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1. Introduction

High-contrast layered structures
* photovoltaic panels * Jaminated glass
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Sandwich structures

* Classical sandwich plate

Face skin (blue)

Face skin (blue)

* Foam insulation panels

Introduction

Soft robots

Rus & Tolley, 2015. Design, fabrication and control of soft robots. Nature, 521(7553), 467.
Stokes et al. A hybrid combining hard and soft robots. Soft Robotics 1.1 (2014): 70-74

Bio-composites

» (Teeth, bones, etc., contain both
soft protein/collagen matrix and hard mineral inclusions)

Slesarenko et al., 2017. Understanding the strength of bioinspired soft composites.
Int. J. Mech. Sci, 131, 171-178.



2. Low-frequency vibrations of multi-component high-contrast elastic rods

J. Kaplunov et al., J. Sound Vib., 445 (2019): 132-147
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Small parameters > asymptotic methods

Physical intuition:
Strong components (free ends) - almost rigid body motions
Weak components (fixed b.c.) - almost homogeneous deformations



Toy problem: three-component rod (antisymmetric)
J. Kaplunov et al. J. Sound Vib. 366 (2016): 264-276
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Equations of motion

d?u .
Ed2+p;wu_0 i=1.2.
Free ends
UIl:l:(hl—I—hg) — 0

Continuity conditions

U|4(hy+0) = U|x(h—0); Exuly(h+0) = E1u|i(pn—o)-



Frequency equation

Scaling

E—E1 _mnoo__a hi

and

Frequency equation

E
tan A1 tan \» = —.
C

Low-frequency analysis in view of contrast:

— = = ,IO " . 3
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o Global low-frequency behaviour (\; < 1, i =1,2)

o Local low-frequency behaviour (A\; < 1, A\x 2 1.

i # k)



Global low-frequency behaviour

Conditions on material parameters
ML, ookl =

E<h<pt

Approximate frequency equation

E
/\1/\2 = — —
C

E
M= VEp, do=4/7



Global low-frequency behaviour

Approximate polynomial eigenform 1.5 . ! . | |
1, > 1
U :{ | 1




Local low-frequency behaviour

May occur for core or outer sections.

Approximate displacement profiles
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Multi-component high-contrast elastic rods E—==== B ¢

E L E
Problem parameters g=—%2<<1, p~p, U=2L ="
El Ii pm
. . . X a)l -1 et - P
Dimensionless scaling X, =|—', Q, =—%, b <X, <b+1, b=I7>1, i=Ln m=12
i Cm k=0
. . d’u.
Equations of motion v +Q7u; =0,
Boundary conditions au, _ A, =0,
Xm X;=0 an X o =by +1
L du. i du
Continuity u;| =, —L =g,
HIXi=bi+ ARIDWES W I+1
" : " dXI Xi=h;+1 dxi+l Xi1=biy

(j=1 or -1 fori™ component being stiff or soft, respectively)
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Multi-component high-contrast elastic rods —E—e==

Asymptotic expansions U =U,+&u, +..,

Global low-frequency regime QP ~g, Q= g( Q2+ Q% +... )

* Leading order problem d’u, 0 du,,
for stiff components dx;  dX

_ duj
dXx.

Xi=bi I

!

( almost rigid body motion ) u, =C. = const
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Multi-component high-contrast elastic rods —E—=== e e e

* Leading order problem for soft components

d?u,
dX 2

=0, Uy, =Ciy Y

!

U =Cy +(Ciu —Ciy) (X, —by).

Xi:bi+1 o

( almost homogeneous deformation )

i+1"

1(n—Q
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Multi-component high-contrast elastic rods —E—===== = e e

From solvability of next order for stiff components

~ C
Q) = L12£1—C—3j,

1

- o =(U,-L,)-L, C(‘:Z — Ly ng ,  mmmm) | Polynomial equation for frequency!
Q% = L';l[l— C“j; i=1,35,..,n.
_ C,

* Leading order eigenform — piecewise linear (constant for stiff parts)

* Next order — correction for frequencies, polynomial correction to the eigenform



Example: Five-component rod (free ends)
Bicubic frequency equation
Qfo + aiﬂfo + azglzo =0 — leo = kl—lz’

Approximate polynomial eigenform

» Fork =0 the solution is exact — rigid body motion!

u/Ch0 u/Cro |

=151




3. Antiplane motion of concentric circular cylinders

M j Ij 2 Hm
& =—<<1], ~p,, Li=—=, ¢, =—, m=12
Problem “ PP ] o
parameters | 1
Ri=-, @ =24, b<R<b+l, b=1"Y1, i=1n
| o =
. . d®u, du,
Equations of motion R —F+—-+RQ/u, =0.
dR° dR,
Boundary conditions Uplg p =Unlg p 1 = 0.
du. - du.
ContinUity ui|R-—b-+1 = ui+1 R..=b .’ — =g’ Ii+1 =
i—™i i+17Mi+l de Ri :bi 9 dRi+]_ Ri+1:bi+1

(j=1 or -1 fori"™ component being stiff or soft, respectively)



Antiplane motion of concentric circular cylinders

Summary of the approach

* Global low-frequency perturbation

!

* Rigid body motions of stiffer components
(at leading order)

!

« Leading order solution for softer components,
involving logarithmic functions

!

