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Geometry & boundary conditions

Unit cell

S
<latexit sha1_base64="s0ORvqxeEX0PpYtJdKPahu55m4g=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJp1H3LuqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjPaRbQ==</latexit>

@SD
<latexit sha1_base64="l+f67/U/XoCfzTO16hoic5YTeSM=">AAACDnicbVC7TsMwFHXKq5RXgJEloqrEVCUFCcYKGBiLoA+pCZXjOq1Vx45sBxFF+QIWfoWFAYRYmdn4G5w2A7Qc6UpH59yre+/xI0qksu1vo7S0vLK6Vl6vbGxube+Yu3sdyWOBcBtxykXPhxJTwnBbEUVxLxIYhj7FXX9ykfvdeywk4exWJRH2QjhiJCAIKi0NzJobQaEIpG4I1RhBmt5kd6mrCEtSN/T5Q3qZZdnArNp1ewprkTgFqYICrYH55Q45ikPMFKJQyr5jR8pL81WI4qzixhJHEE3gCPc1ZTDE0kun72RWTStDK+BCF1PWVP09kcJQyiT0dWd+tJz3cvE/rx+r4MxLCYtihRmaLQpiailu5dlYQyIwUjTRBCJB9K0WGkMBkdIJVnQIzvzLi6TTqDvH9cb1SbV5XsRRBgfgEBwBB5yCJrgCLdAGCDyCZ/AK3own48V4Nz5mrSWjmNkHf2B8/gB8P52n</latexit>

@SN
<latexit sha1_base64="fQhbF8YARZ3WN3hTabKgDp+DlAU=">AAACDnicbVDLSsNAFJ3UV62vqEs3wVJwVZIq6LLoxpVUtA9oYplMJ+3QyUyYmYgh5Avc+CtuXCji1rU7/8ZJm4W2HrhwOOde7r3HjyiRyra/jdLS8srqWnm9srG5tb1j7u51JI8Fwm3EKRc9H0pMCcNtRRTFvUhgGPoUd/3JRe5377GQhLNblUTYC+GIkYAgqLQ0MGtuBIUikLohVGMEaXqT3aWuIixJ3dDnD+lVlmUDs2rX7SmsReIUpAoKtAbmlzvkKA4xU4hCKfuOHSkvzVchirOKG0scQTSBI9zXlMEQSy+dvpNZNa0MrYALXUxZU/X3RApDKZPQ15350XLey8X/vH6sgjMvJSyKFWZotiiIqaW4lWdjDYnASNFEE4gE0bdaaAwFREonWNEhOPMvL5JOo+4c1xvXJ9XmeRFHGRyAQ3AEHHAKmuAStEAbIPAInsEreDOejBfj3fiYtZaMYmYf/IHx+QOLhZ2x</latexit>



Geometry & boundary conditions

Unit cell

e1
<latexit sha1_base64="qrJxpw7cqPENO3wg0h1zPKSNCEc="></latexit>

e2
<latexit sha1_base64="uSgsLEXOGJQqXkcTFUCrGFrJ7GE="></latexit>

e3
<latexit sha1_base64="Bq6uIkBX1s0aeFFHRln6nxLTbFE="></latexit>

i1
<latexit sha1_base64="KKANsIldI2IQ20+E06UQzofx6IE="></latexit>

i2
<latexit sha1_base64="pX2ixIef5RUj0S8eR7KZ0tyAWbA="></latexit>

i3
<latexit sha1_base64="mnyJ7khix5OB+CAv9XqC1rOChBw="></latexit>

@Y (N)
<latexit sha1_base64="SuzqEuyMHzoAvCT3JAJAg4wFCPs="></latexit>

@Y (P)
<latexit sha1_base64="sPFU1UhZIzU+beKYkXCAxlDj5Lg=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiRV0GXRjcsK9iFNLJPppB06mYSZiRhCdm78FTcuFHHrL7jzb5y0WWjrgQuHc+7l3nu8iFGpLOvbWFhcWl5ZLa2V1zc2t7bNnd22DGOBSQuHLBRdD0nCKCctRRUj3UgQFHiMdLzxZe537omQNOQ3KomIG6Ahpz7FSGmpbx44ERKKIgZv71JHUZ6kTuCFD2m1eZxlWd+sWDVrAjhP7IJUQIFm3/xyBiGOA8IVZkjKnm1Fyk3zHZiRrOzEkkQIj9GQ9DTlKCDSTSd/ZPBIKwPoh0IXV3Ci/p5IUSBlEni6M0BqJGe9XPzP68XKP3dTyqNYEY6ni/yYQRXCPBQ4oIJgxRJNEBZU3wrxCAmElY6urEOwZ1+eJ+16zT6p1a9PK42LIo4S2AeHoApscAYa4Ao0QQtg8AiewSt4M56MF+Pd+Ji2LhjFzB74A+PzB4EAmbY=</latexit>

Y
<latexit sha1_base64="NRADBWhidLrGKbqT5Fr94wkW5hw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALiLjOE=</latexit>

Y2
<latexit sha1_base64="cDRm+lf5aUSt6A8bfFC/ecAydpw=">AAACFXicdVBLSwMxGMz6rPW16tFLsAgeyrK7tra9Fb14rGAf0i4lm2bb0OyDJCuUZf+EF/+KFw+KeBW8+W9M2y1U0YHAZGa+5GPciFEhTfNLW1ldW9/YzG3lt3d29/b1g8OWCGOOSROHLOQdFwnCaECakkpGOhEnyHcZabvjq6nfvidc0DC4lZOIOD4aBtSjGEkl9fVi0ps90uVD10lMo1a1yna1OCUXlXKpaBnmDOld3077emFxhyqhUCllpGbBhVUAGRp9/bM3CHHsk0BihoToWmYknQRxSTEjab4XCxIhPEZD0lU0QD4RTjJbKIWnShlAL+TqBBLO1OWJBPlCTHxXJX0kR+K3NxX/8rqx9KpOQoMoliTA84+8mEEZwmlFcEA5wZJNFEGYU7UrxCPEEZaqyPxyCf+Tlm1Y54Z9UyrUL7M6cuAYnIAzYIEKqINr0ABNgMEDeAIv4FV71J61N+19Hl3Rspkj8APaxzdaOZso</latexit>

Y3
<latexit sha1_base64="Rt46NdaE2FYRsDY/edOLDVGPXF8=">AAACFXicdVBLSwMxGMzWV62vqkcvwSJ4KMtuH7a9Fb14rGAfsl2WbJptQ7MPkqxQlv4JL/4VLx4U8Sp489+YtluoogOBycx8yce4EaNCGsaXlllb39jcym7ndnb39g/yh0cdEcYckzYOWch7LhKE0YC0JZWM9CJOkO8y0nXHVzO/e0+4oGFwKycRsX00DKhHMZJKcvLFpD9/xOJD104MvVE3q6V6cUYuatVK0dSNOaZ3Tnnq5AvLO1QJhVolJQ0TLq0CSNFy8p/9QYhjnwQSMySEZRqRtBPEJcWMTHP9WJAI4TEaEkvRAPlE2Ml8oSk8U8oAeiFXJ5Bwrq5OJMgXYuK7KukjORK/vZn4l2fF0qvbCQ2iWJIALz7yYgZlCGcVwQHlBEs2UQRhTtWuEI8QR1iqInOrJfxPOiXdLOulm0qheZnWkQUn4BScAxPUQBNcgxZoAwwewBN4Aa/ao/asvWnvi2hGS2eOwQ9oH99bvpsp</latexit>

Y
<latexit sha1_base64="NRADBWhidLrGKbqT5Fr94wkW5hw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALiLjOE=</latexit>

@Y (N)
<latexit sha1_base64="Et9Swx7R1EPX0RQSWVMrou7RtjY=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWpgi6LblxJBfuQJpbJdNIOnUzCzEQsITs3/oobF4q49Rfc+TdO2iy09cCFwzn3cu89XsSoVJb1bRQWFpeWV4qrpbX1jc0tc3unJcNYYNLEIQtFx0OSMMpJU1HFSCcSBAUeI21vdJH57XsiJA35jRpHxA3QgFOfYqS01DP3nQgJRRGDt3eJoygfJ07ghQ9J5eooTdOeWbaq1gRwntg5KYMcjZ755fRDHAeEK8yQlF3bipSbZDswI2nJiSWJEB6hAelqylFApJtM/kjhoVb60A+FLq7gRP09kaBAynHg6c4AqaGc9TLxP68bK//MTSiPYkU4ni7yYwZVCLNQYJ8KghUba4KwoPpWiIdIIKx0dCUdgj378jxp1ar2cbV2fVKun+dxFMEeOAAVYINTUAeXoAGaAINH8AxewZvxZLwY78bHtLVg5DO74A+Mzx998Jm0</latexit>

@Y (P)
<latexit sha1_base64="sPFU1UhZIzU+beKYkXCAxlDj5Lg=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiRV0GXRjcsK9iFNLJPppB06mYSZiRhCdm78FTcuFHHrL7jzb5y0WWjrgQuHc+7l3nu8iFGpLOvbWFhcWl5ZLa2V1zc2t7bNnd22DGOBSQuHLBRdD0nCKCctRRUj3UgQFHiMdLzxZe537omQNOQ3KomIG6Ahpz7FSGmpbx44ERKKIgZv71JHUZ6kTuCFD2m1eZxlWd+sWDVrAjhP7IJUQIFm3/xyBiGOA8IVZkjKnm1Fyk3zHZiRrOzEkkQIj9GQ9DTlKCDSTSd/ZPBIKwPoh0IXV3Ci/p5IUSBlEni6M0BqJGe9XPzP68XKP3dTyqNYEY6ni/yYQRXCPBQ4oIJgxRJNEBZU3wrxCAmElY6urEOwZ1+eJ+16zT6p1a9PK42LIo4S2AeHoApscAYa4Ao0QQtg8AiewSt4M56MF+Pd+Ji2LhjFzB74A+PzB4EAmbY=</latexit>

@Y (D)
<latexit sha1_base64="BtuW+wShe29v8l7zs51m59XrT5w=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWpgi6LunBZwT6kiWUynbRDJ5MwMxFLyM6Nv+LGhSJu/QV3/o2TNgttPXDhcM693HuPFzEqlWV9G4WFxaXlleJqaW19Y3PL3N5pyTAWmDRxyELR8ZAkjHLSVFQx0okEQYHHSNsbXWR++54ISUN+o8YRcQM04NSnGCkt9cx9J0JCUcTg7V3iKMrHiRN44UNSuTxK07Rnlq2qNQGcJ3ZOyiBHo2d+Of0QxwHhCjMkZde2IuUm2Q7MSFpyYkkihEdoQLqachQQ6SaTP1J4qJU+9EOhiys4UX9PJCiQchx4ujNAaihnvUz8z+vGyj9zE8qjWBGOp4v8mEEVwiwU2KeCYMXGmiAsqL4V4iESCCsdXUmHYM++PE9atap9XK1dn5Tr53kcRbAHDkAF2OAU1MEVaIAmwOARPINX8GY8GS/Gu/ExbS0Y+cwu+APj8wduoJmq</latexit>

e1
<latexit sha1_base64="qrJxpw7cqPENO3wg0h1zPKSNCEc="></latexit>

e2
<latexit sha1_base64="uSgsLEXOGJQqXkcTFUCrGFrJ7GE="></latexit>

i1
<latexit sha1_base64="KKANsIldI2IQ20+E06UQzofx6IE="></latexit>

i2
<latexit sha1_base64="pX2ixIef5RUj0S8eR7KZ0tyAWbA="></latexit>

(a)
<latexit sha1_base64="X/qnRvMwhjWbXpmRy4/PIWPyG6U=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxhoSXRxhKjIAlcyN6yBxv29i67cybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCobeJUM95isYx1J6CGS6F4CwVK3kk0p1Eg+WMwvpn5j09cGxGrB5wk3I/oUIlQMIpWuq/S83654tbcOcgq8XJSgRzNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF75mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq6Rdr3kXtfpdvdK4zuMowgmcQhU8uIQG3EITWsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8weJWY1M</latexit>

(b)
<latexit sha1_base64="+ztJnr+tGUTNHl6HB1D2mRcIYE0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxhoSXRxhKjIAlcyN6yBxv29i67cybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCobeJUM95isYx1J6CGS6F4CwVK3kk0p1Eg+WMwvpn5j09cGxGrB5wk3I/oUIlQMIpWuq8G5/1yxa25c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7XvMuavW7eqVxncdRhBM4hSp4cAkNuIUmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+K3o1N</latexit>

@Y (P)
<latexit sha1_base64="sPFU1UhZIzU+beKYkXCAxlDj5Lg=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiRV0GXRjcsK9iFNLJPppB06mYSZiRhCdm78FTcuFHHrL7jzb5y0WWjrgQuHc+7l3nu8iFGpLOvbWFhcWl5ZLa2V1zc2t7bNnd22DGOBSQuHLBRdD0nCKCctRRUj3UgQFHiMdLzxZe537omQNOQ3KomIG6Ahpz7FSGmpbx44ERKKIgZv71JHUZ6kTuCFD2m1eZxlWd+sWDVrAjhP7IJUQIFm3/xyBiGOA8IVZkjKnm1Fyk3zHZiRrOzEkkQIj9GQ9DTlKCDSTSd/ZPBIKwPoh0IXV3Ci/p5IUSBlEni6M0BqJGe9XPzP68XKP3dTyqNYEY6ni/yYQRXCPBQ4oIJgxRJNEBZU3wrxCAmElY6urEOwZ1+eJ+16zT6p1a9PK42LIo4S2AeHoApscAYa4Ao0QQtg8AiewSt4M56MF+Pd+Ji2LhjFzB74A+PzB4EAmbY=</latexit>

Periodic BCs

Dirichlet BCs

Neumann BCs@SN, @Y (N)
<latexit sha1_base64="zGPYSt27yvX7tWRCodBOwjndfHk=">AAACLnicbVBbS8MwGE3nbc7b1EdfgkOYIKOdgj4ORfBpTHQXWetIs3QLS9OSpOIo/UW++Ff0QVARX/0ZptsENz0QOJzzfXw5xw0Zlco0X43M3PzC4lJ2Obeyura+kd/casggEpjUccAC0XKRJIxyUldUMdIKBUG+y0jTHZylfvOOCEkDfq2GIXF81OPUoxgpLXXy53aIhKKI2T5SfYxYfJXcxraifBjbvhvcx9UkSQ7gzxi8mXaL1X3td/IFs2SOAP8Sa0IKYIJaJ/9sdwMc+YQrzJCUbcsMlROnNzAjSc6OJAkRHqAeaWvKkU+kE4/iJnBPK13oBUI/ruBI/b0RI1/Koe/qyTSUnPVS8T+vHSnvxIkpDyNFOB4f8iIGVQDT7mCXCoIVG2qCsKD6rxD3kUBY6YZzugRrNvJf0iiXrMNS+fKoUDmd1JEFO2AXFIEFjkEFXIAaqAMMHsATeAPvxqPxYnwYn+PRjDHZ2QZTML6+AUj5qxY=</latexit>

