0),

f(✏⇠) =
1

(2⇡)d

h Z

Rd

F (k)eik·✏⇠dk
i
�p(⇠;0), p > 1

where F�1[F ] 2 L2(Rd) \ L1(Rd) and F 2 L2(Rd) \ L1(Rd), and F is compactly

supported in some open bounded region 0 2 Y ⇢ Rd
. Here p 2 {0, 1, 2, · · · }.

Remark 1. When p = 0, �p(
x
✏ ;0) is a constant. This implies that f is a constant

multiplication of the Fourier inversion transform of F given by

1

(2⇡)d

⇣Z

Rd

F (k)eik·xdk
⌘
.

We assume hereon that f satisfies Assumption 1.
Lemma 2.1. Let � be a bounded 2⇡Zd

-periodic function. Assume that the Fourier

series of ⇢(⇠)�p(⇠;0)�(⇠) converges pointwise almost everywhere, i.e.

⇢(⇠)�p(⇠;0)�(⇠) ⇠
X

n2Zd

ane
in·⇠. (2.3)

Then

Z

Rd

f(✏⇠)eik·⇠�(⇠)d⇠ = ✏�d
X

n2Zd

anF (
k + n

✏
). (2.4)

(a) If k 2 B\✏Y , then

Z

Rd

f(✏⇠)eik·⇠�(⇠)d⇠ =

(
✏�da0F (k/✏), k 2 ✏Y

0, k 2 B\✏Y
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Assumption:

Since equation (2.1) holds in the L2(Rd), then from the Paresval identity

ûm(k)
�
!2
m(k)� !2

�
= ĝm(k),

and when !2
m(k)� !2 6= 0 for all m = 0, 1, · · · ,

ûm(k) =
ĝm(k)

!2
m(k)� !2

,

whereby
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Rd ✏2f(✏y)eik·y�m(y;k)dy
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eik·y�m(y;k)dk. (2.2)

Now we have obtain a formal solution u given by (2.2). Verification of the solution.

2.1. The body force. Assumption 1. Assume that the source f has the fol-

lowing form

f(x) =
1

(2⇡)d
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Rd

F (k)eik·xdk
⌘
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x
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where F�1[F ] 2 L2(Rd) \ L1(Rd) and F 2 L2(Rd) \ L1(Rd), and F is compactly

supported in some open bounded region 0 2 Y ⇢ Rd
. Here p 2 {0, 1, 2, · · · }.

Remark 1. When p = 0, �p(
x
✏ ;0) is a constant. This implies that f is a constant

multiplication of the Fourier inversion transform of F given by

1

(2⇡)d

⇣Z

Rd

F (k)eik·xdk
⌘
.

We assume hereon that f satisfies Assumption 1.
Lemma 2.1. Let � be a bounded 2⇡Zd

-periodic function. Assume that the Fourier

series of ⇢(⇠)�p(⇠;0)�(⇠) converges pointwise almost everywhere, i.e.

⇢(⇠)�p(⇠;0)�(⇠) ⇠
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✏
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f(✏⇠)eik·⇠�(⇠)d⇠ =

(
✏�da0F (k/✏), k 2 ✏Y

0, k 2 B\✏Y
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Asymptotic model
Driving frequency

Equations (3.13) – (3.15) are the necessary conditions that w0, w1 and w2 have to
satisfy. One can choose particular w0, w1 and w2 to facilitate the analysis []. However
we do not follow this approach, and we shall show that the above necessary conditions
(3.13) – (3.15) is su�cient to derive the asymptotic of the solution. This demonstrates
that the homogenization of the wave field is independent of which eigenfunctions one
may choose.

3.2. The Asymptotic Expansions. We are interested in the driven frequency
near the optical branch !2

p(0) = !̂2
0 , i.e.

!2 = !̂2
0 + ✏2⌦2

!2 = !2
p(0) + ✏2�!̂2

We derive the asymptotic expansion of the quantity

up(⇠) =

Z

✏Y

R
Rd ✏2f(✏⇠)eik·⇠�p(⇠;k)d⇠

!2
p(k)� !2

eik·⇠�p(⇠;k)dk.

