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Setting

2.1. Bloch wave representation

Recalling the plane wave expansion approach [20, 19], we seek the Bloch-wave solutions of (1) i.e.

u(x) = ũ(x)eik·x, ũ : Y -periodic (6)

where ũ depends implicitly on k 2 R
d and ! 2 R – which are taken as fixed. Assuming further the source

term to be in the form of a plane wave, namely f(x) = f̃ eik·x with f̃ = const., (1) becomes
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� !2⇢ũ = f̃ in Y, (7)

Jtk⌫ [ũ, ũ]K = 0, JũK + �1tk⌫ [ũ, ũ] = 0 on �, (8)

⇠ũ⌫�j = 0, ⇠tkn[ũ, ũ]⌫+j = 0 j = 1, d on @Y, (9)

where rk = r + ik; xj = x·ej ; n is the unit outward normal on @Y ;

tk⌫ [g, h](x) = ⌫(x)·G(rg(x) + ikh(x)), (10)

and
⇠g⌫±j (x) = g(x)|xj=0 ± g(x)|xj=`j , j = 1, d. (11)
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Figure 1: Schematics of the unit cell Y = [Ym in R
2, where Ym (m = 1,M) are contiguous open regions separated by an extended

system of compliant interfaces �+.

With reference to Fig. 1 which illustrates the unit cell Y , we conveniently introduce �+ as an extension
of � such that every smooth segment of �+ terminates on @Y ; inherently, one has

JũK = 0, Jtk⌫ [ũ, ũ]K = 0 on �+\�.

On denoting by Ym (m = 1,M) the contiguous open subdomains of Y separated by �+, we have

Y = [ Ym,

and we hereon assume that each Ym a Lipschitz domain.

Remark 1. Throughout the remainder of this work, the conormal traces t⌫ and tk⌫ are continuous across �.
As a result, the statements Jt⌫ [·]K = 0 and Jtk⌫ [·, ·]K = 0 are hereon assumed implicitly. For brevity, we shall
also assume each statement ⇠ ·⌫±j = 0 on @Y to hold for j = 1, d without explicitly stating so.

Remark 2. With no additional complication, we can assume the mass density to be piecewise-constant ac-
cording to

⇢ = ⇢m for x 2 Ym, (12)

which will be our premise going forward.

3

Contact/surface traction

2.1. Bloch wave representation

Recalling the plane wave expansion approach [20, 19], we seek the Bloch-wave solutions of (1) i.e.

u(x) = ũ(x)eik·x, ũ : Y -periodic (6)

where ũ depends implicitly on k 2 R
d and ! 2 R – which are taken as fixed. Assuming further the source

term to be in the form of a plane wave, namely f(x) = f̃ eik·x with f̃ = const., (1) becomes

�rk ·
�
Grkũ

�
� !2⇢ũ = f̃ in Y, (7)

Jtk⌫ [ũ, ũ]K = 0, JũK + �1tk⌫ [ũ, ũ] = 0 on �, (8)

⇠ũ⌫�j = 0, ⇠tkn[ũ, ũ]⌫+j = 0 j = 1, d on @Y, (9)

where rk = r + ik; xj = x·ej ; n is the unit outward normal on @Y ;

tk⌫ [g, h](x) = ⌫(x)·G(rg(x) + ikh(x)), (10)

and
⇠g⌫±j (x) = g(x)|xj=0 ± g(x)|xj=`j , j = 1, d. (11)
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Figure 1: Schematics of the unit cell Y = [Ym in R
2, where Ym (m = 1,M) are contiguous open regions separated by an extended

system of compliant interfaces �+.

With reference to Fig. 1 which illustrates the unit cell Y , we conveniently introduce �+ as an extension
of � such that every smooth segment of �+ terminates on @Y ; inherently, one has

JũK = 0, Jtk⌫ [ũ, ũ]K = 0 on �+\�.

On denoting by Ym (m = 1,M) the contiguous open subdomains of Y separated by �+, we have

Y = [ Ym,

and we hereon assume that each Ym a Lipschitz domain.

Remark 1. Throughout the remainder of this work, the conormal traces t⌫ and tk⌫ are continuous across �.
As a result, the statements Jt⌫ [·]K = 0 and Jtk⌫ [·, ·]K = 0 are hereon assumed implicitly. For brevity, we shall
also assume each statement ⇠ ·⌫±j = 0 on @Y to hold for j = 1, d without explicitly stating so.

Remark 2. With no additional complication, we can assume the mass density to be piecewise-constant ac-
cording to

⇢ = ⇢m for x 2 Ym, (12)

which will be our premise going forward.
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Jump

– which then implies a new definition of the mean motion as a projection of the “rough” wavefield onto
suitable eigenfunction(s) for the unit cell of periodicity. Inherently, these eigenfunctions are computed at
a particular wavenumber (inside the first Brillouin zone) and eigenfrequency, signifying the origin of the
asymptotic expansion.

In this vein, time appears ripe for the FW-FF continuum description of waves in periodic block struc-
tures. As a point of departure, we consider the scalar wave equation in R

d (d> 1), and we adopt the recent
approach [14] that merges the concepts of two-scale asymptotic expansion [4] and Bloch-wave description as
natural grounds for homogenization analysis in the wavenumber-frequency space [16]. To facilitate the appli-
cation to piecewise-continuous systems, we make use of the broken periodic Sobolev spaces, and we assume
a linear contact model for the lines (or surfaces) of discontinuity – relating the displacement jump to the
surface traction. In this setting we demonstrate, assuming the reference eigenfrequency to be simple, that the
e↵ective “masonry” model is (to the leading order) governed by an anisotropic wave equation, whose e↵ective
elasticity tensor and mass density are computed in terms of the germane eigenfunction and the so-called first
cell function, also defined over the unit cell of periodicity. By extending such asymptotic analysis to the
next order, we obtain an enriched (fourth-order) governing equation that bears semblance to the models of
gradient elasticity, but whose coe�cients are directly (and uniquely) computable from the structure of the
unit cell. For generality, we also consider the situations of repeated eigenvalues, in which case the wave motion
is governed by a system of either wave equations or Dirac equations, depending on the spectral properties
of a particular matrix whose entries depend on the participating eigenfunctions, the properties of the unit
cell, and the direction of perturbation in the wavenumber space. For generality, following [16, 14] we also
provide the homogenization ansatz for the source term (when non-trivial), and we consider a degenerate case
of closely spaced eigenvalues that is directly relevant to the phenomenon of topologically protected waves [17].
We illustrate the analytical developments by numerical simulations for two example configurations in R

2 that
(i) showcase the metamaterial design using soft interfaces, and (ii) demonstrate the occurence of band gaps
and Dirac-like dispersion structures in masonry-like discontinua.

2. Preliminaries

With reference to a Cartesian frame tied to an orthonormal vector basis ej (j = 1, d), consider the time-
harmonic wave equation

�r·
�
Gru

�
� !2⇢u = f in R

d\�R, (1)

Jt⌫ [u]K = 0, JuK + �1t⌫ [u] = 0 on �R (2)

at frequency !, where G>0 and ⇢>0 are constants; f = f(x) is the source term; �R is a (d�1)-dimensional,
Y -periodic system of interfaces spanning R

d;

Y = {x : 0 < x·ej < `j ; j = 1, d} (3)

is the unit cell of periodicity (deleted |Y | = 1 from the definition of Y : we do not need it);  2 L1(�),
with � = �R \ Y , is a positive Y -periodic function;

t⌫ [g ](x) = ⌫(x)·Grg(x); (4)

⌫ is the unit normal on �R with arbitrary but fixed orientation, and

JgK(x) = lim
�!0

g(x + �⌫(x)) � g(x � �⌫(x)), x 2 �R. (5)

In what follows, we conveniently assume that

|� \ @Y | = 0 in R
d�1.

When d = 2, (1) permits interpretation in the context of elasticity and anti-plane shear waves. In this
case u, G, ⇢,  and f take respectively the roles of transverse displacement, shear modulus, mass density,
specific contact sti↵ness, and body force.
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Broken (periodic) Sobolev spaces

3. FW-FF homogenization near apexes of the first Brillouin zone: isolated eigenvalues

In what follows, we make use of the L2
⇢ function space

L2
⇢(Y ) = {g 2 L2(Y ) : (⇢g, g) < 1},

and the broken [e.g. 8] periodic Sobolev space

H1
p (Y ) = {g 2 L2(Y ) : g 2 L2(Ym),rg 2 (L2(Ym))d, ⇠g⌫�j = 0 on @Y, m = 1,M}, (13)

where (g, h) := (g, h)Y =
PM

m=1(g, h)Ym denotes the inner product over Y for g, h 2 L2(Y ). To facilitate the
treatment of vector- and tensor-valued functions, we shall also write

(g, h) =
MX

m=1

Z

Ym

g(x) : h̄(x) dx, g 2 (L2
p(Y ))d

q

, h 2 (L2
p(Y ))d

r

, q, r > 0 (14)

where “:” denotes the usual product, the inner product, and the min(q, r)-tuple tensor contraction when
q = r = 0, q = r = 1, and max(q, r) > 1, respectively. When integrating the inner products such as (14) by
parts, we will make use of the short-hand notation

bgcS =

Z

S
g dS (15)

for surface integrals over S ⇢ R
d�1, with e.g. S = @Y , S =

PM
m=1 @Ym, or S = �.

3.1. Unit source problem and eigensystem representation

To cater for the asymptotic treatment of (7)–(9), let w̃ 2 H1
p (Y ) solve

�rk ·
�
Grkw̃

�
� !2⇢w̃ = 1 in Y, (16)

Jw̃K + �1tk⌫ [w̃, w̃] = 0 on �, ⇠tkn[w̃, w̃]⌫+j = 0 on @Y, (17)

which will be used as the basis for the asymptotic expansion.
Letting �̃ = �̃(k)2H1

p (Y ) and �̃ = �̃(k) 2 C, we next consider the eigenvalue problem

�rk ·
�
Grk�̃

�
= �̃⇢�̃ in Y, (18)

J�̃K + �1tk⌫ [�̃, �̃] = 0 on �, ⇠tkn[�̃, �̃]⌫+j = 0 on @Y, (19)

On introducing the operator
A(k) = �rk ·

�
Grk�̃(·)

�
,

we find by integrating by parts over Y that

�
A(k)�̃, �̃

�
=

�
Grk�̃,rk�̃

�
+

⌅
J�̃KJ�̃K

⇧
�

> Gk�̃k2
H1

p(Y ) � c(�̃, �̃), (20)

where c is a positive constant independent of k. From (20), it follows (assuming some fixed c > G) that the
self-adjoint operator A(k) has a resolvent Rc(k) = (A(k) + cI)�1 that can be seen as an L2

p(Y ) ! L2
p(Y )

map. Since the solution of (18)–(19) resides in H1
p (Y ), the compactness of Rc(k) follows by the compact

embedding H1
p (Y ) ,! L2

p(Y ) due to Rellich theorem. By the equivalence of problems A(k)�̃ = �̃⇢�̃ and

(c + �̃)Rc(k)�̃ = ⇢�̃ (subject to germane boundary conditions) for �̃ 2 H1
p (Y ) and �̃ 2 R, we find that for

each k there exists eigensystem {�̃m(k)2H1
p (Y ), �̃m(k)2R} that solves (18)–(19), where {�̃m} are complete

and orthonormal in L2
⇢(Y ) as

(⇢�̃m, �̃n) = 0 for m 6= n, (�̃m, �̃m) = 1. (21)

4

Governing system

2.1. Bloch wave representation

Recalling the plane wave expansion approach [20, 19], we seek the Bloch-wave solutions of (1) i.e.

u(x) = ũ(x)eik·x, ũ : Y -periodic (6)

where ũ depends implicitly on k 2 R
d and ! 2 R – which are taken as fixed. Assuming further the source

term to be in the form of a plane wave, namely f(x) = f̃ eik·x with f̃ = const., (1) becomes

�rk ·
�
Grkũ

�
� !2⇢ũ = f̃ in Y, (7)

Jtk⌫ [ũ, ũ]K = 0, JũK + �1tk⌫ [ũ, ũ] = 0 on �, (8)

⇠ũ⌫�j = 0, ⇠tkn[ũ, ũ]⌫+j = 0 j = 1, d on @Y, (9)

where rk = r + ik; xj = x·ej ; n is the unit outward normal on @Y ;

tk⌫ [g, h](x) = ⌫(x)·G(rg(x) + ikh(x)), (10)

and
⇠g⌫±j (x) = g(x)|xj=0 ± g(x)|xj=`j , j = 1, d. (11)
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Figure 1: Schematics of the unit cell Y = [Ym in R
2, where Ym (m = 1,M) are contiguous open regions separated by an extended

system of compliant interfaces �+.

With reference to Fig. 1 which illustrates the unit cell Y , we conveniently introduce �+ as an extension
of � such that every smooth segment of �+ terminates on @Y ; inherently, one has

JũK = 0, Jtk⌫ [ũ, ũ]K = 0 on �+\�.

On denoting by Ym (m = 1,M) the contiguous open subdomains of Y separated by �+, we have

Y = [ Ym,

and we hereon assume that each Ym a Lipschitz domain.

Remark 1. Throughout the remainder of this work, the conormal traces t⌫ and tk⌫ are continuous across �.
As a result, the statements Jt⌫ [·]K = 0 and Jtk⌫ [·, ·]K = 0 are hereon assumed implicitly. For brevity, we shall
also assume each statement ⇠ ·⌫±j = 0 on @Y to hold for j = 1, d without explicitly stating so.

Remark 2. With no additional complication, we can assume the mass density to be piecewise-constant ac-
cording to

⇢ = ⇢m for x 2 Ym, (12)

which will be our premise going forward.

3

2.1. Bloch wave representation

Recalling the plane wave expansion approach [20, 19], we seek the Bloch-wave solutions of (1) i.e.

u(x) = ũ(x)eik·x, ũ : Y -periodic (6)

where ũ depends implicitly on k 2 R
d and ! 2 R – which are taken as fixed. Assuming further the source

term to be in the form of a plane wave, namely f(x) = f̃ eik·x with f̃ = const., (1) becomes

�rk ·
�
Grkũ

�
� !2⇢ũ = f̃ in Y, (7)

Jtk⌫ [ũ, ũ]K = 0, JũK + �1tk⌫ [ũ, ũ] = 0 on �, (8)

⇠ũ⌫�j = 0, ⇠tkn[ũ, ũ]⌫+j = 0 j = 1, d on @Y, (9)

where rk = r + ik; xj = x·ej ; n is the unit outward normal on @Y ;

tk⌫ [g, h](x) = ⌫(x)·G(rg(x) + ikh(x)), (10)

and
⇠g⌫±j (x) = g(x)|xj=0 ± g(x)|xj=`j , j = 1, d. (11)
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Figure 1: Schematics of the unit cell Y = [Ym in R
2, where Ym (m = 1,M) are contiguous open regions separated by an extended

system of compliant interfaces �+.

With reference to Fig. 1 which illustrates the unit cell Y , we conveniently introduce �+ as an extension
of � such that every smooth segment of �+ terminates on @Y ; inherently, one has

JũK = 0, Jtk⌫ [ũ, ũ]K = 0 on �+\�.

On denoting by Ym (m = 1,M) the contiguous open subdomains of Y separated by �+, we have

Y = [ Ym,

and we hereon assume that each Ym a Lipschitz domain.

Remark 1. Throughout the remainder of this work, the conormal traces t⌫ and tk⌫ are continuous across �.
As a result, the statements Jt⌫ [·]K = 0 and Jtk⌫ [·, ·]K = 0 are hereon assumed implicitly. For brevity, we shall
also assume each statement ⇠ ·⌫±j = 0 on @Y to hold for j = 1, d without explicitly stating so.

Remark 2. With no additional complication, we can assume the mass density to be piecewise-constant ac-
cording to

⇢ = ⇢m for x 2 Ym, (12)

which will be our premise going forward.

3

2.1. Bloch wave representation

Recalling the plane wave expansion approach [20, 19], we seek the Bloch-wave solutions of (1) i.e.

u(x) = ũ(x)eik·x, ũ : Y -periodic (6)

where ũ depends implicitly on k 2 R
d and ! 2 R – which are taken as fixed. Assuming further the source

term to be in the form of a plane wave, namely f(x) = f̃ eik·x with f̃ = const., (1) becomes

�rk ·
�
Grkũ

�
� !2⇢ũ = f̃ in Y, (7)

Jtk⌫ [ũ, ũ]K = 0, JũK + �1tk⌫ [ũ, ũ] = 0 on �, (8)

⇠ũ⌫�j = 0, ⇠tkn[ũ, ũ]⌫+j = 0 j = 1, d on @Y, (9)

where rk = r + ik; xj = x·ej ; n is the unit outward normal on @Y ;

tk⌫ [g, h](x) = ⌫(x)·G(rg(x) + ikh(x)), (10)

and
⇠g⌫±j (x) = g(x)|xj=0 ± g(x)|xj=`j , j = 1, d. (11)
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Figure 1: Schematics of the unit cell Y = [Ym in R
2, where Ym (m = 1,M) are contiguous open regions separated by an extended

system of compliant interfaces �+.

With reference to Fig. 1 which illustrates the unit cell Y , we conveniently introduce �+ as an extension
of � such that every smooth segment of �+ terminates on @Y ; inherently, one has

JũK = 0, Jtk⌫ [ũ, ũ]K = 0 on �+\�.

On denoting by Ym (m = 1,M) the contiguous open subdomains of Y separated by �+, we have

Y = [ Ym,

and we hereon assume that each Ym a Lipschitz domain.

Remark 1. Throughout the remainder of this work, the conormal traces t⌫ and tk⌫ are continuous across �.
As a result, the statements Jt⌫ [·]K = 0 and Jtk⌫ [·, ·]K = 0 are hereon assumed implicitly. For brevity, we shall
also assume each statement ⇠ ·⌫±j = 0 on @Y to hold for j = 1, d without explicitly stating so.

Remark 2. With no additional complication, we can assume the mass density to be piecewise-constant ac-
cording to

⇢ = ⇢m for x 2 Ym, (12)

which will be our premise going forward.
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Repeated eigenvalues

7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
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Q=2, rank(Apq)=0: eq. (143)
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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Figure 2: FF-FW approximation of the dispersion relationship in polyatomic chains: (a) diatomic chain with m = (1, 0.5) and

c = (1, 0.5); (b) triatomic chain with m = (1, 0.4582, 1.0674) and c = (1, 2.0075, 2.3388), (c) triatomic chain with m = (1, 2.5, 1)
and c = (1, 1, 0.4), and (d) tetratomic chain with m = (1, 2.0237, 1.3539, 1.6625) and c = (1, 0.4257, 1.0521, 0.3731). Here

!0 =

p
c1/m1; solid line plots the exact relationship, and “o” (resp. “x”) marker tracks the leading- (resp. second-) order

approximation.
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<latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ygvEIrW22zBITh2CH3BxIfAHJcc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDiWT3mljM8mQZIQy9D+4caGIP8qd/8b0sdDWA4GPcxJy74kzKayj9DsobW3v7O6V9ysH1cOj49pJtW11bji2uJbadGNmUQqFLSecxG5mkKWxxE48uZvnnWc0Vmj16KYZRikbKZEIzpy32n2UchAOanXaoAuRTQhXUIeVmoPaV3+oeZ6iclwya3shzVxUMOMElzir9HOLGeMTNsKeR8VStFGxmHZGLrwzJIk2/ihHFu7vFwVLrZ2msb+ZMje269nc/C/r5S65iQqhstyh4suPklwSp8l8dTIUBrmTUw+MG+FnJXzMDOPOF1TxJYTrK29C+6oR0kb4QKEMZ3AOlxDCNdzCPTShBRye4AXe4D3QwWvwsayrFKx6O4U/Cj5/AAybjYc=</latexit><latexit sha1_base64="ygvEIrW22zBITh2CH3BxIfAHJcc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDiWT3mljM8mQZIQy9D+4caGIP8qd/8b0sdDWA4GPcxJy74kzKayj9DsobW3v7O6V9ysH1cOj49pJtW11bji2uJbadGNmUQqFLSecxG5mkKWxxE48uZvnnWc0Vmj16KYZRikbKZEIzpy32n2UchAOanXaoAuRTQhXUIeVmoPaV3+oeZ6iclwya3shzVxUMOMElzir9HOLGeMTNsKeR8VStFGxmHZGLrwzJIk2/ihHFu7vFwVLrZ2msb+ZMje269nc/C/r5S65iQqhstyh4suPklwSp8l8dTIUBrmTUw+MG+FnJXzMDOPOF1TxJYTrK29C+6oR0kb4QKEMZ3AOlxDCNdzCPTShBRye4AXe4D3QwWvwsayrFKx6O4U/Cj5/AAybjYc=</latexit><latexit sha1_base64="5wwGFkWezHwmEF9Ftvqd9XTEfa0=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlkEbywjmA5Ij7G3mkjV7u8funhCO/AcbC0Vs/T92/hs3yRWa+GDg8d4MM/OiVHBjff/bW1vf2NzaLu2Ud/f2Dw4rR8ctozLNsMmUULoTUYOCS2xabgV2Uo00iQS2o/HtzG8/oTZcyQc7STFM6FDymDNqndTqoRD9oF+p+jV/DrJKgoJUoUCjX/nqDRTLEpSWCWpMN/BTG+ZUW84ETsu9zGBK2ZgOseuopAmaMJ9fOyXnThmQWGlX0pK5+nsip4kxkyRynQm1I7PszcT/vG5m4+sw5zLNLEq2WBRnglhFZq+TAdfIrJg4Qpnm7lbCRlRTZl1AZRdCsPzyKmld1gK/Ftz71fpNEUcJTuEMLiCAK6jDHTSgCQwe4Rle4c1T3ov37n0sWte8YuYE/sD7/AEz3I7b</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit>

`2
<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2
<latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit>

⇡/`1
<latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit>

⇡/`2
<latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit>
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [9], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
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Dirac Wave

Uniform asymptotics?



Cone or no cone?
Ansatz

O(𝜖-2):

O(𝜖-1):       ➡  Identity

O(𝜖0):       ➡  Effective equation

Consider next the asymptotic expansion

w̃(x) = e�ika·x�
✏�2w̃0(x) + ✏�1w̃1(x) + w̃2(x) + ✏w̃3(x) + · · ·

�
, (90)

which distills (88)–(89) into a series in ✏. By virtue of (88)–(90) and the analysis similar to that in Section 5.1,
we find that w̃m 2 H1

p (Ya) (m > 0) which further satisfy the coupled boundary conditions

⌫ · G(rw̃m + ik̂w̃m�1)|xj=0 = �⌫ · G(rw̃m + ik̂w̃m�1)|xj=(1+aj)`j
,

ajwm|xj=0 = �ajwm|xj=`j , j = 1, d. (91)

with w̃�1 ⌘ 0.
In the sequel, we conveniently denote by wm the respective constants of integration when solving for w̃m(x).

Recalling (84), (85) and (90), we specifically seek wm as

wm = hw̃mi'
a, m > 0, (92)

so that hũia = f̃ hw̃ia (by extension of Lemma 1) and

hw̃ia = ✏�2w0 + ✏�1w1 + w2 + ✏w3 + · · · . (93)

5.3. Leading-order approximation
By the analysis given in Section 5.1, the O(✏�2) contribution due to (88) and (90) is found as

��̃a
n⇢w̃0 � r·

�
Grw̃0

�
= 0 in Ya. (94)

By virtue of (80)–(82) and (91) with m = 0, we have

w̃0(x) = w0 '̃a
n(x), (95)

where w0 is a constant to be determined.
Similarly, the O(✏�1) equality can be identified as

��̃a
n⇢w̃1 � �!̆2⇢w̃0 � r·

�
G(rw̃1 + ik̂w̃0)

�
� ik̂ ·

�
Grw̃0

�
= 0 in Ya. (96)

By the linearity of the problem, the solution of (96) is given by

w̃1(x) = w0(�
(0)(x)�!̆2+ �(1)(x)· ik̂) + w1 '̃a

n(x), (97)

where w1 is a constant; �(0) 2 H1a
p0 (Ya) uniquely solves

�̃a
n⇢�(0) + r·

�
Gr�(0)

�
+ ⇢'̃a

n = 0 in Ya, (98)

⌫ · Gr�(0)|xj=0 = �⌫ · Gr�(0)|xj=(1+aj)`j
, j = 1, d,

and �(1) 2 (H1a
p0 (Ya))d is a unique vector that satisfies

�̃a
n⇢�(1) + r·

�
G(r�(1)+ I'̃a

n)
�

+ Gr'̃a
n = 0 in Ya, (99)

⌫ · G(r�(1)+ I'̃a
n)|xj=0 = �⌫ · G(r�(1)+ I'̃a

n)|xj=(1+aj)`j
, j = 1, d,

Lemma 6. Cell function �(1) solving (99) is real-valued, and !̆ = 0. See Appendix, Section A for proof.

Thanks to Lemma 6, the FW-FF asymptotic analysis near k = ka largely reduces to its LW-FF companion
near k = 0 as in Section 3. In particular, the O(1) contribution to (88) is found as

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂·

�
G(rw̃1 + ik̂w̃0)

�
� �!̂2⇢w̃0 = eika·x in Ya. (100)

By following the treatment of (30) that carries the same structure as (100), we find that w0 solves

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w0 = heika·xi'

a, (101)

featuring the real-valued e↵ective coe�cients

⇢(0) = h⇢'̃a
ni'

a, µ(0) =
⌦
G{r�(1) + I'̃a

n}
↵'

a
�

�
G{�(1) ⌦ r'̃a

n}, 1
�
Ya

, (102)

where �(1) is given by (99).
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Lemma 6. Cell function �(1) solving (99) is real-valued, and !̆ = 0. See Appendix, Section A for proof.

Thanks to Lemma 6, the FW-FF asymptotic analysis near k = ka largely reduces to its LW-FF companion
near k = 0 as in Section 3. In particular, the O(1) contribution to (88) is found as
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6.1. Eigenfunction basis

Assuming that �a
n has multiplicity Q > 1, let �̃a

nq 2 H1
p (Y ) (q = 1, Q) be linearly independent eigenfunctions

that satisfy

�(r+ika)·
�
G(r+ika)�̃a

nq

�
= �̃a

n⇢�̃a
nq in Y, (120)

⌫ · G(r+ika)�̃a
nq|xj=0 = �⌫ · G(r+ika)�̃a

nq|xj=`j , j = 1, d (121)

together with the orthogonality condition (11). Following the analysis in Section 5.1, we let

�̃a
nq(x) = '̃a

nq(x)e�ika·x, q = 1, Q (122)

where '̃a
nq 2 H1

p (Ya) are orthogonal according to (83) and satisfy

�r·
�
Gr'̃a

nq

�
= �̃a

n⇢ '̃a
nq in Ya, (123)

⌫ · Gr'̃a
nq|xj=0 = �⌫ · Gr'̃a

nq|xj=(1+aj)`j
, (124)

aj'̃
a
nq|xj=0 = �aj'̃

a
nq|xj=`j , j = 1, d. (125)

By extending the argument of Lemma 2, we find that '̃a
nq can be taken as real-valued without loss of generality.

In this case, however, a generic solution to (123)–(125) need not have constant argument across Ya.
On the basis of (120)–(125), we define the relevant “averaging” operators as

hũiq
a =

�
ũ, �̃a

nq

�
Ya

, hũiq'
a =

�
ũ, '̃a

nq

�
Ya

, q = 1, Q, (126)

and we generalize (86) as

H1a
p0 (Ya) = {g 2 L2(Y ) : rg 2 (L2(Y ))d, hgiq'

a = 0, q = 1, Q, g|xj=0 = g|xj=(1+aj)`j
, j = 1, d}.

Remark 11. In the sequel, we do not asume implicit summation over repeated indexes p, q and r.