« Solvability of the next order problem
for stiffer components

©

Polynomial equation for frequency

-



Example: Three-layered cylinder

Frequency
ﬂz 2 {51 + 53) B 1
07 21 In (1+0;7")
Eigenform
R
Uin = 51 In (E}‘_l) y
1
Ugp = 1,
bs + 1
Uzp = 53 In ( 3R+ )
3

-:-ir -



Example: Five-layered cylinder

Frequency
Eigenform
R
Uip = (51 In (b—ll),
ugo = 1,
B R; Rs
o= 52 o ()}
Uao = k, ”

bs +1
uﬁ[]:kfiﬁln( 5+ )

2 _
ﬂ?ﬂ_

2bo +

1

(01 + (1 = k)ds)

( two roots for k )




Example: square cylinder with a circular annular inclusion
J. Kaplunov et al. Adv. Struct Mat. 46 (2017): 265-277

Frequency
) 276,
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4. High-contrast three-layered plates (antisymmetric)

Preliminary remarks
2
* Rayleigh-Lamb dispersion s /
relation for a single-layered plate K |
inh a inh 3 03
~4 i cosh 3 — 3°K? cosh a_smr — =0, (j
v 5 0 4 3
2 Q 2
A=K R =K@ PRtk k=2
P wh ’ " [ NO CHANCE OF TWO-MODE APPROXIMATIONS!
S T g

O Low-frequency (2 < 1) O High-frequency approximations near cut-off frequencies Q, ~ 1
At the leading order Q0° ~ K* (12 =] < 1)
At the leading order K2 ~ Q% — Q?

J. Kaplunov et al. Dynamics of thin walled elastic bodies, Academic Press, 1998



Composite (non-uniformly asymptotic) plate theories

Originate from Timoshenko-Reissner-Mindlin ad hoc theories.

low-frequency

AW
D,

a

2 2
Je — W+ B0

d’ W
d&?

high-frequency

+ CQ'W =0,

"

Contributions for composite plate and shells theories

V.L. Berdichevsky. Variational principles of continuum mechanics: |. Fundamentals. Springer Science and Business
Media, 2009

K.C. Le. Vibrations of shells and rods. Springer Science and Business Media, 2012

I.V. Andrianov, J. Awrejcewicz, L.l. Manevitch. Asymptotical mechanics of thin-walled structures. Springer Science
and Business Media, 2013



Low-frequency vibrations of high-contrast three-layered plates

Kaplunov et al. Int. J. Solids Struct. 113 (2017): 169-179
Statement of the problem

Equations of motion

gjij = pt;, 1 =1,2 for layers | and Il

Boundary and continuity conditions

U{IZID, G‘%IQ:O at xo = hy + ho
I 11 [ _ 11 1 _ I
010 = 013, 0 =03 and uj = up,

i
T
r

|

U2:U2

o
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11 at xo = hy



Dispersion relation

Ustinov, Doklady Physics (1976); Lee, Chang, Journal of Elasticity (1979)

4K?h*aoBaFy [F1F2Cs,Sa, — 2a11(2 — 1)F3Ca, Sp,] +
haz32Ca, Cs, [4a1B1K? (h*F5 + F4?(s — 1)?) Ca, Sz, —
(AK*h*F5 + Fa®F{) Say Cay | +
Cs,S0,202(35 — K2h?) (35 — K?) [4a381K?h*Sa, Sp, — Fa*a1 Ca, Cay |
Car Spe02(B3 — K2h?)(BF — K?) [4a185K*h? Cay Ca, — Fa? 3150, S5, ] +
h*Sa,Sp, [(405B5K2Ff + K*Fa*F3) Ca,Sa,—
a1 (16a353(c — 1)°K* + Fa®F3) Cay Sp,| = 0

_I_

whi

C% ] K — khl C-‘_’Ej: Cﬁjg S{},‘jﬁ 583_; - hyperbOHC funCtiDnS

Fi, i=1.4 aj,3j. Jj=1.2 - functions of 2 and K. £
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Dispersion curves

0.5

No contrast

K |
0 1.18 Qﬁ.ﬁﬁ 4.47 6.28
Effect of contrast
K |

NEED OF TWO-MODE MODELS!

017

3.13

4.7

6.29




1D eigenvalue problem for shear cut-off

0

— =20 ur» =0
3)(1 j 2

Flexural motion

Frequency equation

tan(2) tan (\/3'1 Q) = \er

Condition for a first shear cut-off frequency to be small

r< h< et

Frequency Q2 ~

r

h



Some three-layered structures satisfying the condition r < h < ™"

A) Photovoltaic panels B) Laminated glass C) Sandwich structure

g<<1l, h~1, p~¢ e<<l, h~g™ p~1 g<<l, h~g, p~¢&°

(stiff skin layers and light core layer ) (stiff skin layers and light thin core layer) (stiff thin skin layers and light core layer )

UNEXPECTEDLY LOW FIRST SHEAR CUT-OFF FREQUENCIES!