@SD, @Y (D)
<latexit sha1_base64="yuFDIX0sgkY3QsC/jQdaTuM2rJs=">AAACLnicbVBbS8MwGE3nbc5b1UdfgkOYIKOdgj4OneDjRHeRtY40y7awNC1JKo7SX+SLf0UfBBXx1Z9huk1w0wOBwznfx5dzvJBRqSzr1cjMzS8sLmWXcyura+sb5uZWXQaRwKSGAxaIpockYZSTmqKKkWYoCPI9Rhre4Cz1G3dESBrwazUMieujHqddipHSUts8d0IkFEXM8ZHqY8Tiq+Q2dhTlw9jxveA+riRJcgB/xuDNtFuo7Gu/beatojUC/EvsCcmDCapt89npBDjyCVeYISlbthUqN05vYEaSnBNJEiI8QD3S0pQjn0g3HsVN4J5WOrAbCP24giP190aMfCmHvqcn01By1kvF/7xWpLonbkx5GCnC8fhQN2JQBTDtDnaoIFixoSYIC6r/CnEfCYSVbjinS7BnI/8l9VLRPiyWLo/y5dNJHVmwA3ZBAdjgGJTBBaiCGsDgATyBN/BuPBovxofxOR7NGJOdbTAF4+sbKSOrAg==</latexit>

S
<latexit sha1_base64="s0ORvqxeEX0PpYtJdKPahu55m4g=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJp1H3LuqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjPaRbQ==</latexit>

@SD
<latexit sha1_base64="l+f67/U/XoCfzTO16hoic5YTeSM=">AAACDnicbVC7TsMwFHXKq5RXgJEloqrEVCUFCcYKGBiLoA+pCZXjOq1Vx45sBxFF+QIWfoWFAYRYmdn4G5w2A7Qc6UpH59yre+/xI0qksu1vo7S0vLK6Vl6vbGxube+Yu3sdyWOBcBtxykXPhxJTwnBbEUVxLxIYhj7FXX9ykfvdeywk4exWJRH2QjhiJCAIKi0NzJobQaEIpG4I1RhBmt5kd6mrCEtSN/T5Q3qZZdnArNp1ewprkTgFqYICrYH55Q45ikPMFKJQyr5jR8pL81WI4qzixhJHEE3gCPc1ZTDE0kun72RWTStDK+BCF1PWVP09kcJQyiT0dWd+tJz3cvE/rx+r4MxLCYtihRmaLQpiailu5dlYQyIwUjTRBCJB9K0WGkMBkdIJVnQIzvzLi6TTqDvH9cb1SbV5XsRRBgfgEBwBB5yCJrgCLdAGCDyCZ/AK3own48V4Nz5mrSWjmNkHf2B8/gB8P52n</latexit>

@SN
<latexit sha1_base64="fQhbF8YARZ3WN3hTabKgDp+DlAU=">AAACDnicbVDLSsNAFJ3UV62vqEs3wVJwVZIq6LLoxpVUtA9oYplMJ+3QyUyYmYgh5Avc+CtuXCji1rU7/8ZJm4W2HrhwOOde7r3HjyiRyra/jdLS8srqWnm9srG5tb1j7u51JI8Fwm3EKRc9H0pMCcNtRRTFvUhgGPoUd/3JRe5377GQhLNblUTYC+GIkYAgqLQ0MGtuBIUikLohVGMEaXqT3aWuIixJ3dDnD+lVlmUDs2rX7SmsReIUpAoKtAbmlzvkKA4xU4hCKfuOHSkvzVchirOKG0scQTSBI9zXlMEQSy+dvpNZNa0MrYALXUxZU/X3RApDKZPQ15350XLey8X/vH6sgjMvJSyKFWZotiiIqaW4lWdjDYnASNFEE4gE0bdaaAwFREonWNEhOPMvL5JOo+4c1xvXJ9XmeRFHGRyAQ3AEHHAKmuAStEAbIPAInsEreDOejBfj3fiYtZaMYmYf/IHx+QOLhZ2x</latexit>



Bloch wave setup
Unit cell problem

e1
<latexit sha1_base64="qrJxpw7cqPENO3wg0h1zPKSNCEc="></latexit>

e2
<latexit sha1_base64="uSgsLEXOGJQqXkcTFUCrGFrJ7GE="></latexit>

e3
<latexit sha1_base64="Bq6uIkBX1s0aeFFHRln6nxLTbFE="></latexit>

i1
<latexit sha1_base64="KKANsIldI2IQ20+E06UQzofx6IE="></latexit>

i2
<latexit sha1_base64="pX2ixIef5RUj0S8eR7KZ0tyAWbA="></latexit>
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Source term

f(x) =

Z

ks+C
f̃(x) eik·x dk, ks2 B, C ✓ B

<latexit sha1_base64="pAfy4HkFcV/T1qQ7EjzpCXbd8Lk="></latexit>



Asymptotic analysis

Ansatz

ũ(x) = ✏�2ũ0(x) + ✏�1ũ1(x) + ũ2(x) + . . .
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FF-FW regime

group velocity of the Dirac cones is critical, because not only this
condition ensures that the S and A modes are degenerate over a
broad range of frequency around the Dirac point but more
importantly it allows one to use any unitary transform of the
original orthogonal basis (S and A modes) as effective spin states.
Near the K-point (k||¼ kKþ dk||) and using the A and S modes as
the basis, this system is described by a 4# 4 effective
Hamiltonian:

bHA;S kk
! "

¼ vAbrk $ dkk 0
0 vSbrk $ dkk

# $
; ð1Þ

where brk ¼ bs1; bs2½ ( is the Pauli matrices of the Dirac bands
subspace (Supplementary Note 2). vA and vS are the group
velocities of the A and S modes, respectively, and have an
identical value of vD when degeneracy is achieved. Any bulk mode
can be expanded into a linear superposition of four Dirac-band
eigenstates described by a four-component wavefunction
j/4 ¼ fI

A;f
II
A;f

I
S;f

II
S

% &
, where the superscripts I and II

denote the lower and upper Dirac bands, respectively.

Emulating strong spin–orbing coupling. In the second step, we
introduce strong spin–orbit coupling to induce topological phase
transition, accompanied by the opening of a topological bandgap at
the K and K0 points for the bulk crystal (Fig. 2). Note that the

degeneracy between the A and S modes achieved at the previous
step ensures a complete phononic bandgap in the proximity of the
former Dirac points, forming an ‘insulating state’ for the phononic
crystal (Fig. 2b)43. The use of Lamb waves is crucial to the
formation of the complete bandgap44,45. By enlarging the upper rim
of the air holes into a counterbore structure, as shown in Fig. 2a, an
effective gauge field emulating spin–orbit coupling46 is introduced.
This structural change breaks sz mirror symmetry, and is designed
to induce coupling within two mode pairs in the original Dirac
bands: the lower AI mode and the upper SII mode, as well as the
lower SI mode and the upper AII mode. For all frequencies near the
original Dirac points where the frequency and group velocity
degeneracy are maintained, the eigenmodes of the system become
hybridized as Aþ Sð Þ=

ffiffiffi
2
p

and A ) Sð Þ=
ffiffiffi
2
p

, which will be used as
the two effective spins. Inspection of the numerically calculated
displacement fields confirms such pairwise hybridizations of the A
and S modes as the new eigenmodes (Fig. 2c).

Treating the structural modification as a perturbation, we
mapped the effective Hamiltonian to the Kane–Mele theory46,
proving this system is a phononic analogue of QSHE. Indeed,
keeping the A and S modes as the basis, the perturbation is
described by a first-order correction to the unperturbed
Hamiltonian bHA;S ¼ bHA;Sþ bVA;S with bVA;S ¼ 0;mbs3; mbs3; 0½ (,
where bs3 is a Pauli matrix (Supplementary Note 2). Switching
to the hybridized modes as the basis in the vicinity of K (K0)
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Figure 1 | Dual-scale phononic crystal with degenerate Dirac cones. (a) Perspective view (upper panel) and top view (lower panel) of a phononic crystal
made of a triangular lattice of air holes in a slab of aluminium metamaterial. P¼ 1 cm; L¼ 5.25 mm; R¼ 1.95 mm. The non-resonant metamaterial slab is
2.54-mm thick, with subwavelength air holes at a filling ratio of 0.65. (b) Phononic band structure with degenerate Dirac points and Dirac velocities,
along the irreducible Brillouin zone boundary (shown as inset). (c) Displacement fields of a unit cell at the Dirac point (K). Colour indicates the
displacement amplitudes from the undeformed configuration (grey contours).
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Figure 2 | Spin–orbit coupling and bandgap opening by breaking mirror symmetry rz. (a) Perspective view of the modified phononic crystal (upper
panel) with broken z-mirror symmetry: the top rim of each air hole is enlarged into a counterbore (lower panel) with 14% increase in size and a 20% depth
of the overall thickness. The overall thickness is increased to 2.94 mm to restore the spin degeneracy between the modes at the K-point. (b) Phononic
band structure showing a complete bandgap (5.4% relative bandwidth) induced by the symmetry breaking. Phase and group velocities at the band edge
remain matched near the K-point. Spin Chern number CS, calculated using first-principle finite-element method simulations, is shown for each band.
(c) Displacement fields of a unit cell at the Dirac point (K), illustrating the hybridization between the S and A modes. Colours indicate the absolute value of
the displacement.
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Source expansion

f̃(x) = f̃0(x) + ✏f̃1(x)·(îk) + ✏2f̃2(x) : (îk)
2 + . . .
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where ũ�1 ⌘ 0.
In the sequel, we conveniently denote by wm the respective constants of integration when

solving for ũm(x). With reference to (2.12) and (3.4), we specifically seek wm as

wm = hũmi = (ũm, �̃n), m> 0 (3.6)

so that
hũi = ✏�2w0 + ✏�1w1 + w2 + ✏w3 + · · · . (3.7)

(i) Leading-order approximation

The O(✏�2) contribution stemming from (3.3) and (3.4) reads

� �̃n⇢ũ0 �rks
·
�
Grks

ũ0
�
= 0 in Y. (3.8)

By virtue of (3.2) and (3.5) with m= 0, we have

ũ0(x) = u0 �̃n(x) at k= ks (3.9)

where w0 is a constant to be determined. By the earlier premise that k�̃nk=1, one immediately
finds hũ0i=w0 as postulated by (3.6).

Similarly, the O(✏�1) equality can be identified as

��̃�
n⇢ũ1 �rks

·
�
G(rks

ũ1 + ik̂ ũ0)
�
� ik̂ ·

�
Grks

ũ0
�
= 0 in Y. (3.10)

This equation is solved by

ũ1(x) = w0�
(1)(x)· ik̂ + w1 �̃n(x) (3.11)

where w1 is a constant, and �(1)2 (H1
p0(Y ))d is a unique vector that satisfies

�̃�
n⇢�

(1) +rks
·
�
G(rks

�(1)+ I�̃n)
�
+Grks

�̃n = 0 in Y, (3.12)

⌫ ·G(rks
�(1)+ I�̃n)|xj=0 = �⌫ ·G(rks

�(1)+ I�̃n)|xj=`j
.

Note that (3.12) is solvable since one can show that rks
·(GI�̃n) +Grks

�̃n is orthogonal to �̃n.
In a similar fashion, the solvability condition can be demonstrated to hold for all subsequent cell
problems and will not be discussed hereon.

Lemma 3. Cell function �(1) is real-valued. See Appendix A, electronic supplementary material, for proof.

Proceeding with the cascade of differential equations, the O(1) equation reads

��̃�
n⇢ũ2 �rks

·
�
G(rks

ũ2 + ik̂ ũ1)
�
� ik̂·

�
G(rks

ũ1 + ik̂ ũ0)
�
� �!̂2⇢ũ0 = 1 in Y. (3.13)

To help expose the behavior of w0, we next evaluate the inner product of (3.13) with �̃n, i.e.
�
� �̃�

n⇢ũ2 �rks
·
�
G(rks

ũ2+ ik̂ ũ1)
�
, �̃n

�
=

�
ik̂·

�
G(rks

ũ1+ ik̂ ũ0)
�
, �̃n

�
+ �!̂2h⇢�̃niw0 + h1i.

(3.14)
On deploying repeated integration by parts and recalling (3.2), the second term on the left-hand
side of (3.14) is computed as

�
�
rks

·
�
G(rks

ũ2 + ik̂ ũ1)
�
, �̃n

�
=

�
G(rks

ũ2 + ik̂ ũ1),rks
�̃n

�

= �
�
ũ2,rks

·
�
G(rks

�̃n
��

+
�
ik̂Gũ1 ,rks

�̃n
�
=

�
ũ2, �̃

�
n⇢�̃n

�
+

�
ik̂Gũ1 ,rks

�̃n
�
. (3.15)

By (3.11) and (3.15), the left-hand side of (3.14) becomes
�
ik̂Gũ1,rks

�̃n
�
= w0

�
G�(1) ⌦rks

�̃n, 1
�
: (ik̂)2 + w1

�
ik̂G�̃n,rks

�̃n
�
,

while its right-hand side reads

w0
�
Grks

�(1), �̃n
�
: (ik̂)2 + w1

�
ik̂·(Grks

�̃n), �̃n
�
+ w0

�
G�̃nI, �̃n

�
: (ik̂)2 + �!̂2h⇢�̃niw0 + h1i.

k = ks ) arg(�̃n(x)) 6= const
<latexit sha1_base64="ZE3TaKIocSylVmjyG9hbT5QG3rY="></latexit>

✓(0) = hGrks �̃ni � hGrks �̃ni⇤ 2 iRd, ⇢(0) = h⇢�̃ni 2 R+
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where ũ�1 ⌘ 0.
In the sequel, we conveniently denote by wm the respective constants of integration when

solving for ũm(x). With reference to (2.12) and (3.4), we specifically seek wm as

wm = hũmi = (ũm, �̃�
n), m> 0 (3.6)

so that
hũi = ✏�2w0 + ✏�1w1 + w2 + ✏w3 + · · · . (3.7)

(i) Leading-order approximation

The O(✏�2) contribution stemming from (3.3) and (3.4) reads

� �̃n⇢ũ0 �rks
·
�
Grks

ũ0
�
= 0 in Y. (3.8)

By virtue of (3.2) and (3.5) with m= 0, we have

ũ0(x) = w0 �̃
�
n(x), (3.9)

where w0 is a constant to be determined. By the earlier premise that k�̃�
nk=1, one immediately

finds hũ0i=w0 as postulated by (3.6).
Similarly, the O(✏�1) equality can be identified as

��̃�
n⇢ũ1 �r·

�
G(rũ1 + ik̂ ũ0)

�
� ik̂ ·

�
Grũ0

�
= 0 in Y. (3.10)

This equation is solved by

ũ1(x) = w0�
(1)(x)· ik̂ + w1 �̃

�
n(x) (3.11)

where w1 is a constant, and �(1)2 (H1
p0(Y ))d is a unique vector that satisfies

�̃�
n⇢�

(1) +r·
�
G(r�(1)+ I�̃�

n)
�
+Gr�̃�

n = 0 in Y, (3.12)

⌫ ·G(r�(1)+ I�̃�
n)|xj=0 = �⌫ ·G(r�(1)+ I�̃�

n)|xj=`j
.