From Lemma 2.1,
Z

Rd

f(✏x)eik·x�p(x)dx = ✏�da0F (k/✏),

where a0 = h�p(·;0)�p(·;k)i, then

ufirst(y) =

Z

✏Y

✏2�dh�p(y;0)�p(y;k)iF (k/✏)

!̂2
0 + ✏2!̂2

2 + ✏4!̂2
4 � !̂2

0 � ✏2⌦2
eik·y�p(y;k)dk (3.16)

=

Z

Y

h�p(y;0)�p(y; ✏k̂)iF (k̂)

�µ(0)

⇢0
: (ik̂)2 + ✏2 1

⇢0

�
{⇢(2)

⇢0
⌦ µ(0)}� µ(2)

�
: (ik̂)4 � ⌦2

ei✏k̂·y�p(y; ✏k̂)dk̂(3.17)

Now we substitute the asymptotic expansion of �p(x;k) given by (3.4), and use
the necessary conditions (3.13) – (3.15) to simplify our calculation. We first calculate

h�p(y;0)�p(y; ✏k̂)i�p(y; ✏k̂)

= h�p(y;0)�p(y; 0)i
�
w0 + ✏w1 · ik̂ + ✏2w2 · (ik̂)2

�
·
�
w0�p(y;0) + ✏�(1) · ik̂w0 + ✏w1 · ik̂�p(y;0)

+ ✏2�(2) : (ik̂)2w0 + ✏2�(1) ⌦w1 : (ik̂)2 + ✏2w2 : (ik̂)2�p(y;0)
�

= h�p(y;0)�p(y; 0)i
 
|w0|2�p(y;0) + ✏

⇣
|w0|2�(1) · ik̂ + (�w0w1 + w0w1) · ik̂�p(y;0)

⌘

+✏2(ik̂)2 :
⇣
(w2w0 +w2w0)�p(y;0)�w1 ⌦w1�p(y;0) + (�w0w1 + w0w1)⌦ �(1) + |w0|2�(2)

⌘⌘

From the necessary conditions (3.13) – (3.15) we can simplify the above equation as

h�p(y;0)�p(y; ✏k̂)i�p(y; ✏k̂)

= h�p(y;0)�p(y; 0)i|w0|2
 
�p(y;0) + ✏�(1) · ik̂

+✏2(ik̂)2 :
⇣ 1

⇢0

⇣
h⇢�(1) : �(1)i � ⇢(2) � ⇢(2)

⌘
�p(y;0) + �(2)

⌘!

Now we are ready to derive the asymptotic of the solution ufirst.

8

Zeroth-order approximation, !up = u(0)
p + O(ϵ)

3.3. Leading-order approximation. The leading-order approximation is

U0(y) = u0(
y

✏
) ⇡

Z

Y
F (k̂)|w0|2ei✏k̂·

y
✏
h�p(·;0)�p(·; 0)i�p(

y
✏ ;0)

�µ(0)

⇢0
: (ik̂)2 � ⌦2

dk̂

= |w0|2h�p(·;0)�p(·; 0)i�p(
y

✏
;0)

Z

Rd

F (k̂)eik̂·y
1

�µ(0)

⇢0
: (ik̂)2 � ⌦2

dk̂

=
1

(2⇡)d
h�p(·;0)�p(·; 0)i�p(

y

✏
;0)

Z

Rd

F (k̂)eik̂·y
1

�µ(0) : (ik̂)2 � ⇢0⌦2
dk̂

= h�p(·;0)�p(·; 0)i�p(
y

✏
;0)W0(y),

u(0)
p (y) ' k�p(·;0)k2 �p(y;0) w0(✏y)

u(1)
p (y) ' k�p(·;0)k2

⇥
�p(y;0) w0(✏y) + �(1)(y)ryw0(✏y)

⇤

where the corresponding PDE for the envelope function W0(y) is

W0(y) :=
1

(2⇡)d

Z

Rd

F (k̂)eik̂·y
1

�µ(0) : (ik̂)2 � ⇢0⌦2
dk̂

w0(✏y) =
�1

(2⇡)d

Z

Rd

F (k̂) ei✏k̂·y

µ(0) : (ik̂)2 + ⇢(0)�!̂2
dk̂

is

µ(0) :r2w0(y) + ⇢0!̂
2w0(y) = �F�1[F ](y). (3.18)

3.4. First-order approximation. The first-order approximation is

U1(y) = u1(
y

✏
) ⇡ |w0|2h�p(·;0)�p(·; 0)i

Z

Y
F (k̂)ei✏k̂·

y
✏
�p(

y
✏ ;0) + ✏ik̂ · �(1)(y✏ )

�µ(0)

⇢0
: (ik̂)2 � ⌦2

dk̂

=
1

(2⇡)d
h�p(·;0)�p(·; 0)i

Z

Rd

F (k̂)eik̂·y
�p(

y
✏ ;0) + ✏ik̂ · �(1)(y✏ )