Long-wave low-frequency asymptotic approximation of the dispersion relation

For K< 1land Q<1

Q% + 72 K* +713K%Q% + 1K® + 15Q" + 6 K*Q7 + 17K+
18 K2Q* + 9 K?Q° +410Q° + ... = 0

Multi-parametric analysis

cgl, h~e? r~eP

Expanding coefficients
Yi —* G,'EC



0.5

Low-frequency dispersion behaviour

A) Photovoltaic panels ek 1,
(stiff skin layers and light core layer )

h~1. r~

ca:001, h=1.0, r =0.03

017 ﬂ

(ny

SBREIIRZIIZIL
SEBEZBEZEIKX:
Retain leading order terms for both:

(i) fundamental mode (Q ~ K?)
(i) shear mode cut-off (Qg ~ /%)

UNIFORM TWO-MODE APPROXIMATIONS

Gl&?Qz + GQEK4—|—
63K292 —+ G4K6 + G5Q4 =0



Local approximations

Three local approximations

=001, h=1.0, r=10.03

1 T
K
I‘_,.f"__"-,
_{ Y
045 +---—- -7 )
L=
I
I
I
I
|
I
I
|
I
- A
# ™ P N
/ | i i
I'i | 1\ |
e ___a'f o W
A




In the vicinity of zero frequency
G+ GK*=0, 0<K<Vz, Q<=
At higher frequencies, including the vicinity of shear cut-off

G+ GK =0, Vg K<l cxQxl1

1

045 |-

£2:0.01, h=1.0, r =003

1
] 07

Q

CLASSICAL KIRCHHOFF-TYPE THEORY IS NOT APPLICABLE!




Uniform approximation for the fundamental mode

Taking both local approximations we derive a uniform one:

G120 + GocK* + G3K2Q2% + GouK® = 0

045 045 -

g7 001, h=1.0, r=0.03

£s:0.01, h=1.0, r=0.03

1
0 0.17
Q

Also valid in the transition region 2 ~ . K ~ /=




Near shear cut-off approximation

For Q ~ /e, K<K1
Gic + G3K? + GsQ? =0

0.45

=== 0.01, h = 1.0, r =0.03

0 0a7

2




Low-frequency dispersion behaviour J. Kaplunov et al. Proc. Eng. 199 (2017): 1489-1494

B) Laminated glass g<<l, h~&™ p~1
(stiff skin layers and light light core layer )

0035

004 -

UNIFORM TWO-MODE APPROXIMATIONS

[XVER o

141G Q7 + 2GLKY + 7GR K Q7

00z

0ol -

+ G4K® + £%GsQ% = 0




Low-frequency dispersion behaviour

C) Sandwich structure ckl, h~e re~g?

(stiff thin skin layers and light core layer)

COMPOSITE APPROXIMATIONS
G1eQ% + Gye?K?

L K202 ((;3 n I’;—“cg) LG4 =0
0




Local approximations

G)

=

T

- /,J == 0.01, h= 001, r =0.0002 £#0.01, h=0.01, r=0.0002

NO OVERLAP REGION!

Fundamental mode Shear mode

2 14
G1Q* + GreK* =0, Gie + GaeK? + GsQ? + GgK2Q? =0,

~ -’:2 ) L
K<l Q~VeKm< Ve 2 K<l, Qe



Lightweight structures J. Kaplunov et al., to appear

Where is transition from uniform approximation to a composite one?

SREREIERIRIIIIIIIIII
Pc hs He
=— K1 h=—~ tl) N<a<l1 H=—~np.
p )OS hc p ;'IS p

Low thickness shear cut-off frequency

P2 _
Qg = (E) ~ p(l a)/2 « 1



Uniform approximation (o <a< %j Limiting case Composite approximation @ <a< 1]

T // T T T 1 T ; . . 1
s
ey
4 H
! 1 L i |
/ | |
I

o0&t

0G|

04t

1
« Two-mode uniform |p1=%G,Q% + p'~%G,K* + G3K*Q*% + §p2“GzK6 +G:Q* =0

. Composite pl—aGlﬂz + pl—anK4 + Gngﬂz + G5ﬂ4 =




Anti-plane antisymmetric motion

9

he + 1

skin layer e s
————————————————————————————— he

core layer

Ty
Equations of motion
doly 0o 0%u
13 23 9 _ —
- Oa q=¢,s,

dx; | Oxp  Piot2
with 9
q Ug .
Oia = llg—, 1=1,2,
i3 luq an

uq are out of plane displacements, U% are shear stresses.



Dispersion relation
Continuity conditions along interfaces xo = +h,
053 = 053 and U = Us.
Traction-free boundary conditions
053 =0 at xg = *(h + hg).
Equations of motion

1 0%u
Aug — 1= =c,s.
PoEgrar T T

Dispersion relation

ey cosh(ary) cosh(agh) + ag sinh(ar) sinh(agh) = 0,

with
ar = VK2 — 2, oy = K2_H927
\ P)
h, h.
Q=2 K=kh, h=, p=le pofe
Co c Hs Ps



Exact solutions for displacements and stresses

sinh(« sinh
ue = b AMO18e) e g gesinlOnbee) e L cosh(antae),
aq €3]
and

ug = hef (cosh [aa(héas + 1)] — tanh [aa(h + 1)] sinh [aa(héas + 1)]),
013 = ipusKpB (cosh [aa(héas + 1)] — tanh [ag(h + 1)] sinh [aa(hées + 1)]) ,
055 = pscvaf (sinh [az(héas + 1)] — tanh [ae(h + 1)] cosh [az(héas + 1)]) ,

where ]
sinh oy

o (cosh ag — sinh g tanh[aa(h + 1)])

Dimensionless variables

€2c:§7 0 <x2 <he,
he
X9 — h
ng: 2 - he <x9 <h¢ + hs.