6.2. Leading-order approximation

As indicated earlier, we consider (88)–(89) and we start from the asymptotic expansion of w̃ as given by (90).
In the context of (126), however, there are Q expressions of the e↵ective motion and (92)–(93) become

hw̃iq
a = ✏�2w0q + ✏�1w1q + · · · , wmq = hw̃miq'

a , m > 0, q = 1, Q. (127)

From the results in Section 5.3, we find the O(✏�2) contribution stemming from (88) to be given by (94).
By (123)–(125), we now have

w̃0(x) =
X

q

w0q '̃a
nq(x), (128)

where w0q 2 C (q = 1, Q) are constants to be determined.
Next, we find the O(✏�1) statement of (88) to be given by (96). On multiplying the latter by '̃a

np and
integrating over Ya, one can show by following the proof of Lemma 6 that

X

q

✓(0)

pq ·(ik̂) w0q + �!̆2⇢(0)
p w0p = 0, p = 1, Q. (129)

where
⇢(0)

p =
⌦
⇢'̃a

np

↵p'

a
, ✓(0)

pq =
⌦
Gr'̃a

nq

↵p'

a
�

⌦
Gr'̃a

np

↵q'

a
, p, q = 1, Q. (130)

Remark 12. On recalling Lemma 1 and the discussion in Remark 4, from (128) we find that the leading-order
mean energy density of a Bloch wave ũ (averaged in space and time [31]) is given by

Ē0 = 1
2!2(⇢ũ0, ũ0) = 1

2!2f̃2
X

q

⇢(0)
q w2

0q.

This lends ⇢(0)
q (q = 1, Q) an alternative interpretation as the quanta of energy characterizing respective

dispersion curves.
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Generalized EVPFor convenience, we rewrite (128) as the generalized eigenvalue problem
X

q

Apq w0q � ⌧
X

q

Dpq w0q = 0, p = 1, Q (130)

with
Apq = ✓(0)

pq ·ik̂, Dpq = �pq ⇢(0)
q ⌧ = ��!̆2. (131)

Since ✓(0)

pq is real-valued and ⇢(0)
q > 0, we see that Apq is Hermitian skew-symmetric, and that Dpq is positive

definite. In what follows, we seek (whenever possible) a non-trivial solution to (130).

Lemma 7. The following statements hold: every ⌧ solving (130) is either real-valued or zero; (ii) if ⌧ is an
eigenvalue of (130), so is �⌧ ; (iii) the eigenvectors corresponding to ⌧ and �⌧ are complex conjugates of each
other, and (iv) the maximum rank of Apq is Q (resp. Q�1) for Q even (resp. odd). See Appendix, Section A
for proof.

Assumption 1. Hereon, we focus our analysis on the situations where Apq is either: (i) of maximum rank
as in Lemma 7, or (ii) trivial.

Remark 13. The first step in the ensuing analyses is to expose the frequency scaling law in (87) depending
on the nature of Apq. Following the developments in Section 5 and in particular the proof of Lemma 6, the key
issue is whether letting !̆ = 0 turns the e↵ective O(✏�1) equation (130) into an identity for non-trivial w0q –
which can then be deployed to satisfy the e↵ective O(1) equation with the source term.

6.2.1. E↵ective model for full-rank Apq (Q even)
In situations when Q is even, generalized eigenvalue problem (130) has no zero eigenvalues by Lemma 7 and
Assumption 1. Accordingly, assuming the scaling framework (87) with !̆ = 0 does not cater for a non-trivial
solution of (130); we thus let !̆ 6= 0 and w0q = 0 (q = 1, Q) by which the O(✏�1) contribution to (88) becomes

��̃a
n⇢w̃1 � r·

�
G(rw̃1)

�
= 0 in Ya. (132)

As a result, the leading-order solution reads

w̃1(x) =
X

q

w1q '̃a
nq(x), (133)

where w1q 2 C (q = 1, Q) are constants. To compute w1q, we identify the O(1) statement of (88), namely

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
Grw̃1

�
� �!̆2⇢w̃1 = eika·x in Ya. (134)

On multiplying (134) by '̃a
np (p 2 1, Q) and integrating over Ya by parts as in the treatment of (32), we obtain

�
ik̂Gw̃1, r'̃a

np

�
Ya

�
�
ik̂·

�
Grw̃1

�
, '̃a

np

�
Ya

� �!̆2
�
⇢w̃1, '̃

a
np

�
Ya

=
�
eika·x, '̃a

np

�
Ya

. (135)

The substitution of (133) into (135) results in a system of Q governing equations for w1p as

�
X

q

Apq w1q � �!̆2
X

q

Dpq w1q = heika·xip'
a , p = 1, Q (136)

where Apq and Dpq are given by (131). By Lemma 7 and Assumption 1, we find that the generalized eigenvalue
problem underpinning (136) has Q real eigenvalues, hereon denoted by ��r !̆2

r , and we assume �!̆2 6= �r !̆2
r

(r = 1, Q) when solving (136).

Remark 14. By Lemma 7, the above eigenvalues appear in “±” pairs, and we conveniently arrange them
so that (i) !̆2

r = !̆2
r+1 and �r/r+1 = ±1 for r odd, and (ii) 0 < !̆2

1 6 !̆2
2 6 . . . 6 !̆2

Q. In this set-
ting, there are Q/2 pairs of dispersion branches emanating from the apex point (ka, !a

n) given by mappings
(ka+ ✏k̂, !a

n + ✏�r!̆2
r(k̂)/(2!a

n)). Each such branch is characterized by an O(1) (positive or negative) group
velocity, and is stenciled by the respective eigenfunction

P
q er

q '̃a
nq, where er

q 2 C (q = 1, Q) are components

of the unit eigenvector of Apq corresponding to �r !̆2
r .
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6.1. Eigenfunction basis

Assuming that �a
n has multiplicity Q > 1, let �̃a

nq 2 H1
p (Y ) (q = 1, Q) be linearly independent eigenfunctions

that satisfy

�(r+ika)·
�
G(r+ika)�̃a

nq

�
= �̃a

n⇢�̃a
nq in Y, (120)

⌫ · G(r+ika)�̃a
nq|xj=0 = �⌫ · G(r+ika)�̃a

nq|xj=`j , j = 1, d (121)

together with the orthogonality condition (11). Following the analysis in Section 5.1, we let

�̃a
nq(x) = '̃a

nq(x)e�ika·x, q = 1, Q (122)

where '̃a
nq 2 H1

p (Ya) are orthogonal according to (83) and satisfy

�r·
�
Gr'̃a

nq

�
= �̃a

n⇢ '̃a
nq in Ya, (123)

⌫ · Gr'̃a
nq|xj=0 = �⌫ · Gr'̃a

nq|xj=(1+aj)`j
, (124)

aj'̃
a
nq|xj=0 = �aj'̃

a
nq|xj=`j , j = 1, d. (125)

By extending the argument of Lemma 2, we find that '̃a
nq can be taken as real-valued without loss of generality.

In this case, however, a generic solution to (123)–(125) need not have constant argument across Ya.
On the basis of (120)–(125), we define the relevant “averaging” operators as

hũiq
a =

�
ũ, �̃a

nq

�
Ya

, hũiq'
a =

�
ũ, '̃a

nq

�
Ya

, q = 1, Q, (126)

and we generalize (86) as

H1a
p0 (Ya) = {g 2 L2(Y ) : rg 2 (L2(Y ))d, hgiq'

a = 0, q = 1, Q, g|xj=0 = g|xj=(1+aj)`j
, j = 1, d}.

Remark 11. In the sequel, we do not asume implicit summation over repeated indexes p, q and r.

6.2. Leading-order approximation

As indicated earlier, we consider (88)–(89) and we start from the asymptotic expansion of w̃ as given by (90).
In the context of (126), however, there are Q expressions of the e↵ective motion and (92)–(93) become

hw̃iq
a = ✏�2w0q + ✏�1w1q + · · · , wmq = hw̃miq'

a , m > 0, q = 1, Q. (127)

From the results in Section 5.3, we find the O(✏�2) contribution stemming from (88) to be given by (94).
By (123)–(125), we now have

w̃0(x) =
X

q

w0q '̃a
nq(x), (128)

where w0q 2 C (q = 1, Q) are constants to be determined.
Next, we find the O(✏�1) statement of (88) to be given by (96). On multiplying the latter by '̃a

np and
integrating over Ya, one can show by following the proof of Lemma 6 that

X

q

✓(0)

pq ·(ik̂) w0q + �!̆2⇢(0)
p w0p = 0, p = 1, Q. (129)

where
⇢(0)

p =
⌦
⇢'̃a

np

↵p'

a
, ✓(0)

pq =
⌦
Gr'̃a

nq

↵p'

a
�

⌦
Gr'̃a

np

↵q'

a
, p, q = 1, Q. (130)

Remark 12. On recalling Lemma 1 and the discussion in Remark 4, from (128) we find that the leading-order
mean energy density of a Bloch wave ũ (averaged in space and time [31]) is given by

Ē0 = 1
2!2(⇢ũ0, ũ0) = 1

2!2f̃2
X

q

⇢(0)
q w2

0q.

This lends ⇢(0)
q (q = 1, Q) an alternative interpretation as the quanta of energy characterizing respective

dispersion curves.
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For convenience, we rewrite (129) as the generalized eigenvalue problem
X

q

Apq w0q � ⌧
X

q

Dpq w0q = 0, p = 1, Q (131)

with
Apq = ✓(0)

pq ·ik̂, Dpq = �pq ⇢(0)
q ⌧ = ��!̆2. (132)

Since ✓(0)

pq is real-valued and ⇢(0)
q > 0, we see that Apq is Hermitian skew-symmetric, and that Dpq is positive

definite. In what follows, we seek (whenever possible) a non-trivial solution to (131).

Lemma 7. The following statements hold: every ⌧ solving (131) is either real-valued or zero; (ii) if ⌧ is an
eigenvalue of (131), so is �⌧ ; (iii) the eigenvectors corresponding to ⌧ and �⌧ are complex conjugates of each
other, and (iv) the maximum rank of Apq is Q (resp. Q�1) for Q even (resp. odd). See Appendix, Section A
for proof.

Assumption 1. Hereon, we focus our analysis on the situations where Apq is either: (i) of maximum rank
as in Lemma 7, or (ii) trivial.

Remark 13. The first step in the ensuing analyses is to expose the frequency scaling law in (87) depending
on the nature of Apq. Following the developments in Section 5 and in particular the proof of Lemma 6, the key
issue is whether letting !̆ = 0 turns the e↵ective O(✏�1) equation (131) into an identity for non-trivial w0q –
which can then be deployed to satisfy the e↵ective O(1) equation with the source term.

6.2.1. E↵ective model for full-rank Apq (Q even)
In situations when Q is even, generalized eigenvalue problem (131) has no zero eigenvalues by Lemma 7 and
Assumption 1. Accordingly, assuming the scaling framework (87) with !̆ = 0 does not cater for a non-trivial
solution of (131); we thus let !̆ 6= 0 and w0q = 0 (q = 1, Q) by which the O(✏�1) contribution to (88) becomes

��̃a
n⇢w̃1 � r·

�
G(rw̃1)

�
= 0 in Ya. (133)

As a result, the leading-order solution reads

w̃1(x) =
X

q

w1q '̃a
nq(x), (134)

where w1q 2 C (q = 1, Q) are constants. To compute w1q, we identify the O(1) statement of (88), namely

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
Grw̃1

�
� �!̆2⇢w̃1 = eika·x in Ya. (135)

On multiplying (135) by '̃a
np (p 2 1, Q) and integrating over Ya by parts as in the treatment of (32), we obtain

�
ik̂Gw̃1, r'̃a

np

�
Ya

�
�
ik̂·

�
Grw̃1

�
, '̃a

np

�
Ya

� �!̆2
�
⇢w̃1, '̃

a
np

�
Ya

=
�
eika·x, '̃a

np

�
Ya

. (136)

The substitution of (134) into (136) results in a system of Q governing equations for w1p as

�
X

q

Apq w1q � �!̆2
X

q

Dpq w1q = heika·xip'
a , p = 1, Q (137)

where Apq and Dpq are given by (132). By Lemma 7 and Assumption 1, we find that the generalized eigenvalue
problem underpinning (137) has Q real eigenvalues, hereon denoted by ��r !̆2

r , and we assume �!̆2 6= �r !̆2
r

(r = 1, Q) when solving (137).

Remark 14. By Lemma 7, the above eigenvalues appear in “±” pairs, and we conveniently arrange them
so that (i) !̆2

r = !̆2
r+1 and �r/r+1 = ±1 for r odd, and (ii) 0 < !̆2

1 6 !̆2
2 6 . . . 6 !̆2

Q. In this set-
ting, there are Q/2 pairs of dispersion branches emanating from the apex point (ka, !a

n) given by mappings
(ka+ ✏k̂, !a

n + ✏�r!̆2
r(k̂)/(2!a

n)). Each such branch is characterized by an O(1) (positive or negative) group
velocity, and is stenciled by the respective eigenfunction

P
q er

q '̃a
nq, where er

q 2 C (q = 1, Q) are components

of the unit eigenvector of Apq corresponding to �r !̆2
r .
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! : fixed rankApq

7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
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Q=2, rank(Apq)=0: eq. (143)
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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Figure 2: FF-FW approximation of the dispersion relationship in polyatomic chains: (a) diatomic chain with m = (1, 0.5) and

c = (1, 0.5); (b) triatomic chain with m = (1, 0.4582, 1.0674) and c = (1, 2.0075, 2.3388), (c) triatomic chain with m = (1, 2.5, 1)
and c = (1, 1, 0.4), and (d) tetratomic chain with m = (1, 2.0237, 1.3539, 1.6625) and c = (1, 0.4257, 1.0521, 0.3731). Here

!0 =

p
c1/m1; solid line plots the exact relationship, and “o” (resp. “x”) marker tracks the leading- (resp. second-) order

approximation.
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y2
<latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit><latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit><latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit><latexit sha1_base64="FVbs3BzKFSfMhEnygFxsukF4C0E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPx3kjdmgWnPr7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MoxuglyoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz/TU46u</latexit>

`1<latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ygvEIrW22zBITh2CH3BxIfAHJcc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDiWT3mljM8mQZIQy9D+4caGIP8qd/8b0sdDWA4GPcxJy74kzKayj9DsobW3v7O6V9ysH1cOj49pJtW11bji2uJbadGNmUQqFLSecxG5mkKWxxE48uZvnnWc0Vmj16KYZRikbKZEIzpy32n2UchAOanXaoAuRTQhXUIeVmoPaV3+oeZ6iclwya3shzVxUMOMElzir9HOLGeMTNsKeR8VStFGxmHZGLrwzJIk2/ihHFu7vFwVLrZ2msb+ZMje269nc/C/r5S65iQqhstyh4suPklwSp8l8dTIUBrmTUw+MG+FnJXzMDOPOF1TxJYTrK29C+6oR0kb4QKEMZ3AOlxDCNdzCPTShBRye4AXe4D3QwWvwsayrFKx6O4U/Cj5/AAybjYc=</latexit><latexit sha1_base64="ygvEIrW22zBITh2CH3BxIfAHJcc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDiWT3mljM8mQZIQy9D+4caGIP8qd/8b0sdDWA4GPcxJy74kzKayj9DsobW3v7O6V9ysH1cOj49pJtW11bji2uJbadGNmUQqFLSecxG5mkKWxxE48uZvnnWc0Vmj16KYZRikbKZEIzpy32n2UchAOanXaoAuRTQhXUIeVmoPaV3+oeZ6iclwya3shzVxUMOMElzir9HOLGeMTNsKeR8VStFGxmHZGLrwzJIk2/ihHFu7vFwVLrZ2msb+ZMje269nc/C/r5S65iQqhstyh4suPklwSp8l8dTIUBrmTUw+MG+FnJXzMDOPOF1TxJYTrK29C+6oR0kb4QKEMZ3AOlxDCNdzCPTShBRye4AXe4D3QwWvwsayrFKx6O4U/Cj5/AAybjYc=</latexit><latexit sha1_base64="5wwGFkWezHwmEF9Ftvqd9XTEfa0=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlkEbywjmA5Ij7G3mkjV7u8funhCO/AcbC0Vs/T92/hs3yRWa+GDg8d4MM/OiVHBjff/bW1vf2NzaLu2Ud/f2Dw4rR8ctozLNsMmUULoTUYOCS2xabgV2Uo00iQS2o/HtzG8/oTZcyQc7STFM6FDymDNqndTqoRD9oF+p+jV/DrJKgoJUoUCjX/nqDRTLEpSWCWpMN/BTG+ZUW84ETsu9zGBK2ZgOseuopAmaMJ9fOyXnThmQWGlX0pK5+nsip4kxkyRynQm1I7PszcT/vG5m4+sw5zLNLEq2WBRnglhFZq+TAdfIrJg4Qpnm7lbCRlRTZl1AZRdCsPzyKmld1gK/Ftz71fpNEUcJTuEMLiCAK6jDHTSgCQwe4Rle4c1T3ov37n0sWte8YuYE/sD7/AEz3I7b</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit>

`2<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2<latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit>

⇡/`1
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [9], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
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Near-trivial !Apq

Generalized EVPFor convenience, we rewrite (128) as the generalized eigenvalue problem
X

q

Apq w0q � ⌧
X

q

Dpq w0q = 0, p = 1, Q (130)

with
Apq = ✓(0)

pq ·ik̂, Dpq = �pq ⇢(0)
q ⌧ = ��!̆2. (131)

Since ✓(0)

pq is real-valued and ⇢(0)
q > 0, we see that Apq is Hermitian skew-symmetric, and that Dpq is positive

definite. In what follows, we seek (whenever possible) a non-trivial solution to (130).

Lemma 7. The following statements hold: every ⌧ solving (130) is either real-valued or zero; (ii) if ⌧ is an
eigenvalue of (130), so is �⌧ ; (iii) the eigenvectors corresponding to ⌧ and �⌧ are complex conjugates of each
other, and (iv) the maximum rank of Apq is Q (resp. Q�1) for Q even (resp. odd). See Appendix, Section A
for proof.

Assumption 1. Hereon, we focus our analysis on the situations where Apq is either: (i) of maximum rank
as in Lemma 7, or (ii) trivial.

Remark 13. The first step in the ensuing analyses is to expose the frequency scaling law in (87) depending
on the nature of Apq. Following the developments in Section 5 and in particular the proof of Lemma 6, the key
issue is whether letting !̆ = 0 turns the e↵ective O(✏�1) equation (130) into an identity for non-trivial w0q –
which can then be deployed to satisfy the e↵ective O(1) equation with the source term.

6.2.1. E↵ective model for full-rank Apq (Q even)
In situations when Q is even, generalized eigenvalue problem (130) has no zero eigenvalues by Lemma 7 and
Assumption 1. Accordingly, assuming the scaling framework (87) with !̆ = 0 does not cater for a non-trivial
solution of (130); we thus let !̆ 6= 0 and w0q = 0 (q = 1, Q) by which the O(✏�1) contribution to (88) becomes

��̃a
n⇢w̃1 � r·

�
G(rw̃1)

�
= 0 in Ya. (132)

As a result, the leading-order solution reads

w̃1(x) =
X

q

w1q '̃a
nq(x), (133)

where w1q 2 C (q = 1, Q) are constants. To compute w1q, we identify the O(1) statement of (88), namely

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
Grw̃1

�
� �!̆2⇢w̃1 = eika·x in Ya. (134)

On multiplying (134) by '̃a
np (p 2 1, Q) and integrating over Ya by parts as in the treatment of (32), we obtain

�
ik̂Gw̃1, r'̃a

np

�
Ya

�
�
ik̂·

�
Grw̃1

�
, '̃a

np

�
Ya

� �!̆2
�
⇢w̃1, '̃

a
np

�
Ya

=
�
eika·x, '̃a

np

�
Ya

. (135)

The substitution of (133) into (135) results in a system of Q governing equations for w1p as

�
X

q

Apq w1q � �!̆2
X

q

Dpq w1q = heika·xip'
a , p = 1, Q (136)

where Apq and Dpq are given by (131). By Lemma 7 and Assumption 1, we find that the generalized eigenvalue
problem underpinning (136) has Q real eigenvalues, hereon denoted by ��r !̆2

r , and we assume �!̆2 6= �r !̆2
r

(r = 1, Q) when solving (136).

Remark 14. By Lemma 7, the above eigenvalues appear in “±” pairs, and we conveniently arrange them
so that (i) !̆2

r = !̆2
r+1 and �r/r+1 = ±1 for r odd, and (ii) 0 < !̆2

1 6 !̆2
2 6 . . . 6 !̆2

Q. In this set-
ting, there are Q/2 pairs of dispersion branches emanating from the apex point (ka, !a

n) given by mappings
(ka+ ✏k̂, !a

n + ✏�r!̆2
r(k̂)/(2!a

n)). Each such branch is characterized by an O(1) (positive or negative) group
velocity, and is stenciled by the respective eigenfunction

P
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Remark 11. By Lemma 9, the generalized eigenvalue problem underpinning (114) has Q real eigenvalues,
hereon denoted by ��r !̆2

r , that appear in “±” pairs. We implicitly assume �!̆2 6= �r !̆2
r (r = 1, Q) when

solving for w1p. In terms of the free waves, on the other hand, there are Q/2 pairs of dispersion branches
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4.4. E↵ective model for (near-) trivial Apq

In certain situations, matrix Apq in (106) may either vanish for all k̂, or become exceedingly small for some

(but not all) perturbation directions k̂. These two situations occur respectively when: ✓(0)

pq = 0 (p, q = 1, Q)

due to inherent symmetries of the unit cell, and ✓(0)

pq (p, q = 1, Q) are parallel so that Apq vanishes as k̂
becomes orthogonal to ✓(0)

pq . To illustrate the situation, we assume Apq = O(✏), and we define the “residual”
as RHS � LHS. In such instances the e↵ective O(✏�1) statement of (93)–(94), computed by integrating
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Āpqw0q, Āpq = ✏�1Apq, p = 1, Q (117)

that carries over to the next level of e↵ective approximation. In this setting, the problem governing w̃1 is
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Remark 12. By design, the last term in (119) ensures that the source term driving �(1)
q is orthogonal to '̃a

nr

(r = 1, Q) – rendering the system solvable, while maintaining the foregoing e↵ective description. Indeed, on
substituting (118)–(120) into (115), we recover precisely the O(✏) e↵ective equation (116) and its residual (117).
The situation is consistent in terms of the local equations: a direct substitution of (118)–(120) into (56)–(57)
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7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.

26

Remark 11. By Lemma 9, the generalized eigenvalue problem underpinning (114) has Q real eigenvalues,
hereon denoted by ��r !̆2

r , that appear in “±” pairs. We implicitly assume �!̆2 6= �r !̆2
r (r = 1, Q) when

solving for w1p. In terms of the free waves, on the other hand, there are Q/2 pairs of dispersion branches

emanating from the apex point (ka, !a
n) given by mappings (ka+ ✏k̂, !a

n+ ✏�r!̆2
r(k̂)/(2!a

n)). Each such branch
is characterized by an O(1) (positive or negative) group velocity, and is stenciled by the respective eigenfunc-
tion

P
q erq '̃a

nq, where erq 2 C (q = 1, Q) are components of the unit eigenvector of Apq corresponding to �r !̆2
r .

4.4. E↵ective model for (near-) trivial Apq

In certain situations, matrix Apq in (106) may either vanish for all k̂, or become exceedingly small for some

(but not all) perturbation directions k̂. These two situations occur respectively when: ✓(0)

pq = 0 (p, q = 1, Q)

due to inherent symmetries of the unit cell, and ✓(0)

pq (p, q = 1, Q) are parallel so that Apq vanishes as k̂
becomes orthogonal to ✓(0)

pq . To illustrate the situation, we assume Apq = O(✏), and we define the “residual”
as RHS � LHS. In such instances the e↵ective O(✏�1) statement of (93)–(94), computed by integrating

⌦
� �̃a

n⇢w̃1 �r·
�
G(rw̃1 + ik̂w̃0)

�
� ik̂ ·

�
Grw̃0

�
� �!̆2w̃0

↵p'
a

= 0, p = 1, Q (115)

reads
��!̆2

X

q

Dpqw0q = 0, p = 1, Q (116)

which: (i) requires that !̆ = 0 to preserve the leading-order solution, and (ii) discards the O(✏) residual

�✏
X

q

Āpqw0q, Āpq = ✏�1Apq, p = 1, Q (117)

that carries over to the next level of e↵ective approximation. In this setting, the problem governing w̃1 is
given by (56)–(57), which yield

w̃1(x) =
X

q

w0q�(1)
q (x)· ik̂ +

X

q

w1q '̃a
nq(x), (118)

where w1q2 C (q = 1, Q) are constants and �(1)
q 2 (H1a

p0 (Ya))d uniquely solve

�̃a
n⇢�(1)

q + r·
�
G(r�(1)

q + I'̃a
nq)

�
+ Gr'̃a

nq �
X

r

1

⇢(0)
r

✓(0)

rq ⇢'̃a
nr = 0 in Ya, q = 1, Q (119)

J�(1)
q K + �1tI

⌫ [�(1)
q , '̃a

nq] = 0 on �a, ⇠tI
n[�(1)

q , '̃a
nq]⌫+a,j= 0 on @Ya. (120)

Remark 12. By design, the last term in (119) ensures that the source term driving �(1)
q is orthogonal to '̃a

nr

(r = 1, Q) – rendering the system solvable, while maintaining the foregoing e↵ective description. Indeed, on
substituting (118)–(120) into (115), we recover precisely the O(✏) e↵ective equation (116) and its residual (117).
The situation is consistent in terms of the local equations: a direct substitution of (118)–(120) into (56)–(57)
generates the O(✏) residual

�✏
X

q

w0q

X

r

1

⇢(0)
r

Ārq⇢(x)'̃a
nr(x)

in the field equation, whose multiplication by '̃a
np (p = 1, Q) and integration over Ya recovers the “e↵ective”

residuals in (117).

We next substitute (118)–(120) into (61)–(62) and integrate h(61)ip'a by parts to obtain the O(1) e↵ective
equation, that includes the “carryover” (117), as

�
X

q

(Bpq + Āpq)w0q � �!̂2
X

q

Dpqw0q = heik
a·xip'a , p = 1, Q, (121)
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Effective system

O(1):



Near-trivial !Apq

6.2.2. E↵ective model for trivial Apq

In some situations, especially those when G(x) and ⇢(x) carry certain symmetries over Y , the vector coef-
ficients ✓(0)

pq in (130) and thus the coupling matrix Apq in (131) may vanish identically. In this case, (131)
with Apq = 0 yields !̆ = 0 in order to preserve the leading-order solution (128). Accordingly, from (96)
with !̆ = 0 and (143) we find that

w̃1(x) =
X

q

w0q �(1)
q (x)· ik̂ +

X

q

w1q '̃a
nq(x), (138)

where w1q 2 C (q = 1, Q) are constants, and �(1)
q 2 (H1a

p0 (Ya))d are given by

�̃a
n⇢�(1)

q + r·
�
G(r�(1)

q + I'̃a
nq)

�
+ Gr'̃a

nq = 0 in Ya, q = 1, Q (139)

⌫ · G(r�(1)
q + I'̃a

nq)|xj=0 = �⌫ · G(r�(1)
q + I'̃a

nq)|xj=(1+aj)`j
, j = 1, d.

On substituting this result into (100), multiplying by '̃a
np, and integrating over Ya we find that

�
X

q

Bpq w0q � �!̂2
X

q

Dpq w0q = heika·xip'
a , p = 1, Q, (140)

where Dpq is given by (132) and

Bpq = µ(0)
pq : (ik̂)2, µ(0)

pq =
⌦
G{r�(1)

q + I'̃a
nq}

↵p'

a
�

�
G{�(1)

q ⌦ r'̃a
np}, 1

�
Ya

. (141)

Lemma 8. Matrix Bpq is symmetric. See Appendix, Section A for proof.