�µ(0) : (ik̂)2 � ⇢0⌦2
dk̂

= h�p(·;0)�p(·; 0)i
⇣
W0(y)�p(

y

✏
;0) + ✏�(1)(

y

✏
) ·rW0(y)

⌘
,
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✏
) ⇡
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Y
F (k̂)|w0|2ei✏k̂·
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y
✏ ;0)
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✏
;0)
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Rd

F (k̂)eik̂·y
1
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: (ik̂)2 � ⌦2

dk̂

=
1

(2⇡)d
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✏
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Rd
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dk̂
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✏
;0)W0(y),

u(0)
p (y) = �p(y;0) w0(✏y)

u(1)
p (y) = �p(y;0) w0(✏y) + �(1)(y) ·ryw0(✏y)
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1

(2⇡)d

Z

Rd

F (k̂)eik̂·y
1
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dk̂

w0(✏y) =
�1

(2⇡)d/2

Z

Rd

F (k̂) ei✏k̂·y

µ(0) : (ik̂)2 + ⇢(0)�!̂2
dk̂

is
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⌘
,
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✓
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Contribution of the pth branch

Equations (3.13) – (3.15) are the necessary conditions that w0, w1 and w2 have to
satisfy. One can choose particular w0, w1 and w2 to facilitate the analysis []. However
we do not follow this approach, and we shall show that the above necessary conditions
(3.13) – (3.15) is su�cient to derive the asymptotic of the solution. This demonstrates
that the homogenization of the wave field is independent of which eigenfunctions one
may choose.

3.2. The Asymptotic Expansions. We are interested in the driven frequency
near the optical branch !2

p(0) = !̂2
0 , i.e.

!2 = !̂2
0 + ✏2⌦2

!2 = !2
p(0) + ✏2�!̂2

We derive the asymptotic expansion of the quantity

up(y) =

Z

✏Y

R
Rd ✏2f(✏⇠)eik·⇠�p(⇠;k)d⇠

!2
p(k)� !2

eik·y�p(y;k)dk.

From Lemma 2.1,
Z

Rd

f(✏x)eik·x�p(x)dx = ✏�da0F (k/✏),

where a0 = h�p(·;0)�p(·;k)i, then

ufirst(y) =

Z

✏Y

✏2�dh�p(y;0)�p(y;k)iF (k/✏)

!̂2
0 + ✏2!̂2

2 + ✏4!̂2
4 � !̂2

0 � ✏2⌦2
eik·y�p(y;k)dk (3.16)

=

Z

Y

h�p(y;0)�p(y; ✏k̂)iF (k̂)

�µ(0)

⇢0
: (ik̂)2 + ✏2 1

⇢0

�
{⇢(2)

⇢0
⌦ µ(0)}� µ(2)

�
: (ik̂)4 � ⌦2

ei✏k̂·y�p(y; ✏k̂)dk̂(3.17)

Now we substitute the asymptotic expansion of �p(x;k) given by (3.4), and use
the necessary conditions (3.13) – (3.15) to simplify our calculation. We first calculate

h�p(y;0)�p(y; ✏k̂)i�p(y; ✏k̂)

= h�p(y;0)�p(y; 0)i
�
w0 + ✏w1 · ik̂ + ✏2w2 · (ik̂)2

�
·
�
w0�p(y;0) + ✏�(1) · ik̂w0 + ✏w1 · ik̂�p(y;0)

+ ✏2�(2) : (ik̂)2w0 + ✏2�(1) ⌦w1 : (ik̂)2 + ✏2w2 : (ik̂)2�p(y;0)
�

= h�p(y;0)�p(y; 0)i
 
|w0|2�p(y;0) + ✏

⇣
|w0|2�(1) · ik̂ + (�w0w1 + w0w1) · ik̂�p(y;0)

⌘

+✏2(ik̂)2 :
⇣
(w2w0 +w2w0)�p(y;0)�w1 ⌦w1�p(y;0) + (�w0w1 + w0w1)⌦ �(1) + |w0|2�(2)

⌘⌘

From the necessary conditions (3.13) – (3.15) we can simplify the above equation as

h�p(y;0)�p(y; ✏k̂)i�p(y; ✏k̂)

= h�p(y;0)�p(y; 0)i|w0|2
 
�p(y;0) + ✏�(1) · ik̂

+✏2(ik̂)2 :
⇣ 1

⇢0

⇣
h⇢�(1) : �(1)i � ⇢(2) � ⇢(2)

⌘
�p(y;0) + �(2)

⌘!