Long-wave low-frequency limit

Polynomial dispersion relation

pt K+ K 4 3KPQ? 4 9 Q° 4 95Q 4 = 0,
with
=51+ +h,
h
yo =2 (146h2+h*) + ~(1+h?),
24 6
u 5y b ph pih?
=L (1+3n2) - = - £ 24 3uh) - - 4+ ph
p ph ph
N
"= ﬂ<+2)’
p o ph p2h
=2 4 P24 3un 4+ ph).
Y5 24+12p( +3p )+24p2( + ph)



Dispersion curves

No contrast Effect of contrast
KO0.5- | KO0.5-
118 363 616 0.17 3.13 1.60 6.20
Q Q
w=0.232p=30h=1.0 u=0.014, p=0.03, h = 1.0

o No fundamental mode. It appears in case of symmetric
motion.

@ The lowest cut-off frequency in case of a contrast is

Q=0.17

Consider two setups of the contrast:
A. Photovoltaic panels and B. Sandwich structures




A. Photovoltaic panels. Shortened polynomial dispersion relation

Plate with stiff outer layers and light core BEEEEEEEESE
p<Ll, h~1, pe~p REREERRREEE:

Y1~ Y2 Y3~ Y~ s~ L

Shortened dispersion relation

1
Pig2_ —@2—y.
h Pu

Scaled dimensionless frequency and wavenumber
02 = 4202 and K2 = puoK?,
where Q, ~ K, ~1land 0 < a < 1.

a covers the whole long-wave low-frequency band, given by
Q«1,and K < 1.



Shortened polynomial dispersion relation

Dispersion relation expressed in €2, and K, becomes
11—«
szpu <K§+'uh )

At o < 1 we have Q, ~ ,/p, K or w ~ c§k, corresponding to the
short-wave limit for stiffer skin layers.

1.




B. Sandwich structure. Shortened polynomial dispersion relation

Plate with stiff outer layers and light core
p<l, he~p, pep?

M~y e~ and g3~y ~ s~ L

Approximate dispersion relation

1 h 4 h h
+ +h)K2—“K2QQ—<+“>QQ+“94:0.
: 'u<2 g 6pp 2 pu 6o

Normalized wavenumber and frequency

K?=puK?2 and Q2 = puQ?

we obtain
1 h @ h 9 h, 4

1+ p (+h >K§—MMK§QZ— < +“> Q+ QL =0.
2 : 6pu 2 pu 6p



Shortened polynomial dispersion relation

Adapt a near cut-off asymptotic expansion in the form
Q=0 +u?+ -
where

1
3

2
+hu) K2 - Lo

2 _ Pu 2 _ Pu
Qo—h— and Ql—< 302

iz hy,

leading to the optimal shortened dispersion relation

h
(h“+1>K2—1“§22+ (1—“’)") — 0.
3 1 P 3h,,

Valid only over a narrow vicinity of the cut-off frequency!



Numerical illustration

1.0

Kost

0.1 0.14 0.2

Q

pw=0.014, p = 0.03, and h = 1.0



Asymptotic formulae for displacements and stresses (setup A)

Leading order displacements and stresses

Uc = hc£2c7
0’;3 = iHc\/ﬁK*gka
053 = M,
and
us = he,
o3 = iptsy/Ks,
2 Q2
053 = pch (K* - *> (525 - 1)~
Pu
We obtain . .
Ya %28 0 %13 q_¢s.

he He Har/1e ’



Normalised displacement and stress ooz (setup A)

u os
€ =&, u= <, and 093 = 2 (0< & < 1)
he He
S

or£2:1+£gs,u:$,and023:%,(1<§2§2)

C C

1. 1
1.0 S
0.5 0.5

0.5 1.0 i5 0.5 1.0 i5

§2 &2




Model construction (setup A)

Scaled longitudinal coordinate and time

Normalised displacement and stresses

ut =hev?, oy = pq/iSYs, 095 = peSy3 =08,
with all dimensionless quantities assumed to be of order unity.

Core layer Skin layer

_ — il _ =0,
"oe, T og. Mor 96 WG  p O
c OV ¢ OV ov® ovs

_ 9 A s = Vs, = 2
B 06 2 9 B9 #8523 062

0,



Derivation of a shortened equation (setup A)

Continuity and boundary conditions

v }E2Cf1 ‘525 0’
23}&.2c:1 - 23’62520’

and

833 ‘52521 - 0

Expand displacements and stresses into asymptotic series as

Vq:V8+HV(11+"',
Sz =S+ 4S5, +-, a=cs and j=1,2.



Leading order problem

ov§ 0553 ov§
q¢ — 70’ Yo 07 q¢ — 0 ’
13,0 agl 8520 23,0 8620
and
OSi30 105330 1 Pvg _ 0
961 h 0&s  py 072 ’
G _ OV ovh
BOT06T 0k
with
VC — S ,
0 52021 0 52320
C — S
23,0 £ac=1 23,0 £2a=0
and
33 &-2521 = 0




Leading order solution

VB = W(§17 T)'
The rest of the quantities are expressed in terms of w as
ow

S(1:3,o :5208751’ 5370 =W, vo = Sacw,
ow
Si3.0 :6751’ 930 = W(1 — &2s),

with w satisfying the 1D equation

which may be presented in the original variables as

0%ug B &GQus Lhe

0x?  ps 02 pghchg us =0,

where ug(x1,t) =~ w(x1,t).



