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Green’s function near the edge of a band gap
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Green’s function near the edge of a band gap
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Effective equation
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Green’s function near the edge of a band gap
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Effective PDE
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Bloch expansion

Y, -periodic medium

Rapidly decaying function ¢ : R* — C

Bloch wave function @wavenumber k
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Bloch expansion thm  Titchmarsh (1939), Odeh & Keller (1964)
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Field equation

Bloch wave function @ wavenumber k
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Source term A 0 _— G2p2 Iy
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Field equation

M(’%,d}) _ <€ika.m>g o (ezkaw (1), 1)? . ZI;Z

A —iek-y._ M

—(u": (iek)? + p" 2 00”) (e = (e T YVi(y—y')E — (e

SR

—1 —iek-y’ [~ . a
= |Ya| e Y (ga(y) — x"(Y) - iek),

Effective term dependent on y’




Field equation
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Local approximation (i)
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Green’s function near the edge of a band gap
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Effective PDE
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Effective Green’s function
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A bit more rigor...

Scalar wave equation, small k, square grid
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Preliminaries
Scalar wave equation, small k, finite frequency

~V - (G(y)Vu) —wp(y)u =

Elliptic operator: Hlloc([R{d) — L2 (R%

loc
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Bloch waves: H} (T%) +~ L7 (T%

1 . .
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Bloch waves

Bloch variety B:= [—%7 %]d
B = US_o{(k, win(K)): K e):@}'
p-th branch:  {(k,wy(k)); k € B}
Bloch expansion thm.
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Eigenfunction expansion
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Formal solution

Representation

/ Zum B)e ™Y, (y; k) dk,

Um (k) = /Rd p(Y)u(y)e™¥ o (y; k)dy.
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Field equation

Au — w?u = !
p(y)

e fley) == g(y) in R

Relationship

AetRY = kY A(k)



Formal solution

Au—w?u = g(y) in R
Operator
Au(y) = / Ale™Yi(y; k)| dk = / e®Y A(k)u(y; k)dk
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Formal solution

Au—w?u = g(y) in RY
By Parseval’s identity (w? # w?2(k))
Im(k)
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Solution
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Source term

L €2 65 ek s g, (€ k)dE ik T

Assumption: small k pth branch |
1 \ iek,s % R
f(66) = | |, PRI k] o(8) 6y(&:0). p>1 T

Fe L2 (RY) n L' (RY): compactly supported in 0> Y c R?

LEMMA 2.1. Let ¢ be a bounded 2nZ%-periodic function. Assume that the Fourier
series of p(&€)P,(&;0)p(&) converges pointwise almost everywhere, i.e.
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Asymptotic model

Driving frequency /
w? = w2(0) + E00?
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Contribution of the pth branch ‘/
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Zeroth-order approximation, u, = u{” + O(e)

ul’ (y) = op(y;0) wo(ey)

()—_1/ Plkjety
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First-order approximation, u, = u{" + 0(¢?)

u,’ (y) = ¢p(y;0) woley) + XV (y) - Vywo(ey)




Asymptotic model

Driving frequency /
w? = w2(0) + E00?

p

Contribution of the remaining branches

LEMMA 4.1. Assume that f € H'(RY) and let

e* Yo, (y; k)dk.
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Contribution of the pth branch: ||u,|| ;2 rey = O(1)



Example




Dispersion relationship
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Excitation of a finite domain

20x20 cells Source density
Absorbing BCs 1 22 ~
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Asymptotic approximations

e =0.75
0.4-
0.3 ‘
0.2 11
:"-
0-1 =
Ow
01+ —
-4 _ T 4
0 o 4-4 -2 0 2
X y
Numerical simulation Leading-order First-order
approximation approximation

|us — ugl|l2 = 1.3380 = 0.75 x 1.784
|us — uql]o = 1.2832 = 0.75% x 2.281



Asymptotic approximations
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Asymptotic approximations
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Asymptotic approximations
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Asymptotic approximations
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