Note that (3.12) is solvable since one can show that r·(GI�̃�
n) +Gr�̃�

n is orthogonal to �̃�
n. In

a similar fashion, the solvability condition can be demonstrated to hold for all subsequent cell
problems and will not be discussed hereon.

Lemma 3. Cell function �(1) is real-valued. See Appendix A, electronic supplementary material, for proof.

Proceeding with the cascade of differential equations, the O(1) equation reads

��̃�
n⇢ũ2 �r·

�
G(rũ2 + ik̂ ũ1)

�
� ik̂·

�
G(rũ1 + ik̂ ũ0)

�
� �!̂2⇢ũ0 = 1 in Y. (3.13)

To help expose the behavior of w0, we next evaluate the inner product of (3.13) with �̃�
n, i.e.

�
� �̃�

n⇢ũ2 �r·
�
G(rũ2+ ik̂ ũ1)

�
, �̃�

n
�
=

�
ik̂·

�
G(rũ1+ ik̂ ũ0)

�
, �̃�

n
�
+ �!̂2h⇢�̃�

niw0 + h1i.
(3.14)

On deploying repeated integration by parts and recalling (3.2), the second term on the left-hand
side of (3.14) is computed as

�
�
r·

�
G(rũ2 + ik̂ ũ1)

�
, �̃�

n
�
=

�
G(rũ2 + ik̂ ũ1),r�̃�

n
�

= �
�
ũ2,r·

�
G(r�̃�

n
��

+
�
ik̂Gũ1 ,r�̃�

n
�
=

�
ũ2, �̃

�
n⇢�̃

�
n
�
+

�
ik̂Gũ1 ,r�̃�

n
�
. (3.15)

By (3.11) and (3.15), the left-hand side of (3.14) becomes
�
ik̂Gũ1,r�̃�

n
�
= w0

�
G�(1) ⌦r�̃�

n, 1
�
: (ik̂)2 + w1

�
ik̂G�̃�

n,r�̃�
n
�
,

while its right-hand side reads

w0
�
Gr�(1), �̃�

n
�
: (ik̂)2 + w1

�
ik̂·(Gr�̃�

n), �̃
�
n
�
+ w0

�
G�̃�

nI, �̃
�
n
�
: (ik̂)2 + �!̂2h⇢�̃�

niw0 + h1i.

O(✏�2) :
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ũ1(x) = u0 �
(1)(x)· ik̂ + u1�̃n(x)
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⌦
O(✏�1)

↵
:
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�
�
✓(0) ·(ik̂) + �!̆2⇢(0)

�
u0 = 0

<latexit sha1_base64="s6Te1r5ABRaOmmA7IbHxbrTCb+0="></latexit>



O(1) effective equation

µ(0)=
⌦
G{rks�

(1) + �̃nI}
↵
�

�
G{�(1) ⌦ (rks �̃n)

⇤}, 1
�
� 1

⇢(0)
{✓(0) ⌦ ⇢(1)}

<latexit sha1_base64="7LLn8LQS196wHAyjenKZDp7hcso="></latexit>

Case 

�
�
✓(0) ·(ik) + ⇢(0)�!̆2

�
hui = ✏hf̃0i

<latexit sha1_base64="UVjQ3NHLqq/6i15d8suTEYfZzrQ="></latexit>

Case 

�
�
µ(0) : (ik)2 + ⇢(0)�!̂2

�
hui = ✏2hf̃0i

<latexit sha1_base64="1xiaELneH+hlLq2nO9VjTAocSag="></latexit>

�
�
µ(0) : (ik)2 + ⇢(0)�!̂2

�
hui = ✏2hf̃0i
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Repeated eigenvalues

!  equation O(ϵ−2)

!  equation O(ϵ−1)

A(0)
pq = ✓(0)

pq ·(ik), Dpq = ⇢(0)
p �pq

<latexit sha1_base64="HhPXpjsf5eSWeKu63DGS7UiygBE="></latexit>

!  equation O(1)

f0p = hf̃0inp
<latexit sha1_base64="XrddZ7C0akZbgiLUlFaw0SO4Hkc=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBahp5JUQS9C0YvHCvYDmho220m7dLMJuxuhhPwFL/4VLx4U8erNm//GbdqDtj4YeLw3w8w8P+ZMadv+tgorq2vrG8XN0tb2zu5eef+graJEUmjRiEey6xMFnAloaaY5dGMJJPQ5dPzx9dTvPIBULBJ3ehJDPyRDwQJGiTaSV64GXmrHGb7ELidiyMHVjA8gDTLPdmWu3KfCizOvXLFrdg68TJw5qaA5ml75yx1ENAlBaMqJUj3HjnU/JVIzyiEruYmCmNAxGULPUEFCUP00/yjDJ0YZ4CCSpoTGufp7IiWhUpPQN50h0SO16E3F/7xeooOLfspEnGgQdLYoSDjWEZ7GgwdMAtV8YgihkplbMR0RSag2IZZMCM7iy8ukXa85p7X67VmlcTWPo4iO0DGqIgedowa6QU3UQhQ9omf0it6sJ+vFerc+Zq0Faz5ziP7A+vwB0rWdqw==</latexit>

6.2.2. E↵ective model for trivial Apq

In some situations, especially those when G(x) and ⇢(x) carry certain symmetries over Y , the vector coef-
ficients ✓(0)

pq in (130) and thus the coupling matrix Apq in (131) may vanish identically. In this case, (131)
with Apq = 0 yields !̆ = 0 in order to preserve the leading-order solution (128). Accordingly, from (96)
with !̆ = 0 and (143) we find that

w̃1(x) =
X

q

w0q �(1)
q (x)· ik̂ +

X

q

w1q '̃a
nq(x), (138)

where w1q 2 C (q = 1, Q) are constants, and �(1)
q 2 (H1a

p0 (Ya))d are given by

�̃a
n⇢�(1)

q + r·
�
G(r�(1)

q + I'̃a
nq)

�
+ Gr'̃a

nq = 0 in Ya, q = 1, Q (139)

⌫ · G(r�(1)
q + I'̃a

nq)|xj=0 = �⌫ · G(r�(1)
q + I'̃a

nq)|xj=(1+aj)`j
, j = 1, d.

On substituting this result into (100), multiplying by '̃a
np, and integrating over Ya we find that

�
X

q

Bpq w0q � �!̂2
X

q

Dpq w0q = heika·xip'
a , p = 1, Q, (140)

where Dpq is given by (132) and

Bpq = µ(0)
pq : (ik̂)2, µ(0)

pq =
⌦
G{r�(1)

q + I'̃a
nq}

↵p'

a
�

�
G{�(1)

q ⌦ r'̃a
np}, 1

�
Ya

. (141)

Lemma 8. Matrix Bpq is symmetric. See Appendix, Section A for proof.

6.2.3. E↵ective model for rank(Apq) = Q � 1 (Q odd)
When Q is odd, we find by Lemma 7 and Assumption 1 that the generalized eigenvalue problem (131) has
one zero eigenvalue to which corresponds unit eigenvector with components #q 2 R, q = 1, Q. Without loss
of generality, we select the eigenfunction basis '̃a

nq so that #q = �q1, i.e.

A1q = Aq1 = 0, q = 1, Q. (142)

In this case, (131) with ⌧ = ��!̆2 = 0 becomes an identity if w0q = w0�q1 for some constant w0, i.e.

w̃0(x) = w0 '̃a
n1(x). (143)

From (96) with !̆ = 0 and (143), we find that

w̃1(x) = w0�
(1)

1 (x)· ik̂ +
X

q

w1q '̃a
nq(x), (144)

where w1q 2 C (q = 1, Q) are constants and, assuming �(1)

1 · ik̂ 6= 0, �(1)

1 2 (H1a
p0 (Ya))d is given by (139) with

q = 1. For the latter to be solvable, its source term must be orthogonal to '̃a
np, p = 1, Q. On multiplying (139)

by '̃a
np and integrating by parts over Ya, we obtain ✓(0)

1q = 0. Thanks to the premise �(1)

1 · ik̂ 6= 0 which ensures

that ik̂ 6? ✓(0)

1q , this condition is met due to (142).
To compute w0, we recall the O(1) statement of (88) given by (100), whose multiplication by '̃a

n1 and
integration over Ya yields

�
�
µ(0)

11 : (ik̂)2 + �!̂2⇢(0)

1

�
w0 = heika·xi1'

a , p = 1, Q, (145)

where ⇢(0)

1 and µ(0)

11 are given respectively by (130) and (141). On adopting the reasoning as in Section 3,
from (145) we conclude that � = sign(!�!�

n) when f̃ 6=0, and � = sign(µ(0)) when f̃ =0.
We note however that the above leading-order model is incomplete in that it features only a single pro-

jection, w0, at an apex point that features Q eigenfunctions. To identify the remaining Q�1 leading-order
projections in terms of w1q, we revisit the O(1) statement of (88) taking !̆ 6= 0, namely

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
G(rw̃1 + ik̂w̃0)

�
� �!̆2⇢w̃1 � �!̂2⇢w̃0 = eika·x in Ya, (146)

20

f0
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Dirac cones in 2D
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Hypercones in 3D
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7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
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Q=2, rank(Apq)=0: eq. (143)
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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cluster, (6.17)
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Figure 6. Asymptotics of closely spaced dispersion branches: (a) two nearby eigenvalues at apex k`= 1 in the tetratomic

chain from Fig. 2, and (b) three nearby eigenvalues at apex A in the chessboard medium from Fig. 5.

we pursue the plane-wave expansion approach and we adopt the projection of a Bloch wave
onto an eigenfunction for the unit cell of periodicity – at a fixed wavenumber and frequency
– as effective descriptor of wave motion. In this way we obtain a homogenized field equation
(including the source term), for an arbitrary dispersion branch, near corners of the “wavenumber
quadrants” comprising the first Brillouin zone. We consider the situations of both (i) isolated,
(ii) repeated, and (iii) nearby eigenvalues. The second-order analysis of isolated eigenvalues
demonstrates that the leading correction of the effective differential operator is O(✏2). In contrast,
the effective source term is found to undergo an O(✏) correction, which may be important for
the development of homogenized Green’s functions for periodic media. In the case of repeated
eigenvalues, the effective description of wave motion reveals three distinct asymptotic regimes
depending on the symmetries of the germane eigenfunction basis. One of these regimes is shown
to describe the so-called Dirac points, i.e. conical contacts between dispersion surfaces, that are
relevant to the phenomenon of topological insulation. In situations involving nearby eigenvalues
(some of which may be repeated), the leading-order model is found to invariably entail a Dirac-
like system of equations that generates “blunted” conical dispersion surfaces. We illustrate the
analytical developments by several examples, including the Green’s function near the edge of
a band gap, and clusters of closely spaced dispersion branches. The mathematical framework
established in this work naturally lends itself to the effective analysis of related (e.g. Maxwell or
Navier) field equations and emerging physical phenomena, such as topologically protected states
and topological networks [18,19], that revolve around the gapping of Dirac cones.
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Figure 1. Homogenization ofwavemotion in periodicmedia: (a) example of a periodic structure inR2 and (b) schematics of the
homogenizable region (for a periodic structure inR1) given by the shaded area in the (ω,k) space. (Online version in colour.)

Through this work, we help establish a rigorous mathematical connection between the two
mainstream approaches to dynamic homogenization, and we equip the two-scale approach to
handle (monopole and dipole) body sources that may help further manipulate waves in periodic
structures [31,32]. Our approach that assumes long wavelengths and low frequencies can, in
principle, be generalized to tackle dynamic homogenization at finite frequencies (relevant to
the description of optical branches) and finite wavenumbers—a regime that was, for instance,
considered in [33– 35] via the framework of multiple scales. This particular item is the focus of an
ongoing investigation.

2. Preliminaries
With reference to an orthonormal vector basis ej ( j = 1, d), consider the time-harmonic wave
equation

− ω2ρ(x)u − ∇ · (G(x)(∇u − γ )) = f in Rd , d = 1, 2, 3 (2.1)

at frequency ω, where G and ρ are Y-periodic;

Y = {x: 0 < x · ej < ℓj; j = 1, d}

is the unit cell illustrated in figure 1a), and f (x) (respectively, γ (x)) denotes the monopole
(respectively, dipole) source term. In what follows, G and ρ are further assumed to be real-valued
L∞(Y) functions bounded away from zero. To facilitate the discussion, one may conveniently
interpret (2.1) in the context of elasticity and anti-plane shear waves, in which case u, G, ρ, f and γ

take, respectively, the meanings of transverse displacement, shear modulus, mass density, body
force and eigenstrain.