Justification of the model

Insert ansatz us = exp {i(kx; — wt)} into the last equation. As a
result, we have the dispersion relation

Ps 2 He
K — 2?4 =0.
s pshehg

Coincides with the shortened dispersion relation for setup Al



Anti-plane shear of three-layered asymmetric plates

X2




More sophisticated dispersion relation

paag tanh(hay) + plan? tanh(ag)+
paias tanh(h*ay) + a1 tanh(h*aq) tanh(as) tanh(hay ) = 0,

where
a1 = K2 — HQQ, g = K2 — QQ,

P

with
h

0=%2" K khy,

2
2

and

h h - :
h=-—, h*=-2 _ p:@, cg): &, i=1,2

) M l’L - M
hs ho M1 p1 pi



Effect of contrast

No contrast Contrast parameters
[Ty o : : : : -
08f 1 08
0.6 1 06
04 B 0.4
02f 4 02+
0.0+ L L L L L L L 0.0}/

0.0 0.2 04 0.6 0.8 1.0 1.2 14 0.0 0.2 04 0.6 0.8 1.0
Q Q

Two modes in case of high contrast for a scalar problem!



Cut-off frequencies

Frequency equation
ip (tan <h\/ﬁ§2> + tan (h*\/ﬁ§2>>
p P
0 « BSY
+ pptan(Q) — tan (h\/7§2> tan (2) tan (h \/79) =0.
p p

Lowest cut-off

O~ o+ D" p)
hh*u



A. Photovoltaic panels. Two-mode approximation

Shortened polynomial dispersion relation for two modes

G1KZ24+ G2+ GsKA4+ G KPP+ G5+ GeK Q2 ++G/K2Q = 0

. i
7

----- Appr Dispersion Relation

0.4 7 — Exact Dispersion Relation




9 Coated half-space

wph wph

P
_h b<0 | b>0
X4
0 k 0 k

X3 Typical long-wave behaviour.

@ H.-H. Dai, J. Kaplunov, D.A. Prikazchikov. A long-wave model for the surface elastic wave in a coated half-space. Proc. Roy. Soc. A,
466, 3097-3116 (2010)

Singularly perturbed hyperbolic equation on the interface x3 = 0

P11 = 61;290,“ —bhip 111 = ARP,

isotropic coating b=

2 2
o (=) (Fant )~ 400 (1- )

20

2
orthorhombic coating b = 666 (1 — B%) (CR (ar + Br) — 48r (C:CO> ,
C60 60

with ¢g, = 086/,00, oo = (0(1)1082 (012) ) /po.


Danila
Typewritten Text

Danila
Typewritten Text

Danila
Typewritten Text

Danila
Typewritten Text
5


Hyperbolic-elliptic model for the Rayleigh wave on an isotropic
half-space
¢ Formulation of the problem: (—oo < 21 < 00, 0 < 23 < 00)
Equations of motion cfALp — @t =0, C§A¢ — e = 0.

= Q(wl,t).

Boundary conditions 033|m3=0 = P(x1,t), 031 |m3=0

o Asymptotic model:

Elliptic equations ¢ 33 + amp 11 =0, .33+ Br,11 =0,

2 2
C C
where O(R:1,1—i};7 Br =1/1— I;t_
(& C
1 2

Potentials are related o(z1 — crt, arws) = yb(x1 — crt, apxs).

Hyperbolic equations on the surface z3 =0

@11 — cp @, = ARP, Y11 — cpite = —ARQ.

1+ 6% QR 2 Br 2 4
h Ag = B=-2(@1- 2Ea- -1 .
where R 2B BR( ﬂ3)+aR( agR) +Br

@ Kaplunov, J., Prikazchikov, D.A.: Asymptotic theory for Rayleigh and Rayleigh-type waves. Advances in Applied Mechanics
50, 1-106 (2017)



Clamped surface

Homogeneous half-space

Clamped surface =0, u;=0

= No surface wave

Inhomogeneous half-space
Clamped surface u,=0, u;=0
\ / X

X3
Rigorous mathematical analysis proves a possibility of localized waves

@ K.D. Cherednichenko, S. Cooper. On the existence of high-frequency boundary resonances in layered elastic media. Proc. R. Soc.
A, 471(2178), 20140878 (2015)



Coated half-space with fixed surface. Problem statement

Clamped surface

u; =0, u;=0

\ - h

/

| 0

Equations of motion

X3

+ + + + .
Oi11 1t 0z — P U = 0, 1=1,3.

Constitutive relations

+ + + + + +/, + +
05 = A0 (ur Fuss Fuzs) F ot (v, +ugy),

Boundary conditions at 3 = —h

u; =0.

Continuity conditions at z3 = 0

_ o+ .+
U; = U4, 043 = 0;3-

Novelty!

X



Coated half-space with fixed surface. Exact solution

Elastic wave potentials

o = o™ op* o = dp* awi.
! 8331 8&1‘3 ’ 3 8[[33 8LE1

Wave equations
1 9%t
(er

1 BQwi _

(cE)2 o2 =0

=0, Ap*-—

Anpi —

B )2 ot?
A 4ot ut ?
i — oo _ j: — r A = — .
where ¢} \/T, c3 P and P + o

The sought for wave potentials

@~ = [A1 cos(a kas) + Az sin(a” kzz)]e*@1—ed),
Y~ = [Az cos(Bkx3) + Agsin(B~ kaxz)]et (@1t
P

where

+ A5€ik(z1_Ct)_a+k13, w+ _ AGeik(zl—ct)—ﬁ+kzg’

82




Analysis of full dispersion relation

Dispersion relation  detA =0, where Ais a6 x 6 matrix.