Now we are ready to derive the asymptotic of the solution ufirst.
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Contribution of the remaining branches

3.5. Second-order approximation. The second-order approximation is

U2(y) = u2(
y

✏
) (3.19)

⇡ |w0|2h�p(·;0)�p(·; 0)i (3.20)

Z

Y

�p(
y
✏ ;0) + ✏�(1)(y✏ ) · ik̂ + ✏2(ik̂)2 :

⇣
1
⇢0

⇣
h⇢�(1) : �(1)i � ⇢(2) � ⇢(2)

⌘
�p(

y
✏ ;0) + �(2)(y✏ )

⌘

�µ(0)

⇢0
: (ik̂)2 + ✏2 1

⇢0

�
{⇢(2)

⇢0
⌦ µ(0)}� µ(2)

�
: (ik̂)4 � ⌦2

ei✏k̂·
y
✏ F (k̂)dk̂(3.21)

=
1

(2⇡)d
h�p(·;0)�p(·; 0)i (3.22)

Z

Y

�p(
y
✏ ;0) + ✏�(1)(y✏ ) · ik̂ + ✏2(ik̂)2 :

⇣
1
⇢0

⇣
h⇢�(1) : �(1)i � ⇢(2) � ⇢(2)

⌘
�p(

y
✏ ;0) + �(2)(y✏ )

⌘

�µ(0)

⇢0
: (ik̂)2 + ✏2 1

⇢0

�
{⇢(2)

⇢0
⌦ µ(0)}� µ(2)

�
: (ik̂)4 � ⌦2

eik̂·yF (k̂)dk̂(3.23)

= h�p(·;0)�p(·; 0)i
 
�p(

y

✏
;0)W2(y) + ✏�(1)(

y

✏
) ·rW2(y) + ✏2�(2)(

y

✏
) : r2W2(y)

!
, (3.24)

where the corresponding PDE for the envelope function W2(y) is

µ(0) : r2W2(y) + ✏2
�
µ(2) � {⇢

(2)

⇢0
⌦ µ(0)}

�
: r4W2(y) + ⇢0⌦

2W2(y)

= �
 
1 + ✏2

h 1

⇢0

⇣
h⇢�(1) : �(1)i � ⇢(2) � ⇢(2)

⌘i
: r2

!
F�1[F ](y). (3.25)

Now we have established the second-order approximation of the field U(y). If our body
force f(y) is modified to ⇢(y✏ )f(y) (as is usually seen in the elasticity book[]), then
this is the correct second-order approximation; otherwise, we continue our discussion
as in the following sections.

4. Contribution of Higher Branches.

ures(y) =

Z

✏Y

X

m 6=p

R
Rd ✏2f(✏⇠)eik·⇠�m(⇠;k)d⇠

!2
m(k)� !2

eik·y�m(y;k)dk.

Lemma 4.1. Assume that f 2 H1(Rd) and let

ures(y) =

Z

✏Y

X

m 6=p

R
Rd ✏2f(✏⇠)eik·⇠�m(⇠;k)d⇠

!2
m(k)� !2

eik·y�m(y;k)dk.

vhigh(y) =

Z

✏Y

X

m 6=p

R
Rd ✏2⇢(y)f(✏y)eik·y�m(y;k)dy

!2
m(k)� !2

eik·y�m(y;k)dk. (4.1)

Then

kvhighkL2(Rd)  ✏3�d/2kFkL2(R),

and Vhigh(y) = vhigh(
y
✏ ) satisfies

kVhighkL2(Rd)  ✏3kFkL2(R),
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Contribution of the pth branch: !∥up∥L2(ℝd) = O(1)



Example

G1 = 1
<latexit sha1_base64="b5CN1yj11PPubT1tKeEmm39cUY4=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hZkoJjkIQQ96jGAekCxhdjKbDJl9MDMrhCUf4cWDIl79Hm/+jbNJBBUtaCiquunu8mIptMH4w1laXlldW89t5De3tnd2C3v7LR0livEmi2SkOh7VXIqQN40wkndixWngSd72xleZ377nSosovDOTmLsBHYbCF4waK7Wv+wRdINIvFHEJY0wIQRkhlXNsSa1WLZMqIpllUYQFGv3Ce28QsSTgoWGSat0lODZuSpURTPJpvpdoHlM2pkPetTSkAdduOjt3io6tMkB+pGyFBs3U7xMpDbSeBJ7tDKgZ6d9eJv7ldRPjV91UhHFieMjmi/xEIhOh7Hc0EIozIyeWUKaEvRWxEVWUGZtQ3obw9Sn6n7TKJXJaKt+eFeuXizhycAhHcAIEKlCHG2hAExiM4QGe4NmJnUfnxXmdty45i5kD+AHn7ROvF45/</latexit>