Recalling the plane wave expansion approach [9– 11], consider next the Bloch-wave solutions
of the form u(x) = ũ(x) eik·x, where ũ is Y-periodic and depends implicitly on k and ω—which are
hereon assumed to be fixed. If further the source terms are taken in the form of (i) plane-wave
body force f (x) = f̃ eik·x and (ii) eigenstrain field γ (x) = γ̃ eik·x where f̃ and γ̃ are constants, (2.1)
reduces to

− ω2ρ(x)ũ − ∇k · (G(x)(∇kũ − γ̃ )) = f̃ in Y, (2.2)

where ∇k = ∇ + ik. Here, we note that (i) f̃ and γ̃ can be interpreted as the respective Fourier
components of f and γ at fixed wavenumber k, and (ii) the appearance of eigenstrain γ̃ helps
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Table 2: Parameters of the model BVP (25) used in numerical simulations: !" = 2.
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Figure 7: Exact wave motion u versus homogenized mean fields U (0), U (1) and U (2) for the model BVP (25)
given in Table 2: excitation frequency !" = 2.
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Figure 8: Exact wave motion u versus homogenized approximations ũ(0), ũ(1) and ũ(2) for the model BVP (25)
given in Table 2: excitation frequency !" = 2.
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light on the problem, let Tpq be an invertible real-valued matrix such that

g̃'a
np =

X

q

Tpq '̃
a
nq, p= 1, Q (5.29)

represents another (possibly rescaled) basis that is orthogonal in L2
⇢(Ya). In this new frame, we have

f⇢(0)
p =

X

r

Tpr⇢
(0)
r T T

rp,
g✓(0)

pq =
X

r,s

Tpr✓
(0)
rsT

T
sq,

gµ(0)
pq =

X

r,s

Tprµ
(0)
rsT

T
sq, (5.30)

due to (5.12) and (5.21). As a result, effective models (5.17) and (5.20) hold under the mappings

wjq ! gwjq =
X

s

T -T
qswjs, Mpq ! gMpq =

X

r,s

TprMrsT
T
sq,

heika·xip'
a ! heika·xipe'

a =
X

s

Tqs heika·xis'
a , j 2 {0, 1}, M 2 {A,B,D}. (5.31)

which clearly preserve the germane dispersion relationships.

The foregoing remark raises the question of a unique “reference” eigenfunction basis that
facilitates comparison of results across studies. To help the discussion, we let

D-1/2
pq = �pq (⇢

(0)
q )-1/2, ⇢(0) =

1
Q

X

q

⇢(0)
q , (5.32)

and we denote by �A
p 2 R and �B

p 2R (p= 1, Q) the real eigenvalues of ⇢(0) P
r,s D

-1/2
pr ArsD

-1/2
sq

and ⇢(0) P
r,s D

-1/2
pr BrsD

-1/2
sq , respectively. Note that �A

p are ordered in ± pairs as in Remark 12.

Lemma 10. Let k̂/kk̂k be fixed, and consider the eigenfunction basis g̃'a
np given by (5.29) with

Tpq =
p

⇢(0)
X

s

RT
psD

-1/2
sq , p, q= 1, Q, (5.33)

where Rpq is a real-valued orthogonal matrix that: (a) converts ⇢(0) P
r,s D

-1/2
prArsD

-1/2
sq into a 2⇥2

block-diagonal form (·)ot via transformation
P

p,q R
T
op (·)pqRqt when solving (5.17), and (b) collects

the eigenvectors of ⇢(0) P
r,s D

-1/2
prBrsD

-1/2
sq when solving (5.20). Such basis is (i) ⇢-orthonormal in

that (⇢g̃'a
np, g̃'a

nq)Ya
= �pq ⇢

(0) and (ii) unique, i.e. independent of the choice of '̃a
np, when Mpq itself

(M =A,B) has no repeated eigenvalues. In this frame of reference, system (5.17) (resp. system (5.20))
becomes 2⇥2 block-diagonal (resp. diagonal) in direction k̂/kk̂k as

gApq = g✓(0)
pq ·(ik̂) = �p(q+(�1)p) (�1)pi�A

p ,

gBpq = gµ(0)
pq : (ik̂)2 = �pq�

B
p , gDpq = �pq ⇢

(0) (no summation) (5.34)

where gApq, gBpq and gDpq are invariant with respect to the choice of basis '̃a
np. See Appendix A for proof.

With reference to (5.34), we note that the 2⇥2 block-diagonal nature of gApq is perhaps not
surprising, for in this case the germane dispersion branches appear in “±” pairs in terms of the
incipient group velocity, see Remark 12. We also note, omitting the details for brevity, that the
analysis of Lemma 10 also applies to “reduced” system (5.27) arising when rank(Apq) =Q� 1.

Remark 16. At this point, it is unclear under which conditions there exists a common basis g̃'a
np (p= 1, Q)

that simultaneously (block-) diagonalizes Mpq (M =A,B) for all k̂/kk̂k. For instance when Dirac cones
are present (M=A), there is no such basis; otherwise for each k̂?g✓(0)

pq (p, q= 1, Q) the rank of gApq drops
by at least two, and thus negates the Dirac cones. For other types of apexes (with M=B) examined in
Section 7 and elsewhere in the literature [11], on the other hand, such common basis does seem to exist.

7.2.3.Dispersioninamediumwithvariableshearmodulus
Asthelastexample,weconsiderthedispersioninachesboard-likemediumwith`1=`2=1,G=(1,4,1,4),
andr=(1,2,1,2).Thisconfiguration,investigatedin[16]fromtheviewpointofLW-LFapproximation,is
distinctfromthoseexaminedinearlierFW-FFstudiesinthatitfeaturesvariableshearmodulus,i.e.variable
coe�cientintheprincipalpartofthedi↵erentialoperator.WiththeuseofTheorem1,Theorem2and
Theorem3,asymptoticapproximationsofthefirsteightdispersionbranchesforthemediumarecomputed
andshowninFig.5alongthewavenumbercontourABC,seeFig.3(b).Theleading-orderapproximations
areplottedforallbranchesandallapexpoints,whiletheirsecond-ordercounterpartsareshownonlyfor
thosepairs(ka,!a

n)featuringisolatedeigenvalues�̃a
n.Ascanbeseenfromthedisplay,thesecond-order

approximationbringsaboutnotableimprovementintheasymptoticdescriptionofthefirst,second,andsixth
branchnearapexA;howeverthisobservationdoesnotapplytothethirdbranch.Theprincipalreasonfor
thisdropinperformanceofthesecond-orderapproximationistheproximityofneighboringeigenvalues,which
suggestthenecessitytoaccountfortheinteractionofnearbybranchesinsuchsituations.Thisobservation
alsoappliestothefirstandsecondbranchofthepolyatomicchainatk/̀⇡=1inFig.2(d),wherethetwo
eigenvaluesareisolatedyetrelativelyclosetoeachother.FromFig.5,onemayalsonotethatapexBfeatures
distinctasymptoticbehaviorsindirectionsBAandBC.Indeed–indirectionBA,thelocalapproximation
islinear(rank(Apq)=2)andtheuseismadeofthegeneralizedeigenvalueproblemstemmingfrom(137)to
determinethegermaneslopes,seealsoRemark15.IndirectionBC,ontheotherhand,thelocalvariationis
quadratic(rank(Apq)=0)andthegermanecurvaturesarecomputedfromthegeneralizedeigenvalueproblem
dueto(143).Fromabroaderperspective,such“heterogeneous”asymptoticdescriptionatanapexcouldbe
unifiedbypursuingasecond-orderexpansioncateringforrepeatedeigenvalues.Finally,fromthedispersion
diagramweobserve:(i)thepresenceofanarrowbandgapbetweenthesecondandthethirdbranch,and
(ii)thefactthatthelocalbehaviorsofthefirsteightbranchesatapexCarealluniformlydescribedbythe
“trivialApq”model(143).
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Figure5:Firsteightdispersionbranchesforachessboard-likemediumwith`1=`2=1,G=(1,4,1,4),andr=(1,2,1,2).
Dottedlinesplotthe“exact”relationshipscomputednumericallybyNGSolve[24],anddashed(resp.continuous)linestrackthe

leading-(resp.second-)orderapproximationsnearapexesA,BandC.
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7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
<latexit sha1_base64="TW+KSD04UBm1ng0xEVcdWsr88wk="></latexit><latexit sha1_base64="TW+KSD04UBm1ng0xEVcdWsr88wk="></latexit><latexit sha1_base64="TW+KSD04UBm1ng0xEVcdWsr88wk="></latexit><latexit sha1_base64="TW+KSD04UBm1ng0xEVcdWsr88wk="></latexit>

Q=2, rank(Apq)=0: eq. (143)
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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light on the problem, let Tpq be an invertible real-valued matrix such that

g̃'a
np =

X

q

Tpq '̃
a
nq, p= 1, Q (5.29)

represents another (possibly rescaled) basis that is orthogonal in L2
⇢(Ya). In this new frame, we have

f⇢(0)
p =

X

r

Tpr⇢
(0)
r T T

rp,
g✓(0)

pq =
X

r,s

Tpr✓
(0)
rsT

T
sq,

gµ(0)
pq =

X

r,s

Tprµ
(0)
rsT

T
sq, (5.30)

due to (5.12) and (5.21). As a result, effective models (5.17) and (5.20) hold under the mappings

wjq ! gwjq =
X

s

T -T
qswjs, Mpq ! gMpq =

X

r,s

TprMrsT
T
sq,

heika·xip'
a ! heika·xipe'

a =
X

s

Tqs heika·xis'
a , j 2 {0, 1}, M 2 {A,B,D}. (5.31)

which clearly preserve the germane dispersion relationships.

The foregoing remark raises the question of a unique “reference” eigenfunction basis that
facilitates comparison of results across studies. To help the discussion, we let

D-1/2
pq = �pq (⇢

(0)
q )-1/2, ⇢(0) =

1
Q

X

q

⇢(0)
q , (5.32)

and we denote by �A
p 2 R and �B

p 2R (p= 1, Q) the real eigenvalues of ⇢(0) P
r,s D

-1/2
pr ArsD

-1/2
sq

and ⇢(0) P
r,s D

-1/2
pr BrsD

-1/2
sq , respectively. Note that �A

p are ordered in ± pairs as in Remark 12.

Lemma 10. Let k̂/kk̂k be fixed, and consider the eigenfunction basis g̃'a
np given by (5.29) with

Tpq =
p

⇢(0)
X

s

RT
psD

-1/2
sq , p, q= 1, Q, (5.33)

where Rpq is a real-valued orthogonal matrix that: (a) converts ⇢(0) P
r,s D

-1/2
prArsD

-1/2
sq into a 2⇥2

block-diagonal form (·)ot via transformation
P

p,q R
T
op (·)pqRqt when solving (5.17), and (b) collects

the eigenvectors of ⇢(0) P
r,s D

-1/2
prBrsD

-1/2
sq when solving (5.20). Such basis is (i) ⇢-orthonormal in

that (⇢g̃'a
np, g̃'a

nq)Ya
= �pq ⇢

(0) and (ii) unique, i.e. independent of the choice of '̃a
np, when Mpq itself

(M =A,B) has no repeated eigenvalues. In this frame of reference, system (5.17) (resp. system (5.20))
becomes 2⇥2 block-diagonal (resp. diagonal) in direction k̂/kk̂k as

gApq = g✓(0)
pq ·(ik̂) = �p(q+(�1)p) (�1)pi�A

p ,

gBpq = gµ(0)
pq : (ik̂)2 = �pq�

B
p , gDpq = �pq ⇢

(0) (no summation) (5.34)

where gApq, gBpq and gDpq are invariant with respect to the choice of basis '̃a
np. See Appendix A for proof.

With reference to (5.34), we note that the 2⇥2 block-diagonal nature of gApq is perhaps not
surprising, for in this case the germane dispersion branches appear in “±” pairs in terms of the
incipient group velocity, see Remark 12. We also note, omitting the details for brevity, that the
analysis of Lemma 10 also applies to “reduced” system (5.27) arising when rank(Apq) =Q� 1.

Remark 16. At this point, it is unclear under which conditions there exists a common basis g̃'a
np (p= 1, Q)

that simultaneously (block-) diagonalizes Mpq (M =A,B) for all k̂/kk̂k. For instance when Dirac cones
are present (M=A), there is no such basis; otherwise for each k̂?g✓(0)

pq (p, q= 1, Q) the rank of gApq drops
by at least two, and thus negates the Dirac cones. For other types of apexes (with M=B) examined in
Section 7 and elsewhere in the literature [11], on the other hand, such common basis does seem to exist.

Effective coefficients

Effective system of eqs.

For convenience, we rewrite (129) as the generalized eigenvalue problem
X

q

Apq w0q � ⌧
X

q

Dpq w0q = 0, p = 1, Q (131)

with
Apq = ✓(0)

pq ·ik̂, Dpq = �pq ⇢(0)
q ⌧ = ��!̆2. (132)

Since ✓(0)

pq is real-valued and ⇢(0)
q > 0, we see that Apq is Hermitian skew-symmetric, and that Dpq is positive

definite. In what follows, we seek (whenever possible) a non-trivial solution to (131).

Lemma 7. The following statements hold: every ⌧ solving (131) is either real-valued or zero; (ii) if ⌧ is an
eigenvalue of (131), so is �⌧ ; (iii) the eigenvectors corresponding to ⌧ and �⌧ are complex conjugates of each
other, and (iv) the maximum rank of Apq is Q (resp. Q�1) for Q even (resp. odd). See Appendix, Section A
for proof.

Assumption 1. Hereon, we focus our analysis on the situations where Apq is either: (i) of maximum rank
as in Lemma 7, or (ii) trivial.

Remark 13. The first step in the ensuing analyses is to expose the frequency scaling law in (87) depending
on the nature of Apq. Following the developments in Section 5 and in particular the proof of Lemma 6, the key
issue is whether letting !̆ = 0 turns the e↵ective O(✏�1) equation (131) into an identity for non-trivial w0q –
which can then be deployed to satisfy the e↵ective O(1) equation with the source term.

6.2.1. E↵ective model for full-rank Apq (Q even)
In situations when Q is even, generalized eigenvalue problem (131) has no zero eigenvalues by Lemma 7 and
Assumption 1. Accordingly, assuming the scaling framework (87) with !̆ = 0 does not cater for a non-trivial
solution of (131); we thus let !̆ 6= 0 and w0q = 0 (q = 1, Q) by which the O(✏�1) contribution to (88) becomes

��̃a
n⇢w̃1 � r·

�
G(rw̃1)

�
= 0 in Ya. (133)

As a result, the leading-order solution reads

w̃1(x) =
X

q

w1q '̃a
nq(x), (134)

where w1q 2 C (q = 1, Q) are constants. To compute w1q, we identify the O(1) statement of (88), namely

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
Grw̃1

�
� �!̆2⇢w̃1 = eika·x in Ya. (135)

On multiplying (135) by '̃a
np (p 2 1, Q) and integrating over Ya by parts as in the treatment of (32), we obtain

�
ik̂Gw̃1, r'̃a

np

�
Ya

�
�
ik̂·

�
Grw̃1

�
, '̃a

np

�
Ya

� �!̆2
�
⇢w̃1, '̃

a
np

�
Ya

=
�
eika·x, '̃a

np

�
Ya

. (136)

The substitution of (134) into (136) results in a system of Q governing equations for w1p as

�
X

q

Apq w1q � �!̆2
X

q

Dpq w1q = heika·xip'
a , p = 1, Q (137)

where Apq and Dpq are given by (132). By Lemma 7 and Assumption 1, we find that the generalized eigenvalue
problem underpinning (137) has Q real eigenvalues, hereon denoted by ��r !̆2

r , and we assume �!̆2 6= �r !̆2
r

(r = 1, Q) when solving (137).