6.2.3. E↵ective model for rank(Apq) = Q � 1 (Q odd)
When Q is odd, we find by Lemma 7 and Assumption 1 that the generalized eigenvalue problem (131) has
one zero eigenvalue to which corresponds unit eigenvector with components #q 2 R, q = 1, Q. Without loss
of generality, we select the eigenfunction basis '̃a

nq so that #q = �q1, i.e.

A1q = Aq1 = 0, q = 1, Q. (142)

In this case, (131) with ⌧ = ��!̆2 = 0 becomes an identity if w0q = w0�q1 for some constant w0, i.e.

w̃0(x) = w0 '̃a
n1(x). (143)

From (96) with !̆ = 0 and (143), we find that

w̃1(x) = w0�
(1)

1 (x)· ik̂ +
X

q

w1q '̃a
nq(x), (144)

where w1q 2 C (q = 1, Q) are constants and, assuming �(1)

1 · ik̂ 6= 0, �(1)

1 2 (H1a
p0 (Ya))d is given by (139) with

q = 1. For the latter to be solvable, its source term must be orthogonal to '̃a
np, p = 1, Q. On multiplying (139)

by '̃a
np and integrating by parts over Ya, we obtain ✓(0)

1q = 0. Thanks to the premise �(1)

1 · ik̂ 6= 0 which ensures

that ik̂ 6? ✓(0)

1q , this condition is met due to (142).
To compute w0, we recall the O(1) statement of (88) given by (100), whose multiplication by '̃a

n1 and
integration over Ya yields

�
�
µ(0)

11 : (ik̂)2 + �!̂2⇢(0)

1

�
w0 = heika·xi1'

a , p = 1, Q, (145)

where ⇢(0)

1 and µ(0)

11 are given respectively by (130) and (141). On adopting the reasoning as in Section 3,
from (145) we conclude that � = sign(!�!�

n) when f̃ 6=0, and � = sign(µ(0)) when f̃ =0.
We note however that the above leading-order model is incomplete in that it features only a single pro-

jection, w0, at an apex point that features Q eigenfunctions. To identify the remaining Q�1 leading-order
projections in terms of w1q, we revisit the O(1) statement of (88) taking !̆ 6= 0, namely

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
G(rw̃1 + ik̂w̃0)

�
� �!̆2⇢w̃1 � �!̂2⇢w̃0 = eika·x in Ya, (146)
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For convenience, we rewrite (129) as the generalized eigenvalue problem
X

q

Apq w0q � ⌧
X

q

Dpq w0q = 0, p = 1, Q (131)

with
Apq = ✓(0)

pq ·ik̂, Dpq = �pq ⇢(0)
q ⌧ = ��!̆2. (132)

Since ✓(0)

pq is real-valued and ⇢(0)
q > 0, we see that Apq is Hermitian skew-symmetric, and that Dpq is positive

definite. In what follows, we seek (whenever possible) a non-trivial solution to (131).

Lemma 7. The following statements hold: every ⌧ solving (131) is either real-valued or zero; (ii) if ⌧ is an
eigenvalue of (131), so is �⌧ ; (iii) the eigenvectors corresponding to ⌧ and �⌧ are complex conjugates of each
other, and (iv) the maximum rank of Apq is Q (resp. Q�1) for Q even (resp. odd). See Appendix, Section A
for proof.

Assumption 1. Hereon, we focus our analysis on the situations where Apq is either: (i) of maximum rank
as in Lemma 7, or (ii) trivial.

Remark 13. The first step in the ensuing analyses is to expose the frequency scaling law in (87) depending
on the nature of Apq. Following the developments in Section 5 and in particular the proof of Lemma 6, the key
issue is whether letting !̆ = 0 turns the e↵ective O(✏�1) equation (131) into an identity for non-trivial w0q –
which can then be deployed to satisfy the e↵ective O(1) equation with the source term.

6.2.1. E↵ective model for full-rank Apq (Q even)
In situations when Q is even, generalized eigenvalue problem (131) has no zero eigenvalues by Lemma 7 and
Assumption 1. Accordingly, assuming the scaling framework (87) with !̆ = 0 does not cater for a non-trivial
solution of (131); we thus let !̆ 6= 0 and w0q = 0 (q = 1, Q) by which the O(✏�1) contribution to (88) becomes

��̃a
n⇢w̃1 � r·

�
G(rw̃1)

�
= 0 in Ya. (133)

As a result, the leading-order solution reads

w̃1(x) =
X

q

w1q '̃a
nq(x), (134)

where w1q 2 C (q = 1, Q) are constants. To compute w1q, we identify the O(1) statement of (88), namely

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
Grw̃1

�
� �!̆2⇢w̃1 = eika·x in Ya. (135)

On multiplying (135) by '̃a
np (p 2 1, Q) and integrating over Ya by parts as in the treatment of (32), we obtain

�
ik̂Gw̃1, r'̃a

np

�
Ya

�
�
ik̂·

�
Grw̃1

�
, '̃a

np

�
Ya

� �!̆2
�
⇢w̃1, '̃

a
np

�
Ya

=
�
eika·x, '̃a

np

�
Ya

. (136)

The substitution of (134) into (136) results in a system of Q governing equations for w1p as

�
X

q

Apq w1q � �!̆2
X

q

Dpq w1q = heika·xip'
a , p = 1, Q (137)

where Apq and Dpq are given by (132). By Lemma 7 and Assumption 1, we find that the generalized eigenvalue
problem underpinning (137) has Q real eigenvalues, hereon denoted by ��r !̆2

r , and we assume �!̆2 6= �r !̆2
r

(r = 1, Q) when solving (137).

Remark 14. By Lemma 7, the above eigenvalues appear in “±” pairs, and we conveniently arrange them
so that (i) !̆2

r = !̆2
r+1 and �r/r+1 = ±1 for r odd, and (ii) 0 < !̆2

1 6 !̆2
2 6 . . . 6 !̆2

Q. In this set-
ting, there are Q/2 pairs of dispersion branches emanating from the apex point (ka, !a

n) given by mappings
(ka+ ✏k̂, !a

n + ✏�r!̆2
r(k̂)/(2!a

n)). Each such branch is characterized by an O(1) (positive or negative) group
velocity, and is stenciled by the respective eigenfunction

P
q er

q '̃a
nq, where er

q 2 C (q = 1, Q) are components

of the unit eigenvector of Apq corresponding to �r !̆2
r .
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Remark 11. By Lemma 9, the generalized eigenvalue problem underpinning (114) has Q real eigenvalues,
hereon denoted by ��r !̆2

r , that appear in “±” pairs. We implicitly assume �!̆2 6= �r !̆2
r (r = 1, Q) when

solving for w1p. In terms of the free waves, on the other hand, there are Q/2 pairs of dispersion branches

emanating from the apex point (ka, !a
n) given by mappings (ka+ ✏k̂, !a

n+ ✏�r!̆2
r(k̂)/(2!a

n)). Each such branch
is characterized by an O(1) (positive or negative) group velocity, and is stenciled by the respective eigenfunc-
tion

P
q erq '̃a

nq, where erq 2 C (q = 1, Q) are components of the unit eigenvector of Apq corresponding to �r !̆2
r .

4.4. E↵ective model for (near-) trivial Apq

In certain situations, matrix Apq in (106) may either vanish for all k̂, or become exceedingly small for some

(but not all) perturbation directions k̂. These two situations occur respectively when: ✓(0)

pq = 0 (p, q = 1, Q)

due to inherent symmetries of the unit cell, and ✓(0)

pq (p, q = 1, Q) are parallel so that Apq vanishes as k̂
becomes orthogonal to ✓(0)

pq . To illustrate the situation, we assume Apq = O(✏), and we define the “residual”
as RHS � LHS. In such instances the e↵ective O(✏�1) statement of (93)–(94), computed by integrating

⌦
� �̃a

n⇢w̃1 �r·
�
G(rw̃1 + ik̂w̃0)

�
� ik̂ ·

�
Grw̃0

�
� �!̆2w̃0

↵p'
a

= 0, p = 1, Q (115)

reads
��!̆2

X

q

Dpqw0q = 0, p = 1, Q (116)

which: (i) requires that !̆ = 0 to preserve the leading-order solution, and (ii) discards the O(✏) residual

�✏
X

q

Āpqw0q, Āpq = ✏�1Apq, p = 1, Q (117)

that carries over to the next level of e↵ective approximation. In this setting, the problem governing w̃1 is
given by (56)–(57), which yield

w̃1(x) =
X

q

w0q�(1)
q (x)· ik̂ +

X

q

w1q '̃a
nq(x), (118)

where w1q2 C (q = 1, Q) are constants and �(1)
q 2 (H1a

p0 (Ya))d uniquely solve

�̃a
n⇢�(1)

q + r·
�
G(r�(1)

q + I'̃a
nq)

�
+ Gr'̃a

nq �
X

r

1

⇢(0)
r

✓(0)

rq ⇢'̃a
nr = 0 in Ya, q = 1, Q (119)

J�(1)
q K + �1tI

⌫ [�(1)
q , '̃a

nq] = 0 on �a, ⇠tI
n[�(1)

q , '̃a
nq]⌫+a,j= 0 on @Ya. (120)

Remark 12. By design, the last term in (119) ensures that the source term driving �(1)
q is orthogonal to '̃a

nr

(r = 1, Q) – rendering the system solvable, while maintaining the foregoing e↵ective description. Indeed, on
substituting (118)–(120) into (115), we recover precisely the O(✏) e↵ective equation (116) and its residual (117).
The situation is consistent in terms of the local equations: a direct substitution of (118)–(120) into (56)–(57)
generates the O(✏) residual

�✏
X

q

w0q

X

r

1

⇢(0)
r

Ārq⇢(x)'̃a
nr(x)

in the field equation, whose multiplication by '̃a
np (p = 1, Q) and integration over Ya recovers the “e↵ective”

residuals in (117).

We next substitute (118)–(120) into (61)–(62) and integrate h(61)ip'a by parts to obtain the O(1) e↵ective
equation, that includes the “carryover” (117), as

�
X

q

(Bpq + Āpq)w0q � �!̂2
X

q

Dpqw0q = heik
a·xip'a , p = 1, Q, (121)
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2nd-order polynomial in !ik̂

7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
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Q=2, rank(Apq)=0: eq. (143)
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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solves (73)–(74). To isolate the behavior of constant w2, we finally consider the O(✏2) contribution to (43)–(44),
namely

��̃a
n⇢w̃4 �r·

�
G(rw̃4 + ik̂w̃3)

�
� ik̂·

�
G(rw̃3 + ik̂w̃2)

�
� �!̂2⇢w̃2 = 0 in Ya, (85)

Jw̃4K + �1tk̂⌫ [w̃4, w̃3] = 0 on �a, ⇠tk̂n[w̃4, w̃3]⌫+a,j= 0 on @Ya. (86)

Integrating by parts the weighed equality ((85), '̃a
n)Ya as in the treatment of (73), we obtain

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w2 �

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
w0 = �h⇢⌘(0)i'a !̂2

+
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'
a
�
�
G{⌘(1)⌦r'̃a

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (�(1)eik

a·x, 1)Ya
 ⌘

: (ik̂)2, (87)

where

⇢(2) = h⇢�(2)i'a, µ(2) =
⌦
G{r�(3) + I⌦�(2)}

↵'
a
�
�
G{�(3) ⌦r'̃a

n}, 1
�
Ya

. (88)

Theorem 1. Assume that the Bloch wave function ũ solves (7) with the source term f̃ , and consider the
e↵ective wave motion hũia according to (39) near apex ka of the first “quadrant” (26) of the first Brillouin
zone B+. Provided that the eigenvalue �̃a

n (n > 1) solving (35)–(36) is simple, the second-order FW-FF
approximation of hũia in a neighborhood of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (89)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0)2 R, µ(0)2 R

d⇥d, ⇢(2)2
R

d⇥d and µ(2)2 R
d⇥d⇥d⇥d are given by (66) and (88); and

M(k̂, !̂) = heik
a·xi'a � ✏ (�(1)eik

a·x, 1)Ya ·ik̂ + ✏2 �h⇢⌘(0)i'a !̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'
a
�
�
G{⌘(1)⌦r'̃a

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (�(1)eik

a·x, 1)Ya
 ⌘

: (ik̂)2. (90)

In the context of source-free wave motion (f̃ = 0), the second-order FW-FF approximation of the nth dispersion
branch near k = ka accordingly reads

�!̂2 ✏3
=

µ(0) : k̂
2
� ✏2µ(2) : k̂

4

⇢(0) � ✏2⇢(2) : k̂
2 . (91)

4. Repeated eigenvalues

In situations when the multiplicity, Q, of eigenvalue �̃a
n = �̃n(ka) is larger than one, the foregoing analysis

must be generalized to account for: (i) multiple free-wave solutions near the apex point (ka, !a
n = (�̃a

n)1/2), and
(ii) the commensurate distribution of energy (among competing eigenmodes) supplied by the source term f̃ .
To encompass both linear and parabolic dispersive behaviors near the points of juncture [14], we consider the
wavenumber-frequency perturbation

k = ka+ ✏k̂, !2 = �̃a
n + ✏�!̆2 + ✏2�!̂2, ✏ = o(1), � = ±1, (92)

which di↵ers from (42) by the introduction of the linear scaling parameter �!̆2. With such premise, (43)–(44)
become

�(�̃a
n+✏�!̆2+✏2�!̂2)⇢w̃ �

�
r+ika+✏ik̂

�
·
�
G(r+ika+✏ik̂)w̃

�
= 1 in Y, (93)

Jw̃K + �1tk
a+✏k̂

⌫ [w̃, w̃] = 0 on �, ⇠tka+✏k̂
n [w̃, w̃]⌫+j = 0 on @Y, (94)

and we pursue their expansion via the factorized ansatz (45) whose entries are subject to the coupled interfacial
and boundary conditions (46).
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where Dpq is given by (107), and

Bpq = µ(0)
pq : (ik̂)2, µ(0)

pq =
⌦
G{r�(1)

q + I'̃a
nq}

↵p'
a

�
�
G{�(1)

q ⌦r'̃a
np}, 1

�
Ya

. (122)

Note that (121) discards the residual

�✏
X

q

Āpqw1q (123)

which inherently enters the O(✏) e↵ective equation.

Lemma 6. E↵ective matrix Bpq is symmetric. See Appendix, Section 7 for proof.

Remark 13. In situations where Apq = 0 and thus Āpq = 0 due to trivial ✓(0)

pq, we see from (121) that the
e↵ective motion components w0q are governed by a pure “second-order” system whose impedance coe�cients

are quadratic in ik̂. In this case, the dispersion surfaces !̂(k̂) are locally parabolic with an apex at k̂ = 0. In
contrast, for vanishing but non-zero Apq (generated by parallel ✓(0)

pq and near-orthogonal k̂), (121) exposes !̂(k̂)
as homogeneous second-order polynomials, and provides a link with (114) in the following way. First, we recall
the scaling law (92) to establish a connection between �!̆2 in (114) and �!̂2 in (121) as

�!̆2 =
!2 � �̃a

n

✏
, �!̂2 =

!2 � �̃a
n

✏2
, =) �!̂2 = ✏�1�!̆2. (124)

For clarity, we note that (114) (resp. (121)) assumes !̂ = 0 (resp. !̆ = 0), which is the basis for the formal
relationship established in (124). Next, we let k̂ in (121) depart from the normal to ✓(0)

pq so that Apq ! O(1).
By virtue of (124) and definition Āpq = ✏�1Apq, (121) degenerates to

�
X

q

Apqw0q � �!̆2
X

q

Dpqw0q = ✏heik
a·xip'a , p = 1, Q, (125)

which carries an O(✏) operator residual

�✏
X

q

Bpqw0q,

and recovers (114) on letting w0q = ✏w1q, q = 1, Q. The latter equality in fact synthesizes the transition in the

order of approximation between (114) and (121), as driven by either diminishing w0q (taking k̂/kk̂k in (121)

s.th. Apq : O(✏) ! O(1)) or “growing” w1q (choosing k̂/kk̂k in (114) s.th. Apq : O(1) ! O(✏)).

4.5. E↵ective model for partial-rank Apq

We finally consider a generic case when the generalized eigenvalue problem (106) has N0 zero eigenvalues
and N�N0 vanishing O(✏) eigenvalues, where 0 6 N0 6 N 6 Q. Thanks to Remark 9, one finds that Q�N
and N �N0 are necessarily even. In the sequel, we arrange the eigenvalues so that |⌧r| > |⌧q| for r > q,
and ⌧r+1 = �⌧r for r�N0 postitive and odd. Since Apq is antisymmetric, one may conveniently introduce the
factorization [e.g. 13]

Apq =
X

r,s

Upr⌃rsU
T
sq, (126)

where Upr is a real-valued orthogonal matrix; “T” denotes matrix transpose;

⇥
⌃rs

⇤
= diag

(
ON0 ,


0 i⌧N0+1

�i⌧N0+1 0

�
, . . .


0 i⌧N

�i⌧N 0

�

| {z }
O(✏)

,


0 i⌧N+1

�i⌧N+1 0

�
, . . .


0 i⌧Q

�i⌧Q 0

�

| {z }
O(1)

)
(127)

is a 2⇥2 block-diagonal matrix, and ON0 stands for an N0⇥N0 block of zeros.

15

!  ~ orthogonal to k̂ ✓(0)

pq
<latexit sha1_base64="QpyZK7qKfWhJbWtUxb+omUO50pw=">AAACFnicbVDLSsNAFJ34rPUVdekmWIS6sCRV0GXRjcsK9gFNLZPppB06mcSZG7GEfIUbf8WNC0Xcijv/xkmbhbYeGOZwzr3ce48XcabAtr+NhcWl5ZXVwlpxfWNza9vc2W2qMJaENkjIQ9n2sKKcCdoABpy2I0lx4HHa8kaXmd+6p1KxUNzAOKLdAA8E8xnBoKWeeex6Ie+rcaC/xIUhBZz2kuguvU1crT1ojYlxUraP0jQt9sySXbEnsOaJk5MSylHvmV9uPyRxQAUQjpXqOHYE3QRLYITTtOjGikaYjPCAdjQVOKCqm0zOSq1DrfQtP5T6CbAm6u+OBAcq21xXBhiGatbLxP+8Tgz+eTdhIoqBCjId5MfcgtDKMrL6TFICfKwJJpLpXS0yxBIT0ElmITizJ8+TZrXinFSq16el2kUeRwHtowNURg46QzV0heqogQh6RM/oFb0ZT8aL8W58TEsXjLxnD/2B8fkDSXOgqQ==</latexit>
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pq =
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which inherently enters the O(✏) e↵ective equation.

Lemma 6. E↵ective matrix Bpq is symmetric. See Appendix, Section 7 for proof.

Remark 13. In situations where Apq = 0 and thus Āpq = 0 due to trivial ✓(0)

pq, we see from (121) that the
e↵ective motion components w0q are governed by a pure “second-order” system whose impedance coe�cients

are quadratic in ik̂. In this case, the dispersion surfaces !̂(k̂) are locally parabolic with an apex at k̂ = 0. In
contrast, for vanishing but non-zero Apq (generated by parallel ✓(0)

pq and near-orthogonal k̂), (121) exposes !̂(k̂)
as homogeneous second-order polynomials, and provides a link with (114) in the following way. First, we recall
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For clarity, we note that (114) (resp. (121)) assumes !̂ = 0 (resp. !̆ = 0), which is the basis for the formal
relationship established in (124). Next, we let k̂ in (121) depart from the normal to ✓(0)
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By virtue of (124) and definition Āpq = ✏�1Apq, (121) degenerates to
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Dpqw0q = ✏heik
a·xip'a , p = 1, Q, (125)

which carries an O(✏) operator residual
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X

q

Bpqw0q,

and recovers (114) on letting w0q = ✏w1q, q = 1, Q. The latter equality in fact synthesizes the transition in the

order of approximation between (114) and (121), as driven by either diminishing w0q (taking k̂/kk̂k in (121)

s.th. Apq : O(✏) ! O(1)) or “growing” w1q (choosing k̂/kk̂k in (114) s.th. Apq : O(1) ! O(✏)).

4.5. E↵ective model for partial-rank Apq

We finally consider a generic case when the generalized eigenvalue problem (106) has N0 zero eigenvalues
and N�N0 vanishing O(✏) eigenvalues, where 0 6 N0 6 N 6 Q. Thanks to Remark 9, one finds that Q�N
and N �N0 are necessarily even. In the sequel, we arrange the eigenvalues so that |⌧r| > |⌧q| for r > q,
and ⌧r+1 = �⌧r for r�N0 postitive and odd. Since Apq is antisymmetric, one may conveniently introduce the
factorization [e.g. 13]

Apq =
X

r,s

Upr⌃rsU
T
sq, (126)

where Upr is a real-valued orthogonal matrix; “T” denotes matrix transpose;

⇥
⌃rs

⇤
= diag

(
ON0 ,


0 i⌧N0+1

�i⌧N0+1 0

�
, . . .


0 i⌧N

�i⌧N 0

�

| {z }
O(✏)

,


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�
, . . .
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�
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)
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is a 2⇥2 block-diagonal matrix, and ON0 stands for an N0⇥N0 block of zeros.
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Lemma 6. E↵ective matrix Bpq is symmetric. See Appendix, Section 7 for proof.

Remark 13. In situations where Apq = 0 and thus Āpq = 0 due to trivial ✓(0)

pq, we see from (121) that the
e↵ective motion components w0q are governed by a pure “second-order” system whose impedance coe�cients

are quadratic in ik̂. In this case, the dispersion surfaces !̂(k̂) are locally parabolic with an apex at k̂ = 0. In
contrast, for vanishing but non-zero Apq (generated by parallel ✓(0)

pq and near-orthogonal k̂), (121) exposes !̂(k̂)
as homogeneous second-order polynomials, and provides a link with (114) in the following way. First, we recall
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For clarity, we note that (114) (resp. (121)) assumes !̂ = 0 (resp. !̆ = 0), which is the basis for the formal
relationship established in (124). Next, we let k̂ in (121) depart from the normal to ✓(0)

pq so that Apq ! O(1).
By virtue of (124) and definition Āpq = ✏�1Apq, (121) degenerates to
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Apqw0q � �!̆2
X
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Dpqw0q = ✏heik
a·xip'a , p = 1, Q, (125)

which carries an O(✏) operator residual
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Bpqw0q,

and recovers (114) on letting w0q = ✏w1q, q = 1, Q. The latter equality in fact synthesizes the transition in the

order of approximation between (114) and (121), as driven by either diminishing w0q (taking k̂/kk̂k in (121)

s.th. Apq : O(✏) ! O(1)) or “growing” w1q (choosing k̂/kk̂k in (114) s.th. Apq : O(1) ! O(✏)).

4.5. E↵ective model for partial-rank Apq

We finally consider a generic case when the generalized eigenvalue problem (106) has N0 zero eigenvalues
and N�N0 vanishing O(✏) eigenvalues, where 0 6 N0 6 N 6 Q. Thanks to Remark 9, one finds that Q�N
and N �N0 are necessarily even. In the sequel, we arrange the eigenvalues so that |⌧r| > |⌧q| for r > q,
and ⌧r+1 = �⌧r for r�N0 postitive and odd. Since Apq is antisymmetric, one may conveniently introduce the
factorization [e.g. 13]

Apq =
X

r,s

Upr⌃rsU
T
sq, (126)

where Upr is a real-valued orthogonal matrix; “T” denotes matrix transpose;

⇥
⌃rs

⇤
= diag

(
ON0 ,


0 i⌧N0+1

�i⌧N0+1 0

�
, . . .


0 i⌧N
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�
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,
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is a 2⇥2 block-diagonal matrix, and ON0 stands for an N0⇥N0 block of zeros.
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O(1):

O(1):

For convenience, we rewrite (129) as the generalized eigenvalue problem
X

q

Apq w0q � ⌧
X

q

Dpq w0q = 0, p = 1, Q (131)

with
Apq = ✓(0)

pq ·ik̂, Dpq = �pq ⇢(0)
q ⌧ = ��!̆2. (132)

Since ✓(0)

pq is real-valued and ⇢(0)
q > 0, we see that Apq is Hermitian skew-symmetric, and that Dpq is positive

definite. In what follows, we seek (whenever possible) a non-trivial solution to (131).

Lemma 7. The following statements hold: every ⌧ solving (131) is either real-valued or zero; (ii) if ⌧ is an
eigenvalue of (131), so is �⌧ ; (iii) the eigenvectors corresponding to ⌧ and �⌧ are complex conjugates of each
other, and (iv) the maximum rank of Apq is Q (resp. Q�1) for Q even (resp. odd). See Appendix, Section A
for proof.

Assumption 1. Hereon, we focus our analysis on the situations where Apq is either: (i) of maximum rank
as in Lemma 7, or (ii) trivial.

Remark 13. The first step in the ensuing analyses is to expose the frequency scaling law in (87) depending
on the nature of Apq. Following the developments in Section 5 and in particular the proof of Lemma 6, the key
issue is whether letting !̆ = 0 turns the e↵ective O(✏�1) equation (131) into an identity for non-trivial w0q –
which can then be deployed to satisfy the e↵ective O(1) equation with the source term.

6.2.1. E↵ective model for full-rank Apq (Q even)
In situations when Q is even, generalized eigenvalue problem (131) has no zero eigenvalues by Lemma 7 and
Assumption 1. Accordingly, assuming the scaling framework (87) with !̆ = 0 does not cater for a non-trivial
solution of (131); we thus let !̆ 6= 0 and w0q = 0 (q = 1, Q) by which the O(✏�1) contribution to (88) becomes

��̃a
n⇢w̃1 � r·

�
G(rw̃1)

�
= 0 in Ya. (133)

As a result, the leading-order solution reads

w̃1(x) =
X

q

w1q '̃a
nq(x), (134)

where w1q 2 C (q = 1, Q) are constants. To compute w1q, we identify the O(1) statement of (88), namely

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
Grw̃1

�
� �!̆2⇢w̃1 = eika·x in Ya. (135)

On multiplying (135) by '̃a
np (p 2 1, Q) and integrating over Ya by parts as in the treatment of (32), we obtain

�
ik̂Gw̃1, r'̃a

np

�
Ya

�
�
ik̂·

�
Grw̃1

�
, '̃a

np

�
Ya

� �!̆2
�
⇢w̃1, '̃

a
np

�
Ya

=
�
eika·x, '̃a

np

�
Ya

. (136)

The substitution of (134) into (136) results in a system of Q governing equations for w1p as

�
X

q

Apq w1q � �!̆2
X

q

Dpq w1q = heika·xip'
a , p = 1, Q (137)

where Apq and Dpq are given by (132). By Lemma 7 and Assumption 1, we find that the generalized eigenvalue
problem underpinning (137) has Q real eigenvalues, hereon denoted by ��r !̆2

r , and we assume �!̆2 6= �r !̆2
r

(r = 1, Q) when solving (137).

Remark 14. By Lemma 7, the above eigenvalues appear in “±” pairs, and we conveniently arrange them
so that (i) !̆2

r = !̆2
r+1 and �r/r+1 = ±1 for r odd, and (ii) 0 < !̆2

1 6 !̆2
2 6 . . . 6 !̆2

Q. In this set-
ting, there are Q/2 pairs of dispersion branches emanating from the apex point (ka, !a

n) given by mappings
(ka+ ✏k̂, !a

n + ✏�r!̆2
r(k̂)/(2!a

n)). Each such branch is characterized by an O(1) (positive or negative) group
velocity, and is stenciled by the respective eigenfunction

P
q er

q '̃a
nq, where er

q 2 C (q = 1, Q) are components

of the unit eigenvector of Apq corresponding to �r !̆2
r .
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Merging dispersion surfaces
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Dpq w0q = 0, p = 1, Q (131)

with
Apq = ✓(0)

pq ·ik̂, Dpq = �pq ⇢(0)
q ⌧ = ��!̆2. (132)

Since ✓(0)

pq is real-valued and ⇢(0)
q > 0, we see that Apq is Hermitian skew-symmetric, and that Dpq is positive

definite. In what follows, we seek (whenever possible) a non-trivial solution to (131).