⇢1 = 1
<latexit sha1_base64="IDpYBz6s5oqiS9TXq5lIIdlcG9k=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXJali24VQdOOygn1gO5RMmmlDM8mQZIQy9C/cuFDErX/jzr8x01ZQ0QMXDufcy733BLHgxiL04S0tr6yurec28ptb2zu7hb39llGJpqxJlVC6ExDDBJesabkVrBNrRqJAsHYwvsr89j3Thit5aycx8yMylDzklFgn3fX0SPUxvIC4XyiiEkIIYwwzgivnyJFarVrGVYgzy6EIFmj0C++9gaJJxKSlghjTxSi2fkq05VSwab6XGBYTOiZD1nVUkogZP51dPIXHThnAUGlX0sKZ+n0iJZExkyhwnRGxI/Pby8S/vG5iw6qfchknlkk6XxQmAloFs/fhgGtGrZg4Qqjm7lZIR0QTal1IeRfC16fwf9Iql/BpqXxzVqxfLuLIgUNwBE4ABhVQB9egAZqAAgkewBN49oz36L14r/PWJW8xcwB+wHv7BDsmj/s=</latexit>

⇢2 = 20
<latexit sha1_base64="tfetlVaJYC56lBzOLs5X9wilt5w=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHUhFN24rGAfkIYymU7boZOZMDMRSuhnuHGhiFu/xp1/46StoKIHLhzOuZd774kSRpV2nA+rsLa+sblV3C7t7O7tH5QPjzpKpBKTNhZMyF6EFGGUk7ammpFeIgmKI0a60fQ697v3RCoq+J2eJSSM0ZjTEcVIGynoy4kYePASes6gXHHsi0bN82vQsR2n7npuTry6X/Wha5QcFbBCa1B+7w8FTmPCNWZIqcB1Eh1mSGqKGZmX+qkiCcJTNCaBoRzFRIXZ4uQ5PDPKEI6ENMU1XKjfJzIUKzWLI9MZIz1Rv71c/MsLUj1qhBnlSaoJx8tFo5RBLWD+PxxSSbBmM0MQltTcCvEESYS1SalkQvj6FP5POp7tVm3v1q80r1ZxFMEJOAXnwAV10AQ3oAXaAAMBHsATeLa09Wi9WK/L1oK1mjkGP2C9fQLB5pBD</latexit>

G2 = 6
<latexit sha1_base64="uUwVIWfuicPXdRKPR2+bZkk05CM=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFchSQNbV0IRRe6rGAf0IYymU7aoZMHMxOhhH6EGxeKuPV73Pk3TtoKKnrgwuGce7n3Hj/hTCrL+jBWVtfWNzYLW8Xtnd29/dLBYVvGqSC0RWIei66PJeUsoi3FFKfdRFAc+px2/MlV7nfuqZAsju7UNKFeiEcRCxjBSkud64GDLlB1UCpb5nm96rhVZJmWVbMdOydOza24yNZKjjIs0RyU3vvDmKQhjRThWMqebSXKy7BQjHA6K/ZTSRNMJnhEe5pGOKTSy+bnztCpVoYoiIWuSKG5+n0iw6GU09DXnSFWY/nby8W/vF6qgrqXsShJFY3IYlGQcqRilP+OhkxQovhUE0wE07ciMsYCE6UTKuoQvj5F/5O2Y9oV07l1y43LZRwFOIYTOAMbatCAG2hCCwhM4AGe4NlIjEfjxXhdtK4Yy5kj+AHj7RPLTI6R</latexit>d = 0.6

` = 1
<latexit sha1_base64="xYWVcHgTM1RgvlJcZiToomMGmdo=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4KQa6J1yuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5vdOyGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmT5P+lwhM2JsCWWK21sJG1JFmbERFW0I3uLLy6RZrXjnler9Rbl2k8dRgGM4gTPw4BJqcAd1aAADAc/wCm/Oo/PivDsf89YVJ585gj9wPn8AsY2PFQ==</latexit>



Dispersion relationship
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Excitation of a finite domain
20x20 cells