Material parameter (relative stiffness) u= Z—Jr
Dimensionless variables ¢ = %, Q= w—f, K =kh
C. C
2 2
Numerical values p~ = 150, pT =250, v =

n=0.3




Love waves

b

Dispersion relation  tan(K37) + =

[—3+

%

u=0.1

Initial points

c=cf =BT = 0=tan(KB~) = o0

OF = K= —  p=1,3,...

Approximations for K > 1
c—cy; =7 = 0=tan(Kp7) =0

KB~ =mm, m=1,2,..




Analysis of full dispersion relation

Initial points Approximations for K > 1

R(QT) =0, Similarly to the Love waves

where R(Q1) =detAatc=cj or K = QF.

oF = LA R

33

¥ 32

31

30

08 #=03 08 1=0.5 12.0
06 06
04 04
© 02 © 02
00 0.0
s / 1 2\\/3 s /1 2
-04 -04
0 2 4 6 8 10 0 2 4 6 8 10




Analysis of full dispersion relation

High contrast (soft layer, stiff half-space) The thickness resonances are
© = 0.001 eigenvalues of the problems

_ o \? _
Ug 33 + <F> uz =0,

Uy 33 + (Q_)Quf =0

0.5

0.4

s with u; = 0,4 = 1,3 at the faces.

Rayleighlwave u; =0

[ ! S S
Thickness stretch resonance
i i

stretch

Inspiration for using the asymptotic model for Rayleigh-type waves



Thin coating

Clamped face %=1 Effective boundary
\ — |h / = conditions for
= 0 stresses at 3 = 0
X3 ! !

Dirichlet boundary conditions

u; =0, r3 = —h, u; = v, x3 =0,

K3

where wv; are prescribed values.

Small parameter (long-wave approximation)

E:%<<1.

Dimensionless variables
@ _x3+h wh
&= 7 &= h '’ cy

+ —
Therefore 0~ = O+ 22 = Q'*‘\/gwith p= Zj_

Co



Thin coating. Asymptotic procedure

Method of direct asymptotic integration of 3D equations in linear elasticity

B Goldenveizer, A.L., Kaplunov, J.D., Nolde, E.V.: On Timoshenko-Reissner type theories of plates and shells. Int. J. Solids Struct.,
30, 675-694 (1993)

Kaplunov, J., Prikazchikov, D., Sultanova, L.: Justification and refinement of Winkler-Fuss hypothesis. Z. Angew. Math. Phys.
69(3), 80 (2018)

Scaling of the displacements and stresses

u; = hu! O =W 0y, Q" ~1, v, = hv}.
Note that 2~ ~ 1 is associated with high-frequency localized wave.
Governing equations

5Uff,1 + U:3T3 ‘2|’ (Q_)2uj* =0, , ol = 5(’{_)27‘;3 + (("@_)2 - 2)";37
*— — *— - *— *— *— *—
o33 =e((k7)" — 2)ul,l +(k7) Uz 35 013 = Uy g+ €U,

+
c 2—2v

where k* = 2 = /2",
T E T VI

Boundary conditions  u;” =0, &=0, uiT=v;, &

K3

Il
=



Thin coating. Leading order

u;(o) e u;(l) N
Uz'_j(O) Uz'_j(l)

—(0 —\2. —(0 —(0 _ —(0
‘71'353) + (22 )2% © = 0, ‘711( ) = ((» )2 - 2)“3,5 )7

“{o —\2 —(0 ) —(0
‘733( ) = (K )2“3,:(3 )v 013( ) = u1§s)-

Asymptotic series < Zi_ ) =

ij

Leading order equations

Leading order boundary conditions
uy =0, &=0, u¥=v, &=1

Leading order stresses

—(0) _ K Qv O~ —(0) _ Qo7 _
Tgz = oo\ (Q*) cos (—fg,) , o153 = (@) cos(Q2&3).
sin | —
K

Sinusoidal, not polynomial thickness variation!



Thin coating. Asymptotic effective boundary conditions

Asymptotic dynamic effective boundary conditions at the interface s = 0

+
oy = KT QT /5%00‘5(2—_ 5),
oy =p"QF /ﬁ%cot <Q+\/g>

Non-traditional effective boundary conditions, corresponding to
high-frequency long-wave phenomena failing at thickness resonances

(o2 2) o))

@ Kaplunov, J.D., Kossovitch, L.Yu., Nolde, E.V.: Dynamics of thin walled elastic bodies. Academic Press (1998)

@ Kaplunov, J., Krynkin, A.: Resonance vibrations of an elastic interfacial layer. J. Sound Vib. 294(4-5), 663-677 (2006)



Model for Rayleigh-type waves on a stiff half-space

Effective boundary conditions ;=0

+ Sll'ff X

X3

@ Kaplunov, J., Prikazchikov, D.A.: Asymptotic theory for Rayleigh and Rayleigh-type waves. Advances in Applied Mechanics 50,
1-106 (2017)

Displacements at the surface x5 = 0

_1-p% _ 1-p%
U1 = 2 ®,1, U3 = — 1+B2 ®,3.