Lemma 7. The following statements hold: every ⌧ solving (131) is either real-valued or zero; (ii) if ⌧ is an
eigenvalue of (131), so is �⌧ ; (iii) the eigenvectors corresponding to ⌧ and �⌧ are complex conjugates of each
other, and (iv) the maximum rank of Apq is Q (resp. Q�1) for Q even (resp. odd). See Appendix, Section A
for proof.

Assumption 1. Hereon, we focus our analysis on the situations where Apq is either: (i) of maximum rank
as in Lemma 7, or (ii) trivial.

Remark 13. The first step in the ensuing analyses is to expose the frequency scaling law in (87) depending
on the nature of Apq. Following the developments in Section 5 and in particular the proof of Lemma 6, the key
issue is whether letting !̆ = 0 turns the e↵ective O(✏�1) equation (131) into an identity for non-trivial w0q –
which can then be deployed to satisfy the e↵ective O(1) equation with the source term.

6.2.1. E↵ective model for full-rank Apq (Q even)
In situations when Q is even, generalized eigenvalue problem (131) has no zero eigenvalues by Lemma 7 and
Assumption 1. Accordingly, assuming the scaling framework (87) with !̆ = 0 does not cater for a non-trivial
solution of (131); we thus let !̆ 6= 0 and w0q = 0 (q = 1, Q) by which the O(✏�1) contribution to (88) becomes

��̃a
n⇢w̃1 � r·

�
G(rw̃1)

�
= 0 in Ya. (133)

As a result, the leading-order solution reads

w̃1(x) =
X

q

w1q '̃a
nq(x), (134)

where w1q 2 C (q = 1, Q) are constants. To compute w1q, we identify the O(1) statement of (88), namely

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
Grw̃1

�
� �!̆2⇢w̃1 = eika·x in Ya. (135)

On multiplying (135) by '̃a
np (p 2 1, Q) and integrating over Ya by parts as in the treatment of (32), we obtain

�
ik̂Gw̃1, r'̃a

np

�
Ya

�
�
ik̂·

�
Grw̃1

�
, '̃a

np

�
Ya

� �!̆2
�
⇢w̃1, '̃

a
np

�
Ya

=
�
eika·x, '̃a

np

�
Ya

. (136)

The substitution of (134) into (136) results in a system of Q governing equations for w1p as

�
X

q

Apq w1q � �!̆2
X

q

Dpq w1q = heika·xip'
a , p = 1, Q (137)

where Apq and Dpq are given by (132). By Lemma 7 and Assumption 1, we find that the generalized eigenvalue
problem underpinning (137) has Q real eigenvalues, hereon denoted by ��r !̆2

r , and we assume �!̆2 6= �r !̆2
r

(r = 1, Q) when solving (137).

Remark 14. By Lemma 7, the above eigenvalues appear in “±” pairs, and we conveniently arrange them
so that (i) !̆2

r = !̆2
r+1 and �r/r+1 = ±1 for r odd, and (ii) 0 < !̆2

1 6 !̆2
2 6 . . . 6 !̆2

Q. In this set-
ting, there are Q/2 pairs of dispersion branches emanating from the apex point (ka, !a

n) given by mappings
(ka+ ✏k̂, !a

n + ✏�r!̆2
r(k̂)/(2!a

n)). Each such branch is characterized by an O(1) (positive or negative) group
velocity, and is stenciled by the respective eigenfunction

P
q er

q '̃a
nq, where er

q 2 C (q = 1, Q) are components

of the unit eigenvector of Apq corresponding to �r !̆2
r .
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Remark 11. By Lemma 9, the generalized eigenvalue problem underpinning (114) has Q real eigenvalues,
hereon denoted by ��r !̆2

r , that appear in “±” pairs. We implicitly assume �!̆2 6= �r !̆2
r (r = 1, Q) when

solving for w1p. In terms of the free waves, on the other hand, there are Q/2 pairs of dispersion branches

emanating from the apex point (ka, !a
n) given by mappings (ka+ ✏k̂, !a

n+ ✏�r!̆2
r(k̂)/(2!a

n)). Each such branch
is characterized by an O(1) (positive or negative) group velocity, and is stenciled by the respective eigenfunc-
tion

P
q erq '̃a

nq, where erq 2 C (q = 1, Q) are components of the unit eigenvector of Apq corresponding to �r !̆2
r .

4.4. E↵ective model for (near-) trivial Apq

In certain situations, matrix Apq in (106) may either vanish for all k̂, or become exceedingly small for some

(but not all) perturbation directions k̂. These two situations occur respectively when: ✓(0)

pq = 0 (p, q = 1, Q)

due to inherent symmetries of the unit cell, and ✓(0)

pq (p, q = 1, Q) are parallel so that Apq vanishes as k̂
becomes orthogonal to ✓(0)

pq . To illustrate the situation, we assume Apq = O(✏), and we define the “residual”
as RHS � LHS. In such instances the e↵ective O(✏�1) statement of (93)–(94), computed by integrating

⌦
� �̃a

n⇢w̃1 �r·
�
G(rw̃1 + ik̂w̃0)

�
� ik̂ ·

�
Grw̃0

�
� �!̆2w̃0

↵p'
a

= 0, p = 1, Q (115)

reads
��!̆2

X

q

Dpqw0q = 0, p = 1, Q (116)

which: (i) requires that !̆ = 0 to preserve the leading-order solution, and (ii) discards the O(✏) residual

�✏
X

q

Āpqw0q, Āpq = ✏�1Apq, p = 1, Q (117)

that carries over to the next level of e↵ective approximation. In this setting, the problem governing w̃1 is
given by (56)–(57), which yield

w̃1(x) =
X

q

w0q�(1)
q (x)· ik̂ +

X

q

w1q '̃a
nq(x), (118)

where w1q2 C (q = 1, Q) are constants and �(1)
q 2 (H1a

p0 (Ya))d uniquely solve

�̃a
n⇢�(1)

q + r·
�
G(r�(1)

q + I'̃a
nq)

�
+ Gr'̃a

nq �
X

r

1

⇢(0)
r

✓(0)

rq ⇢'̃a
nr = 0 in Ya, q = 1, Q (119)

J�(1)
q K + �1tI

⌫ [�(1)
q , '̃a

nq] = 0 on �a, ⇠tI
n[�(1)

q , '̃a
nq]⌫+a,j= 0 on @Ya. (120)

Remark 12. By design, the last term in (119) ensures that the source term driving �(1)
q is orthogonal to '̃a

nr

(r = 1, Q) – rendering the system solvable, while maintaining the foregoing e↵ective description. Indeed, on
substituting (118)–(120) into (115), we recover precisely the O(✏) e↵ective equation (116) and its residual (117).
The situation is consistent in terms of the local equations: a direct substitution of (118)–(120) into (56)–(57)
generates the O(✏) residual

�✏
X

q

w0q

X

r

1

⇢(0)
r

Ārq⇢(x)'̃a
nr(x)

in the field equation, whose multiplication by '̃a
np (p = 1, Q) and integration over Ya recovers the “e↵ective”

residuals in (117).

We next substitute (118)–(120) into (61)–(62) and integrate h(61)ip'a by parts to obtain the O(1) e↵ective
equation, that includes the “carryover” (117), as

�
X

q

(Bpq + Āpq)w0q � �!̂2
X

q

Dpqw0q = heik
a·xip'a , p = 1, Q, (121)
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7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=0: eq. (143)
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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Figure 2: FF-FW approximation of the dispersion relationship in polyatomic chains: (a) diatomic chain with m = (1, 0.5) and

c = (1, 0.5); (b) triatomic chain with m = (1, 0.4582, 1.0674) and c = (1, 2.0075, 2.3388), (c) triatomic chain with m = (1, 2.5, 1)
and c = (1, 1, 0.4), and (d) tetratomic chain with m = (1, 2.0237, 1.3539, 1.6625) and c = (1, 0.4257, 1.0521, 0.3731). Here

!0 =

p
c1/m1; solid line plots the exact relationship, and “o” (resp. “x”) marker tracks the leading- (resp. second-) order

approximation.
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<latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ygvEIrW22zBITh2CH3BxIfAHJcc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDiWT3mljM8mQZIQy9D+4caGIP8qd/8b0sdDWA4GPcxJy74kzKayj9DsobW3v7O6V9ysH1cOj49pJtW11bji2uJbadGNmUQqFLSecxG5mkKWxxE48uZvnnWc0Vmj16KYZRikbKZEIzpy32n2UchAOanXaoAuRTQhXUIeVmoPaV3+oeZ6iclwya3shzVxUMOMElzir9HOLGeMTNsKeR8VStFGxmHZGLrwzJIk2/ihHFu7vFwVLrZ2msb+ZMje269nc/C/r5S65iQqhstyh4suPklwSp8l8dTIUBrmTUw+MG+FnJXzMDOPOF1TxJYTrK29C+6oR0kb4QKEMZ3AOlxDCNdzCPTShBRye4AXe4D3QwWvwsayrFKx6O4U/Cj5/AAybjYc=</latexit><latexit sha1_base64="ygvEIrW22zBITh2CH3BxIfAHJcc=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDiWT3mljM8mQZIQy9D+4caGIP8qd/8b0sdDWA4GPcxJy74kzKayj9DsobW3v7O6V9ysH1cOj49pJtW11bji2uJbadGNmUQqFLSecxG5mkKWxxE48uZvnnWc0Vmj16KYZRikbKZEIzpy32n2UchAOanXaoAuRTQhXUIeVmoPaV3+oeZ6iclwya3shzVxUMOMElzir9HOLGeMTNsKeR8VStFGxmHZGLrwzJIk2/ihHFu7vFwVLrZ2msb+ZMje269nc/C/r5S65iQqhstyh4suPklwSp8l8dTIUBrmTUw+MG+FnJXzMDOPOF1TxJYTrK29C+6oR0kb4QKEMZ3AOlxDCNdzCPTShBRye4AXe4D3QwWvwsayrFKx6O4U/Cj5/AAybjYc=</latexit><latexit sha1_base64="5wwGFkWezHwmEF9Ftvqd9XTEfa0=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlkEbywjmA5Ij7G3mkjV7u8funhCO/AcbC0Vs/T92/hs3yRWa+GDg8d4MM/OiVHBjff/bW1vf2NzaLu2Ud/f2Dw4rR8ctozLNsMmUULoTUYOCS2xabgV2Uo00iQS2o/HtzG8/oTZcyQc7STFM6FDymDNqndTqoRD9oF+p+jV/DrJKgoJUoUCjX/nqDRTLEpSWCWpMN/BTG+ZUW84ETsu9zGBK2ZgOseuopAmaMJ9fOyXnThmQWGlX0pK5+nsip4kxkyRynQm1I7PszcT/vG5m4+sw5zLNLEq2WBRnglhFZq+TAdfIrJg4Qpnm7lbCRlRTZl1AZRdCsPzyKmld1gK/Ftz71fpNEUcJTuEMLiCAK6jDHTSgCQwe4Rle4c1T3ov37n0sWte8YuYE/sD7/AEz3I7b</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit><latexit sha1_base64="WCHyrpsi0ju/ebgUE+aBIHCkPVU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66RmF4XoBb1yxa/6c5BVEuSkAjnqvfJXt69YlqC0TFBjOoGf2nBCteVM4LTUzQymlI3oADuOSpqgCSfza6fkzCl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMYPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBNRyO3w==</latexit>

`2
<latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_base64="41XZy3bjTNYHbEJA7sg5ScPCnXw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBNqCO4A==</latexit>

(a)

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>

k2
<latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit>

⇡/`1
<latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit>

⇡/`2
<latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQbA==</latexit>

�⇡/`2
<latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M/zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexit>
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Figure 3: Chessboard-like medium: (a) unit cell of periodicity Y including the location of the point source y0
= (

`1
2 , `2

2 ) featured

in Section 7.2.2, and (b) first Brillouin zone B.

7.2.2. Green’s function near the edge of a band gap
In the sequel, we again consider the chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1), and r =
(1, 101, 201, 101) as in [9], and we seek an e↵ective description of its response due to a point source acting
at frequency ! = 0.1720 that is just inside the first band gap, see Fig. 1(c). In this case, the results from
Section 5.5 apply with n̂ = 1, a = (1, 1), and ✏2 = !2 � �̃a

1 = 1.374 ⇥ 10�4. Placing further the point
source, �(y � y0), at the center of the unit cell as in Fig. 3(a), we find that '̃a

n̂(y0) = 0.9161 and �(1)(y0) =
(�1.704, �1.704). For such loading configuration, Fig. 4(a) compares the respective solutions U (i)

a and U (ii)
a

of (117) with F (y � y0) given by (118) along line y2 � y0
2 = 1

4`2. Here U (ii)
a is given by (119), while U (i)

a is
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Partial rank !Apq

where Dpq is given by (107), and

Bpq = µ(0)
pq : (ik̂)2, µ(0)

pq =
⌦
G{r�(1)

q + I'̃a
nq}

↵p'
a

�
�
G{�(1)

q ⌦r'̃a
np}, 1

�
Ya

. (122)

Note that (121) discards the residual

�✏
X

q

Āpqw1q (123)

which inherently enters the O(✏) e↵ective equation.

Lemma 6. E↵ective matrix Bpq is symmetric. See Appendix, Section 7 for proof.

Remark 13. In situations where Apq = 0 and thus Āpq = 0 due to trivial ✓(0)

pq, we see from (121) that the
e↵ective motion components w0q are governed by a pure “second-order” system whose impedance coe�cients

are quadratic in ik̂. In this case, the dispersion surfaces !̂(k̂) are locally parabolic with an apex at k̂ = 0. In
contrast, for vanishing but non-zero Apq (generated by parallel ✓(0)

pq and near-orthogonal k̂), (121) exposes !̂(k̂)
as homogeneous second-order polynomials, and provides a link with (114) in the following way. First, we recall
the scaling law (92) to establish a connection between �!̆2 in (114) and �!̂2 in (121) as

�!̆2 =
!2 � �̃a

n

✏
, �!̂2 =

!2 � �̃a
n

✏2
, =) �!̂2 = ✏�1�!̆2. (124)

For clarity, we note that (114) (resp. (121)) assumes !̂ = 0 (resp. !̆ = 0), which is the basis for the formal
relationship established in (124). Next, we let k̂ in (121) depart from the normal to ✓(0)

pq so that Apq ! O(1).
By virtue of (124) and definition Āpq = ✏�1Apq, (121) degenerates to

�
X

q

Apqw0q � �!̆2
X

q

Dpqw0q = ✏heik
a·xip'a , p = 1, Q, (125)

which carries an O(✏) operator residual

�✏
X

q

Bpqw0q,

and recovers (114) on letting w0q = ✏w1q, q = 1, Q. The latter equality in fact synthesizes the transition in the

order of approximation between (114) and (121), as driven by either diminishing w0q (taking k̂/kk̂k in (121)

s.th. Apq : O(✏) ! O(1)) or “growing” w1q (choosing k̂/kk̂k in (114) s.th. Apq : O(1) ! O(✏)).

4.5. E↵ective model for partial-rank Apq

We finally consider a generic case when the generalized eigenvalue problem (106) has N0 zero eigenvalues
and N�N0 vanishing O(✏) eigenvalues, where 0 6 N0 6 N 6 Q. Thanks to Remark 9, one finds that Q�N
and N �N0 are necessarily even. In the sequel, we arrange the eigenvalues so that |⌧r| > |⌧q| for r > q,
and ⌧r+1 = �⌧r for r�N0 postitive and odd. Since Apq is antisymmetric, one may conveniently introduce the
factorization [e.g. 13]

Apq =
X

r,s

Upr⌃rsU
T
sq, (126)

where Upr is a real-valued orthogonal matrix; “T” denotes matrix transpose;

⇥
⌃rs

⇤
= diag

(
ON0 ,


0 i⌧N0+1

�i⌧N0+1 0

�
, . . .


0 i⌧N

�i⌧N 0

�

| {z }
O(✏)

,


0 i⌧N+1

�i⌧N+1 0

�
, . . .


0 i⌧Q

�i⌧Q 0

�

| {z }
O(1)

)
(127)

is a 2⇥2 block-diagonal matrix, and ON0 stands for an N0⇥N0 block of zeros.
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Block-diagonal form

Remark 14. To simplify the analysis, we select the eigenfunction basis '̃a
nq (q = 1, Q) such that Upq = �pq.

On recalling the definition of ⇢(0)
q in (105), this can be accommodated via coordinate transformation

 ̃a
nq(x) =

p
⇢(0)

X

s

(⇢(0)
s )�1/2Usq '̃

a
ns(x), q = 1, Q, ⇢(0) =

1

Q

X

q

⇢(0)
q ,

which maintains the orthogonality of the new basis  ̃a
nq in L2

⇢(Ya). In line with the stated objective, we then

relabel  ̃a
nq as '̃a

nq so that
Apq = ⌃pq

according to (127).

With the above definitions the Q⇥Q system of O(✏�1) e↵ective equations, given by the leading-order
statements of h(102)ip'a (p = 1, Q), can be shown to read

�
X

q>N

Apqw0q � �!̆2
X

q

Dpqw0q = 0, p = 1, Q (128)

and to carry forward the O(✏) residuals

�✏
X

q6N

Āpqw0q, Āpq = ✏�1Apq, p = 1, N. (129)

Note the upper limit N on index p in (129) because Apq = 0 for q6N and p>N . In this case, (128) becomes
an identity provided that: (i) �!̆2 = 0 and (ii) w0q = 0 for all q > N , whereby

w̃0(x) =
X

q6N

w0q '̃
a
nq(x). (130)

From (102)–(103) with !̆ = 0 and (130), we find that

w̃1(x) =
X

q6N

w0q�(1)
q (x)· ik̂ +

X

q

w1q '̃
a
nq(x), (131)

where w1q2 C are constants and �(1)
q 2(H1a

p0 (Ya))d uniquely solve (119)–(120) for q6N , see also Remark 12.

On deploying (131) and (119)–(120) in (61)–(62) and integrating h(61)ip'a , p = 1, N by parts, we obtain
the N⇥N system of O(1) e↵ective equations

�
X

q6N

�
Bpq + Āpq

�
w0q � �!̂2

X

q6N

Dpqw0q = heik
a·xip'a , p = 1, N (132)

that account for (129), where Dpq and Bpq are given respectively by (107) and (122). Similar to the preceding
order of approximation, (132) features the residual

�✏
X

q6N

Āpqw1q, p = 1, N (133)

which enters the O(✏) e↵ective equation.
Inherently, the above leading-order model is incomplete for it features only N projections, w0q, at an apex

point that entails Q eigenfunctions. Such partial description is for instance insu�cient when the right-hand
side of (132) vanishes. To expose the remaining Q � N projections in terms of w1q, we revisit the O(1)
statement of (93)–(94) taking !̆ 6= 0, namely

��̃an⇢w̃2 �r·
�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
G(rw̃1 + ik̂w̃0)

�
� �!̆2⇢w̃1 � �!̂2⇢w̃0 = eik

a·x in Ya, (134)

Jw̃2K + �1tk̂⌫ [w̃2, w̃1] = 0 on �a, ⇠tk̂n[w̃2, w̃1]⌫+a,j= 0 on @Ya. (135)
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N “parabolas”

Analogous to the treatment of (61)–(62) that resulted in (132), we next integrate h(134)ip'a for p>N to obtain
the (Q�N) ⇥ (Q�N) system of O(1) e↵ective equations

�
X

q>N

Apqw1q � �!̆2
X

q>N

Dpqw1q = heik
a·xip'a +

X

q6N

w0q

�
Bpq + �!̆2h⇢�(1)

q ip'a · ik̂
�
, p = N+1, Q. (136)

Considering the free waves associated with (136), we see that the introduction of !̆ 6= 0 is necessary when
handling w1q in order to describe the inherent dispersion of the remaining Q�N solution branches.

Remark 15. On the basis of the above analysis, one sees that the “full” e↵ective model when Apq = ⌃pq

according to (127) (featuring N0 zero eigenvalues and N�N0 O(✏) eigenvalues), that embodies the leading-
order contribution of each eigenfunction '̃a

nq (q = 1, Q), is given by w0q, q = 1, N solving (132) and w1q,

q = N+1, Q solving (136). For completeness, we note that the existence of this class of configurations (termed
Dirac-like points) at ka = 0 with N0 = 0, N = 1 and Q = 3 is directly tied to the phenomenon of zero-index
metamaterials [2].

Remark 16. In situations when N = Q, (132) recovers the (near-) trivial Apq model (121). On the other
hand, letting N = 0 degenerates (136) to the full-rank Apq model (114).

4.6. Degenerate case: point (ka + ✏k̂, �̃a
n + ✏�!̆2) close to one of the dispersion branches

With reference to (106) and Assumption 1, we finally illustrate the case when �!̆2 + ⌧r = O(✏) for some
r 2 {1, 2, . . . Q}. We begin by assuming rank(Apq) = Q and conveniently rewriting (106) as

�
X

q

Apqw0q � �!̆2
X

q

Dpqw0q = 0, p = 1, Q (137)

where the sign of the left-hand side is reversed in order to match that of (102). This system is satisfied up to
an O(✏) residual

(�!̆2 + ⌧r)
X

q

Dpqw0q, p = 1, Q (138)

for all vectors w0 := (w01, w02, . . . , w0Q) = w0er, where w0 2 C is an O(1) constant and er = (er1, er2, . . . , erQ) 2
{v 2 C

Q : kvk = 1} is the unit eigenvector of (106) i.e. (137) corresponding to ⌧r. By following the analysis
outlined in Section 4.4, we consequently find that

w̃0(x) = w0

X

q

erq '̃a
nq(x), (139)

w̃1(x) = w0

X

q

erq�(1)
q (x)· ik̂ +

X

q

w1q '̃a
nq(x), (140)

where �(1)
q solve (119). In light of the leading-order solution along er given by (140), we are interested only

in the correction vectors w1 := (w11, w12, . . . , w1Q) satisfying the constraint

X

q

erqw1q = 0. (141)

Considering next the O(1) contribution to (93)–(94), we account for the residual (138) and integrate h(134)ip'a
with !̂ = 0 by parts to obtain the e↵ective equations

�
X

q

Bpq erqw0 � ✏�1(�!̆2 + ⌧r)
X

q

Dpq erqw0 �
X

q

Apqw1q � �!̆2
X

q

Dpqw1q = heik
a·xip'a ,

p = 1, Q (142)

which, together with (141), provide a system of Q + 1 equations for the coe�cients w0 and w1q (q = 1, Q).
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where Dpq is given by (107), and

Bpq = µ(0)
pq : (ik̂)2, µ(0)

pq =
⌦
G{r�(1)

q + I'̃a
nq}

↵p'
a

�
�
G{�(1)
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�
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Remark 13. In situations where Apq = 0 and thus Āpq = 0 due to trivial ✓(0)

pq, we see from (121) that the
e↵ective motion components w0q are governed by a pure “second-order” system whose impedance coe�cients

are quadratic in ik̂. In this case, the dispersion surfaces !̂(k̂) are locally parabolic with an apex at k̂ = 0. In
contrast, for vanishing but non-zero Apq (generated by parallel ✓(0)

pq and near-orthogonal k̂), (121) exposes !̂(k̂)
as homogeneous second-order polynomials, and provides a link with (114) in the following way. First, we recall
the scaling law (92) to establish a connection between �!̆2 in (114) and �!̂2 in (121) as

�!̆2 =
!2 � �̃a

n

✏
, �!̂2 =

!2 � �̃a
n

✏2
, =) �!̂2 = ✏�1�!̆2. (124)

For clarity, we note that (114) (resp. (121)) assumes !̂ = 0 (resp. !̆ = 0), which is the basis for the formal
relationship established in (124). Next, we let k̂ in (121) depart from the normal to ✓(0)

pq so that Apq ! O(1).
By virtue of (124) and definition Āpq = ✏�1Apq, (121) degenerates to

�
X

q

Apqw0q � �!̆2
X

q

Dpqw0q = ✏heik
a·xip'a , p = 1, Q, (125)

which carries an O(✏) operator residual

�✏
X

q

Bpqw0q,

and recovers (114) on letting w0q = ✏w1q, q = 1, Q. The latter equality in fact synthesizes the transition in the

order of approximation between (114) and (121), as driven by either diminishing w0q (taking k̂/kk̂k in (121)

s.th. Apq : O(✏) ! O(1)) or “growing” w1q (choosing k̂/kk̂k in (114) s.th. Apq : O(1) ! O(✏)).

4.5. E↵ective model for partial-rank Apq

We finally consider a generic case when the generalized eigenvalue problem (106) has N0 zero eigenvalues
and N�N0 vanishing O(✏) eigenvalues, where 0 6 N0 6 N 6 Q. Thanks to Remark 9, one finds that Q�N
and N �N0 are necessarily even. In the sequel, we arrange the eigenvalues so that |⌧r| > |⌧q| for r > q,
and ⌧r+1 = �⌧r for r�N0 postitive and odd. Since Apq is antisymmetric, one may conveniently introduce the
factorization [e.g. 13]

Apq =
X

r,s

Upr⌃rsU
T
sq, (126)

where Upr is a real-valued orthogonal matrix; “T” denotes matrix transpose;

⇥
⌃rs

⇤
= diag

(
ON0 ,


0 i⌧N0+1

�i⌧N0+1 0

�
, . . .


0 i⌧N

�i⌧N 0

�

| {z }
O(✏)

,


0 i⌧N+1

�i⌧N+1 0

�
, . . .


0 i⌧Q

�i⌧Q 0

�

| {z }
O(1)

)
(127)

is a 2⇥2 block-diagonal matrix, and ON0 stands for an N0⇥N0 block of zeros.
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where Dpq is given by (107), and

Bpq = µ(0)
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. (122)
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which inherently enters the O(✏) e↵ective equation.
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Remark 13. In situations where Apq = 0 and thus Āpq = 0 due to trivial ✓(0)

pq, we see from (121) that the
e↵ective motion components w0q are governed by a pure “second-order” system whose impedance coe�cients

are quadratic in ik̂. In this case, the dispersion surfaces !̂(k̂) are locally parabolic with an apex at k̂ = 0. In
contrast, for vanishing but non-zero Apq (generated by parallel ✓(0)

pq and near-orthogonal k̂), (121) exposes !̂(k̂)
as homogeneous second-order polynomials, and provides a link with (114) in the following way. First, we recall
the scaling law (92) to establish a connection between �!̆2 in (114) and �!̂2 in (121) as
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relationship established in (124). Next, we let k̂ in (121) depart from the normal to ✓(0)

pq so that Apq ! O(1).
By virtue of (124) and definition Āpq = ✏�1Apq, (121) degenerates to
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Dpqw0q = ✏heik
a·xip'a , p = 1, Q, (125)

which carries an O(✏) operator residual

�✏
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q

Bpqw0q,

and recovers (114) on letting w0q = ✏w1q, q = 1, Q. The latter equality in fact synthesizes the transition in the

order of approximation between (114) and (121), as driven by either diminishing w0q (taking k̂/kk̂k in (121)

s.th. Apq : O(✏) ! O(1)) or “growing” w1q (choosing k̂/kk̂k in (114) s.th. Apq : O(1) ! O(✏)).