Absorbing BCs

✏2 = |!2 � !2
4 |

<latexit sha1_base64="XTw1DBhzs7q5FqQoCSmfSaIIbS0=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiuLHM1IJuhKIblxXsBXojk562oZlkSDJCabt346u4caGIW1/AnW9jehG09YfAx3/O4eT8QcSZNp735SRWVtfWN5Kbqa3tnd09d/+grGWsKJSo5FJVA6KBMwElwwyHaqSAhAGHStC/ntQr96A0k+LODCJohKQrWIdRYqzVctN1iDTjUjRz+BKP6jKELmnmTn+glR+13IyX9abCy+DPIYPmKrbcz3pb0jgEYSgnWtd8LzKNIVGGUQ7jVD3WEBHaJ12oWRQkBN0YTm8Z42PrtHFHKvuEwVP398SQhFoPwsB2hsT09GJtYv5Xq8Wmc9EYMhHFBgSdLerEHBuJJ8HgNlNADR9YIFQx+1dMe0QRamx8KRuCv3jyMpRzWf8sm7vNZwpX8ziS6Ail0Qny0TkqoBtURCVE0QN6Qi/o1Xl0np03533WmnDmM4foj5yPb3Qdmgg=</latexit>

Source density

f(✏y) =
1p
⇡

⇥
e�✏2kyk2⇤

⇢(y)�̃4(y)
<latexit sha1_base64="adXzYR9sZYIEbBlcLJYLR+m8kzs="></latexit>
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Asymptotic approximations

✏ = 0.75
<latexit sha1_base64="8+XD/exqRB7y8s8XiD+bdzEGRIk=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgadmtSr0IRS8eK9gPaJeSTWfb0GyyJtlCKf0dXjwo4tUf481/Y9ruQVsfDDzem2FmXphwpo3nfTu5tfWNza38dmFnd2//oHh41NAyVRTqVHKpWiHRwJmAumGGQytRQOKQQzMc3s385giUZlI8mnECQUz6gkWMEmOloAOJZlyKG8+tXHWLJc/15sCrxM9ICWWodYtfnZ6kaQzCUE60bvteYoIJUYZRDtNCJ9WQEDokfWhbKkgMOpjMj57iM6v0cCSVLWHwXP09MSGx1uM4tJ0xMQO97M3E/7x2aqLrYMJEkhoQdLEoSjk2Es8SwD2mgBo+toRQxeytmA6IItTYnAo2BH/55VXSKLv+hVt+uCxVb7M48ugEnaJz5KMKqqJ7VEN1RNETekav6M0ZOS/Ou/OxaM052cwx+gPn8weobJFd</latexit>

kus � u0k2 = 1.3380 = 0.75⇥ 1.784
<latexit sha1_base64="XYV7rhiQlsUW9kWENlNcx2Fo/eg=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQwZC0lXZTKLpxWcE+oAlhMp20QycPZiZCSfMPbvwVNy4UcevGnX/j9LHQ1gMzHM65l3vv8WJGhTTNby23tr6xuZXfLuzs7u0f6IdHbRElHJMWjljEux4ShNGQtCSVjHRjTlDgMdLxRjdTv/NAuKBReC/HMXECNAipTzGSSnL1C3uSuKnILtVvZvbELdUto1yumXVoGtUrW9KACGgZ1VrF1YumYc4AV4m1IEWwQNPVv+x+hJOAhBIzJETPMmPppIhLihnJCnYiSIzwCA1IT9EQqVFOOrspg2dK6UM/4uqFEs7U3x0pCoQYB56qDJAcimVvKv7n9RLp15yUhnEiSYjng/yEQRnBaUCwTznBko0VQZhTtSvEQ8QRlirGggrBWj55lbRLhlU2SneVYuN6EUcenIBTcA4sUAUNcAuaoAUweATP4BW8aU/ai/aufcxLc9qi5xj8gfb5Azvymy0=</latexit>

Numerical simulation Leading-order 

approximation

First-order 

approximation

kus � u1k2 = 1.2832 = 0.752 ⇥ 2.281
<latexit sha1_base64="0nLgbT+dMgdpcDvhrYagj4pbnwQ=">AAACF3icbVDLSsNAFJ34rPUVdelmsAhuDEmqtJtC0Y3LCvYBTQyT6aQdOnkwMxFK2r9w46+4caGIW935N07bLLT1wAyHc+7l3nv8hFEhTfNbW1ldW9/YLGwVt3d29/b1g8OWiFOOSRPHLOYdHwnCaESakkpGOgknKPQZafvD66nffiBc0Di6k6OEuCHqRzSgGEklebrhjFMvE5Nz9VsTZ+zZNcuwq2Ub1qBpVC7vbehIGhIBbSVbnl4yDXMGuEysnJRAjoanfzm9GKchiSRmSIiuZSbSzRCXFDMyKTqpIAnCQ9QnXUUjpEa52eyuCTxVSg8GMVcvknCm/u7IUCjEKPRVZYjkQCx6U/E/r5vKoOpmNEpSSSI8HxSkDMoYTkOCPcoJlmykCMKcql0hHiCOsFRRFlUI1uLJy6RlG1bZsG8vSvWrPI4COAYn4AxYoALq4AY0QBNg8AiewSt40560F+1d+5iXrmh5zxH4A+3zBzTfnCA=</latexit>