Remark 14. By Lemma 7, the above eigenvalues appear in “±” pairs, and we conveniently arrange them
so that (i) !̆2

r = !̆2
r+1 and �r/r+1 = ±1 for r odd, and (ii) 0 < !̆2

1 6 !̆2
2 6 . . . 6 !̆2

Q. In this set-
ting, there are Q/2 pairs of dispersion branches emanating from the apex point (ka, !a

n) given by mappings
(ka+ ✏k̂, !a

n + ✏�r!̆2
r(k̂)/(2!a

n)). Each such branch is characterized by an O(1) (positive or negative) group
velocity, and is stenciled by the respective eigenfunction

P
q er

q '̃a
nq, where er

q 2 C (q = 1, Q) are components

of the unit eigenvector of Apq corresponding to �r !̆2
r .
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�
X

q

Bpq w0q � �!̂2
X

q

Dpq w0q = heika·xip'
a , p = 1, Q,
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light on the problem, let Tpq be an invertible real-valued matrix such that

g̃'a
np =

X

q

Tpq '̃
a
nq, p= 1, Q (5.29)

represents another (possibly rescaled) basis that is orthogonal in L2
⇢(Ya). In this new frame, we have

f⇢(0)
p =

X

r

Tpr⇢
(0)
r T T

rp,
g✓(0)

pq =
X

r,s

Tpr✓
(0)
rsT

T
sq,

gµ(0)
pq =

X

r,s

Tprµ
(0)
rsT

T
sq, (5.30)

due to (5.12) and (5.21). As a result, effective models (5.17) and (5.20) hold under the mappings

wjq ! gwjq =
X

s

T -T
qswjs, Mpq ! gMpq =

X

r,s

TprMrsT
T
sq,

heika·xip'
a ! heika·xipe'

a =
X

s

Tqs heika·xis'
a , j 2 {0, 1}, M 2 {A,B,D}. (5.31)

which clearly preserve the germane dispersion relationships.

The foregoing remark raises the question of a unique “reference” eigenfunction basis that
facilitates comparison of results across studies. To help the discussion, we let

D-1/2
pq = �pq (⇢

(0)
q )-1/2, ⇢(0) =

1
Q

X

q

⇢(0)
q , (5.32)

and we denote by �A
p 2 R and �B

p 2R (p= 1, Q) the real eigenvalues of ⇢(0) P
r,s D

-1/2
pr ArsD

-1/2
sq

and ⇢(0) P
r,s D

-1/2
pr BrsD

-1/2
sq , respectively. Note that �A

p are ordered in ± pairs as in Remark 12.

Lemma 10. Let k̂/kk̂k be fixed, and consider the eigenfunction basis g̃'a
np given by (5.29) with

Tpq =
p

⇢(0)
X

s

RT
psD

-1/2
sq , p, q= 1, Q, (5.33)

where Rpq is a real-valued orthogonal matrix that: (a) converts ⇢(0) P
r,s D

-1/2
prArsD

-1/2
sq into a 2⇥2

block-diagonal form (·)ot via transformation
P

p,q R
T
op (·)pqRqt when solving (5.17), and (b) collects

the eigenvectors of ⇢(0) P
r,s D

-1/2
prBrsD

-1/2
sq when solving (5.20). Such basis is (i) ⇢-orthonormal in

that (⇢g̃'a
np, g̃'a

nq)Ya
= �pq ⇢

(0) and (ii) unique, i.e. independent of the choice of '̃a
np, when Mpq itself

(M =A,B) has no repeated eigenvalues. In this frame of reference, system (5.17) (resp. system (5.20))
becomes 2⇥2 block-diagonal (resp. diagonal) in direction k̂/kk̂k as

gApq = g✓(0)
pq ·(ik̂) = �p(q+(�1)p) (�1)pi�A

p ,

gBpq = gµ(0)
pq : (ik̂)2 = �pq�

B
p , gDpq = �pq ⇢

(0) (no summation) (5.34)

where gApq, gBpq and gDpq are invariant with respect to the choice of basis '̃a
np. See Appendix A for proof.

With reference to (5.34), we note that the 2⇥2 block-diagonal nature of gApq is perhaps not
surprising, for in this case the germane dispersion branches appear in “±” pairs in terms of the
incipient group velocity, see Remark 12. We also note, omitting the details for brevity, that the
analysis of Lemma 10 also applies to “reduced” system (5.27) arising when rank(Apq) =Q� 1.

Remark 16. At this point, it is unclear under which conditions there exists a common basis g̃'a
np (p= 1, Q)

that simultaneously (block-) diagonalizes Mpq (M =A,B) for all k̂/kk̂k. For instance when Dirac cones
are present (M=A), there is no such basis; otherwise for each k̂?g✓(0)

pq (p, q= 1, Q) the rank of gApq drops
by at least two, and thus negates the Dirac cones. For other types of apexes (with M=B) examined in
Section 7 and elsewhere in the literature [11], on the other hand, such common basis does seem to exist.



Uncoupling
Dirac/wave system

For convenience, we rewrite (129) as the generalized eigenvalue problem
X

q

Apq w0q � ⌧
X

q

Dpq w0q = 0, p = 1, Q (131)

with
Apq = ✓(0)

pq ·ik̂, Dpq = �pq ⇢(0)
q ⌧ = ��!̆2. (132)

Since ✓(0)

pq is real-valued and ⇢(0)
q > 0, we see that Apq is Hermitian skew-symmetric, and that Dpq is positive

definite. In what follows, we seek (whenever possible) a non-trivial solution to (131).

Lemma 7. The following statements hold: every ⌧ solving (131) is either real-valued or zero; (ii) if ⌧ is an
eigenvalue of (131), so is �⌧ ; (iii) the eigenvectors corresponding to ⌧ and �⌧ are complex conjugates of each
other, and (iv) the maximum rank of Apq is Q (resp. Q�1) for Q even (resp. odd). See Appendix, Section A
for proof.

Assumption 1. Hereon, we focus our analysis on the situations where Apq is either: (i) of maximum rank
as in Lemma 7, or (ii) trivial.

Remark 13. The first step in the ensuing analyses is to expose the frequency scaling law in (87) depending
on the nature of Apq. Following the developments in Section 5 and in particular the proof of Lemma 6, the key
issue is whether letting !̆ = 0 turns the e↵ective O(✏�1) equation (131) into an identity for non-trivial w0q –
which can then be deployed to satisfy the e↵ective O(1) equation with the source term.

6.2.1. E↵ective model for full-rank Apq (Q even)
In situations when Q is even, generalized eigenvalue problem (131) has no zero eigenvalues by Lemma 7 and
Assumption 1. Accordingly, assuming the scaling framework (87) with !̆ = 0 does not cater for a non-trivial
solution of (131); we thus let !̆ 6= 0 and w0q = 0 (q = 1, Q) by which the O(✏�1) contribution to (88) becomes

��̃a
n⇢w̃1 � r·

�
G(rw̃1)

�
= 0 in Ya. (133)

As a result, the leading-order solution reads

w̃1(x) =
X

q

w1q '̃a
nq(x), (134)

where w1q 2 C (q = 1, Q) are constants. To compute w1q, we identify the O(1) statement of (88), namely

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
Grw̃1

�
� �!̆2⇢w̃1 = eika·x in Ya. (135)

On multiplying (135) by '̃a
np (p 2 1, Q) and integrating over Ya by parts as in the treatment of (32), we obtain

�
ik̂Gw̃1, r'̃a

np

�
Ya

�
�
ik̂·

�
Grw̃1

�
, '̃a

np

�
Ya

� �!̆2
�
⇢w̃1, '̃

a
np

�
Ya

=
�
eika·x, '̃a

np

�
Ya

. (136)

The substitution of (134) into (136) results in a system of Q governing equations for w1p as

�
X

q

Apq w1q � �!̆2
X

q

Dpq w1q = heika·xip'
a , p = 1, Q (137)

where Apq and Dpq are given by (132). By Lemma 7 and Assumption 1, we find that the generalized eigenvalue
problem underpinning (137) has Q real eigenvalues, hereon denoted by ��r !̆2

r , and we assume �!̆2 6= �r !̆2
r

(r = 1, Q) when solving (137).

Remark 14. By Lemma 7, the above eigenvalues appear in “±” pairs, and we conveniently arrange them
so that (i) !̆2

r = !̆2
r+1 and �r/r+1 = ±1 for r odd, and (ii) 0 < !̆2

1 6 !̆2
2 6 . . . 6 !̆2

Q. In this set-
ting, there are Q/2 pairs of dispersion branches emanating from the apex point (ka, !a

n) given by mappings
(ka+ ✏k̂, !a

n + ✏�r!̆2
r(k̂)/(2!a

n)). Each such branch is characterized by an O(1) (positive or negative) group
velocity, and is stenciled by the respective eigenfunction

P
q er

q '̃a
nq, where er

q 2 C (q = 1, Q) are components

of the unit eigenvector of Apq corresponding to �r !̆2
r .
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6.2.2. E↵ective model for trivial Apq

In some situations, especially those when G(x) and ⇢(x) carry certain symmetries over Y , the vector coef-
ficients ✓(0)

pq in (130) and thus the coupling matrix Apq in (131) may vanish identically. In this case, (131)
with Apq = 0 yields !̆ = 0 in order to preserve the leading-order solution (128). Accordingly, from (96)
with !̆ = 0 and (143) we find that

w̃1(x) =
X

q

w0q �(1)
q (x)· ik̂ +

X

q

w1q '̃a
nq(x), (138)

where w1q 2 C (q = 1, Q) are constants, and �(1)
q 2 (H1a

p0 (Ya))d are given by

�̃a
n⇢�(1)

q + r·
�
G(r�(1)

q + I'̃a
nq)

�
+ Gr'̃a

nq = 0 in Ya, q = 1, Q (139)

⌫ · G(r�(1)
q + I'̃a

nq)|xj=0 = �⌫ · G(r�(1)
q + I'̃a

nq)|xj=(1+aj)`j
, j = 1, d.

On substituting this result into (100), multiplying by '̃a
np, and integrating over Ya we find that

�
X

q

Bpq w0q � �!̂2
X

q

Dpq w0q = heika·xip'
a , p = 1, Q, (140)

where Dpq is given by (132) and

Bpq = µ(0)
pq : (ik̂)2, µ(0)

pq =
⌦
G{r�(1)

q + I'̃a
nq}

↵p'

a
�

�
G{�(1)

q ⌦ r'̃a
np}, 1

�
Ya

. (141)

Lemma 8. Matrix Bpq is symmetric. See Appendix, Section A for proof.

6.2.3. E↵ective model for rank(Apq) = Q � 1 (Q odd)
When Q is odd, we find by Lemma 7 and Assumption 1 that the generalized eigenvalue problem (131) has
one zero eigenvalue to which corresponds unit eigenvector with components #q 2 R, q = 1, Q. Without loss
of generality, we select the eigenfunction basis '̃a

nq so that #q = �q1, i.e.

A1q = Aq1 = 0, q = 1, Q. (142)

In this case, (131) with ⌧ = ��!̆2 = 0 becomes an identity if w0q = w0�q1 for some constant w0, i.e.

w̃0(x) = w0 '̃a
n1(x). (143)

From (96) with !̆ = 0 and (143), we find that

w̃1(x) = w0�
(1)

1 (x)· ik̂ +
X

q

w1q '̃a
nq(x), (144)

where w1q 2 C (q = 1, Q) are constants and, assuming �(1)

1 · ik̂ 6= 0, �(1)

1 2 (H1a
p0 (Ya))d is given by (139) with

q = 1. For the latter to be solvable, its source term must be orthogonal to '̃a
np, p = 1, Q. On multiplying (139)

by '̃a
np and integrating by parts over Ya, we obtain ✓(0)

1q = 0. Thanks to the premise �(1)

1 · ik̂ 6= 0 which ensures

that ik̂ 6? ✓(0)

1q , this condition is met due to (142).
To compute w0, we recall the O(1) statement of (88) given by (100), whose multiplication by '̃a

n1 and
integration over Ya yields

�
�
µ(0)

11 : (ik̂)2 + �!̂2⇢(0)

1

�
w0 = heika·xi1'

a , p = 1, Q, (145)

where ⇢(0)

1 and µ(0)

11 are given respectively by (130) and (141). On adopting the reasoning as in Section 3,
from (145) we conclude that � = sign(!�!�

n) when f̃ 6=0, and � = sign(µ(0)) when f̃ =0.
We note however that the above leading-order model is incomplete in that it features only a single pro-

jection, w0, at an apex point that features Q eigenfunctions. To identify the remaining Q�1 leading-order
projections in terms of w1q, we revisit the O(1) statement of (88) taking !̆ 6= 0, namely

��̃a
n⇢w̃2 � r·

�
G(rw̃2 + ik̂w̃1)

�
� ik̂ ·

�
G(rw̃1 + ik̂w̃0)

�
� �!̆2⇢w̃1 � �!̂2⇢w̃0 = eika·x in Ya, (146)