Hyperbolic equation for the volume wave potential at the interface
1 _ ~
e — geun=AP+9Q)=
Cr

Here P(x1,t) = o4; and Q(z1,t) = o3, and the bar may be interpreted in a
sense of the Hilbert transform.



Effect of contrast (soft coating)

Considering at the boundary 3 = 0 the potential ¢ = Be'*(®1=<) with k > 0
2

&~ Ve -1=0,
R

where (= %, Cr = c—f and
C2 C2 N
~v=Kgr {cot (QJr E)—l—r(cot (Q— B)},
Vo e\

with QF =

Asymptotic series ¢ = ¢ + ,/u¢® + ...

Small parameter for soft coating (u = “j < 1)
o)

At leading order ¢ = ¢g.

2¢®¢®

Correction o
Cr

1
—VP =0 = (W =Gy



Effect of high contrast (soft coating)

Non-uniform approximation for dimensionless velocity

Cch+ﬂ<gv<§%> + .o

Note, v is the source of non-uniformity, since v — oo at

Q+:1/%7rn and QF =&~ /%ﬂ'n, n=20,1,2,..



Numerical results

Numerical values  p~ = 150, pT =250, v~ =0.3, vt =0.25.

w=0.01 n = 0.001

b . \\\ % \
0.8 0.8
0.6 0.6

LV LV

0.4 0.4
0.2 0.2
0.0 0.0

0.0 0.2 0.4 0.6 0.8 1.0 12 1.4 0.0 0.1 0.2 0.3 0.4 0.5

a* a*



6. Periodic structures

R. Craster, L. Joseph, J. Kaplunov, Wave Motion, 2014, 51, 581-588

* Similarity between asymptotic procedures for thin and periodic structures
 Knowledge transfer from theory of plates and shells to homogenisation

e High-frequency homogenisation



Industrial motivation

Functionally graded microstructures

| Ceramic matrx
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e) Muttiphage graded microstructure.

the picture is taken from NASA webpage



Industrial motivation

Civil structures

the picture is taken from http.//www.wikipedia.org



Industrial motivation

Photonic crystals
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the picture is taken from the review of P Russell, Science 2003



Dynamic homogenization

Two toy problems

The goal is to demonstrate the similarity of the homogenization
procedures for 2D thin functionally graded structures and 1D periodic
structures, see R.V. Craster, L.M. Joseph & J. Kaplunov in Wave Motion
2014.

(A) SH waves in a functionally graded layer (2D problem)
yT -

4_P__

‘-h

(B) Longitudinal waves in a periodic rod (1D problem)




Dynamic homogenization

Problem A
O
ox?  0Jy* cA(y)

where u = u(x,y)

traction free faces
ou/0y|y=+n =0

u=~0

Small parameter
e=h/L <1
Scaling

X ==z/L, £ =a/h,

Problem B

d2u w2

— u=>0
dz? = ?(x)

where u = u(x)

periodicity
c(x) = c(x + 2h)

(L is typical wavelength along x-axis)

where



Dynamic homogenization

Dimensionless equations in u(X, &)
2
Uge + € uXX+02(£)u—O uge + 2€uxe +e2uXX+C§‘—(§)u:0

the only difference

with )\:ﬁ—? and C(f):%g)

Classical low frequency limit (A ~ ¢)

w(X, &) = uo(X, &) + eur (X, ) + € ua(X, §) +
and

=€ (A +eA] +e2A5+ ...

with Neumann boundary conditions with periodicity conditions

Uie|e=+1 =0 ui (X, 1) = u (X, —1),



Dynamic homogenization

At leading order we get over a microscale
uo&“ =0
resulting in uniform static variation along thickness or cell
up(X, §) = vo(X).
tuo(, &)

Vo( )

| N
-1 o 1 ¢

Proceeding to higher orders
2
u1(X,€) =0, A\ =0 and Uoee = —VOXX — C;\—é)vo
Finally, we arrive at 1D homogenized equation

~1/2

d?vg  w? . 1 [,
T2 + <C>2v0 =0, with (¢) = [% /_hc (z)dz]



Dynamic homogenization

Non-classical high frequency limit (x ~ 1)

The so-called high frequency long wave theory for thin elastic structures established some time ago
(e.g. see J.D.Kaplunov, L.Yu.Kossovich & E.V.Nolde, Dynamics of Thin Walled Elastic Bodies,
Academic Press, N.-Y. 1998) inspired a more recently developed high frequency homogenization
procedure (see R.V.Craster, J.Kaplunov & A.V.Pichugin in Proc R Soc A 2010, J.Kaplunov & A.Nobili
in Math Meth Appl Sci 2017, and D.J.Colquitt, V. Danishevsky & J.Kaplunov in Math Mech Solids
2018)

: A2
At leading order uo(X, &) = vo(X)Up(§) and Upee + 02&) Up=0
with Neumann boundary conditions with periodicity conditions
o ’ —0 UO(Xal):UO(Xa_l)!
velemEt Uoe (X, 1) = Uoe (X, —1)

or antiperiodicity conditions (leading to
periodicity with a double period)
Uo(X,1) = —Up(X, —1),

Uoe (X, 1) = —Uoe(X, —1)



Dynamic homogenization

Eigenvalues \q correspond to

thickness resonances cell resonances
AUp(E)
1 0 1 €

The sought for 1D homogenized equation is
hTvgee + (A2 — Ag)vg = 0

o ffh Ug(2)C~2(2)dz T takes slightly more complicated form

It U2 (2)dz (see R.V.Craster, J.Kaplunov & A.V.Pichugin in
Proc R Soc A 2010)



Dynamic homogenization

Floquet-Bloch waves

[ Z’Zbg((_}l)) ] = exp(i2ke) [ %Z((ll)) ] where r - Bloch parameter.