4.5. E↵ective model for partial-rank Apq

We finally consider a generic case when the generalized eigenvalue problem (106) has N0 zero eigenvalues
and N�N0 vanishing O(✏) eigenvalues, where 0 6 N0 6 N 6 Q. Thanks to Remark 9, one finds that Q�N
and N �N0 are necessarily even. In the sequel, we arrange the eigenvalues so that |⌧r| > |⌧q| for r > q,
and ⌧r+1 = �⌧r for r�N0 postitive and odd. Since Apq is antisymmetric, one may conveniently introduce the
factorization [e.g. 13]

Apq =
X

r,s

Upr⌃rsU
T
sq, (126)

where Upr is a real-valued orthogonal matrix; “T” denotes matrix transpose;

⇥
⌃rs

⇤
= diag
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ON0 ,


0 i⌧N0+1

�i⌧N0+1 0
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�
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(127)

is a 2⇥2 block-diagonal matrix, and ON0 stands for an N0⇥N0 block of zeros.
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Oscillator

⇢ 2 {2, 5}
<latexit sha1_base64="0IEb7VyWaSQ8XvLvmUR/4bPiJZE=">AAAB+XicdVDLSsNAFL3xWesr6tLNYBFcSEjqs7uiG5cV7AOaUCbTSTt0Mgkzk0IJ/RM3LhRx65+482+cPgSfBy4czrmXe+8JU86Udt13a2FxaXlltbBWXN/Y3Nq2d3YbKskkoXWS8ES2QqwoZ4LWNdOctlJJcRxy2gwH1xO/OaRSsUTc6VFKgxj3BIsYwdpIHdv2ZT9BPhPIz8vHZ/64Y5dcp+J6lXMP/Sae405RgjlqHfvN7yYki6nQhGOl2p6b6iDHUjPC6bjoZ4qmmAxwj7YNFTimKsinl4/RoVG6KEqkKaHRVP06keNYqVEcms4Y67766U3Ev7x2pqPLIGcizTQVZLYoyjjSCZrEgLpMUqL5yBBMJDO3ItLHEhNtwiqaED4/Rf+TRtnxTpzy7WmpejWPowD7cABH4MEFVOEGalAHAkO4h0d4snLrwXq2XmatC9Z8Zg++wXr9AIzokvg=</latexit>

G, ⇢ = 1
<latexit sha1_base64="FsBSxaMWaySSj3HxxuaVFWpsezQ=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiB4kGEmipqDEPSgxwhmwWQIPZ1O0qSne+juEcKQv/DiQRGv/o03/8bOIrg+KHi8V0VVvTDmTBvPe3cyc/MLi0vZ5dzK6tr6Rn5zq6ZlogitEsmlaoRYU84ErRpmOG3EiuIo5LQeDi7Gfv2OKs2kuDHDmAYR7gnWZQQbK91eHrRUX6Iz5LfzBc8teX7p2Ee/ie96ExRghko7/9bqSJJEVBjCsdZN34tNkGJlGOF0lGslmsaYDHCPNi0VOKI6SCcXj9CeVTqoK5UtYdBE/TqR4kjrYRTazgibvv7pjcW/vGZiuqdBykScGCrIdFE34chINH4fdZiixPChJZgoZm9FpI8VJsaGlLMhfH6K/ie1ousfusXro0L5fBZHFnZgF/bBhxMowxVUoAoEBNzDIzw52nlwnp2XaWvGmc1swzc4rx8xKo/2</latexit>

 2 {1, 10}
<latexit sha1_base64="5PARm/A+JiztzGDg6RlD9/Lrs8k=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgQkLSWtrsim5cVrAPaEKZTKft0MkkzEzEEvIrblwo4tYfceffOGkrqOiBC4dz7uXee4KYUals+8MorK1vbG4Vt0s7u3v7B+ZhuSujRGDSwRGLRD9AkjDKSUdRxUg/FgSFASO9YHaV+707IiSN+K2ax8QP0YTTMcVIaWlolr0ZimPkUQ691Dl3bC8bmhXbcpv1eq0Jbcu23arb0MR1XafhQEcrOSpghfbQfPdGEU5CwhVmSMqBY8fKT5FQFDOSlbxEkhjhGZqQgaYchUT66eL2DJ5qZQTHkdDFFVyo3ydSFEo5DwPdGSI1lb+9XPzLGyRq3PRTyuNEEY6Xi8YJgyqCeRBwRAXBis01QVhQfSvEUyQQVjqukg7h61P4P+lWLadmVW8uKq3LVRxFcAxOwBlwQAO0wDVogw7A4B48gCfwbGTGo/FivC5bC8Zq5gj8gPH2CUC9k/I=</latexit>

G = 1
<latexit sha1_base64="edUuVjkwqQypNFQQKiw3aUCbUXk=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0iqqD0IRQ96rGDaQhvKZrtpl242YXcjlNDf4MWDIl79Qd78N27aCn4+GHi8N8PMvCDhTGnHebcKC4tLyyvF1dLa+sbmVnl7p6niVBLqkZjHsh1gRTkT1NNMc9pOJMVRwGkrGF3mfuuOSsVicavHCfUjPBAsZARrI3lX6By5vXLFsWuOWztx0W/i2s4UFZij0Su/dfsxSSMqNOFYqY7rJNrPsNSMcDopdVNFE0xGeEA7hgocUeVn02Mn6MAofRTG0pTQaKp+nchwpNQ4CkxnhPVQ/fRy8S+vk+rwzM+YSFJNBZktClOOdIzyz1GfSUo0HxuCiWTmVkSGWGKiTT4lE8Lnp+h/0qza7pFdvTmu1C/mcRRhD/bhEFw4hTpcQwM8IMDgHh7hyRLWg/VsvcxaC9Z8Zhe+wXr9AKvDjfM=</latexit>
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⇢ = 2, = 1
<latexit sha1_base64="BoyeuKbwCUgxlmhWeJnImbKllC4=">AAAB+XicbVBNSwMxEM36WevXqkcvwSJ4kLJbBb0Uil48VrAf0F3KbJq2odlkSbKFsvSfePGgiFf/iTf/jWm7B219MPB4b4aZeVHCmTae9+2srW9sbm0Xdoq7e/sHh+7RcVPLVBHaIJJL1Y5AU84EbRhmOG0nikIccdqKRvczvzWmSjMpnswkoWEMA8H6jICxUtd1AzWU1colDkaQJFD1u27JK3tz4FXi56SEctS77lfQkySNqTCEg9Yd30tMmIEyjHA6LQappgmQEQxox1IBMdVhNr98is+t0sN9qWwJg+fq74kMYq0ncWQ7YzBDvezNxP+8Tmr6t2HGRJIaKshiUT/l2Eg8iwH3mKLE8IklQBSzt2IyBAXE2LCKNgR/+eVV0qyU/aty5fG6VLvL4yigU3SGLpCPblANPaA6aiCCxugZvaI3J3NenHfnY9G65uQzJ+gPnM8f49CShg==</latexit>

⇢ 2 {2, 5}
<latexit sha1_base64="0IEb7VyWaSQ8XvLvmUR/4bPiJZE=">AAAB+XicdVDLSsNAFL3xWesr6tLNYBFcSEjqs7uiG5cV7AOaUCbTSTt0Mgkzk0IJ/RM3LhRx65+482+cPgSfBy4czrmXe+8JU86Udt13a2FxaXlltbBWXN/Y3Nq2d3YbKskkoXWS8ES2QqwoZ4LWNdOctlJJcRxy2gwH1xO/OaRSsUTc6VFKgxj3BIsYwdpIHdv2ZT9BPhPIz8vHZ/64Y5dcp+J6lXMP/Sae405RgjlqHfvN7yYki6nQhGOl2p6b6iDHUjPC6bjoZ4qmmAxwj7YNFTimKsinl4/RoVG6KEqkKaHRVP06keNYqVEcms4Y67766U3Ev7x2pqPLIGcizTQVZLYoyjjSCZrEgLpMUqL5yBBMJDO3ItLHEhNtwiqaED4/Rf+TRtnxTpzy7WmpejWPowD7cABH4MEFVOEGalAHAkO4h0d4snLrwXq2XmatC9Z8Zg++wXr9AIzokvg=</latexit>

G, ⇢ = 1
<latexit sha1_base64="FsBSxaMWaySSj3HxxuaVFWpsezQ=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiB4kGEmipqDEPSgxwhmwWQIPZ1O0qSne+juEcKQv/DiQRGv/o03/8bOIrg+KHi8V0VVvTDmTBvPe3cyc/MLi0vZ5dzK6tr6Rn5zq6ZlogitEsmlaoRYU84ErRpmOG3EiuIo5LQeDi7Gfv2OKs2kuDHDmAYR7gnWZQQbK91eHrRUX6Iz5LfzBc8teX7p2Ee/ie96ExRghko7/9bqSJJEVBjCsdZN34tNkGJlGOF0lGslmsaYDHCPNi0VOKI6SCcXj9CeVTqoK5UtYdBE/TqR4kjrYRTazgibvv7pjcW/vGZiuqdBykScGCrIdFE34chINH4fdZiixPChJZgoZm9FpI8VJsaGlLMhfH6K/ie1ousfusXro0L5fBZHFnZgF/bBhxMowxVUoAoEBNzDIzw52nlwnp2XaWvGmc1swzc4rx8xKo/2</latexit>

 2 {1, 10}
<latexit sha1_base64="5PARm/A+JiztzGDg6RlD9/Lrs8k=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgQkLSWtrsim5cVrAPaEKZTKft0MkkzEzEEvIrblwo4tYfceffOGkrqOiBC4dz7uXee4KYUals+8MorK1vbG4Vt0s7u3v7B+ZhuSujRGDSwRGLRD9AkjDKSUdRxUg/FgSFASO9YHaV+707IiSN+K2ax8QP0YTTMcVIaWlolr0ZimPkUQ691Dl3bC8bmhXbcpv1eq0Jbcu23arb0MR1XafhQEcrOSpghfbQfPdGEU5CwhVmSMqBY8fKT5FQFDOSlbxEkhjhGZqQgaYchUT66eL2DJ5qZQTHkdDFFVyo3ydSFEo5DwPdGSI1lb+9XPzLGyRq3PRTyuNEEY6Xi8YJgyqCeRBwRAXBis01QVhQfSvEUyQQVjqukg7h61P4P+lWLadmVW8uKq3LVRxFcAxOwBlwQAO0wDVogw7A4B48gCfwbGTGo/FivC5bC8Zq5gj8gPH2CUC9k/I=</latexit>

G = 1
<latexit sha1_base64="edUuVjkwqQypNFQQKiw3aUCbUXk=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0iqqD0IRQ96rGDaQhvKZrtpl242YXcjlNDf4MWDIl79Qd78N27aCn4+GHi8N8PMvCDhTGnHebcKC4tLyyvF1dLa+sbmVnl7p6niVBLqkZjHsh1gRTkT1NNMc9pOJMVRwGkrGF3mfuuOSsVicavHCfUjPBAsZARrI3lX6By5vXLFsWuOWztx0W/i2s4UFZij0Su/dfsxSSMqNOFYqY7rJNrPsNSMcDopdVNFE0xGeEA7hgocUeVn02Mn6MAofRTG0pTQaKp+nchwpNQ4CkxnhPVQ/fRy8S+vk+rwzM+YSFJNBZktClOOdIzyz1GfSUo0HxuCiWTmVkSGWGKiTT4lE8Lnp+h/0qza7pFdvTmu1C/mcRRhD/bhEFw4hTpcQwM8IMDgHh7hyRLWg/VsvcxaC9Z8Zhe+wXr9AKvDjfM=</latexit>

Metamaterial-like behavior
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⇢ = 5, = 10
<latexit sha1_base64="JDb6jsUVtRcO4k3u5OiK+rW9bpo=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgQspMVXRTKLpxWcE+oDOUTJq2oZkkJBmljP0UNy4UceuXuPNvTNtZaOuBC4dz7uXeeyLJqDae9+3kVlbX1jfym4Wt7Z3dPbe439QiUZg0sGBCtSOkCaOcNAw1jLSlIiiOGGlFo5up33ogSlPB781YkjBGA077FCNjpa5bDNRQVC9OYTBCUqKq73Xdklf2ZoDLxM9ICWSod92voCdwEhNuMENad3xPmjBFylDMyKQQJJpIhEdoQDqWchQTHaaz0yfw2Co92BfKFjdwpv6eSFGs9TiObGeMzFAvelPxP6+TmP5VmFIuE0M4ni/qJwwaAac5wB5VBBs2tgRhRe2tEA+RQtjYtAo2BH/x5WXSrJT9s3Ll7rxUu87iyINDcAROgA8uQQ3cgjpoAAwewTN4BW/Ok/PivDsf89ack80cgD9wPn8AW6SSww==</latexit>

Stiff interface

Zero-index metamaterial?

⇢ 2 {2, 5}
<latexit sha1_base64="0IEb7VyWaSQ8XvLvmUR/4bPiJZE=">AAAB+XicdVDLSsNAFL3xWesr6tLNYBFcSEjqs7uiG5cV7AOaUCbTSTt0Mgkzk0IJ/RM3LhRx65+482+cPgSfBy4czrmXe+8JU86Udt13a2FxaXlltbBWXN/Y3Nq2d3YbKskkoXWS8ES2QqwoZ4LWNdOctlJJcRxy2gwH1xO/OaRSsUTc6VFKgxj3BIsYwdpIHdv2ZT9BPhPIz8vHZ/64Y5dcp+J6lXMP/Sae405RgjlqHfvN7yYki6nQhGOl2p6b6iDHUjPC6bjoZ4qmmAxwj7YNFTimKsinl4/RoVG6KEqkKaHRVP06keNYqVEcms4Y67766U3Ev7x2pqPLIGcizTQVZLYoyjjSCZrEgLpMUqL5yBBMJDO3ItLHEhNtwiqaED4/Rf+TRtnxTpzy7WmpejWPowD7cABH4MEFVOEGalAHAkO4h0d4snLrwXq2XmatC9Z8Zg++wXr9AIzokvg=</latexit>

G, ⇢ = 1
<latexit sha1_base64="FsBSxaMWaySSj3HxxuaVFWpsezQ=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiB4kGEmipqDEPSgxwhmwWQIPZ1O0qSne+juEcKQv/DiQRGv/o03/8bOIrg+KHi8V0VVvTDmTBvPe3cyc/MLi0vZ5dzK6tr6Rn5zq6ZlogitEsmlaoRYU84ErRpmOG3EiuIo5LQeDi7Gfv2OKs2kuDHDmAYR7gnWZQQbK91eHrRUX6Iz5LfzBc8teX7p2Ee/ie96ExRghko7/9bqSJJEVBjCsdZN34tNkGJlGOF0lGslmsaYDHCPNi0VOKI6SCcXj9CeVTqoK5UtYdBE/TqR4kjrYRTazgibvv7pjcW/vGZiuqdBykScGCrIdFE34chINH4fdZiixPChJZgoZm9FpI8VJsaGlLMhfH6K/ie1ousfusXro0L5fBZHFnZgF/bBhxMowxVUoAoEBNzDIzw52nlwnp2XaWvGmc1swzc4rx8xKo/2</latexit>

 2 {1, 10}
<latexit sha1_base64="5PARm/A+JiztzGDg6RlD9/Lrs8k=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgQkLSWtrsim5cVrAPaEKZTKft0MkkzEzEEvIrblwo4tYfceffOGkrqOiBC4dz7uXee4KYUals+8MorK1vbG4Vt0s7u3v7B+ZhuSujRGDSwRGLRD9AkjDKSUdRxUg/FgSFASO9YHaV+707IiSN+K2ax8QP0YTTMcVIaWlolr0ZimPkUQ691Dl3bC8bmhXbcpv1eq0Jbcu23arb0MR1XafhQEcrOSpghfbQfPdGEU5CwhVmSMqBY8fKT5FQFDOSlbxEkhjhGZqQgaYchUT66eL2DJ5qZQTHkdDFFVyo3ydSFEo5DwPdGSI1lb+9XPzLGyRq3PRTyuNEEY6Xi8YJgyqCeRBwRAXBis01QVhQfSvEUyQQVjqukg7h61P4P+lWLadmVW8uKq3LVRxFcAxOwBlwQAO0wDVogw7A4B48gCfwbGTGo/FivC5bC8Zq5gj8gPH2CUC9k/I=</latexit>

G = 1
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µ(0) : k̂
2
/(2⇢(0)!�

n) is real-valued, we specifically see from (38) that the germane eigenfunction �̃�
n(x) is propa-

gated with O(✏�1) phase velocity c and O(✏) group velocity cg given by

c(k̂) = ✏�1
h
!�

n + ✏2
µ(0) : k̂

2

2⇢(0)!�
n

i k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (40)

By (39), one may alternatively interpret the free Bloch wave at some (k̂, !̂(k̂)) as a product between the
standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0, and a plane-wave “propagator” endowed with O(✏)

phase velocity c and commensurate group velocity cg given by

c(k̂) = ✏
µ(0) : k̂

2

2⇢(0)!�
n

k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (41)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However, from (40) and (41)
one also finds that sign(c · cg) = 1, while sign(c ·cg) = sign(µ(0)). In situations when µ(0) is negative definite,
this highlights the contrast between (39) – designed to isolate the perturbation e↵ects, and (38) – which may
shed light on the physical phenomenon of negative refraction, a�liated with an opposition between the group
and phase velocity vectors. For clarity, the velocity quantities in (40) and (41) are schematically illustrated in
Fig. 1(a) by considering the first optical branch (n = 2).

Remark 6. Considering the acoustic branch (n = 1), we have �̃�
1 = 1, !�

1 = 0, and ! = ✏!̂ whereby

u(x, t) = ✏�2f̃ w0(k̂, !̂) ei(k̂·x�!̂t) + O(✏�1) for f̃ 6= 0,

u(x, t) = U ei(k̂·x�(µ(0):k̂
2
/⇢(0))1/2t) + O(✏) for f̃ = 0.

In this case, the leading-order e↵ective solution still carries the role of amplitude (resp. phase) control when
f 6= 0 (resp. f = 0); however the multiplier of the phase term ei(·) is x- and t-independent, which caters for
a more tangible interpretation of w0.

k

!
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.

✏k̂

!�
2

c

a = (1, 0)

a = (1, 1)a = (0, 1)

k1

k2

Y a Y a

Y aY a

⇡/`1

⇡/`2

k

!

band gap

driving 
frequency O(✏2)

and we let ⌘(1) 2
�
H1a

p0 (Ya)
�d

be the unique zero-mean vector given by

�̃a
n⇢⌘(1) + r·

�
G(r⌘(1)+ I⌘(0))

�
+ Gr⌘(0) +

⇢

⇢(0)

�
(eika·x�(1), 1)Ya

'̃a
n � heika·xi'

a�(1)
�

= 0 in Ya, (114)

⌫ · G(r⌘(1) + I⌘(0))|xj=0 = �⌫ · G(r⌘(1) + I⌘(0))|xj=(1+aj)`j
, j = 1, d.

With such definitions, we find that

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w2 �

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
w0 = �h⇢⌘(0)i'

a !̂2

+
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r'̃a

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2, (115)

where

⇢(2) = h⇢�(2)i'
a, µ(2) =

⌦
G{r�(3) + I⌦�(2)}

↵'

a
�
�
G{�(3) ⌦ r'̃a

n}, 1
�
Ya

. (116)

Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (88) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (77). Assuming that the eigenvalue �̃a

n (n > 1) solving (84)–(86) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (91) of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (117)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (106) and (116); and

M(k̂, !̂) = heika·xi'
a � ✏ (eika·x�(1), 1)Ya

· ik̂ + ✏2 �h⇢⌘(0)i'
a !̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r�̃�

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2. (118)

When considering the propagation of free waves (f̃ = 0), the second-order FW-FF approximation of the nth
dispersion branch near k = ka accordingly reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , kak + n > 1,

whereby

!
✏5
= !a

n +
✏2

2⇢(0)!a
n

µ(0) : k̂
2

� ✏4

8(⇢(0))2 (!a
n)3

�
µ(0)⌦ µ(0) + 4(!a

n)2
�
⇢(0)µ(2)� µ(0)⌦ ⇢(2)

� 
: k̂

4
, kak + n > 2.

5.5. Example application in the spatial domain

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is comparabe to the size
of the unit cell, and the basic premise of the two-scale analysis (Section 4) does not apply. Instead, we make
use of the inverse Fourier transform to obtain an e↵ective spatial description of wavefields whose spectrum
is localized in a neighborhood of (ka, !a

n). On adopting the terminology of the two-scale analysis, we denote
respectvely by x and y the “slow” and “fast” spatial coordinate, and we consider the solution

Ua(y) = F�1
d

⇥
hũia(k̂)

⇤
= (2⇡)�d

Z

Rd

hũia(k̂) eik·y dk, k̂ =
k � ka

✏

where hũia(k̂) behaves as in Theorem 2. For simplicity of discussion, we disregard the second-order corrections
in (117) and (118). On applying the inverse Fourier transform to the left-hand side of (117), we obtain

�✏d eika·x�µ(0):r2
x + �⇢(0) !̂2

�
Ua(x),
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(a) (b) (c)

Figure 1: Wave motion in a periodic medium: (a) phase and group velocities featured by the LW-FF expansion of the first optical

branch, n = 2, about k = 0; (b) schematics of the multi-cell domains Y a 2 R2
supporting the FW-FF homogenization of wave

motion about vertices of the first quadrant of the first Brioullin zone, and (c) source excitation near the edge of a band gap.

3.1.3. First-order corrector
Let �(2) 2

�
H1

p0(Y )
�d⇥d

be the unique second-order tensor solving

�̃�
n⇢�(2) + r·

�
G

�
r�(2) + {I ⌦ �(1)}0�� + G{r�(1) + I�̃�

n} � ⇢

⇢(0)
µ(0)�̃�

n = 0 in Y, (42)

⌫ · G
�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ · G

�
r�(2) + {I ⌦ �(1)}0�|xj=`j , j = 1, d,

8

“Microscopic” behavior

⇢ 2 {2, 5}
<latexit sha1_base64="0IEb7VyWaSQ8XvLvmUR/4bPiJZE=">AAAB+XicdVDLSsNAFL3xWesr6tLNYBFcSEjqs7uiG5cV7AOaUCbTSTt0Mgkzk0IJ/RM3LhRx65+482+cPgSfBy4czrmXe+8JU86Udt13a2FxaXlltbBWXN/Y3Nq2d3YbKskkoXWS8ES2QqwoZ4LWNdOctlJJcRxy2gwH1xO/OaRSsUTc6VFKgxj3BIsYwdpIHdv2ZT9BPhPIz8vHZ/64Y5dcp+J6lXMP/Sae405RgjlqHfvN7yYki6nQhGOl2p6b6iDHUjPC6bjoZ4qmmAxwj7YNFTimKsinl4/RoVG6KEqkKaHRVP06keNYqVEcms4Y67766U3Ev7x2pqPLIGcizTQVZLYoyjjSCZrEgLpMUqL5yBBMJDO3ItLHEhNtwiqaED4/Rf+TRtnxTpzy7WmpejWPowD7cABH4MEFVOEGalAHAkO4h0d4snLrwXq2XmatC9Z8Zg++wXr9AIzokvg=</latexit>

G, ⇢ = 1
<latexit sha1_base64="FsBSxaMWaySSj3HxxuaVFWpsezQ=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiB4kGEmipqDEPSgxwhmwWQIPZ1O0qSne+juEcKQv/DiQRGv/o03/8bOIrg+KHi8V0VVvTDmTBvPe3cyc/MLi0vZ5dzK6tr6Rn5zq6ZlogitEsmlaoRYU84ErRpmOG3EiuIo5LQeDi7Gfv2OKs2kuDHDmAYR7gnWZQQbK91eHrRUX6Iz5LfzBc8teX7p2Ee/ie96ExRghko7/9bqSJJEVBjCsdZN34tNkGJlGOF0lGslmsaYDHCPNi0VOKI6SCcXj9CeVTqoK5UtYdBE/TqR4kjrYRTazgibvv7pjcW/vGZiuqdBykScGCrIdFE34chINH4fdZiixPChJZgoZm9FpI8VJsaGlLMhfH6K/ie1ousfusXro0L5fBZHFnZgF/bBhxMowxVUoAoEBNzDIzw52nlwnp2XaWvGmc1swzc4rx8xKo/2</latexit>

 2 {1, 10}
<latexit sha1_base64="5PARm/A+JiztzGDg6RlD9/Lrs8k=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgQkLSWtrsim5cVrAPaEKZTKft0MkkzEzEEvIrblwo4tYfceffOGkrqOiBC4dz7uXee4KYUals+8MorK1vbG4Vt0s7u3v7B+ZhuSujRGDSwRGLRD9AkjDKSUdRxUg/FgSFASO9YHaV+707IiSN+K2ax8QP0YTTMcVIaWlolr0ZimPkUQ691Dl3bC8bmhXbcpv1eq0Jbcu23arb0MR1XafhQEcrOSpghfbQfPdGEU5CwhVmSMqBY8fKT5FQFDOSlbxEkhjhGZqQgaYchUT66eL2DJ5qZQTHkdDFFVyo3ydSFEo5DwPdGSI1lb+9XPzLGyRq3PRTyuNEEY6Xi8YJgyqCeRBwRAXBis01QVhQfSvEUyQQVjqukg7h61P4P+lWLadmVW8uKq3LVRxFcAxOwBlwQAO0wDVogw7A4B48gCfwbGTGo/FivC5bC8Zq5gj8gPH2CUC9k/I=</latexit>

G = 1
<latexit sha1_base64="edUuVjkwqQypNFQQKiw3aUCbUXk=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0iqqD0IRQ96rGDaQhvKZrtpl242YXcjlNDf4MWDIl79Qd78N27aCn4+GHi8N8PMvCDhTGnHebcKC4tLyyvF1dLa+sbmVnl7p6niVBLqkZjHsh1gRTkT1NNMc9pOJMVRwGkrGF3mfuuOSsVicavHCfUjPBAsZARrI3lX6By5vXLFsWuOWztx0W/i2s4UFZij0Su/dfsxSSMqNOFYqY7rJNrPsNSMcDopdVNFE0xGeEA7hgocUeVn02Mn6MAofRTG0pTQaKp+nchwpNQ4CkxnhPVQ/fRy8S+vk+rwzM+YSFJNBZktClOOdIzyz1GfSUo0HxuCiWTmVkSGWGKiTT4lE8Lnp+h/0qza7pFdvTmu1C/mcRRhD/bhEFw4hTpcQwM8IMDgHh7hyRLWg/VsvcxaC9Z8Zhe+wXr9AKvDjfM=</latexit>

Ansatz
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analysis to allow for finite-wavenumber, finite-frequency (FW-FF) expansion about the “corners” ka

of B, and situations when the eigenvalue �̃n(k
a) is repeated, respectively.

With reference to (2.15), we introduce the auxiliary “zero-mean” function space

H1
p0(Y ) = {g 2H1

p (Y ) : hgi= 0}, (2.16)

where the choice of n> 1 is implicit in the definition of h·i.

Lemma 1. Let ũ solve (2.4)–(2.5) where f̃ is a constant. Provided that !2 6= �̃m 8m, we have

ũ = f̃ w̃ and hũi = f̃ hw̃i.

3. LW-FF approximation near the origin of the first Brillouin zone
In principle, either the two-scale homogenization approach [31] or the asymptotically-expanded
Willis’ model [20] can be used to approximate the mean motion in a neighborhood of the acoustic
branch, != �̃

1/2
1 (k), at long wavelengths where kkk⌧ |Y |�1/d. With reference to the scalar

wave equation (2.1), we seek the long-wavelength description of the effective field hui in a
neighborhood of the nth branch, != �̃

1/2
n (k), for n> 1. Accordingly, we describe the featured

long-wavelength, finite-frequency (LW-FF) regime via scalings

k = ✏k̂, !2 = �̃�
n + ✏2�!̂2, �̃�

n = �̃n(0), ✏ = o(1), �=±1 (3.1)

where �̃�
n > 0 is such that

�r·
�
Gr�̃�

n
�
= �̃�

n⇢�̃
�
n in Y, (3.2)

⌫ ·Gr�̃�
n|xj=0 = �⌫ ·Gr�̃�

n|xj=`j
, (3.3)

and �̃�
n2H1

p (Y ) are orthogonal in L2
⇢(Y ). For the time being, we assume that �̃�

n to be simple.