20

7.2.3.Dispersioninamediumwithvariableshearmodulus
Asthelastexample,weconsiderthedispersioninachesboard-likemediumwith`1=`2=1,G=(1,4,1,4),
andr=(1,2,1,2).Thisconfiguration,investigatedin[16]fromtheviewpointofLW-LFapproximation,is
distinctfromthoseexaminedinearlierFW-FFstudiesinthatitfeaturesvariableshearmodulus,i.e.variable
coe�cientintheprincipalpartofthedi↵erentialoperator.WiththeuseofTheorem1,Theorem2and
Theorem3,asymptoticapproximationsofthefirsteightdispersionbranchesforthemediumarecomputed
andshowninFig.5alongthewavenumbercontourABC,seeFig.3(b).Theleading-orderapproximations
areplottedforallbranchesandallapexpoints,whiletheirsecond-ordercounterpartsareshownonlyfor
thosepairs(ka,!a

n)featuringisolatedeigenvalues�̃a
n.Ascanbeseenfromthedisplay,thesecond-order

approximationbringsaboutnotableimprovementintheasymptoticdescriptionofthefirst,second,andsixth
branchnearapexA;howeverthisobservationdoesnotapplytothethirdbranch.Theprincipalreasonfor
thisdropinperformanceofthesecond-orderapproximationistheproximityofneighboringeigenvalues,which
suggestthenecessitytoaccountfortheinteractionofnearbybranchesinsuchsituations.Thisobservation
alsoappliestothefirstandsecondbranchofthepolyatomicchainatk/̀⇡=1inFig.2(d),wherethetwo
eigenvaluesareisolatedyetrelativelyclosetoeachother.FromFig.5,onemayalsonotethatapexBfeatures
distinctasymptoticbehaviorsindirectionsBAandBC.Indeed–indirectionBA,thelocalapproximation
islinear(rank(Apq)=2)andtheuseismadeofthegeneralizedeigenvalueproblemstemmingfrom(137)to
determinethegermaneslopes,seealsoRemark15.IndirectionBC,ontheotherhand,thelocalvariationis
quadratic(rank(Apq)=0)andthegermanecurvaturesarecomputedfromthegeneralizedeigenvalueproblem
dueto(143).Fromabroaderperspective,such“heterogeneous”asymptoticdescriptionatanapexcouldbe
unifiedbypursuingasecond-orderexpansioncateringforrepeatedeigenvalues.Finally,fromthedispersion
diagramweobserve:(i)thepresenceofanarrowbandgapbetweenthesecondandthethirdbranch,and
(ii)thefactthatthelocalbehaviorsofthefirsteightbranchesatapexCarealluniformlydescribedbythe
“trivialApq”model(143).
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Figure5:Firsteightdispersionbranchesforachessboard-likemediumwith`1=`2=1,G=(1,4,1,4),andr=(1,2,1,2).
Dottedlinesplotthe“exact”relationshipscomputednumericallybyNGSolve[24],anddashed(resp.continuous)linestrackthe

leading-(resp.second-)orderapproximationsnearapexesA,BandC.
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7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
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Q=2, rank(Apq)=0: eq. (143)
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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7.2.3.Dispersioninamediumwithvariableshearmodulus
Asthelastexample,weconsiderthedispersioninachesboard-likemediumwith`1=`2=1,G=(1,4,1,4),
andr=(1,2,1,2).Thisconfiguration,investigatedin[16]fromtheviewpointofLW-LFapproximation,is
distinctfromthoseexaminedinearlierFW-FFstudiesinthatitfeaturesvariableshearmodulus,i.e.variable
coe�cientintheprincipalpartofthedi↵erentialoperator.WiththeuseofTheorem1,Theorem2and
Theorem3,asymptoticapproximationsofthefirsteightdispersionbranchesforthemediumarecomputed
andshowninFig.5alongthewavenumbercontourABC,seeFig.3(b).Theleading-orderapproximations
areplottedforallbranchesandallapexpoints,whiletheirsecond-ordercounterpartsareshownonlyfor
thosepairs(ka,!a

n)featuringisolatedeigenvalues�̃a
n.Ascanbeseenfromthedisplay,thesecond-order

approximationbringsaboutnotableimprovementintheasymptoticdescriptionofthefirst,second,andsixth
branchnearapexA;howeverthisobservationdoesnotapplytothethirdbranch.Theprincipalreasonfor
thisdropinperformanceofthesecond-orderapproximationistheproximityofneighboringeigenvalues,which
suggestthenecessitytoaccountfortheinteractionofnearbybranchesinsuchsituations.Thisobservation
alsoappliestothefirstandsecondbranchofthepolyatomicchainatk/̀⇡=1inFig.2(d),wherethetwo
eigenvaluesareisolatedyetrelativelyclosetoeachother.FromFig.5,onemayalsonotethatapexBfeatures
distinctasymptoticbehaviorsindirectionsBAandBC.Indeed–indirectionBA,thelocalapproximation
islinear(rank(Apq)=2)andtheuseismadeofthegeneralizedeigenvalueproblemstemmingfrom(137)to
determinethegermaneslopes,seealsoRemark15.IndirectionBC,ontheotherhand,thelocalvariationis
quadratic(rank(Apq)=0)andthegermanecurvaturesarecomputedfromthegeneralizedeigenvalueproblem
dueto(143).Fromabroaderperspective,such“heterogeneous”asymptoticdescriptionatanapexcouldbe
unifiedbypursuingasecond-orderexpansioncateringforrepeatedeigenvalues.Finally,fromthedispersion
diagramweobserve:(i)thepresenceofanarrowbandgapbetweenthesecondandthethirdbranch,and
(ii)thefactthatthelocalbehaviorsofthefirsteightbranchesatapexCarealluniformlydescribedbythe
“trivialApq”model(143).
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Figure5:Firsteightdispersionbranchesforachessboard-likemediumwith`1=`2=1,G=(1,4,1,4),andr=(1,2,1,2).
Dottedlinesplotthe“exact”relationshipscomputednumericallybyNGSolve[24],anddashed(resp.continuous)linestrackthe

leading-(resp.second-)orderapproximationsnearapexesA,BandC.
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7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
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Q=2, rank(Apq)=0: eq. (143)
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Q=2, rank(Apq)=2: eq. (137)
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Q=2, rank(Apq)=0: eq. (143)
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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light on the problem, let Tpq be an invertible real-valued matrix such that

g̃'a
np =

X

q

Tpq '̃
a
nq, p= 1, Q (5.29)

represents another (possibly rescaled) basis that is orthogonal in L2
⇢(Ya). In this new frame, we have

f⇢(0)
p =

X

r

Tpr⇢
(0)
r T T

rp,
g✓(0)

pq =
X

r,s

Tpr✓
(0)
rsT

T
sq,

gµ(0)
pq =

X

r,s

Tprµ
(0)
rsT

T
sq, (5.30)

due to (5.12) and (5.21). As a result, effective models (5.17) and (5.20) hold under the mappings

wjq ! gwjq =
X

s

T -T
qswjs, Mpq ! gMpq =

X

r,s

TprMrsT
T
sq,

heika·xip'
a ! heika·xipe'

a =
X

s

Tqs heika·xis'
a , j 2 {0, 1}, M 2 {A,B,D}. (5.31)

which clearly preserve the germane dispersion relationships.

The foregoing remark raises the question of a unique “reference” eigenfunction basis that
facilitates comparison of results across studies. To help the discussion, we let

D-1/2
pq = �pq (⇢

(0)
q )-1/2, ⇢(0) =

1
Q

X

q

⇢(0)
q , (5.32)

and we denote by �A
p 2 R and �B

p 2R (p= 1, Q) the real eigenvalues of ⇢(0) P
r,s D

-1/2
pr ArsD

-1/2
sq

and ⇢(0) P
r,s D

-1/2
pr BrsD

-1/2
sq , respectively. Note that �A

p are ordered in ± pairs as in Remark 12.

Lemma 10. Let k̂/kk̂k be fixed, and consider the eigenfunction basis g̃'a
np given by (5.29) with

Tpq =
p

⇢(0)
X

s

RT
psD

-1/2
sq , p, q= 1, Q, (5.33)

where Rpq is a real-valued orthogonal matrix that: (a) converts ⇢(0) P
r,s D

-1/2
prArsD

-1/2
sq into a 2⇥2

block-diagonal form (·)ot via transformation
P

p,q R
T
op (·)pqRqt when solving (5.17), and (b) collects

the eigenvectors of ⇢(0) P
r,s D

-1/2
prBrsD

-1/2
sq when solving (5.20). Such basis is (i) ⇢-orthonormal in

that (⇢g̃'a
np, g̃'a

nq)Ya
= �pq ⇢

(0) and (ii) unique, i.e. independent of the choice of '̃a
np, when Mpq itself

(M =A,B) has no repeated eigenvalues. In this frame of reference, system (5.17) (resp. system (5.20))
becomes 2⇥2 block-diagonal (resp. diagonal) in direction k̂/kk̂k as

gApq = g✓(0)
pq ·(ik̂) = �p(q+(�1)p) (�1)pi�A

p ,

gBpq = gµ(0)
pq : (ik̂)2 = �pq�

B
p , gDpq = �pq ⇢

(0) (no summation) (5.34)

where gApq, gBpq and gDpq are invariant with respect to the choice of basis '̃a
np. See Appendix A for proof.

With reference to (5.34), we note that the 2⇥2 block-diagonal nature of gApq is perhaps not
surprising, for in this case the germane dispersion branches appear in “±” pairs in terms of the
incipient group velocity, see Remark 12. We also note, omitting the details for brevity, that the
analysis of Lemma 10 also applies to “reduced” system (5.27) arising when rank(Apq) =Q� 1.

Remark 16. At this point, it is unclear under which conditions there exists a common basis g̃'a
np (p= 1, Q)

that simultaneously (block-) diagonalizes Mpq (M =A,B) for all k̂/kk̂k. For instance when Dirac cones
are present (M=A), there is no such basis; otherwise for each k̂?g✓(0)

pq (p, q= 1, Q) the rank of gApq drops
by at least two, and thus negates the Dirac cones. For other types of apexes (with M=B) examined in
Section 7 and elsewhere in the literature [11], on the other hand, such common basis does seem to exist.
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light on the problem, let Tpq be an invertible real-valued matrix such that

g̃'a
np =

X

q

Tpq '̃
a
nq, p= 1, Q (5.29)

represents another (possibly rescaled) basis that is orthogonal in L2
⇢(Ya). In this new frame, we have

f⇢(0)
p =

X

r

Tpr⇢
(0)
r T T

rp,
g✓(0)

pq =
X

r,s

Tpr✓
(0)
rsT

T
sq,

gµ(0)
pq =

X

r,s

Tprµ
(0)
rsT

T
sq, (5.30)

due to (5.12) and (5.21). As a result, effective models (5.17) and (5.20) hold under the mappings

wjq ! gwjq =
X

s

T -T
qswjs, Mpq ! gMpq =

X

r,s

TprMrsT
T
sq,

heika·xip'
a ! heika·xipe'

a =
X

s

Tqs heika·xis'
a , j 2 {0, 1}, M 2 {A,B,D}. (5.31)

which clearly preserve the germane dispersion relationships.

The foregoing remark raises the question of a unique “reference” eigenfunction basis that
facilitates comparison of results across studies. To help the discussion, we let

D-1/2
pq = �pq (⇢

(0)
q )-1/2, ⇢(0) =

1
Q

X

q

⇢(0)
q , (5.32)

and we denote by �A
p 2 R and �B

p 2R (p= 1, Q) the real eigenvalues of ⇢(0) P
r,s D

-1/2
pr ArsD

-1/2
sq

and ⇢(0) P
r,s D

-1/2
pr BrsD

-1/2
sq , respectively. Note that �A

p are ordered in ± pairs as in Remark 12.

Lemma 10. Let k̂/kk̂k be fixed, and consider the eigenfunction basis g̃'a
np given by (5.29) with

Tpq =
p

⇢(0)
X

s

RT
psD

-1/2
sq , p, q= 1, Q, (5.33)

where Rpq is a real-valued orthogonal matrix that: (a) converts ⇢(0) P
r,s D

-1/2
prArsD

-1/2
sq into a 2⇥2

block-diagonal form (·)ot via transformation
P

p,q R
T
op (·)pqRqt when solving (5.17), and (b) collects

the eigenvectors of ⇢(0) P
r,s D

-1/2
prBrsD

-1/2
sq when solving (5.20). Such basis is (i) ⇢-orthonormal in

that (⇢g̃'a
np, g̃'a

nq)Ya
= �pq ⇢

(0) and (ii) unique, i.e. independent of the choice of '̃a
np, when Mpq itself

(M =A,B) has no repeated eigenvalues. In this frame of reference, system (5.17) (resp. system (5.20))
becomes 2⇥2 block-diagonal (resp. diagonal) in direction k̂/kk̂k as

gApq = g✓(0)
pq ·(ik̂) = �p(q+(�1)p) (�1)pi�A

p ,

gBpq = gµ(0)
pq : (ik̂)2 = �pq�

B
p , gDpq = �pq ⇢

(0) (no summation) (5.34)

where gApq, gBpq and gDpq are invariant with respect to the choice of basis '̃a
np. See Appendix A for proof.

With reference to (5.34), we note that the 2⇥2 block-diagonal nature of gApq is perhaps not
surprising, for in this case the germane dispersion branches appear in “±” pairs in terms of the
incipient group velocity, see Remark 12. We also note, omitting the details for brevity, that the
analysis of Lemma 10 also applies to “reduced” system (5.27) arising when rank(Apq) =Q� 1.

Remark 16. At this point, it is unclear under which conditions there exists a common basis g̃'a
np (p= 1, Q)

that simultaneously (block-) diagonalizes Mpq (M =A,B) for all k̂/kk̂k. For instance when Dirac cones
are present (M=A), there is no such basis; otherwise for each k̂?g✓(0)

pq (p, q= 1, Q) the rank of gApq drops
by at least two, and thus negates the Dirac cones. For other types of apexes (with M=B) examined in
Section 7 and elsewhere in the literature [11], on the other hand, such common basis does seem to exist.

→ fixed direction  !k̂/∥k̂∥
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light on the problem, let Tpq be an invertible real-valued matrix such that

g̃'a
np =

X

q

Tpq '̃
a
nq, p= 1, Q (5.29)

represents another (possibly rescaled) basis that is orthogonal in L2
⇢(Ya). In this new frame, we have

f⇢(0)
p =

X

r

Tpr⇢
(0)
r T T

rp,
g✓(0)

pq =
X

r,s

Tpr✓
(0)
rsT

T
sq,

gµ(0)
pq =

X

r,s

Tprµ
(0)
rsT

T
sq, (5.30)

due to (5.12) and (5.21). As a result, effective models (5.17) and (5.20) hold under the mappings

wjq ! gwjq =
X

s

T -T
qswjs, Mpq ! gMpq =

X

r,s

TprMrsT
T
sq,

heika·xip'
a ! heika·xipe'

a =
X

s

Tqs heika·xis'
a , j 2 {0, 1}, M 2 {A,B,D}. (5.31)

which clearly preserve the germane dispersion relationships.