Asymptotic approximations
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<latexit sha1_base64="UGY/8ETr1ZShpoM1hHLZUhdjFdQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hqRS9C0YvHCqYttKFstpt26WYTdjdCCP0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpBwprTjfFultfWNza3ydmVnd2//oHp41FZxKgn1SMxj2Q2wopwJ6mmmOe0mkuIo4LQTTO5mfueJSsVi8aizhPoRHgkWMoK1kbzsxrEvB9WaYztzoFXiFqQGBVqD6ld/GJM0okITjpXquU6i/RxLzQin00o/VTTBZIJHtGeowBFVfj4/dorOjDJEYSxNCY3m6u+JHEdKZVFgOiOsx2rZm4n/eb1Uh9d+zkSSairIYlGYcqRjNPscDZmkRPPMEEwkM7ciMsYSE23yqZgQ3OWXV0m7brsXdv2hUWveFnGU4QRO4RxcuIIm3EMLPCDA4Ble4c0S1ov1bn0sWktWMXMMf2B9/gC7Lo35</latexit>

✏ = 0.75
<latexit sha1_base64="8+XD/exqRB7y8s8XiD+bdzEGRIk=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgadmtSr0IRS8eK9gPaJeSTWfb0GyyJtlCKf0dXjwo4tUf481/Y9ruQVsfDDzem2FmXphwpo3nfTu5tfWNza38dmFnd2//oHh41NAyVRTqVHKpWiHRwJmAumGGQytRQOKQQzMc3s385giUZlI8mnECQUz6gkWMEmOloAOJZlyKG8+tXHWLJc/15sCrxM9ICWWodYtfnZ6kaQzCUE60bvteYoIJUYZRDtNCJ9WQEDokfWhbKkgMOpjMj57iM6v0cCSVLWHwXP09MSGx1uM4tJ0xMQO97M3E/7x2aqLrYMJEkhoQdLEoSjk2Es8SwD2mgBo+toRQxeytmA6IItTYnAo2BH/55VXSKLv+hVt+uCxVb7M48ugEnaJz5KMKqqJ7VEN1RNETekav6M0ZOS/Ou/OxaM052cwx+gPn8weobJFd</latexit>



Asymptotic approximations
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✏ = 0.75
<latexit sha1_base64="8+XD/exqRB7y8s8XiD+bdzEGRIk=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgadmtSr0IRS8eK9gPaJeSTWfb0GyyJtlCKf0dXjwo4tUf481/Y9ruQVsfDDzem2FmXphwpo3nfTu5tfWNza38dmFnd2//oHh41NAyVRTqVHKpWiHRwJmAumGGQytRQOKQQzMc3s385giUZlI8mnECQUz6gkWMEmOloAOJZlyKG8+tXHWLJc/15sCrxM9ICWWodYtfnZ6kaQzCUE60bvteYoIJUYZRDtNCJ9WQEDokfWhbKkgMOpjMj57iM6v0cCSVLWHwXP09MSGx1uM4tJ0xMQO97M3E/7x2aqLrYMJEkhoQdLEoSjk2Es8SwD2mgBo+toRQxeytmA6IItTYnAo2BH/55VXSKLv+hVt+uCxVb7M48ugEnaJz5KMKqqJ7VEN1RNETekav6M0ZOS/Ou/OxaM052cwx+gPn8weobJFd</latexit>

y = 1.5
<latexit sha1_base64="FSVX1nSJDfh3ls5sac9DZFrY3ng=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hqRS9C0YvHCqYttKFstpt26WYTdjdCCP0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpBwprTjfFultfWNza3ydmVnd2//oHp41FZxKgn1SMxj2Q2wopwJ6mmmOe0mkuIo4LQTTO5mfueJSsVi8aizhPoRHgkWMoK1kbzsxrUvB9WaYztzoFXiFqQGBVqD6ld/GJM0okITjpXquU6i/RxLzQin00o/VTTBZIJHtGeowBFVfj4/dorOjDJEYSxNCY3m6u+JHEdKZVFgOiOsx2rZm4n/eb1Uh9d+zkSSairIYlGYcqRjNPscDZmkRPPMEEwkM7ciMsYSE23yqZgQ3OWXV0m7brsXdv2hUWveFnGU4QRO4RxcuIIm3EMLPCDA4Ble4c0S1ov1bn0sWktWMXMMf2B9/gC8tI36</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>