Remark 2. Concerning the frequency scaling in (3.1), for n> 1 we have != !�
n + ✏2�!̂2/(2!�

n) +

O(✏4), where !�
n = (�̃�

n)
1/2. This is motivated by the observation that optical branches have zero initial

slope, d!/dk= 0, at k= 0 when �̃�
n is simple [26], see also [9] for the mathematical analysis in R2.

When f̃ = 0 in (2.4), the sign factor � in (3.1) accordingly accounts for the possibility that the initial
curvature of a given optical branch can be either positive or negative. When f̃ 6= 0, on the other hand, the
pair (k,!) is given a priori (say in a neighborhood of the nth branch) and we take �= sign(! � !�

n).

Lemma 2. The solution of (3.2)–(3.3) is characterized by arg(�̃�
n(x)) = const. for x2 Y . Accordingly

we can take �̃�
n(x) to be real-valued without loss of generality. See Appendix A (electronic supplementary

material) for proof.

(a) Asymptotic expansion at finite frequency
On recalling (2.7)–(2.8) and assuming the LW-FF regime (3.1), we find that w̃ 2H1

p (Y ) solves

�(�̃�
n+✏2�!̂2)⇢w̃ �

�
r+✏ik̂

�
·
�
G(r+✏ik̂)w̃

�
= 1 in Y, (3.4)

⌫ ·G(r+✏ik̂)w̃|xj=0 = �⌫ ·G(r+✏ik̂)w̃|xj=`j
. (3.5)

Consider next the asymptotic expansion

w̃(x) = ✏�2w̃0(x) + ✏�1w̃1(x) + w̃2(x) + ✏w̃3(x) + · · · , (3.6)

by which (3.4)–(3.5) become a series in ✏. In what follows, the differential equations satisfied by
w̃m in Y (m> 0) are subject to implicit periodic boundary conditions

w̃m|xj=0 = w̃m|xj=`j
,

⌫ ·G(rw̃m + ik̂w̃m�1)|xj=0 = �⌫ ·G(rw̃m + ik̂w̃m�1)|xj=`j
,

(3.7)
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where w̃�1 ⌘ 0.

In the sequel, we conveniently denote by wm the respective constants of integration when
solving for w̃m(x). With reference to (2.15) and (3.6), we specifically seek wm as

wm = hw̃mi = (w̃m, �̃�
n), m> 0 (3.8)

so that
hw̃i = ✏�2w0 + ✏�1w1 + w2 + ✏w3 + · · · . (3.9)

(i) Leading-order approximation

The O(✏�2) contribution stemming from (3.4) and (3.6) reads

��̃�
n⇢w̃0 �r·

�
Grw̃0

�
= 0 in Y. (3.10)

By virtue of (3.2)–(3.3) and (3.7) with m= 0, we have

w̃0(x) = w0 �̃
�
n(x), (3.11)

where w0 is a constant to be determined. By the earlier premise that k�̃�
nk=1, one immediately

finds hw̃0i=w0 as postulated by (3.8).
Similarly, the O(✏�1) equality can be identified as

��̃�
n⇢w̃1 �r·

�
G(rw̃1 + ik̂w̃0)

�
� ik̂ ·

�
Grw̃0

�
= 0 in Y. (3.12)

This equation is solved by

w̃1(x) = w0�
(1)(x)· ik̂ + w1 �̃

�
n(x) (3.13)

where w1 is a constant, and �(1)2 (H1
p0(Y ))d is a unique vector that satisfies

�̃�
n⇢�

(1) +r·
�
G(r�(1)+ I�̃�

n)
�
+Gr�̃�

n = 0 in Y, (3.14)

⌫ ·G(r�(1)+ I�̃�
n)|xj=0 = �⌫ ·G(r�(1)+ I�̃�

n)|xj=`j
.

Note that (3.14) is solvable since one can show that r·(GI�̃�
n) +Gr�̃�

n is orthogonal to �̃�
n.

In a similar fashion, the solvability condition can be demonstrated to hold for all subsequent
cell problems and will not be discussed hereon. We also remark that the above expressions for
w̃0 and w̃1 are branch-generic, including the case of the acoustic branch (n= 1) where �̃�

1 = 0

and �̃�
1 = 1, see [20,31] for example.

Lemma 3. Cell function �(1) is real-valued. See Appendix A, electronic supplementary material, for proof.

Proceeding with the cascade of differential equations, the O(1) equation reads

��̃�
n⇢w̃2 �r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂·

�
G(rw̃1 + ik̂w̃0)

�
� �!̂2⇢w̃0 = 1 in Y. (3.15)

To help expose the behavior of w0, we next evaluate the inner product of (3.15) with �̃�
n, i.e.

�
� �̃�

n⇢w̃2 �r·
�
G(rw̃2+ ik̂w̃1)

�
, �̃�

n
�
=

�
ik̂·

�
G(rw̃1+ ik̂w̃0)

�
, �̃�

n
�
+ �!̂2h⇢�̃�

niw0 + h1i.
(3.16)

On deploying repeated integration by parts and recalling (3.2), the second term on the left-hand
side of (3.16) is computed as

�
�
r·

�
G(rw̃2 + ik̂w̃1)

�
, �̃�

n
�
=

�
G(rw̃2 + ik̂w̃1),r�̃�

n
�

= �
�
w̃2,r·

�
G(r�̃�

n
��

+
�
ik̂Gw̃1 ,r�̃�

n
�
=

�
w̃2, �̃

�
n⇢�̃

�
n
�
+

�
ik̂Gw̃1 ,r�̃�

n
�
. (3.17)

By (3.13) and (3.17), the left-hand side of (3.16) becomes
�
ik̂Gw̃1,r�̃�

n
�
= w0

�
G�(1) ⌦r�̃�

n, 1
�
: (ik̂)2 + w1

�
ik̂G�̃�

n,r�̃�
n
�
,

 ! × ϵ−2

 ! × ϵ−1
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while its right-hand side reads

w0
�
Gr�(1), �̃�

n
�
: (ik̂)2 + w1

�
ik̂·(Gr�̃�

n), �̃
�
n
�
+ w0

�
G�̃�

nI, �̃
�
n
�
: (ik̂)2 + �!̂2h⇢�̃�

niw0 + h1i.

From the last two results and the fact that �̃�
n is real-valued, we find that w0 solves

�
�
µ(0): (ik̂)2 + �⇢(0) !̂2�w0 = h1i, (3.18)

where the effective coefficients

⇢(0) = h⇢�̃�
ni, µ(0) =

⌦
G{r�(1) + I�̃�

n}
↵
�

�
G{�(1) ⌦r�̃�

n}, 1
�

(3.19)

are real-valued thanks to Lemma 2 and Lemma 3. In (3.19) and hereafter, {·} denotes tensor
averaging over all index permutations; in particular for an nth-order tensor ⌧ , one has

{⌧}j1,j2,...jn =
1
n!

X

(l1,l2,...ln)2P

⌧ l1,l2,...ln , j1, j2, . . . jn 2 1, d

where P denotes the set of all permutations of (j1, j2, . . . jn). Such averaged expression for µ(0) is
due to the structure of µ(0): (ik̂)2, which is invariant with respect to the index permutation of µ(0).
Later on, we will also make use of the partial symmetrization

{⌧}0
j1,j2,...jn

=
1

(n�1)!

X

(l2,...ln)2Q

⌧ j1,l2,...ln , j1, j2, . . . jn 2 1, d

where Q denotes the set of all permutations of (j2, j3, . . . jn). Note that assuming the acoustic
branch (�̃�

1 = 1) in (3.19), one recovers the well-known result ⇢(0) = h⇢i and µ(0) = hG{r�(1) + I}i.

Remark 3. With reference to Lemma 1, we first recall that (3.18) caters for an effective description of (2.4)
with f̃ 6= 0. In this case, we assume that µ(0):(ik̂)2 + �⇢(0) !̂2 6= 0 so that (3.18) has a solution. By way
of (3.6) and (3.11), the leading LW-FF approximation of the Bloch wave function ũ in (2.3) can thus be
written as ũ0 = ✏�2f̃ w̃0 = ✏�2f̃w0 �̃

�
n. Following the recent argument by Willis [34], we find that the

mean (total) energy density of a Bloch wave (2.3) – averaged in space over Y and time over 2⇡/! – is given
by Ē = 1

2!
2(⇢u, u) = 1

2!
2(⇢ũ, ũ). Its leading LW-FF approximation thus reads Ē0 =

1
2!

2(⇢ũ0, ũ0) =

✏�4 1
2⇢

(0)!2|f̃w0|2, which lends further credence to (3.18) as an effective descriptor of wave motion.

Remark 4. Considering the free Bloch waves solving (2.4) with f̃ = 0, from (3.18) we directly obtain the
leading LW-FF approximation of the nth dispersion branch, !(k) = !�

n + ✏2�!̂2(k̂)/(2!�
n), by solving

the primal problem
µ(0): (ik̂)2 + �⇢(0) !̂2 = 0. (3.20)

To obtain a real-valued root for !̂, one must take �= sign(µ(0)), where sign(·)2 {�1, 1} reflects the sign
definiteness of its argument.

(ii) First-order corrector

Let �(2) 2
�
H1

p0(Y )
�d⇥d be the unique second-order tensor solving

�̃�
n⇢�

(2) +r·
�
G
�
r�(2) + {I ⌦ �(1)}0��+G{r�(1) + I�̃�

n}�
⇢
⇢(0)

µ(0)�̃�
n = 0 in Y, (3.21)

⌫ ·G
�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ ·G

�
r�(2) + {I ⌦ �(1)}0�|xj=`j

,

and let ⌘(0) 2H1
p0(Y ) be the unique function satisfying

�̃�
n⇢⌘

(0) +r·
�
Gr⌘(0)�� ⇢

⇢(0)
h1i�̃�

n + 1 = 0 in Y, (3.22)

⌫ ·Gr⌘(0)|xj=0 = �⌫ ·Gr⌘(0)|xj=`j
.

With such definitions, one can show that (3.15) is solved by

w̃2(x) = w0�
(2)(x) : (ik̂)2 + w1�

(1)(x) · ik̂ + w2 �̃
�
n(x) + ⌘(0)(x). (3.23)
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Lemma 4. The following identity holds

hGr⌘(0)i � (G⌘(0),r�̃�
n) =

h1i
⇢(0)

⇢(1) � (�(1), 1).

See Appendix A, electronic supplementary material, for proof.

Proceeding with the asymptotic analysis, the O(✏) statement stemming from (3.4) is found as

��̃�
n⇢w̃3 �r·

�
G(rw̃3 + ik̂w̃2)

�
� ik̂·

�
G(rw̃2 + ik̂w̃1)

�
� �!̂2⇢w̃1 = 0 in Y. (3.24)

To help compute w1, we next evaluate the inner product of (3.24) with �̃�
n, namely

�
� �̃�

n⇢w̃3 �r·
�
G(rw̃3+ ik̂w̃2)

�
, �̃�

n
�
=

�
ik̂·

�
G(rw̃2+ ik̂w̃1)

�
, �̃�

n
�
+ �!̂2h⇢w̃1i. (3.25)

Integrating (3.25) by parts twice and making use of (3.11), (3.13), (3.23) and Lemma 4, we obtain
the governing equation for w1 as

�
�
µ(0): (ik̂)2 + �⇢(0) !̂2�w1 �

�
µ(1): (ik̂)3 + �⇢(1)·ik̂ !̂2�w0 =

⇣ h1i
⇢(0)

⇢(1) � (�(1), 1)
⌘
· ik̂ (3.26)

where

⇢(1) = h⇢�(1)i, µ(1) =
⌦
G{r�(2) + I⌦�(1)}

↵
�

�
G{�(2) ⌦r�̃�

n}, 1
�
. (3.27)

Remark 5. Thanks to the fact that �(1) is real-valued, one can show by following the proof of Lemma 3 that
�(2) is real-valued as well. As a result, ⇢(1) 2Rd and µ(1) 2Rd⇥d⇥d.

Lemma 5. The homogenization coefficients in (3.27) satisfy the identity

⇢(0)µ(1) = {⇢(1)⌦ µ(0)}, (3.28)

which reduces (3.26) to

�
�
µ(0): (ik̂)2 + �⇢(0) !̂2�w1 = � (�(1), 1) · ik̂. (3.29)

See Appendix A (electronic supplementary material) for proof.

(iii) Second-order corrector

Let �(3) 2
�
H1

p0(Y )
�d⇥d⇥d be the unique “zero-mean” third-order tensor solving

�̃�
n⇢�

(3) +r·
�
G
�
r�(3) + {I ⌦ �(2)}0��+G{r�(2)+ I ⌦ �(1)}� ⇢

⇢(0)
{µ(0)⌦ �(1)} = 0 in Y, (3.30)

⌫ ·G
�
r�(3) + {I ⌦ �(2)}0�|xj=0 = �⌫ ·G

�
r�(3) + {I ⌦ �(2)}0�|xj=`j

,

and let ⌘(1) 2
�
H1

p0(Y )
�d be the unique “zero-mean” vector given by

�̃�
n⇢⌘

(1) +r·
�
G(r⌘(1) + I⌘(0))

�
+Gr⌘(0) +

⇢
⇢(0)

�
(�(1), 1)�̃�

n � h1i�(1)� = 0 in Y, (3.31)

⌫ ·G(r⌘(1) + I⌘(0))|xj=0 = �⌫ ·G(r⌘(1) + I⌘(0))|xj=`j
.

By virtue of (3.30) and (3.31), (3.24) is solved by

w̃3(x) = w0�
(3)(x) : (ik̂)3 + w1�

(2)(x) : (ik̂)2 + w2�
(1)(x) · ik̂ + w3 �̃

�
n(x) + ⌘(1)(x) · ik̂.

(3.32)
To compute w2, we next recall the O(✏2) contribution to (3.4), i.e.

��̃�
n⇢w̃4 �r·

�
G(rw̃4 + ik̂w̃3)

�
� ik̂·

�
G(rw̃3 + ik̂w̃2)

�
� �!̂2⇢w̃2 = 0 in Y. (3.33)
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Averaging this result in the sense of (2.15) yields the equation for constant w2 as

�
�
µ(0): (ik̂)2 + �⇢(0) !̂2�w2 �

�
µ(2): (ik̂)4 + �⇢(2): (ik̂)2!̂2�w0 = �h⇢⌘(0)i!̂2

+
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵
�

�
G{⌘(1)⌦r�̃�

n}, 1
�
+

1
⇢(0)

{⇢(1)⌦ (�(1), 1)}
⌘
: (ik̂)2, (3.34)

where

⇢(2) = h⇢�(2)i, µ(2) =
⌦
G{r�(3) + I⌦�(2)}

↵
�

�
G{�(3) ⌦r�̃�

n}, 1
�
. (3.35)

Remark 6. In line with earlier arguments, we find that �(3): Y ! Rd⇥d⇥d, ⌘(0): Y ! R, ⌘(1): Y ! Rd,
⇢(2) 2Rd⇥d, and µ(2) 2Rd⇥d⇥d⇥d.

Theorem 1. Consider the effective wave motion hũi in the sense of (2.15), where the Bloch wave function ũ

solves (2.4) with f̃ 6= 0. Assuming that the eigenvalue �̃�
n (n> 1) in (3.2) has multiplicity one, the second-

order LW-FF approximation of hũi in a neighborhood (3.1) of (0,!�
n) satisfies

�
�
µ(0): (ik̂)2 + �⇢(0) !̂2�hũi � ✏2

�
µ(2): (ik̂)4 + �⇢(2): (ik̂)2!̂2�hũi ✏

= ✏�2f̃ M(k̂, !̂), (3.36)

where “ ✏
=” signifies equality with an O(✏) residual, and

M(k̂, !̂) = h1i � ✏ (�(1), 1) · ik̂ + ✏2�h⇢⌘(0)i!̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵
�

�
G{⌘(1)⌦r�̃�

n}, 1
�
+

1
⇢(0)

{⇢(1)⌦ (�(1), 1)}
⌘
: (ik̂)2. (3.37)

When considering the propagation of free waves (f̃ = 0), on the other hand, the second-order LW-FF
approximation of the nth dispersion branch reads

�!̂2 ✏3
=

µ(0): k̂
2 � ✏2µ(2): k̂

4

⇢(0) � ✏2⇢(2): k̂
2 , n> 1. (3.38)

Proof. From Lemma 1 and (3.9), we see that hũi= f̃(✏�2w0 + ✏�1w1 + w2) +O(✏). On computing
the weighed sum f̃(✏�2(3.18) + ✏�1(3.29) + (3.34)), we recover (3.36) and thus (3.38).

4. FW-FF approximation near “corners” of the first Brillouin zone
In what follows, we focus our attention on obtaining an effective description of wave motion
inside the first “quadrant” of the first Brillouin zone, B= {(k : |kj |< ⇡/`j}, namely B+ = {k : 0<

kj < ⇡/`j}. The asymptotic treatment of B\B+, as needed, can be performed in an analogous way.

(a) Eigenfunction basis
With reference to (2.2), consider the apexes of B+ given by

ka =
dX

j=1

aj
⇡
`j

ej , a= (a1, a2, . . . ad), aj 2 {0, 1}, (4.1)

where ej is the unit vector in the jth coordinate direction. At each such vertex, eigenfunction
�̃a

n 2H1
p (Y ) corresponding to the nth solution branch satisfies

� (r+ika)·
�
G(r+ika)�̃a

n
�
= �̃a

n⇢ �̃a
n in Y, (4.2)

⌫ ·G(r+ika)�̃a
n|xj=0 = �⌫ ·G(r+ika)�̃a

n|xj=`j
. (4.3)

Letting

�̃a
n(x) = '̃a

n(x)e
�ika·x in Y, (4.4)

+ . . .
<latexit sha1_base64="APTZnFrj3NO9YL7gCQIpjBe2Lgc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQkmqoMeiF48V7Ae0oWw2m3bpJht3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/nZXVtfWNzcJWcXtnd2+/dHDYNCrTjDeYkkq3A2q4FAlvoEDJ26nmNA4kbwXD26nfeuLaCJU84Cjlfkz7iYgEo2il9jnpylCh6ZXKbsWdgSwTLydlyFHvlb66oWJZzBNkkhrT8dwU/THVKJjkk2I3MzylbEj7vGNpQmNu/PHs3gk5tUpIIqVtJUhm6u+JMY2NGcWB7YwpDsyiNxX/8zoZRtf+WCRphjxh80VRJgkqMn2ehEJzhnJkCWVa2FsJG1BNGdqIijYEb/HlZdKsVryLSvX+sly7yeMowDGcwBl4cAU1uIM6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz9684+b</latexit>
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where w̃�1 ⌘ 0.
In the sequel, we conveniently denote by wm the respective constants of integration when

solving for w̃m(x). With reference to (2.15) and (3.6), we specifically seek wm as

wm = hw̃mi = (w̃m, �̃�
n), m> 0 (3.8)

so that
hw̃i = ✏�2w0 + ✏�1w1 + w2 + ✏w3 + · · · . (3.9)

(i) Leading-order approximation

The O(✏�2) contribution stemming from (3.4) and (3.6) reads

��̃�
n⇢w̃0 �r·

�
Grw̃0

�
= 0 in Y. (3.10)

By virtue of (3.2)–(3.3) and (3.7) with m= 0, we have

w̃0(x) = w0 �̃
�
n(x), (3.11)

where w0 is a constant to be determined. By the earlier premise that k�̃�
nk=1, one immediately

finds hw̃0i=w0 as postulated by (3.8).
Similarly, the O(✏�1) equality can be identified as

��̃�
n⇢w̃1 �r·

�
G(rw̃1 + ik̂w̃0)

�
� ik̂ ·

�
Grw̃0

�
= 0 in Y. (3.12)

This equation is solved by

w̃1(x) = w0�
(1)(x)· ik̂ + w1 �̃

�
n(x) (3.13)

where w1 is a constant, and �(1)2 (H1
p0(Y ))d is a unique vector that satisfies

�̃�
n⇢�

(1) +r·
�
G(r�(1)+ I�̃�

n)
�
+Gr�̃�

n = 0 in Y, (3.14)

⌫ ·G(r�(1)+ I�̃�
n)|xj=0 = �⌫ ·G(r�(1)+ I�̃�

n)|xj=`j
.

Note that (3.14) is solvable since one can show that r·(GI�̃�
n) +Gr�̃�

n is orthogonal to �̃�
n.

In a similar fashion, the solvability condition can be demonstrated to hold for all subsequent
cell problems and will not be discussed hereon. We also remark that the above expressions for
w̃0 and w̃1 are branch-generic, including the case of the acoustic branch (n= 1) where �̃�

1 = 0

and �̃�
1 = 1, see [20,31] for example.

Lemma 3. Cell function �(1) is real-valued. See Appendix A, electronic supplementary material, for proof.

Proceeding with the cascade of differential equations, the O(1) equation reads

��̃�
n⇢w̃2 �r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂·

�
G(rw̃1 + ik̂w̃0)

�
� �!̂2⇢w̃0 = 1 in Y. (3.15)

To help expose the behavior of w0, we next evaluate the inner product of (3.15) with �̃�
n, i.e.

�
� �̃�

n⇢w̃2 �r·
�
G(rw̃2+ ik̂w̃1)

�
, �̃�

n
�
=

�
ik̂·

�
G(rw̃1+ ik̂w̃0)

�
, �̃�

n
�
+ �!̂2h⇢�̃�

niw0 + h1i.
(3.16)

On deploying repeated integration by parts and recalling (3.2), the second term on the left-hand
side of (3.16) is computed as

�
�
r·

�
G(rw̃2 + ik̂w̃1)

�
, �̃�

n
�
=

�
G(rw̃2 + ik̂w̃1),r�̃�

n
�

= �
�
w̃2,r·

�
G(r�̃�

n
��

+
�
ik̂Gw̃1 ,r�̃�

n
�
=

�
w̃2, �̃

�
n⇢�̃

�
n
�
+

�
ik̂Gw̃1 ,r�̃�

n
�
. (3.17)

By (3.13) and (3.17), the left-hand side of (3.16) becomes
�
ik̂Gw̃1,r�̃�

n
�
= w0

�
G�(1) ⌦r�̃�

n, 1
�
: (ik̂)2 + w1

�
ik̂G�̃�

n,r�̃�
n
�
,
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where w̃�1 ⌘ 0.
In the sequel, we conveniently denote by wm the respective constants of integration when

solving for w̃m(x). With reference to (2.15) and (3.6), we specifically seek wm as

wm = hw̃mi = (w̃m, �̃�
n), m> 0 (3.8)

so that
hw̃i = ✏�2w0 + ✏�1w1 + w2 + ✏w3 + · · · . (3.9)

(i) Leading-order approximation

The O(✏�2) contribution stemming from (3.4) and (3.6) reads

��̃�
n⇢w̃0 �r·

�
Grw̃0

�
= 0 in Y. (3.10)

By virtue of (3.2)–(3.3) and (3.7) with m= 0, we have

w̃0(x) = w0 �̃
�
n(x), (3.11)

where w0 is a constant to be determined. By the earlier premise that k�̃�
nk=1, one immediately

finds hw̃0i=w0 as postulated by (3.8).
Similarly, the O(✏�1) equality can be identified as

��̃�
n⇢w̃1 �r·

�
G(rw̃1 + ik̂w̃0)

�
� ik̂ ·

�
Grw̃0

�
= 0 in Y. (3.12)

This equation is solved by

w̃1(x) = w0�
(1)(x)· ik̂ + w1 �̃

�
n(x) (3.13)

where w1 is a constant, and �(1)2 (H1
p0(Y ))d is a unique vector that satisfies

�̃�
n⇢�

(1) +r·
�
G(r�(1)+ I�̃�

n)
�
+Gr�̃�

n = 0 in Y, (3.14)

⌫ ·G(r�(1)+ I�̃�
n)|xj=0 = �⌫ ·G(r�(1)+ I�̃�

n)|xj=`j
.

Note that (3.14) is solvable since one can show that r·(GI�̃�
n) +Gr�̃�

n is orthogonal to �̃�
n.

In a similar fashion, the solvability condition can be demonstrated to hold for all subsequent
cell problems and will not be discussed hereon. We also remark that the above expressions for
w̃0 and w̃1 are branch-generic, including the case of the acoustic branch (n= 1) where �̃�

1 = 0

and �̃�
1 = 1, see [20,31] for example.

Lemma 3. Cell function �(1) is real-valued. See Appendix A, electronic supplementary material, for proof.

Proceeding with the cascade of differential equations, the O(1) equation reads

��̃�
n⇢w̃2 �r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂·

�
G(rw̃1 + ik̂w̃0)

�
� �!̂2⇢w̃0 = 1 in Y. (3.15)

To help expose the behavior of w0, we next evaluate the inner product of (3.15) with �̃�
n, i.e.

�
� �̃�

n⇢w̃2 �r·
�
G(rw̃2+ ik̂w̃1)

�
, �̃�

n
�
=

�
ik̂·

�
G(rw̃1+ ik̂w̃0)

�
, �̃�

n
�
+ �!̂2h⇢�̃�

niw0 + h1i.
(3.16)

On deploying repeated integration by parts and recalling (3.2), the second term on the left-hand
side of (3.16) is computed as

�
�
r·

�
G(rw̃2 + ik̂w̃1)

�
, �̃�

n
�
=

�
G(rw̃2 + ik̂w̃1),r�̃�

n
�

= �
�
w̃2,r·

�
G(r�̃�

n
��

+
�
ik̂Gw̃1 ,r�̃�

n
�
=

�
w̃2, �̃

�
n⇢�̃

�
n
�
+

�
ik̂Gw̃1 ,r�̃�

n
�
. (3.17)

By (3.13) and (3.17), the left-hand side of (3.16) becomes
�
ik̂Gw̃1,r�̃�

n
�
= w0

�
G�(1) ⌦r�̃�

n, 1
�
: (ik̂)2 + w1

�
ik̂G�̃�

n,r�̃�
n
�
,
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while its right-hand side reads

w0
�
Gr�(1), �̃�

n
�
: (ik̂)2 + w1

�
ik̂·(Gr�̃�

n), �̃
�
n
�
+ w0

�
G�̃�

nI, �̃
�
n
�
: (ik̂)2 + �!̂2h⇢�̃�

niw0 + h1i.

From the last two results and the fact that �̃�
n is real-valued, we find that w0 solves

�
�
µ(0): (ik̂)2 + �⇢(0) !̂2�w0 = h1i, (3.18)

where the effective coefficients

⇢(0) = h⇢�̃�
ni, µ(0) =

⌦
G{r�(1) + I�̃�

n}
↵
�

�
G{�(1) ⌦r�̃�

n}, 1
�

(3.19)

are real-valued thanks to Lemma 2 and Lemma 3. In (3.19) and hereafter, {·} denotes tensor
averaging over all index permutations; in particular for an nth-order tensor ⌧ , one has

{⌧}j1,j2,...jn =
1
n!

X

(l1,l2,...ln)2P

⌧ l1,l2,...ln , j1, j2, . . . jn 2 1, d

where P denotes the set of all permutations of (j1, j2, . . . jn). Such averaged expression for µ(0) is
due to the structure of µ(0): (ik̂)2, which is invariant with respect to the index permutation of µ(0).
Later on, we will also make use of the partial symmetrization

{⌧}0
j1,j2,...jn

=
1

(n�1)!

X

(l2,...ln)2Q

⌧ j1,l2,...ln , j1, j2, . . . jn 2 1, d

where Q denotes the set of all permutations of (j2, j3, . . . jn). Note that assuming the acoustic
branch (�̃�

1 = 1) in (3.19), one recovers the well-known result ⇢(0) = h⇢i and µ(0) = hG{r�(1) + I}i.