The foregoing remark raises the question of a unique “reference” eigenfunction basis that
facilitates comparison of results across studies. To help the discussion, we let

D-1/2
pq = �pq (⇢

(0)
q )-1/2, ⇢(0) =

1
Q

X

q

⇢(0)
q , (5.32)

and we denote by �A
p 2 R and �B

p 2R (p= 1, Q) the real eigenvalues of ⇢(0) P
r,s D

-1/2
pr ArsD

-1/2
sq

and ⇢(0) P
r,s D

-1/2
pr BrsD

-1/2
sq , respectively. Note that �A

p are ordered in ± pairs as in Remark 12.

Lemma 10. Let k̂/kk̂k be fixed, and consider the eigenfunction basis g̃'a
np given by (5.29) with

Tpq =
p

⇢(0)
X

s

RT
psD

-1/2
sq , p, q= 1, Q, (5.33)

where Rpq is a real-valued orthogonal matrix that: (a) converts ⇢(0) P
r,s D

-1/2
prArsD

-1/2
sq into a 2⇥2

block-diagonal form (·)ot via transformation
P

p,q R
T
op (·)pqRqt when solving (5.17), and (b) collects

the eigenvectors of ⇢(0) P
r,s D

-1/2
prBrsD

-1/2
sq when solving (5.20). Such basis is (i) ⇢-orthonormal in

that (⇢g̃'a
np, g̃'a

nq)Ya
= �pq ⇢

(0) and (ii) unique, i.e. independent of the choice of '̃a
np, when Mpq itself

(M =A,B) has no repeated eigenvalues. In this frame of reference, system (5.17) (resp. system (5.20))
becomes 2⇥2 block-diagonal (resp. diagonal) in direction k̂/kk̂k as

gApq = g✓(0)
pq ·(ik̂) = �p(q+(�1)p) (�1)pi�A

p ,

gBpq = gµ(0)
pq : (ik̂)2 = �pq�

B
p , gDpq = �pq ⇢

(0) (no summation) (5.34)

where gApq, gBpq and gDpq are invariant with respect to the choice of basis '̃a
np. See Appendix A for proof.

With reference to (5.34), we note that the 2⇥2 block-diagonal nature of gApq is perhaps not
surprising, for in this case the germane dispersion branches appear in “±” pairs in terms of the
incipient group velocity, see Remark 12. We also note, omitting the details for brevity, that the
analysis of Lemma 10 also applies to “reduced” system (5.27) arising when rank(Apq) =Q� 1.

Remark 16. At this point, it is unclear under which conditions there exists a common basis g̃'a
np (p= 1, Q)

that simultaneously (block-) diagonalizes Mpq (M =A,B) for all k̂/kk̂k. For instance when Dirac cones
are present (M=A), there is no such basis; otherwise for each k̂?g✓(0)

pq (p, q= 1, Q) the rank of gApq drops
by at least two, and thus negates the Dirac cones. For other types of apexes (with M=B) examined in
Section 7 and elsewhere in the literature [11], on the other hand, such common basis does seem to exist.
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light on the problem, let Tpq be an invertible real-valued matrix such that

g̃'a
np =

X

q

Tpq '̃
a
nq, p= 1, Q (5.29)

represents another (possibly rescaled) basis that is orthogonal in L2
⇢(Ya). In this new frame, we have

f⇢(0)
p =

X

r

Tpr⇢
(0)
r T T

rp,
g✓(0)

pq =
X

r,s

Tpr✓
(0)
rsT

T
sq,

gµ(0)
pq =

X

r,s

Tprµ
(0)
rsT

T
sq, (5.30)

due to (5.12) and (5.21). As a result, effective models (5.17) and (5.20) hold under the mappings

wjq ! gwjq =
X

s

T -T
qswjs, Mpq ! gMpq =

X

r,s

TprMrsT
T
sq,

heika·xip'
a ! heika·xipe'

a =
X

s

Tqs heika·xis'
a , j 2 {0, 1}, M 2 {A,B,D}. (5.31)

which clearly preserve the germane dispersion relationships.

The foregoing remark raises the question of a unique “reference” eigenfunction basis that
facilitates comparison of results across studies. To help the discussion, we let

D-1/2
pq = �pq (⇢

(0)
q )-1/2, ⇢(0) =

1
Q

X

q

⇢(0)
q , (5.32)

and we denote by �A
p 2 R and �B

p 2R (p= 1, Q) the real eigenvalues of ⇢(0) P
r,s D

-1/2
pr ArsD

-1/2
sq

and ⇢(0) P
r,s D

-1/2
pr BrsD

-1/2
sq , respectively. Note that �A

p are ordered in ± pairs as in Remark 12.

Lemma 10. Let k̂/kk̂k be fixed, and consider the eigenfunction basis g̃'a
np given by (5.29) with

Tpq =
p

⇢(0)
X

s

RT
psD

-1/2
sq , p, q= 1, Q, (5.33)

where Rpq is a real-valued orthogonal matrix that: (a) converts ⇢(0) P
r,s D

-1/2
prArsD

-1/2
sq into a 2⇥2

block-diagonal form (·)ot via transformation
P

p,q R
T
op (·)pqRqt when solving (5.17), and (b) collects

the eigenvectors of ⇢(0) P
r,s D

-1/2
prBrsD

-1/2
sq when solving (5.20). Such basis is (i) ⇢-orthonormal in

that (⇢g̃'a
np, g̃'a

nq)Ya
= �pq ⇢

(0) and (ii) unique, i.e. independent of the choice of '̃a
np, when Mpq itself

(M =A,B) has no repeated eigenvalues. In this frame of reference, system (5.17) (resp. system (5.20))
becomes 2⇥2 block-diagonal (resp. diagonal) in direction k̂/kk̂k as

gApq = g✓(0)
pq ·(ik̂) = �p(q+(�1)p) (�1)pi�A

p ,

gBpq = gµ(0)
pq : (ik̂)2 = �pq�

B
p , gDpq = �pq ⇢

(0) (no summation) (5.34)

where gApq, gBpq and gDpq are invariant with respect to the choice of basis '̃a
np. See Appendix A for proof.

With reference to (5.34), we note that the 2⇥2 block-diagonal nature of gApq is perhaps not
surprising, for in this case the germane dispersion branches appear in “±” pairs in terms of the
incipient group velocity, see Remark 12. We also note, omitting the details for brevity, that the
analysis of Lemma 10 also applies to “reduced” system (5.27) arising when rank(Apq) =Q� 1.

Remark 16. At this point, it is unclear under which conditions there exists a common basis g̃'a
np (p= 1, Q)

that simultaneously (block-) diagonalizes Mpq (M =A,B) for all k̂/kk̂k. For instance when Dirac cones
are present (M=A), there is no such basis; otherwise for each k̂?g✓(0)

pq (p, q= 1, Q) the rank of gApq drops
by at least two, and thus negates the Dirac cones. For other types of apexes (with M=B) examined in
Section 7 and elsewhere in the literature [11], on the other hand, such common basis does seem to exist.
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(0) and (ii) unique, i.e. independent of the choice of '̃a
np, when Mpq itself

(M =A,B) has no repeated eigenvalues. In this frame of reference, system (5.17) (resp. system (5.20))
becomes 2⇥2 block-diagonal (resp. diagonal) in direction k̂/kk̂k as
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(0) (no summation) (5.34)

where gApq, gBpq and gDpq are invariant with respect to the choice of basis '̃a
np. See Appendix A for proof.

With reference to (5.34), we note that the 2⇥2 block-diagonal nature of gApq is perhaps not
surprising, for in this case the germane dispersion branches appear in “±” pairs in terms of the
incipient group velocity, see Remark 12. We also note, omitting the details for brevity, that the
analysis of Lemma 10 also applies to “reduced” system (5.27) arising when rank(Apq) =Q� 1.

Remark 16. At this point, it is unclear under which conditions there exists a common basis g̃'a
np (p= 1, Q)

that simultaneously (block-) diagonalizes Mpq (M =A,B) for all k̂/kk̂k. For instance when Dirac cones
are present (M=A), there is no such basis; otherwise for each k̂?g✓(0)

pq (p, q= 1, Q) the rank of gApq drops
by at least two, and thus negates the Dirac cones. For other types of apexes (with M=B) examined in
Section 7 and elsewhere in the literature [11], on the other hand, such common basis does seem to exist.

!  identity∝

7.2.3.Dispersioninamediumwithvariableshearmodulus
Asthelastexample,weconsiderthedispersioninachesboard-likemediumwith`1=`2=1,G=(1,4,1,4),
andr=(1,2,1,2).Thisconfiguration,investigatedin[16]fromtheviewpointofLW-LFapproximation,is
distinctfromthoseexaminedinearlierFW-FFstudiesinthatitfeaturesvariableshearmodulus,i.e.variable
coe�cientintheprincipalpartofthedi↵erentialoperator.WiththeuseofTheorem1,Theorem2and
Theorem3,asymptoticapproximationsofthefirsteightdispersionbranchesforthemediumarecomputed
andshowninFig.5alongthewavenumbercontourABC,seeFig.3(b).Theleading-orderapproximations
areplottedforallbranchesandallapexpoints,whiletheirsecond-ordercounterpartsareshownonlyfor
thosepairs(ka,!a

n)featuringisolatedeigenvalues�̃a
n.Ascanbeseenfromthedisplay,thesecond-order

approximationbringsaboutnotableimprovementintheasymptoticdescriptionofthefirst,second,andsixth
branchnearapexA;howeverthisobservationdoesnotapplytothethirdbranch.Theprincipalreasonfor
thisdropinperformanceofthesecond-orderapproximationistheproximityofneighboringeigenvalues,which
suggestthenecessitytoaccountfortheinteractionofnearbybranchesinsuchsituations.Thisobservation
alsoappliestothefirstandsecondbranchofthepolyatomicchainatk/̀⇡=1inFig.2(d),wherethetwo
eigenvaluesareisolatedyetrelativelyclosetoeachother.FromFig.5,onemayalsonotethatapexBfeatures
distinctasymptoticbehaviorsindirectionsBAandBC.Indeed–indirectionBA,thelocalapproximation
islinear(rank(Apq)=2)andtheuseismadeofthegeneralizedeigenvalueproblemstemmingfrom(137)to
determinethegermaneslopes,seealsoRemark15.IndirectionBC,ontheotherhand,thelocalvariationis
quadratic(rank(Apq)=0)andthegermanecurvaturesarecomputedfromthegeneralizedeigenvalueproblem
dueto(143).Fromabroaderperspective,such“heterogeneous”asymptoticdescriptionatanapexcouldbe
unifiedbypursuingasecond-orderexpansioncateringforrepeatedeigenvalues.Finally,fromthedispersion
diagramweobserve:(i)thepresenceofanarrowbandgapbetweenthesecondandthethirdbranch,and
(ii)thefactthatthelocalbehaviorsofthefirsteightbranchesatapexCarealluniformlydescribedbythe
“trivialApq”model(143).
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Figure5:Firsteightdispersionbranchesforachessboard-likemediumwith`1=`2=1,G=(1,4,1,4),andr=(1,2,1,2).
Dottedlinesplotthe“exact”relationshipscomputednumericallybyNGSolve[24],anddashed(resp.continuous)linestrackthe

leading-(resp.second-)orderapproximationsnearapexesA,BandC.
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7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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7.2.3. Dispersion in a medium with variable shear modulus
As the last example, we consider the dispersion in a chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). This configuration, investigated in [16] from the viewpoint of LW-LF approximation, is
distinct from those examined in earlier FW-FF studies in that it features variable shear modulus, i.e. variable
coe�cient in the principal part of the di↵erential operator. With the use of Theorem 1, Theorem 2 and
Theorem 3, asymptotic approximations of the first eight dispersion branches for the medium are computed
and shown in Fig. 5 along the wavenumber contour ABC, see Fig. 3(b). The leading-order approximations
are plotted for all branches and all apex points, while their second-order counterparts are shown only for
those pairs (ka, !a

n) featuring isolated eigenvalues �̃a
n. As can be seen from the display, the second-order

approximation brings about notable improvement in the asymptotic description of the first, second, and sixth
branch near apex A; however this observation does not apply to the third branch. The principal reason for
this drop in performance of the second-order approximation is the proximity of neighboring eigenvalues, which
suggest the necessity to account for the interaction of nearby branches in such situations. This observation
also applies to the first and second branch of the polyatomic chain at k`/⇡ = 1 in Fig. 2(d), where the two
eigenvalues are isolated yet relatively close to each other. From Fig. 5, one may also note that apex B features
distinct asymptotic behaviors in directions BA and BC. Indeed – in direction BA, the local approximation
is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue problem stemming from (137) to
determine the germane slopes, see also Remark 15. In direction BC, on the other hand, the local variation is
quadratic (rank(Apq) = 0) and the germane curvatures are computed from the generalized eigenvalue problem
due to (143). From a broader perspective, such “heterogeneous” asymptotic description at an apex could be
unified by pursuing a second-order expansion catering for repeated eigenvalues. Finally, from the dispersion
diagram we observe: (i) the presence of a narrow band gap between the second and the third branch, and
(ii) the fact that the local behaviors of the first eight branches at apex C are all uniformly described by the
“trivial Apq” model (143).
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Figure 5: First eight dispersion branches for a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2).
Dotted lines plot the “exact” relationships computed numerically by NGSolve [24], and dashed (resp. continuous) lines track the

leading- (resp. second-) order approximations near apexes A, B and C.
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light on the problem, let Tpq be an invertible real-valued matrix such that

g̃'a
np =

X

q

Tpq '̃
a
nq, p= 1, Q (5.29)

represents another (possibly rescaled) basis that is orthogonal in L2
⇢(Ya). In this new frame, we have

f⇢(0)
p =

X

r

Tpr⇢
(0)
r T T

rp,
g✓(0)

pq =
X

r,s

Tpr✓
(0)
rsT

T
sq,

gµ(0)
pq =

X

r,s

Tprµ
(0)
rsT

T
sq, (5.30)

due to (5.12) and (5.21). As a result, effective models (5.17) and (5.20) hold under the mappings

wjq ! gwjq =
X

s

T -T
qswjs, Mpq ! gMpq =

X

r,s

TprMrsT
T
sq,

heika·xip'
a ! heika·xipe'

a =
X

s

Tqs heika·xis'
a , j 2 {0, 1}, M 2 {A,B,D}. (5.31)

which clearly preserve the germane dispersion relationships.