Asymptotic approximations

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>
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✏ = 0.75
<latexit sha1_base64="8+XD/exqRB7y8s8XiD+bdzEGRIk=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgadmtSr0IRS8eK9gPaJeSTWfb0GyyJtlCKf0dXjwo4tUf481/Y9ruQVsfDDzem2FmXphwpo3nfTu5tfWNza38dmFnd2//oHh41NAyVRTqVHKpWiHRwJmAumGGQytRQOKQQzMc3s385giUZlI8mnECQUz6gkWMEmOloAOJZlyKG8+tXHWLJc/15sCrxM9ICWWodYtfnZ6kaQzCUE60bvteYoIJUYZRDtNCJ9WQEDokfWhbKkgMOpjMj57iM6v0cCSVLWHwXP09MSGx1uM4tJ0xMQO97M3E/7x2aqLrYMJEkhoQdLEoSjk2Es8SwD2mgBo+toRQxeytmA6IItTYnAo2BH/55VXSKLv+hVt+uCxVb7M48ugEnaJz5KMKqqJ7VEN1RNETekav6M0ZOS/Ou/OxaM052cwx+gPn8weobJFd</latexit>

y = 2.5
<latexit sha1_base64="TgnkfwimWztdZNOwR1exCq+7LvM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hqRS9C0YvHCqYttKFstpt26WYTdjdCCP0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpBwprTjfFultfWNza3ydmVnd2//oHp41FZxKgn1SMxj2Q2wopwJ6mmmOe0mkuIo4LQTTO5mfueJSsVi8aizhPoRHgkWMoK1kbzspm5fDqo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+zmWmhFOp5V+qmiCyQSPaM9QgSOq/Hx+7BSdGWWIwliaEhrN1d8TOY6UyqLAdEZYj9WyNxP/83qpDq/9nIkk1VSQxaIw5UjHaPY5GjJJieaZIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYv7PpDo9a8LeIowwmcwjm4cAVNuIcWeECAwTO8wpslrBfr3fpYtJasYuYY/sD6/AG+Oo37</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>



Asymptotic approximations
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x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

✏ = 0.75
<latexit sha1_base64="8+XD/exqRB7y8s8XiD+bdzEGRIk=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgadmtSr0IRS8eK9gPaJeSTWfb0GyyJtlCKf0dXjwo4tUf481/Y9ruQVsfDDzem2FmXphwpo3nfTu5tfWNza38dmFnd2//oHh41NAyVRTqVHKpWiHRwJmAumGGQytRQOKQQzMc3s385giUZlI8mnECQUz6gkWMEmOloAOJZlyKG8+tXHWLJc/15sCrxM9ICWWodYtfnZ6kaQzCUE60bvteYoIJUYZRDtNCJ9WQEDokfWhbKkgMOpjMj57iM6v0cCSVLWHwXP09MSGx1uM4tJ0xMQO97M3E/7x2aqLrYMJEkhoQdLEoSjk2Es8SwD2mgBo+toRQxeytmA6IItTYnAo2BH/55VXSKLv+hVt+uCxVb7M48ugEnaJz5KMKqqJ7VEN1RNETekav6M0ZOS/Ou/OxaM052cwx+gPn8weobJFd</latexit>

y = 3.5
<latexit sha1_base64="XXku8VpTusBp9ne6Tkj7aAmyxMI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0haRS9C0YvHCqYttKFstpt26WYTdjdCCP0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpBwprTjfFultfWNza3ydmVnd2//oHp41FZxKgn1SMxj2Q2wopwJ6mmmOe0mkuIo4LQTTO5mfueJSsVi8aizhPoRHgkWMoK1kbzspmFfDqo1x3bmQKvELUgNCrQG1a/+MCZpRIUmHCvVc51E+zmWmhFOp5V+qmiCyQSPaM9QgSOq/Hx+7BSdGWWIwliaEhrN1d8TOY6UyqLAdEZYj9WyNxP/83qpDq/9nIkk1VSQxaIw5UjHaPY5GjJJieaZIZhIZm5FZIwlJtrkUzEhuMsvr5J23XYbdv3hota8LeIowwmcwjm4cAVNuIcWeECAwTO8wpslrBfr3fpYtJasYuYY/sD6/AG/wI38</latexit>