Remark 3. With reference to Lemma 1, we first recall that (3.18) caters for an effective description of (2.4)
with f̃ 6= 0. In this case, we assume that µ(0):(ik̂)2 + �⇢(0) !̂2 6= 0 so that (3.18) has a solution. By way
of (3.6) and (3.11), the leading LW-FF approximation of the Bloch wave function ũ in (2.3) can thus be
written as ũ0 = ✏�2f̃ w̃0 = ✏�2f̃w0 �̃

�
n. Following the recent argument by Willis [34], we find that the

mean (total) energy density of a Bloch wave (2.3) – averaged in space over Y and time over 2⇡/! – is given
by Ē = 1

2!
2(⇢u, u) = 1

2!
2(⇢ũ, ũ). Its leading LW-FF approximation thus reads Ē0 =

1
2!

2(⇢ũ0, ũ0) =

✏�4 1
2⇢

(0)!2|f̃w0|2, which lends further credence to (3.18) as an effective descriptor of wave motion.

Remark 4. Considering the free Bloch waves solving (2.4) with f̃ = 0, from (3.18) we directly obtain the
leading LW-FF approximation of the nth dispersion branch, !(k) = !�

n + ✏2�!̂2(k̂)/(2!�
n), by solving

the primal problem
µ(0): (ik̂)2 + �⇢(0) !̂2 = 0. (3.20)

To obtain a real-valued root for !̂, one must take �= sign(µ(0)), where sign(·)2 {�1, 1} reflects the sign
definiteness of its argument.

(ii) First-order corrector

Let �(2) 2
�
H1

p0(Y )
�d⇥d be the unique second-order tensor solving

�̃�
n⇢�

(2) +r·
�
G
�
r�(2) + {I ⌦ �(1)}0��+G{r�(1) + I�̃�

n}�
⇢
⇢(0)

µ(0)�̃�
n = 0 in Y, (3.21)

⌫ ·G
�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ ·G

�
r�(2) + {I ⌦ �(1)}0�|xj=`j

,

and let ⌘(0) 2H1
p0(Y ) be the unique function satisfying

�̃�
n⇢⌘

(0) +r·
�
Gr⌘(0)�� ⇢

⇢(0)
h1i�̃�

n + 1 = 0 in Y, (3.22)

⌫ ·Gr⌘(0)|xj=0 = �⌫ ·Gr⌘(0)|xj=`j
.

With such definitions, one can show that (3.15) is solved by

w̃2(x) = w0�
(2)(x) : (ik̂)2 + w1�

(1)(x) · ik̂ + w2 �̃
�
n(x) + ⌘(0)(x). (3.23)

Macro

Micro



µ(0) : k̂
2
/(2⇢(0)!�

n) is real-valued, we specifically see from (38) that the germane eigenfunction �̃�
n(x) is propa-

gated with O(✏�1) phase velocity c and O(✏) group velocity cg given by

c(k̂) = ✏�1
h
!�

n + ✏2
µ(0) : k̂

2

2⇢(0)!�
n

i k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (40)

By (39), one may alternatively interpret the free Bloch wave at some (k̂, !̂(k̂)) as a product between the
standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0, and a plane-wave “propagator” endowed with O(✏)

phase velocity c and commensurate group velocity cg given by

c(k̂) = ✏
µ(0) : k̂

2

2⇢(0)!�
n

k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (41)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However, from (40) and (41)
one also finds that sign(c · cg) = 1, while sign(c ·cg) = sign(µ(0)). In situations when µ(0) is negative definite,
this highlights the contrast between (39) – designed to isolate the perturbation e↵ects, and (38) – which may
shed light on the physical phenomenon of negative refraction, a�liated with an opposition between the group
and phase velocity vectors. For clarity, the velocity quantities in (40) and (41) are schematically illustrated in
Fig. 1(a) by considering the first optical branch (n = 2).

Remark 6. Considering the acoustic branch (n = 1), we have �̃�
1 = 1, !�

1 = 0, and ! = ✏!̂ whereby

u(x, t) = ✏�2f̃ w0(k̂, !̂) ei(k̂·x�!̂t) + O(✏�1) for f̃ 6= 0,

u(x, t) = U ei(k̂·x�(µ(0):k̂
2
/⇢(0))1/2t) + O(✏) for f̃ = 0.

In this case, the leading-order e↵ective solution still carries the role of amplitude (resp. phase) control when
f 6= 0 (resp. f = 0); however the multiplier of the phase term ei(·) is x- and t-independent, which caters for
a more tangible interpretation of w0.

k

!
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read
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R :(k̂)2

2�0��
n
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a
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2�0��
n�c� c.
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1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
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= U
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nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.

✏k̂

!�
2

c

a = (1, 0)

a = (1, 1)a = (0, 1)

k1

k2

Y a Y a

Y aY a

⇡/`1

⇡/`2

k

!

band gap

driving 
frequency O(✏2)

and we let ⌘(1) 2
�
H1a

p0 (Ya)
�d

be the unique zero-mean vector given by

�̃a
n⇢⌘(1) + r·

�
G(r⌘(1)+ I⌘(0))

�
+ Gr⌘(0) +

⇢

⇢(0)

�
(eika·x�(1), 1)Ya

'̃a
n � heika·xi'

a�(1)
�

= 0 in Ya, (114)

⌫ · G(r⌘(1) + I⌘(0))|xj=0 = �⌫ · G(r⌘(1) + I⌘(0))|xj=(1+aj)`j
, j = 1, d.

With such definitions, we find that

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w2 �

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
w0 = �h⇢⌘(0)i'

a !̂2

+
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r'̃a

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2, (115)

where

⇢(2) = h⇢�(2)i'
a, µ(2) =

⌦
G{r�(3) + I⌦�(2)}

↵'

a
�
�
G{�(3) ⌦ r'̃a

n}, 1
�
Ya

. (116)

Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (88) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (77). Assuming that the eigenvalue �̃a

n (n > 1) solving (84)–(86) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (91) of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (117)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (106) and (116); and

M(k̂, !̂) = heika·xi'
a � ✏ (eika·x�(1), 1)Ya

· ik̂ + ✏2 �h⇢⌘(0)i'
a !̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r�̃�

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2. (118)

When considering the propagation of free waves (f̃ = 0), the second-order FW-FF approximation of the nth
dispersion branch near k = ka accordingly reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , kak + n > 1,

whereby

!
✏5
= !a

n +
✏2

2⇢(0)!a
n

µ(0) : k̂
2

� ✏4

8(⇢(0))2 (!a
n)3

�
µ(0)⌦ µ(0) + 4(!a

n)2
�
⇢(0)µ(2)� µ(0)⌦ ⇢(2)

� 
: k̂

4
, kak + n > 2.

5.5. Example application in the spatial domain

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is comparabe to the size
of the unit cell, and the basic premise of the two-scale analysis (Section 4) does not apply. Instead, we make
use of the inverse Fourier transform to obtain an e↵ective spatial description of wavefields whose spectrum
is localized in a neighborhood of (ka, !a

n). On adopting the terminology of the two-scale analysis, we denote
respectvely by x and y the “slow” and “fast” spatial coordinate, and we consider the solution

Ua(y) = F�1
d

⇥
hũia(k̂)

⇤
= (2⇡)�d

Z

Rd

hũia(k̂) eik·y dk, k̂ =
k � ka

✏

where hũia(k̂) behaves as in Theorem 2. For simplicity of discussion, we disregard the second-order corrections
in (117) and (118). On applying the inverse Fourier transform to the left-hand side of (117), we obtain

�✏d eika·x�µ(0):r2
x + �⇢(0) !̂2

�
Ua(x),

16

(a) (b) (c)

Figure 1: Wave motion in a periodic medium: (a) phase and group velocities featured by the LW-FF expansion of the first optical

branch, n = 2, about k = 0; (b) schematics of the multi-cell domains Y a 2 R2
supporting the FW-FF homogenization of wave

motion about vertices of the first quadrant of the first Brioullin zone, and (c) source excitation near the edge of a band gap.

3.1.3. First-order corrector
Let �(2) 2

�
H1

p0(Y )
�d⇥d

be the unique second-order tensor solving

�̃�
n⇢�(2) + r·

�
G

�
r�(2) + {I ⌦ �(1)}0�� + G{r�(1) + I�̃�

n} � ⇢

⇢(0)
µ(0)�̃�

n = 0 in Y, (42)

⌫ · G
�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ · G

�
r�(2) + {I ⌦ �(1)}0�|xj=`j , j = 1, d,
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analysis to allow for finite-wavenumber, finite-frequency (FW-FF) expansion about the “corners” ka

of B, and situations when the eigenvalue �̃n(k
a) is repeated, respectively.

With reference to (2.15), we introduce the auxiliary “zero-mean” function space

H1
p0(Y ) = {g 2H1

p (Y ) : hgi= 0}, (2.16)

where the choice of n> 1 is implicit in the definition of h·i.

Lemma 1. Let ũ solve (2.4)–(2.5) where f̃ is a constant. Provided that !2 6= �̃m 8m, we have

ũ = f̃ w̃ and hũi = f̃ hw̃i.

3. LW-FF approximation near the origin of the first Brillouin zone
In principle, either the two-scale homogenization approach [31] or the asymptotically-expanded
Willis’ model [20] can be used to approximate the mean motion in a neighborhood of the acoustic
branch, != �̃

1/2
1 (k), at long wavelengths where kkk⌧ |Y |�1/d. With reference to the scalar

wave equation (2.1), we seek the long-wavelength description of the effective field hui in a
neighborhood of the nth branch, != �̃

1/2
n (k), for n> 1. Accordingly, we describe the featured

long-wavelength, finite-frequency (LW-FF) regime via scalings

k = ✏k̂, !2 = �̃�
n + ✏2�!̂2, �̃�

n = �̃n(0), ✏ = o(1), �=±1 (3.1)

where �̃�
n > 0 is such that

�r·
�
Gr�̃�

n
�
= �̃�

n⇢�̃
�
n in Y, (3.2)

⌫ ·Gr�̃�
n|xj=0 = �⌫ ·Gr�̃�

n|xj=`j
, (3.3)

and �̃�
n2H1

p (Y ) are orthogonal in L2
⇢(Y ). For the time being, we assume that �̃�

n to be simple.

Remark 2. Concerning the frequency scaling in (3.1), for n> 1 we have != !�
n + ✏2�!̂2/(2!�

n) +

O(✏4), where !�
n = (�̃�

n)
1/2. This is motivated by the observation that optical branches have zero initial

slope, d!/dk= 0, at k= 0 when �̃�
n is simple [26], see also [9] for the mathematical analysis in R2.

When f̃ = 0 in (2.4), the sign factor � in (3.1) accordingly accounts for the possibility that the initial
curvature of a given optical branch can be either positive or negative. When f̃ 6= 0, on the other hand, the
pair (k,!) is given a priori (say in a neighborhood of the nth branch) and we take �= sign(! � !�

n).

Lemma 2. The solution of (3.2)–(3.3) is characterized by arg(�̃�
n(x)) = const. for x2 Y . Accordingly

we can take �̃�
n(x) to be real-valued without loss of generality. See Appendix A (electronic supplementary

material) for proof.

(a) Asymptotic expansion at finite frequency
On recalling (2.7)–(2.8) and assuming the LW-FF regime (3.1), we find that w̃ 2H1

p (Y ) solves

�(�̃�
n+✏2�!̂2)⇢w̃ �

�
r+✏ik̂

�
·
�
G(r+✏ik̂)w̃

�
= 1 in Y, (3.4)

⌫ ·G(r+✏ik̂)w̃|xj=0 = �⌫ ·G(r+✏ik̂)w̃|xj=`j
. (3.5)

Consider next the asymptotic expansion

w̃(x) = ✏�2w̃0(x) + ✏�1w̃1(x) + w̃2(x) + ✏w̃3(x) + · · · , (3.6)

by which (3.4)–(3.5) become a series in ✏. In what follows, the differential equations satisfied by
w̃m in Y (m> 0) are subject to implicit periodic boundary conditions

w̃m|xj=0 = w̃m|xj=`j
,

⌫ ·G(rw̃m + ik̂w̃m�1)|xj=0 = �⌫ ·G(rw̃m + ik̂w̃m�1)|xj=`j
,

(3.7)

Neighborhood of ! ̂ka
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analysis to allow for finite-wavenumber, finite-frequency (FW-FF) expansion about the “corners” ka

of B, and situations when the eigenvalue �̃n(k
a) is repeated, respectively.

With reference to (2.15), we introduce the auxiliary “zero-mean” function space

H1
p0(Y ) = {g 2H1

p (Y ) : hgi= 0}, (2.16)

where the choice of n> 1 is implicit in the definition of h·i.

Lemma 1. Let ũ solve (2.4)–(2.5) where f̃ is a constant. Provided that !2 6= �̃m 8m, we have
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1/2
1 (k), at long wavelengths where kkk⌧ |Y |�1/d. With reference to the scalar

wave equation (2.1), we seek the long-wavelength description of the effective field hui in a
neighborhood of the nth branch, != �̃

1/2
n (k), for n> 1. Accordingly, we describe the featured
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n + ✏2�!̂2, �̃�

n = �̃n(0), ✏ = o(1), �=±1 (3.1)
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n > 0 is such that

�r·
�
Gr�̃�

n
�
= �̃�

n⇢�̃
�
n in Y, (3.2)

⌫ ·Gr�̃�
n|xj=0 = �⌫ ·Gr�̃�

n|xj=`j
, (3.3)

and �̃�
n2H1

p (Y ) are orthogonal in L2
⇢(Y ). For the time being, we assume that �̃�
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n + ✏2�!̂2/(2!�

n) +

O(✏4), where !�
n = (�̃�

n)
1/2. This is motivated by the observation that optical branches have zero initial

slope, d!/dk= 0, at k= 0 when �̃�
n is simple [26], see also [9] for the mathematical analysis in R2.

When f̃ = 0 in (2.4), the sign factor � in (3.1) accordingly accounts for the possibility that the initial
curvature of a given optical branch can be either positive or negative. When f̃ 6= 0, on the other hand, the
pair (k,!) is given a priori (say in a neighborhood of the nth branch) and we take �= sign(! � !�

n).

Lemma 2. The solution of (3.2)–(3.3) is characterized by arg(�̃�
n(x)) = const. for x2 Y . Accordingly

we can take �̃�
n(x) to be real-valued without loss of generality. See Appendix A (electronic supplementary

material) for proof.

(a) Asymptotic expansion at finite frequency
On recalling (2.7)–(2.8) and assuming the LW-FF regime (3.1), we find that w̃ 2H1

p (Y ) solves
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n+✏2�!̂2)⇢w̃ �

�
r+✏ik̂

�
·
�
G(r+✏ik̂)w̃

�
= 1 in Y, (3.4)

⌫ ·G(r+✏ik̂)w̃|xj=0 = �⌫ ·G(r+✏ik̂)w̃|xj=`j
. (3.5)
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w̃(x) = ✏�2w̃0(x) + ✏�1w̃1(x) + w̃2(x) + ✏w̃3(x) + · · · , (3.6)

by which (3.4)–(3.5) become a series in ✏. In what follows, the differential equations satisfied by
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,

⌫ ·G(rw̃m + ik̂w̃m�1)|xj=0 = �⌫ ·G(rw̃m + ik̂w̃m�1)|xj=`j
,

(3.7)

Exact 0th order 2nd order
w̃(0)(x)

<latexit sha1_base64="K5AoR1yDmUyRl5kkLi1rPLEN/4Y=">AAACF3icbVDLSgMxFM3UV62vqks3wSK0mzJTBV0W3bisYB/QqSWTSdvQTDIkGW0J8xdu/BU3LhRxqzv/xvSx0NYDFw7n3Mu99wQxo0q77reTWVldW9/Ibua2tnd29/L7Bw0lEolJHQsmZCtAijDKSV1TzUgrlgRFASPNYHg18Zv3RCoq+K0ex6QToT6nPYqRtlI3X/Y1ZSExD+md8aNAjIwV+NgU3VKapkU/ECxUY2swM0pLsJsvuGV3CrhMvDkpgDlq3fyXHwqcRIRrzJBSbc+NdccgqSlmJM35iSIxwkPUJ21LOYqI6pjpXyk8sUoIe0La4hpO1d8TBkVqcpztjJAeqEVvIv7ntRPdu+gYyuNEE45ni3oJg1rASUgwpJJgzcaWICypvRXiAZIIaxtlzobgLb68TBqVsndartycFaqX8ziy4AgcgyLwwDmogmtQA3WAwSN4Bq/gzXlyXpx352PWmnHmM4fgD5zPH5I2oMU=</latexit>

w̃(2)(x)
<latexit sha1_base64="vm6vo+Di/8mkkLPJF4MDn/CdrhM=">AAACF3icbVDLSgMxFM3UV62vqks3wSK0mzJTBV0W3bisYB/QqSWTSdvQTDIkGW0J8xdu/BU3LhRxqzv/xvSx0NYDFw7n3Mu99wQxo0q77reTWVldW9/Ibua2tnd29/L7Bw0lEolJHQsmZCtAijDKSV1TzUgrlgRFASPNYHg18Zv3RCoq+K0ex6QToT6nPYqRtlI3X/Y1ZSExD+md8aNAjIwV+NgUK6U0TYt+IFioxtZgZpSWYDdfcMvuFHCZeHNSAHPUuvkvPxQ4iQjXmCGl2p4b645BUlPMSJrzE0VihIeoT9qWchQR1THTv1J4YpUQ9oS0xTWcqr8nDIrU5DjbGSE9UIveRPzPaye6d9ExlMeJJhzPFvUSBrWAk5BgSCXBmo0tQVhSeyvEAyQR1jbKnA3BW3x5mTQqZe+0XLk5K1Qv53FkwRE4BkXggXNQBdegBuoAg0fwDF7Bm/PkvDjvzsesNePMZw7BHzifP5VooMc=</latexit>

!  
13th 

eigenvalue

a = (1,1)

✏ = 0.10
<latexit sha1_base64="XyirVkPdALsOFjQaqF3L95Au9YQ=">AAAB+HicbVBNSwMxEJ2tX7V+dNWjl2ARPC27VdCLUPTisYL9gHYp2TTbhmaTJckKtfSXePGgiFd/ijf/jWm7B219MPB4b4aZeVHKmTa+/+0U1tY3NreK26Wd3b39sntw2NQyU4Q2iORStSOsKWeCNgwznLZTRXEScdqKRrczv/VIlWZSPJhxSsMEDwSLGcHGSj233KWpZlwKdI18L/B7bsX3/DnQKglyUoEc9Z771e1LkiVUGMKx1p3AT004wcowwum01M00TTEZ4QHtWCpwQnU4mR8+RadW6aNYKlvCoLn6e2KCE63HSWQ7E2yGetmbif95nczEV+GEiTQzVJDFojjjyEg0SwH1maLE8LElmChmb0VkiBUmxmZVsiEEyy+vkmbVC8696v1FpXaTx1GEYziBMwjgEmpwB3VoAIEMnuEV3pwn58V5dz4WrQUnnzmCP3A+fwDCoZHX</latexit>

µ(0) : k̂
2
/(2⇢(0)!�

n) is real-valued, we specifically see from (38) that the germane eigenfunction �̃�
n(x) is propa-

gated with O(✏�1) phase velocity c and O(✏) group velocity cg given by

c(k̂) = ✏�1
h
!�

n + ✏2
µ(0) : k̂

2

2⇢(0)!�
n

i k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (40)

By (39), one may alternatively interpret the free Bloch wave at some (k̂, !̂(k̂)) as a product between the
standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0, and a plane-wave “propagator” endowed with O(✏)

phase velocity c and commensurate group velocity cg given by

c(k̂) = ✏
µ(0) : k̂

2

2⇢(0)!�
n

k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (41)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However, from (40) and (41)
one also finds that sign(c · cg) = 1, while sign(c ·cg) = sign(µ(0)). In situations when µ(0) is negative definite,
this highlights the contrast between (39) – designed to isolate the perturbation e↵ects, and (38) – which may
shed light on the physical phenomenon of negative refraction, a�liated with an opposition between the group
and phase velocity vectors. For clarity, the velocity quantities in (40) and (41) are schematically illustrated in
Fig. 1(a) by considering the first optical branch (n = 2).

Remark 6. Considering the acoustic branch (n = 1), we have �̃�
1 = 1, !�

1 = 0, and ! = ✏!̂ whereby

u(x, t) = ✏�2f̃ w0(k̂, !̂) ei(k̂·x�!̂t) + O(✏�1) for f̃ 6= 0,

u(x, t) = U ei(k̂·x�(µ(0):k̂
2
/⇢(0))1/2t) + O(✏) for f̃ = 0.

In this case, the leading-order e↵ective solution still carries the role of amplitude (resp. phase) control when
f 6= 0 (resp. f = 0); however the multiplier of the phase term ei(·) is x- and t-independent, which caters for
a more tangible interpretation of w0.

k

!
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)
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n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
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�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
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� k̂
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, cg(k̂) = �

µ(0) ·k̂
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n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2
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n

k̂, cg(k̂) = �
µ(0) ·k̂
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n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
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n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.

✏k̂

!�
2

c

a = (1, 0)

a = (1, 1)a = (0, 1)

k1

k2

Y a Y a

Y aY a

⇡/`1

⇡/`2

k

!

band gap

driving 
frequency O(✏2)

and we let ⌘(1) 2
�
H1a

p0 (Ya)
�d

be the unique zero-mean vector given by

�̃a
n⇢⌘(1) + r·

�
G(r⌘(1)+ I⌘(0))

�
+ Gr⌘(0) +

⇢

⇢(0)

�
(eika·x�(1), 1)Ya

'̃a
n � heika·xi'

a�(1)
�

= 0 in Ya, (114)

⌫ · G(r⌘(1) + I⌘(0))|xj=0 = �⌫ · G(r⌘(1) + I⌘(0))|xj=(1+aj)`j
, j = 1, d.

With such definitions, we find that

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w2 �

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
w0 = �h⇢⌘(0)i'

a !̂2

+
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r'̃a

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2, (115)

where

⇢(2) = h⇢�(2)i'
a, µ(2) =

⌦
G{r�(3) + I⌦�(2)}

↵'

a
�
�
G{�(3) ⌦ r'̃a

n}, 1
�
Ya

. (116)

Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (88) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (77). Assuming that the eigenvalue �̃a

n (n > 1) solving (84)–(86) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (91) of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (117)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (106) and (116); and

M(k̂, !̂) = heika·xi'
a � ✏ (eika·x�(1), 1)Ya

· ik̂ + ✏2 �h⇢⌘(0)i'
a !̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r�̃�

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2. (118)

When considering the propagation of free waves (f̃ = 0), the second-order FW-FF approximation of the nth
dispersion branch near k = ka accordingly reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , kak + n > 1,

whereby

!
✏5
= !a

n +
✏2

2⇢(0)!a
n

µ(0) : k̂
2

� ✏4

8(⇢(0))2 (!a
n)3

�
µ(0)⌦ µ(0) + 4(!a

n)2
�
⇢(0)µ(2)� µ(0)⌦ ⇢(2)

� 
: k̂

4
, kak + n > 2.

5.5. Example application in the spatial domain

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is comparabe to the size
of the unit cell, and the basic premise of the two-scale analysis (Section 4) does not apply. Instead, we make
use of the inverse Fourier transform to obtain an e↵ective spatial description of wavefields whose spectrum
is localized in a neighborhood of (ka, !a

n). On adopting the terminology of the two-scale analysis, we denote
respectvely by x and y the “slow” and “fast” spatial coordinate, and we consider the solution

Ua(y) = F�1
d

⇥
hũia(k̂)

⇤
= (2⇡)�d

Z

Rd

hũia(k̂) eik·y dk, k̂ =
k � ka

✏

where hũia(k̂) behaves as in Theorem 2. For simplicity of discussion, we disregard the second-order corrections
in (117) and (118). On applying the inverse Fourier transform to the left-hand side of (117), we obtain

�✏d eika·x�µ(0):r2
x + �⇢(0) !̂2

�
Ua(x),

16

(a) (b) (c)

Figure 1: Wave motion in a periodic medium: (a) phase and group velocities featured by the LW-FF expansion of the first optical

branch, n = 2, about k = 0; (b) schematics of the multi-cell domains Y a 2 R2
supporting the FW-FF homogenization of wave

motion about vertices of the first quadrant of the first Brioullin zone, and (c) source excitation near the edge of a band gap.

3.1.3. First-order corrector
Let �(2) 2

�
H1

p0(Y )
�d⇥d

be the unique second-order tensor solving

�̃�
n⇢�(2) + r·

�
G

�
r�(2) + {I ⌦ �(1)}0�� + G{r�(1) + I�̃�

n} � ⇢

⇢(0)
µ(0)�̃�

n = 0 in Y, (42)

⌫ · G
�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ · G

�
r�(2) + {I ⌦ �(1)}0�|xj=`j , j = 1, d,

8

✏k̂
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analysis to allow for finite-wavenumber, finite-frequency (FW-FF) expansion about the “corners” ka

of B, and situations when the eigenvalue �̃n(k
a) is repeated, respectively.

With reference to (2.15), we introduce the auxiliary “zero-mean” function space

H1
p0(Y ) = {g 2H1

p (Y ) : hgi= 0}, (2.16)

where the choice of n> 1 is implicit in the definition of h·i.

Lemma 1. Let ũ solve (2.4)–(2.5) where f̃ is a constant. Provided that !2 6= �̃m 8m, we have

ũ = f̃ w̃ and hũi = f̃ hw̃i.

3. LW-FF approximation near the origin of the first Brillouin zone
In principle, either the two-scale homogenization approach [31] or the asymptotically-expanded
Willis’ model [20] can be used to approximate the mean motion in a neighborhood of the acoustic
branch, != �̃

1/2
1 (k), at long wavelengths where kkk⌧ |Y |�1/d. With reference to the scalar

wave equation (2.1), we seek the long-wavelength description of the effective field hui in a
neighborhood of the nth branch, != �̃

1/2
n (k), for n> 1. Accordingly, we describe the featured

long-wavelength, finite-frequency (LW-FF) regime via scalings

k = ✏k̂, !2 = �̃�
n + ✏2�!̂2, �̃�

n = �̃n(0), ✏ = o(1), �=±1 (3.1)

where �̃�
n > 0 is such that

�r·
�
Gr�̃�

n
�
= �̃�

n⇢�̃
�
n in Y, (3.2)

⌫ ·Gr�̃�
n|xj=0 = �⌫ ·Gr�̃�

n|xj=`j
, (3.3)

and �̃�
n2H1

p (Y ) are orthogonal in L2
⇢(Y ). For the time being, we assume that �̃�

n to be simple.

Remark 2. Concerning the frequency scaling in (3.1), for n> 1 we have != !�
n + ✏2�!̂2/(2!�

n) +

O(✏4), where !�
n = (�̃�

n)
1/2. This is motivated by the observation that optical branches have zero initial

slope, d!/dk= 0, at k= 0 when �̃�
n is simple [26], see also [9] for the mathematical analysis in R2.

When f̃ = 0 in (2.4), the sign factor � in (3.1) accordingly accounts for the possibility that the initial
curvature of a given optical branch can be either positive or negative. When f̃ 6= 0, on the other hand, the
pair (k,!) is given a priori (say in a neighborhood of the nth branch) and we take �= sign(! � !�

n).

Lemma 2. The solution of (3.2)–(3.3) is characterized by arg(�̃�
n(x)) = const. for x2 Y . Accordingly

we can take �̃�
n(x) to be real-valued without loss of generality. See Appendix A (electronic supplementary

material) for proof.

(a) Asymptotic expansion at finite frequency
On recalling (2.7)–(2.8) and assuming the LW-FF regime (3.1), we find that w̃ 2H1

p (Y ) solves

�(�̃�
n+✏2�!̂2)⇢w̃ �

�
r+✏ik̂

�
·
�
G(r+✏ik̂)w̃

�
= 1 in Y, (3.4)

⌫ ·G(r+✏ik̂)w̃|xj=0 = �⌫ ·G(r+✏ik̂)w̃|xj=`j
. (3.5)

Consider next the asymptotic expansion

w̃(x) = ✏�2w̃0(x) + ✏�1w̃1(x) + w̃2(x) + ✏w̃3(x) + · · · , (3.6)

by which (3.4)–(3.5) become a series in ✏. In what follows, the differential equations satisfied by
w̃m in Y (m> 0) are subject to implicit periodic boundary conditions

w̃m|xj=0 = w̃m|xj=`j
,

⌫ ·G(rw̃m + ik̂w̃m�1)|xj=0 = �⌫ ·G(rw̃m + ik̂w̃m�1)|xj=`j
,

(3.7)
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analysis to allow for finite-wavenumber, finite-frequency (FW-FF) expansion about the “corners” ka

of B, and situations when the eigenvalue �̃n(k
a) is repeated, respectively.