The foregoing remark raises the question of a unique “reference” eigenfunction basis that
facilitates comparison of results across studies. To help the discussion, we let

D-1/2
pq = �pq (⇢

(0)
q )-1/2, ⇢(0) =

1
Q

X

q

⇢(0)
q , (5.32)

and we denote by �A
p 2 R and �B

p 2R (p= 1, Q) the real eigenvalues of ⇢(0) P
r,s D

-1/2
pr ArsD

-1/2
sq

and ⇢(0) P
r,s D

-1/2
pr BrsD

-1/2
sq , respectively. Note that �A

p are ordered in ± pairs as in Remark 12.

Lemma 10. Let k̂/kk̂k be fixed, and consider the eigenfunction basis g̃'a
np given by (5.29) with

Tpq =
p

⇢(0)
X

s

RT
psD

-1/2
sq , p, q= 1, Q, (5.33)

where Rpq is a real-valued orthogonal matrix that: (a) converts ⇢(0) P
r,s D

-1/2
prArsD

-1/2
sq into a 2⇥2

block-diagonal form (·)ot via transformation
P

p,q R
T
op (·)pqRqt when solving (5.17), and (b) collects

the eigenvectors of ⇢(0) P
r,s D

-1/2
prBrsD

-1/2
sq when solving (5.20). Such basis is (i) ⇢-orthonormal in

that (⇢g̃'a
np, g̃'a

nq)Ya
= �pq ⇢

(0) and (ii) unique, i.e. independent of the choice of '̃a
np, when Mpq itself

(M =A,B) has no repeated eigenvalues. In this frame of reference, system (5.17) (resp. system (5.20))
becomes 2⇥2 block-diagonal (resp. diagonal) in direction k̂/kk̂k as

gApq = g✓(0)
pq ·(ik̂) = �p(q+(�1)p) (�1)pi�A

p ,

gBpq = gµ(0)
pq : (ik̂)2 = �pq�

B
p , gDpq = �pq ⇢

(0) (no summation) (5.34)

where gApq, gBpq and gDpq are invariant with respect to the choice of basis '̃a
np. See Appendix A for proof.

With reference to (5.34), we note that the 2⇥2 block-diagonal nature of gApq is perhaps not
surprising, for in this case the germane dispersion branches appear in “±” pairs in terms of the
incipient group velocity, see Remark 12. We also note, omitting the details for brevity, that the
analysis of Lemma 10 also applies to “reduced” system (5.27) arising when rank(Apq) =Q� 1.

Remark 16. At this point, it is unclear under which conditions there exists a common basis g̃'a
np (p= 1, Q)

that simultaneously (block-) diagonalizes Mpq (M =A,B) for all k̂/kk̂k. For instance when Dirac cones
are present (M=A), there is no such basis; otherwise for each k̂?g✓(0)

pq (p, q= 1, Q) the rank of gApq drops
by at least two, and thus negates the Dirac cones. For other types of apexes (with M=B) examined in
Section 7 and elsewhere in the literature [11], on the other hand, such common basis does seem to exist.
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light on the problem, let Tpq be an invertible real-valued matrix such that

g̃'a
np =

X

q

Tpq '̃
a
nq, p= 1, Q (5.29)

represents another (possibly rescaled) basis that is orthogonal in L2
⇢(Ya). In this new frame, we have

f⇢(0)
p =

X

r

Tpr⇢
(0)
r T T

rp,
g✓(0)

pq =
X

r,s

Tpr✓
(0)
rsT

T
sq,

gµ(0)
pq =

X

r,s

Tprµ
(0)
rsT

T
sq, (5.30)

due to (5.12) and (5.21). As a result, effective models (5.17) and (5.20) hold under the mappings

wjq ! gwjq =
X

s

T -T
qswjs, Mpq ! gMpq =

X

r,s

TprMrsT
T
sq,

heika·xip'
a ! heika·xipe'

a =
X

s

Tqs heika·xis'
a , j 2 {0, 1}, M 2 {A,B,D}. (5.31)

which clearly preserve the germane dispersion relationships.

The foregoing remark raises the question of a unique “reference” eigenfunction basis that
facilitates comparison of results across studies. To help the discussion, we let

D-1/2
pq = �pq (⇢

(0)
q )-1/2, ⇢(0) =

1
Q

X

q

⇢(0)
q , (5.32)

and we denote by �A
p 2 R and �B

p 2R (p= 1, Q) the real eigenvalues of ⇢(0) P
r,s D

-1/2
pr ArsD

-1/2
sq

and ⇢(0) P
r,s D

-1/2
pr BrsD

-1/2
sq , respectively. Note that �A

p are ordered in ± pairs as in Remark 12.

Lemma 10. Let k̂/kk̂k be fixed, and consider the eigenfunction basis g̃'a
np given by (5.29) with

Tpq =
p

⇢(0)
X

s

RT
psD

-1/2
sq , p, q= 1, Q, (5.33)

where Rpq is a real-valued orthogonal matrix that: (a) converts ⇢(0) P
r,s D

-1/2
prArsD

-1/2
sq into a 2⇥2

block-diagonal form (·)ot via transformation
P

p,q R
T
op (·)pqRqt when solving (5.17), and (b) collects

the eigenvectors of ⇢(0) P
r,s D

-1/2
prBrsD

-1/2
sq when solving (5.20). Such basis is (i) ⇢-orthonormal in

that (⇢g̃'a
np, g̃'a

nq)Ya
= �pq ⇢

(0) and (ii) unique, i.e. independent of the choice of '̃a
np, when Mpq itself

(M =A,B) has no repeated eigenvalues. In this frame of reference, system (5.17) (resp. system (5.20))
becomes 2⇥2 block-diagonal (resp. diagonal) in direction k̂/kk̂k as

gApq = g✓(0)
pq ·(ik̂) = �p(q+(�1)p) (�1)pi�A

p ,

gBpq = gµ(0)
pq : (ik̂)2 = �pq�

B
p , gDpq = �pq ⇢

(0) (no summation) (5.34)

where gApq, gBpq and gDpq are invariant with respect to the choice of basis '̃a
np. See Appendix A for proof.

With reference to (5.34), we note that the 2⇥2 block-diagonal nature of gApq is perhaps not
surprising, for in this case the germane dispersion branches appear in “±” pairs in terms of the
incipient group velocity, see Remark 12. We also note, omitting the details for brevity, that the
analysis of Lemma 10 also applies to “reduced” system (5.27) arising when rank(Apq) =Q� 1.

Remark 16. At this point, it is unclear under which conditions there exists a common basis g̃'a
np (p= 1, Q)

that simultaneously (block-) diagonalizes Mpq (M =A,B) for all k̂/kk̂k. For instance when Dirac cones
are present (M=A), there is no such basis; otherwise for each k̂?g✓(0)

pq (p, q= 1, Q) the rank of gApq drops
by at least two, and thus negates the Dirac cones. For other types of apexes (with M=B) examined in
Section 7 and elsewhere in the literature [11], on the other hand, such common basis does seem to exist.
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light on the problem, let Tpq be an invertible real-valued matrix such that

g̃'a
np =

X
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Tpq '̃
a
nq, p= 1, Q (5.29)

represents another (possibly rescaled) basis that is orthogonal in L2
⇢(Ya). In this new frame, we have

f⇢(0)
p =
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(0)
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r,s
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gµ(0)
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r,s
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(0)
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sq, (5.30)

due to (5.12) and (5.21). As a result, effective models (5.17) and (5.20) hold under the mappings

wjq ! gwjq =
X

s

T -T
qswjs, Mpq ! gMpq =

X

r,s

TprMrsT
T
sq,

heika·xip'
a ! heika·xipe'

a =
X

s

Tqs heika·xis'
a , j 2 {0, 1}, M 2 {A,B,D}. (5.31)

which clearly preserve the germane dispersion relationships.

The foregoing remark raises the question of a unique “reference” eigenfunction basis that
facilitates comparison of results across studies. To help the discussion, we let

D-1/2
pq = �pq (⇢

(0)
q )-1/2, ⇢(0) =

1
Q

X

q

⇢(0)
q , (5.32)

and we denote by �A
p 2 R and �B

p 2R (p= 1, Q) the real eigenvalues of ⇢(0) P
r,s D

-1/2
pr ArsD

-1/2
sq

and ⇢(0) P
r,s D

-1/2
pr BrsD

-1/2
sq , respectively. Note that �A

p are ordered in ± pairs as in Remark 12.

Lemma 10. Let k̂/kk̂k be fixed, and consider the eigenfunction basis g̃'a
np given by (5.29) with

Tpq =
p

⇢(0)
X

s

RT
psD

-1/2
sq , p, q= 1, Q, (5.33)

where Rpq is a real-valued orthogonal matrix that: (a) converts ⇢(0) P
r,s D

-1/2
prArsD

-1/2
sq into a 2⇥2

block-diagonal form (·)ot via transformation
P

p,q R
T
op (·)pqRqt when solving (5.17), and (b) collects

the eigenvectors of ⇢(0) P
r,s D

-1/2
prBrsD

-1/2
sq when solving (5.20). Such basis is (i) ⇢-orthonormal in

that (⇢g̃'a
np, g̃'a

nq)Ya
= �pq ⇢

(0) and (ii) unique, i.e. independent of the choice of '̃a
np, when Mpq itself

(M =A,B) has no repeated eigenvalues. In this frame of reference, system (5.17) (resp. system (5.20))
becomes 2⇥2 block-diagonal (resp. diagonal) in direction k̂/kk̂k as

gApq = g✓(0)
pq ·(ik̂) = �p(q+(�1)p) (�1)pi�A

p ,

gBpq = gµ(0)
pq : (ik̂)2 = �pq�

B
p , gDpq = �pq ⇢

(0) (no summation) (5.34)

where gApq, gBpq and gDpq are invariant with respect to the choice of basis '̃a
np. See Appendix A for proof.

With reference to (5.34), we note that the 2⇥2 block-diagonal nature of gApq is perhaps not
surprising, for in this case the germane dispersion branches appear in “±” pairs in terms of the
incipient group velocity, see Remark 12. We also note, omitting the details for brevity, that the
analysis of Lemma 10 also applies to “reduced” system (5.27) arising when rank(Apq) =Q� 1.

Remark 16. At this point, it is unclear under which conditions there exists a common basis g̃'a
np (p= 1, Q)

that simultaneously (block-) diagonalizes Mpq (M =A,B) for all k̂/kk̂k. For instance when Dirac cones
are present (M=A), there is no such basis; otherwise for each k̂?g✓(0)

pq (p, q= 1, Q) the rank of gApq drops
by at least two, and thus negates the Dirac cones. For other types of apexes (with M=B) examined in
Section 7 and elsewhere in the literature [11], on the other hand, such common basis does seem to exist.

2x2 block-diagonal

2

664

0 A12 0 0
�A12 0 0 0
0 0 0 A34

0 0 �A34 0

3

775
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light on the problem, let Tpq be an invertible real-valued matrix such that
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X
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Tpq '̃
a
nq, p= 1, Q (5.29)

represents another (possibly rescaled) basis that is orthogonal in L2
⇢(Ya). In this new frame, we have
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p =
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(0)
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T
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due to (5.12) and (5.21). As a result, effective models (5.17) and (5.20) hold under the mappings

wjq ! gwjq =
X

s

T -T
qswjs, Mpq ! gMpq =

X

r,s

TprMrsT
T
sq,

heika·xip'
a ! heika·xipe'

a =
X

s

Tqs heika·xis'
a , j 2 {0, 1}, M 2 {A,B,D}. (5.31)

which clearly preserve the germane dispersion relationships.

The foregoing remark raises the question of a unique “reference” eigenfunction basis that
facilitates comparison of results across studies. To help the discussion, we let

D-1/2
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(0)
q )-1/2, ⇢(0) =

1
Q

X

q
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q , (5.32)

and we denote by �A
p 2 R and �B

p 2R (p= 1, Q) the real eigenvalues of ⇢(0) P
r,s D

-1/2
pr ArsD

-1/2
sq

and ⇢(0) P
r,s D

-1/2
pr BrsD

-1/2
sq , respectively. Note that �A

p are ordered in ± pairs as in Remark 12.

Lemma 10. Let k̂/kk̂k be fixed, and consider the eigenfunction basis g̃'a
np given by (5.29) with

Tpq =
p

⇢(0)
X

s

RT
psD

-1/2
sq , p, q= 1, Q, (5.33)

where Rpq is a real-valued orthogonal matrix that: (a) converts ⇢(0) P
r,s D

-1/2
prArsD

-1/2
sq into a 2⇥2

block-diagonal form (·)ot via transformation
P

p,q R
T
op (·)pqRqt when solving (5.17), and (b) collects

the eigenvectors of ⇢(0) P
r,s D

-1/2
prBrsD

-1/2
sq when solving (5.20). Such basis is (i) ⇢-orthonormal in

that (⇢g̃'a
np, g̃'a

nq)Ya
= �pq ⇢

(0) and (ii) unique, i.e. independent of the choice of '̃a
np, when Mpq itself

(M =A,B) has no repeated eigenvalues. In this frame of reference, system (5.17) (resp. system (5.20))
becomes 2⇥2 block-diagonal (resp. diagonal) in direction k̂/kk̂k as

gApq = g✓(0)
pq ·(ik̂) = �p(q+(�1)p) (�1)pi�A

p ,

gBpq = gµ(0)
pq : (ik̂)2 = �pq�

B
p , gDpq = �pq ⇢

(0) (no summation) (5.34)

where gApq, gBpq and gDpq are invariant with respect to the choice of basis '̃a
np. See Appendix A for proof.

With reference to (5.34), we note that the 2⇥2 block-diagonal nature of gApq is perhaps not
surprising, for in this case the germane dispersion branches appear in “±” pairs in terms of the
incipient group velocity, see Remark 12. We also note, omitting the details for brevity, that the
analysis of Lemma 10 also applies to “reduced” system (5.27) arising when rank(Apq) =Q� 1.

Remark 16. At this point, it is unclear under which conditions there exists a common basis g̃'a
np (p= 1, Q)

that simultaneously (block-) diagonalizes Mpq (M =A,B) for all k̂/kk̂k. For instance when Dirac cones
are present (M=A), there is no such basis; otherwise for each k̂?g✓(0)

pq (p, q= 1, Q) the rank of gApq drops
by at least two, and thus negates the Dirac cones. For other types of apexes (with M=B) examined in
Section 7 and elsewhere in the literature [11], on the other hand, such common basis does seem to exist.
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