Bloch spectra A(x) near edges of stop bands

k=20 K= —

almost periodic solutions almost anti-periodic solutions




Dynamic homogenization

a) piecewise uniform sound speed (constant coefficients)

C(€)
A
1
-
° ® ° ° -
.l 0 1 §

b) Mathieu’s equation (variable coefficients)
C~2(&) = a—20cosé



Dynamic homogenization

Piecewise uniform rod (r = 1/3)

(@)




Dynamic homogenization

Mathieu’s equation (a = 1,46
(a)




Dynamic homogenization

High frequency homogenization in 2D
(see R.V.Craster, J.Kaplunov & A.V.Pichugin in Proc R Soc A 2010)

21
Ol0|0|0|0|0]0]|0|O
O]0|0|0]|0|0]0]0]|0
O]0|0|0]0]0]0]0|0
O]O0|0|0|0|0|0|0|O
O]0|0|0|0|0|0|0|O
O|0]O]0|0]0|0]|0|O

L

Vo - [a(x) Vou(x)] + w?p(x)u(x) = 0
with double periodic a(x) and p(x), where x = (x1, x2)

Small parameter e¢=1/L <1

. X X
Scaling X_f’ 5_7



Dynamic homogenization

Asymptotic series
u(Xa €)ZUO(X7 €) + €U1(X, €) + 82"LL2(X, €) t..

and l
AN =M +edi+e2N5+.. ., where)\:tj—
0
Double periodicity - antiperiodicity conditions
u; (X;—1,8&2) = Fu; (X5 1,82)
uie, (X5 —1,82) = fue, (X;1,82)
Usg, (X7 517 _1) — iui& (X7 517 1)
At leading order
ug (X, &) = vo (X) Up (&)
and
Ve - [a(€)VeUo] + Agegp(€)Uo = 0 ()

with periodicity - antiperiodicity conditions on cell contour



Dynamic homogenization

The final macroscale equation becomes

it (M= X)v=0 (i,j=1,2 **
j@xiﬁxj =+ ( 0) Vo (Zaj ) ) ( )

with T;; expressed through double integrals over the domain —1 < &;,& <1 containing
double periodic eigenfunction Uy (&) and a pair of single periodic functions V; (&),
calculated from non-homogeneous boundary value problems for the equation (*).

Remarks.
(i) The equation (**) is valid near edges of stop bands.

(i) The type of the equation (**) depends on problem parameters.

(i)  Simple explicit expressions for the coefficients T;; are available only in the case of the
checkerboard structures with piece-wise parameters governed by (see R.V.Craster,
J.Kaplunov, E.Nolde & S.Guenneau, JOSA 2011)

%u  0*u W2
- 1 p—
92 + 922 + 14 g(z1) + g(x2)]u=0

where g;(z;) =0 for —1<x; <0; gi(z;))=7% for 0< z; < 1



Dynamic homogenization

Applications of high frequency homogenization theory
for checkerboards in optics

Defect modes

15
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Dynamic homogenization

Ultra-refraction

(b)
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Dynamic homogenization

All-angle negative refraction

For further detail see R.V.Craster, J.Kaplunov, E.Nolde & S.Guenneau, JOSA 2011



Dynamic homogenization

High frequency homogenization for lattice structures

e.g. see R.V.Craster, J.Kaplunov & J.Postnova, QJMAM 2010 for spring mass structures
and E.Nolde, R.V.Craster & J.Kaplunov, JMPS 2011 for frame and truss structures

Two-scale approach

u=u(X,¢)

*** continuous discrete
W% (£: {(070)7(()’1)’(1a0)a(1a1)})

By applying Taylor series in X and periodicity - antiperiodicity conditions we arrive at a
matrix-differential problem [4 x 4]. It is
|:(A() — )\2M) +ecA; (87,, )\) + €2A2(8¢(9j, )\) + ... u(X, £) =0

A 7
Ve

The square lattice

linear algebra

with ¢ = 1/N < 1, 0; = 8/6){@, M = dlag (Ml,Ml,MQ,MQ)



Dynamic homogenization

Variety of homogenized models

e.g. for periodicity in both directions when u (X, &) = v (X) [0,0, —1, 1]T

The result is
l4
4 (Msy — My) (
which is particularly handy for analyzing localized phenomena.

Vivo - 4831852’00) —+ ()\2 _ i) Vo =

Dispersion curves M1 2,M 5 1

1 1 1 Il 2, 1 1 1 1 1
5 -1 -0. o © 1 1. 2 c 2, B
Length along BAC




Concluding remarks

v" Multi-component high-contrast waveguides require specialised theory

v High contrast may lead to unexpectedly low natural frequencies

v Stronger components subject to Neumann conditions, perform almost rigid body motions

v" Two-mode theories for long-wave low-frequency motion of layered plates
(asymptotically uniform or composite)

v" Deep parallels between long-wave dispersion of thin and periodic structures
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