With reference to (2.15), we introduce the auxiliary “zero-mean” function space

H1
p0(Y ) = {g 2H1

p (Y ) : hgi= 0}, (2.16)

where the choice of n> 1 is implicit in the definition of h·i.

Lemma 1. Let ũ solve (2.4)–(2.5) where f̃ is a constant. Provided that !2 6= �̃m 8m, we have

ũ = f̃ w̃ and hũi = f̃ hw̃i.

3. LW-FF approximation near the origin of the first Brillouin zone
In principle, either the two-scale homogenization approach [31] or the asymptotically-expanded
Willis’ model [20] can be used to approximate the mean motion in a neighborhood of the acoustic
branch, != �̃

1/2
1 (k), at long wavelengths where kkk⌧ |Y |�1/d. With reference to the scalar

wave equation (2.1), we seek the long-wavelength description of the effective field hui in a
neighborhood of the nth branch, != �̃

1/2
n (k), for n> 1. Accordingly, we describe the featured

long-wavelength, finite-frequency (LW-FF) regime via scalings

k = ✏k̂, !2 = �̃�
n + ✏2�!̂2, �̃�

n = �̃n(0), ✏ = o(1), �=±1 (3.1)

where �̃�
n > 0 is such that

�r·
�
Gr�̃�

n
�
= �̃�

n⇢�̃
�
n in Y, (3.2)

⌫ ·Gr�̃�
n|xj=0 = �⌫ ·Gr�̃�

n|xj=`j
, (3.3)

and �̃�
n2H1

p (Y ) are orthogonal in L2
⇢(Y ). For the time being, we assume that �̃�

n to be simple.

Remark 2. Concerning the frequency scaling in (3.1), for n> 1 we have != !�
n + ✏2�!̂2/(2!�

n) +

O(✏4), where !�
n = (�̃�

n)
1/2. This is motivated by the observation that optical branches have zero initial

slope, d!/dk= 0, at k= 0 when �̃�
n is simple [26], see also [9] for the mathematical analysis in R2.

When f̃ = 0 in (2.4), the sign factor � in (3.1) accordingly accounts for the possibility that the initial
curvature of a given optical branch can be either positive or negative. When f̃ 6= 0, on the other hand, the
pair (k,!) is given a priori (say in a neighborhood of the nth branch) and we take �= sign(! � !�

n).

Lemma 2. The solution of (3.2)–(3.3) is characterized by arg(�̃�
n(x)) = const. for x2 Y . Accordingly

we can take �̃�
n(x) to be real-valued without loss of generality. See Appendix A (electronic supplementary

material) for proof.

(a) Asymptotic expansion at finite frequency
On recalling (2.7)–(2.8) and assuming the LW-FF regime (3.1), we find that w̃ 2H1

p (Y ) solves

�(�̃�
n+✏2�!̂2)⇢w̃ �

�
r+✏ik̂

�
·
�
G(r+✏ik̂)w̃

�
= 1 in Y, (3.4)

⌫ ·G(r+✏ik̂)w̃|xj=0 = �⌫ ·G(r+✏ik̂)w̃|xj=`j
. (3.5)

Consider next the asymptotic expansion

w̃(x) = ✏�2w̃0(x) + ✏�1w̃1(x) + w̃2(x) + ✏w̃3(x) + · · · , (3.6)

by which (3.4)–(3.5) become a series in ✏. In what follows, the differential equations satisfied by
w̃m in Y (m> 0) are subject to implicit periodic boundary conditions

w̃m|xj=0 = w̃m|xj=`j
,

⌫ ·G(rw̃m + ik̂w̃m�1)|xj=0 = �⌫ ·G(rw̃m + ik̂w̃m�1)|xj=`j
,

(3.7)

w̃(m)(x) =
mX

j=0

✏j�2w̃j(x)
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analysis to allow for finite-wavenumber, finite-frequency (FW-FF) expansion about the “corners” ka

of B, and situations when the eigenvalue �̃n(k
a) is repeated, respectively.

With reference to (2.15), we introduce the auxiliary “zero-mean” function space

H1
p0(Y ) = {g 2H1

p (Y ) : hgi= 0}, (2.16)

where the choice of n> 1 is implicit in the definition of h·i.

Lemma 1. Let ũ solve (2.4)–(2.5) where f̃ is a constant. Provided that !2 6= �̃m 8m, we have

ũ = f̃ w̃ and hũi = f̃ hw̃i.

3. LW-FF approximation near the origin of the first Brillouin zone
In principle, either the two-scale homogenization approach [31] or the asymptotically-expanded
Willis’ model [20] can be used to approximate the mean motion in a neighborhood of the acoustic
branch, != �̃

1/2
1 (k), at long wavelengths where kkk⌧ |Y |�1/d. With reference to the scalar

wave equation (2.1), we seek the long-wavelength description of the effective field hui in a
neighborhood of the nth branch, != �̃

1/2
n (k), for n> 1. Accordingly, we describe the featured

long-wavelength, finite-frequency (LW-FF) regime via scalings

k = ✏k̂, !2 = �̃�
n + ✏2�!̂2, �̃�

n = �̃n(0), ✏ = o(1), �=±1 (3.1)

where �̃�
n > 0 is such that

�r·
�
Gr�̃�

n
�
= �̃�

n⇢�̃
�
n in Y, (3.2)

⌫ ·Gr�̃�
n|xj=0 = �⌫ ·Gr�̃�

n|xj=`j
, (3.3)

and �̃�
n2H1

p (Y ) are orthogonal in L2
⇢(Y ). For the time being, we assume that �̃�

n to be simple.

Remark 2. Concerning the frequency scaling in (3.1), for n> 1 we have != !�
n + ✏2�!̂2/(2!�

n) +

O(✏4), where !�
n = (�̃�

n)
1/2. This is motivated by the observation that optical branches have zero initial

slope, d!/dk= 0, at k= 0 when �̃�
n is simple [26], see also [9] for the mathematical analysis in R2.

When f̃ = 0 in (2.4), the sign factor � in (3.1) accordingly accounts for the possibility that the initial
curvature of a given optical branch can be either positive or negative. When f̃ 6= 0, on the other hand, the
pair (k,!) is given a priori (say in a neighborhood of the nth branch) and we take �= sign(! � !�

n).

Lemma 2. The solution of (3.2)–(3.3) is characterized by arg(�̃�
n(x)) = const. for x2 Y . Accordingly

we can take �̃�
n(x) to be real-valued without loss of generality. See Appendix A (electronic supplementary

material) for proof.

(a) Asymptotic expansion at finite frequency
On recalling (2.7)–(2.8) and assuming the LW-FF regime (3.1), we find that w̃ 2H1

p (Y ) solves

�(�̃�
n+✏2�!̂2)⇢w̃ �

�
r+✏ik̂

�
·
�
G(r+✏ik̂)w̃

�
= 1 in Y, (3.4)

⌫ ·G(r+✏ik̂)w̃|xj=0 = �⌫ ·G(r+✏ik̂)w̃|xj=`j
. (3.5)

Consider next the asymptotic expansion

w̃(x) = ✏�2w̃0(x) + ✏�1w̃1(x) + w̃2(x) + ✏w̃3(x) + · · · , (3.6)

by which (3.4)–(3.5) become a series in ✏. In what follows, the differential equations satisfied by
w̃m in Y (m> 0) are subject to implicit periodic boundary conditions

w̃m|xj=0 = w̃m|xj=`j
,

⌫ ·G(rw̃m + ik̂w̃m�1)|xj=0 = �⌫ ·G(rw̃m + ik̂w̃m�1)|xj=`j
,

(3.7)

Exact 0th order 2nd order
w̃(0)(x)
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w̃(2)(x)
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✏ = 0.20
<latexit sha1_base64="3LPOOI80aH9+HrnQnRrfqGmFNak=">AAAB+HicbVBNSwMxEJ2tX7V+dNWjl2ARPC27VdCLUPTisYL9gHYp2TTbhmaTJckKtfSXePGgiFd/ijf/jWm7B219MPB4b4aZeVHKmTa+/+0U1tY3NreK26Wd3b39sntw2NQyU4Q2iORStSOsKWeCNgwznLZTRXEScdqKRrczv/VIlWZSPJhxSsMEDwSLGcHGSj233KWpZlwKdI18r+r33Irv+XOgVRLkpAI56j33q9uXJEuoMIRjrTuBn5pwgpVhhNNpqZtpmmIywgPasVTghOpwMj98ik6t0kexVLaEQXP198QEJ1qPk8h2JtgM9bI3E//zOpmJr8IJE2lmqCCLRXHGkZFolgLqM0WJ4WNLMFHM3orIECtMjM2qZEMIll9eJc2qF5x71fuLSu0mj6MIx3ACZxDAJdTgDurQAAIZPMMrvDlPzovz7nwsWgtOPnMEf+B8/gDEJpHY</latexit>

µ(0) : k̂
2
/(2⇢(0)!�

n) is real-valued, we specifically see from (38) that the germane eigenfunction �̃�
n(x) is propa-

gated with O(✏�1) phase velocity c and O(✏) group velocity cg given by

c(k̂) = ✏�1
h
!�

n + ✏2
µ(0) : k̂

2

2⇢(0)!�
n

i k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (40)

By (39), one may alternatively interpret the free Bloch wave at some (k̂, !̂(k̂)) as a product between the
standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0, and a plane-wave “propagator” endowed with O(✏)

phase velocity c and commensurate group velocity cg given by

c(k̂) = ✏
µ(0) : k̂

2

2⇢(0)!�
n

k̂

kk̂k2
, cg(k̂) = ✏

µ(0) · k̂

⇢(0)!�
n

. (41)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However, from (40) and (41)
one also finds that sign(c · cg) = 1, while sign(c ·cg) = sign(µ(0)). In situations when µ(0) is negative definite,
this highlights the contrast between (39) – designed to isolate the perturbation e↵ects, and (38) – which may
shed light on the physical phenomenon of negative refraction, a�liated with an opposition between the group
and phase velocity vectors. For clarity, the velocity quantities in (40) and (41) are schematically illustrated in
Fig. 1(a) by considering the first optical branch (n = 2).

Remark 6. Considering the acoustic branch (n = 1), we have �̃�
1 = 1, !�

1 = 0, and ! = ✏!̂ whereby

u(x, t) = ✏�2f̃ w0(k̂, !̂) ei(k̂·x�!̂t) + O(✏�1) for f̃ 6= 0,

u(x, t) = U ei(k̂·x�(µ(0):k̂
2
/⇢(0))1/2t) + O(✏) for f̃ = 0.

In this case, the leading-order e↵ective solution still carries the role of amplitude (resp. phase) control when
f 6= 0 (resp. f = 0); however the multiplier of the phase term ei(·) is x- and t-independent, which caters for
a more tangible interpretation of w0.

k

!
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.
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Case f̃ = 0. Assuming free waves and taking k as in (4.1), one finds by way of Remark 5

u(x, t) = U �̃�
n(x) ei(✏k̂·x�[!�

n+�✏2!̂2(k̂)/(2!�
n)]t) + O(�)

= U �̃�
n(x) ei(✏k̂·x�[!�

n+✏2µ(0):(k̂)2/(2⇢0!�
n)]t) + O(�) (4.23)

= U
�
�̃�

n(x) e�i!�
nt� ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�

n)t) + O(�), (4.24)

where U is a constant. In this case, the role of the leading-order model (4.19) switches from
“amplitude control” to “phase control” – as synthesized by the dispersion term �(k), computed
asymptotically for the nth solution branch (n > 1). When µ(0): (k̂)2/(2�0��

n) is real-valued, we
specifically see from (4.23) that the germane eigenfunction �̃�

n(x) is propagated with O(��1)

phase velocity c and O(�) group velocity cg given by

c(k̂) = ��1
�
��

n + �2
µ(0):(k̂)2

2�0��
n

� k̂

�k̂�
, cg(k̂) = �

µ(0) ·k̂
�0��

n
, (4.25)

where k̂ = k̂/�k̂�. Thanks to (4.24), one may alternatively interpret the free Bloch wave ũ at
some (k̂, �̂(k̂)) as a product between the standing wave �̃�

n(x) e�i!�
nt, i.e. the solution at k̂ = 0,

and a plane-wave “crawling carrier” endowed with O(�) phase velocity c and commensurate
group velocity cg given by

c(k̂) = �
µ(0):(k̂)2

2�0��
n

k̂, cg(k̂) = �
µ(0) ·k̂
�0��

n
. (4.26)

Clearly, cg = cg since every standing wave is characterized by zero group velocity. However
depending on µ(0), the phase velocities in (4.25) and (4.26) may behave in a qualitatively diferent
way. Specifically, one finds that sign(c · cg) = 1, while sign(c · cg) = sign(µ(0)). In situations
when µ(0) is negative definite, this highlights the contrast between (4.24) – designed to isolate
the perturbation effects, and (4.23) – which (through the interaction between �̂ and ��

n) may shed
light on the physical phenomenon of negative refraction, affiliated with an opposition between
the group and phase velocity vectors.

Remark 6. When considering the LW-FF (n > 1) propagation of free waves, one may observe from (4.20)
that �0 � R+, while generally µ(0)� Cd⇥d for it entails the solution of (4.13). To account for such fact, we
conveniently write µ(0) = µ(0)

R + iµ(0)
I and expand the propagating term in (4.23) as

ei(✏k̂·x�✏2µ(0):(k̂)2/(2⇢0!�
n)t) = ei(✏k̂·x�✏2µ(0)

R :(k̂)2/(2⇢0!�
n)t) e✏2µ(0)

I :(k̂)2/(2⇢0!�
n)t,

from which one can identify the temporal attenuation coefficient as a = ��2µ(0)
I :(k̂)2/(2�0��

n).
Accordingly, we find the phase velocity and spatial attenuation vectors to read

c(k̂) = �
µ(0)

R :(k̂)2

2�0��
n

k̂, a(k̂) =
a

�c� c = ��2
µ(0)

I :(k̂)2

2�0��
n�c� c.

where c = c/�c�.

Remark 7. In the case of the acoustic branch (n = 1), the frequency scales as � = ��̂ in lieu of � = ��
n +

��2�̂2/(2��
n). On recalling that �̃�

1 = 1 and ��
1 = 0, we can write the “acoustic” counterpart of (4.21)

and (4.23) as

u(x, t) = ��2f̃ w0(k̂, �̂) ei(k̂·x�!̂t) + O(��1) for f̃ �= 0,

u(x, t) = �ei(k̂·x�(µ(0):(k̂)2/⇢0)
1/2t) + O(�) for f̃ = 0. (4.27)

where w0, µ(0) and �0 are given by (4.19) and (4.20) with n = 1. As can be seen from (4.27), the leading-
order effective solution still carries the role of amplitude (resp. phase) control when f �= 0 (resp. f = 0). In
this case, however, the multiplier of the phase term ei(·) is x- and t-independent, which caters for a more
tangible interpretation of w0.

✏k̂

!�
2

c

a = (1, 0)

a = (1, 1)a = (0, 1)

k1

k2

Y a Y a

Y aY a

⇡/`1

⇡/`2

k

!

band gap

driving 
frequency O(✏2)

and we let ⌘(1) 2
�
H1a

p0 (Ya)
�d

be the unique zero-mean vector given by

�̃a
n⇢⌘(1) + r·

�
G(r⌘(1)+ I⌘(0))

�
+ Gr⌘(0) +

⇢

⇢(0)

�
(eika·x�(1), 1)Ya

'̃a
n � heika·xi'

a�(1)
�

= 0 in Ya, (114)

⌫ · G(r⌘(1) + I⌘(0))|xj=0 = �⌫ · G(r⌘(1) + I⌘(0))|xj=(1+aj)`j
, j = 1, d.

With such definitions, we find that

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
w2 �

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
w0 = �h⇢⌘(0)i'

a !̂2

+
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r'̃a

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2, (115)

where

⇢(2) = h⇢�(2)i'
a, µ(2) =

⌦
G{r�(3) + I⌦�(2)}

↵'

a
�
�
G{�(3) ⌦ r'̃a

n}, 1
�
Ya

. (116)

Theorem 2. Assume that the Bloch wave function ũ solves (4) with f̃ 6= 0, and consider the e↵ective wave
motion hũia in the sense of (88) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (77). Assuming that the eigenvalue �̃a

n (n > 1) solving (84)–(86) has multiplicity one, the second-order
FW-FF approximation of hũia in a neighborhood (91) of (ka, !a

n) satisfies

�
�
µ(0) : (ik̂)2 + �⇢(0) !̂2

�
hũia � ✏2

�
µ(2) : (ik̂)4 + �⇢(2) : (ik̂)2!̂2

�
hũia

✏
= ✏�2f̃ M(k̂, !̂), (117)

where “
✏
=” signifies equality with an O(✏) residual; the coe�cients of homogenization ⇢(0) 2 R, µ(0) 2 Rd⇥d, ⇢(2) 2

Rd⇥d and µ(2) 2 Rd⇥d⇥d⇥d are given by (106) and (116); and

M(k̂, !̂) = heika·xi'
a � ✏ (eika·x�(1), 1)Ya

· ik̂ + ✏2 �h⇢⌘(0)i'
a !̂2

+ ✏2
⇣⌦

G{r⌘(1)+ I⌘(0)}
↵'

a
�
�
G{⌘(1)⌦ r�̃�

n}, 1
�
Ya

+
1

⇢(0)

�
⇢(1)⌦ (eika·x�(1), 1)Ya

 ⌘
: (ik̂)2. (118)

When considering the propagation of free waves (f̃ = 0), the second-order FW-FF approximation of the nth
dispersion branch near k = ka accordingly reads

�!̂2 ✏3
=

µ(0) : k̂
2

� ✏2µ(2) : k̂
4

⇢(0) � ✏2⇢(2) : k̂
2 , kak + n > 1,

whereby

!
✏5
= !a

n +
✏2

2⇢(0)!a
n

µ(0) : k̂
2

� ✏4

8(⇢(0))2 (!a
n)3

�
µ(0)⌦ µ(0) + 4(!a

n)2
�
⇢(0)µ(2)� µ(0)⌦ ⇢(2)

� 
: k̂

4
, kak + n > 2.

5.5. Example application in the spatial domain

In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is comparabe to the size
of the unit cell, and the basic premise of the two-scale analysis (Section 4) does not apply. Instead, we make
use of the inverse Fourier transform to obtain an e↵ective spatial description of wavefields whose spectrum
is localized in a neighborhood of (ka, !a

n). On adopting the terminology of the two-scale analysis, we denote
respectvely by x and y the “slow” and “fast” spatial coordinate, and we consider the solution

Ua(y) = F�1
d

⇥
hũia(k̂)

⇤
= (2⇡)�d

Z

Rd

hũia(k̂) eik·y dk, k̂ =
k � ka

✏

where hũia(k̂) behaves as in Theorem 2. For simplicity of discussion, we disregard the second-order corrections
in (117) and (118). On applying the inverse Fourier transform to the left-hand side of (117), we obtain

�✏d eika·x�µ(0):r2
x + �⇢(0) !̂2

�
Ua(x),
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(a) (b) (c)

Figure 1: Wave motion in a periodic medium: (a) phase and group velocities featured by the LW-FF expansion of the first optical

branch, n = 2, about k = 0; (b) schematics of the multi-cell domains Y a 2 R2
supporting the FW-FF homogenization of wave

motion about vertices of the first quadrant of the first Brioullin zone, and (c) source excitation near the edge of a band gap.

3.1.3. First-order corrector
Let �(2) 2

�
H1

p0(Y )
�d⇥d

be the unique second-order tensor solving

�̃�
n⇢�(2) + r·

�
G

�
r�(2) + {I ⌦ �(1)}0�� + G{r�(1) + I�̃�

n} � ⇢

⇢(0)
µ(0)�̃�

n = 0 in Y, (42)

⌫ · G
�
r�(2) + {I ⌦ �(1)}0�|xj=0 = �⌫ · G

�
r�(2) + {I ⌦ �(1)}0�|xj=`j , j = 1, d,

8

✏k̂
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analysis to allow for finite-wavenumber, finite-frequency (FW-FF) expansion about the “corners” ka

of B, and situations when the eigenvalue �̃n(k
a) is repeated, respectively.

With reference to (2.15), we introduce the auxiliary “zero-mean” function space

H1
p0(Y ) = {g 2H1

p (Y ) : hgi= 0}, (2.16)

where the choice of n> 1 is implicit in the definition of h·i.

Lemma 1. Let ũ solve (2.4)–(2.5) where f̃ is a constant. Provided that !2 6= �̃m 8m, we have

ũ = f̃ w̃ and hũi = f̃ hw̃i.

3. LW-FF approximation near the origin of the first Brillouin zone
In principle, either the two-scale homogenization approach [31] or the asymptotically-expanded
Willis’ model [20] can be used to approximate the mean motion in a neighborhood of the acoustic
branch, != �̃

1/2
1 (k), at long wavelengths where kkk⌧ |Y |�1/d. With reference to the scalar

wave equation (2.1), we seek the long-wavelength description of the effective field hui in a
neighborhood of the nth branch, != �̃

1/2
n (k), for n> 1. Accordingly, we describe the featured

long-wavelength, finite-frequency (LW-FF) regime via scalings

k = ✏k̂, !2 = �̃�
n + ✏2�!̂2, �̃�

n = �̃n(0), ✏ = o(1), �=±1 (3.1)

where �̃�
n > 0 is such that

�r·
�
Gr�̃�

n
�
= �̃�

n⇢�̃
�
n in Y, (3.2)

⌫ ·Gr�̃�
n|xj=0 = �⌫ ·Gr�̃�

n|xj=`j
, (3.3)

and �̃�
n2H1

p (Y ) are orthogonal in L2
⇢(Y ). For the time being, we assume that �̃�

n to be simple.

Remark 2. Concerning the frequency scaling in (3.1), for n> 1 we have != !�
n + ✏2�!̂2/(2!�

n) +

O(✏4), where !�
n = (�̃�

n)
1/2. This is motivated by the observation that optical branches have zero initial

slope, d!/dk= 0, at k= 0 when �̃�
n is simple [26], see also [9] for the mathematical analysis in R2.

When f̃ = 0 in (2.4), the sign factor � in (3.1) accordingly accounts for the possibility that the initial
curvature of a given optical branch can be either positive or negative. When f̃ 6= 0, on the other hand, the
pair (k,!) is given a priori (say in a neighborhood of the nth branch) and we take �= sign(! � !�

n).

Lemma 2. The solution of (3.2)–(3.3) is characterized by arg(�̃�
n(x)) = const. for x2 Y . Accordingly

we can take �̃�
n(x) to be real-valued without loss of generality. See Appendix A (electronic supplementary

material) for proof.

(a) Asymptotic expansion at finite frequency
On recalling (2.7)–(2.8) and assuming the LW-FF regime (3.1), we find that w̃ 2H1

p (Y ) solves

�(�̃�
n+✏2�!̂2)⇢w̃ �

�
r+✏ik̂

�
·
�
G(r+✏ik̂)w̃

�
= 1 in Y, (3.4)

⌫ ·G(r+✏ik̂)w̃|xj=0 = �⌫ ·G(r+✏ik̂)w̃|xj=`j
. (3.5)

Consider next the asymptotic expansion

w̃(x) = ✏�2w̃0(x) + ✏�1w̃1(x) + w̃2(x) + ✏w̃3(x) + · · · , (3.6)

by which (3.4)–(3.5) become a series in ✏. In what follows, the differential equations satisfied by
w̃m in Y (m> 0) are subject to implicit periodic boundary conditions

w̃m|xj=0 = w̃m|xj=`j
,

⌫ ·G(rw̃m + ik̂w̃m�1)|xj=0 = �⌫ ·G(rw̃m + ik̂w̃m�1)|xj=`j
,

(3.7)
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analysis to allow for finite-wavenumber, finite-frequency (FW-FF) expansion about the “corners” ka

of B, and situations when the eigenvalue �̃n(k
a) is repeated, respectively.

With reference to (2.15), we introduce the auxiliary “zero-mean” function space

H1
p0(Y ) = {g 2H1

p (Y ) : hgi= 0}, (2.16)

where the choice of n> 1 is implicit in the definition of h·i.

Lemma 1. Let ũ solve (2.4)–(2.5) where f̃ is a constant. Provided that !2 6= �̃m 8m, we have

ũ = f̃ w̃ and hũi = f̃ hw̃i.

3. LW-FF approximation near the origin of the first Brillouin zone
In principle, either the two-scale homogenization approach [31] or the asymptotically-expanded
Willis’ model [20] can be used to approximate the mean motion in a neighborhood of the acoustic
branch, != �̃

1/2
1 (k), at long wavelengths where kkk⌧ |Y |�1/d. With reference to the scalar

wave equation (2.1), we seek the long-wavelength description of the effective field hui in a
neighborhood of the nth branch, != �̃

1/2
n (k), for n> 1. Accordingly, we describe the featured

long-wavelength, finite-frequency (LW-FF) regime via scalings
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n + ✏2�!̂2, �̃�

n = �̃n(0), ✏ = o(1), �=±1 (3.1)

where �̃�
n > 0 is such that
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n in Y, (3.2)
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n|xj=0 = �⌫ ·Gr�̃�

n|xj=`j
, (3.3)

and �̃�
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p (Y ) are orthogonal in L2
⇢(Y ). For the time being, we assume that �̃�

n to be simple.

Remark 2. Concerning the frequency scaling in (3.1), for n> 1 we have != !�
n + ✏2�!̂2/(2!�

n) +

O(✏4), where !�
n = (�̃�

n)
1/2. This is motivated by the observation that optical branches have zero initial

slope, d!/dk= 0, at k= 0 when �̃�
n is simple [26], see also [9] for the mathematical analysis in R2.

When f̃ = 0 in (2.4), the sign factor � in (3.1) accordingly accounts for the possibility that the initial
curvature of a given optical branch can be either positive or negative. When f̃ 6= 0, on the other hand, the
pair (k,!) is given a priori (say in a neighborhood of the nth branch) and we take �= sign(! � !�

n).

Lemma 2. The solution of (3.2)–(3.3) is characterized by arg(�̃�
n(x)) = const. for x2 Y . Accordingly

we can take �̃�
n(x) to be real-valued without loss of generality. See Appendix A (electronic supplementary

material) for proof.

(a) Asymptotic expansion at finite frequency
On recalling (2.7)–(2.8) and assuming the LW-FF regime (3.1), we find that w̃ 2H1

p (Y ) solves

�(�̃�
n+✏2�!̂2)⇢w̃ �

�
r+✏ik̂

�
·
�
G(r+✏ik̂)w̃

�
= 1 in Y, (3.4)

⌫ ·G(r+✏ik̂)w̃|xj=0 = �⌫ ·G(r+✏ik̂)w̃|xj=`j
. (3.5)

Consider next the asymptotic expansion

w̃(x) = ✏�2w̃0(x) + ✏�1w̃1(x) + w̃2(x) + ✏w̃3(x) + · · · , (3.6)

by which (3.4)–(3.5) become a series in ✏. In what follows, the differential equations satisfied by
w̃m in Y (m> 0) are subject to implicit periodic boundary conditions

w̃m|xj=0 = w̃m|xj=`j
,

⌫ ·G(rw̃m + ik̂w̃m�1)|xj=0 = �⌫ ·G(rw̃m + ik̂w̃m�1)|xj=`j
,

(3.7)

w̃(m)(x) =
mX

j=0

✏j�2w̃j(x)
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