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Abstract Experimental characterization of micro-jets is challenging because of the small dimensions of the
micro-nozzle. In this study, we propose a new technique to visualize the instantaneous 3D structure of a
pulsed gas micro-jet. Using phase-averaging of Schlieren visualizations obtained with a high-speed camera
and 3D reconstruction through a filtered back projection algorithm, it is possible to follow the high-speed
dynamics of the pulsed jet. The experimental technique is illustrated by a 3D reconstruction of a pulsed
helium micro-jet. The technique is simple yet very useful. To our knowledge, it is the only experimental
method to analyze the instantaneous 3D structure and high frequency dynamics of pulsed micro-jets.

Keywords Tomographic reconstruction � Micro-jet � Schlieren

1 Introduction

Continuous or pulsed micro-jets are now used in many academic or industrial applications like flow control
(Aubrun et al. 2011; Joseph et al. 2012), noise reduction (Castelain et al. 2008), CPU cooling, or even micro-
thrusters (Morı́ñigo and Quesada 2008). Despite being more and more commonly used, the properties of
micro-jets are not well known and it is not clear whether the transitions and phenomena encountered on
large-scale jets can be recovered at small scales (Gau et al. 2009).

Indeed, because of the very small dimensions of their micro-nozzles, it is very difficult to measure jet
velocity profiles. For micro-nozzle diameters or widths (for rectangular cross-sections) smaller than 0.5 mm,
it becomes impossible to use most of the classic experimental techniques. Hot-wire measurement is intrusive
and the length of the wire is too long to be used close to micro-nozzle outlet. Particle image velocimetry
measurements require oil micro-droplets seeding which stick to the wall inside the micro-channels and
micro-nozzle. It is then important to find an experimental technique that is non-intrusive and does not

J. M. Cabaleiro � G. Artana
CONICET-Fluid Dynamics Laboratory, Faculty of Engineering,
University of Buenos Aires, Buenos Aires, Argentina

J. M. Cabaleiro (&)
Microfluidics and Plasma Laboratory, Marina Mercante University,
Buenos Aires, Argentina
E-mail: jmcabaleiro@fi.uba.ar
Tel.: ?5411-4343-0092
Fax: ?5411-4343-0092

J. L. Aider � J. E. Wesfreid
Laboratoire PMMH, UMR 7636 CNRS, UPMC, UPD, ESPCI ParisTech,
10 rue Vauquelin, 75231 Paris, France

J Vis
DOI 10.1007/s12650-013-0176-z

Author's personal copy



require seeding. Molecular tagging velocimetry is an interesting solution (Lempert et al. 2003; Fermigier
et al. 1980): it does not require any seeding and is non-intrusive. It is nevertheless difficult to use at small
scales with a complex optical setup and is expensive (two different lasers for tagging and visualizing).
Optical methods based on variations of the refractive index appear as well-suited techniques for micro-jets.
In subsonic flows, however, those methods require either using a different gas or heated air for the refractive
index variations to exist.

Optical methods relying on refractive index variations have been used to study gas flows for decades
(Settles 2001; Vasiliev 1971; Goldstein 1996; Tropea et al. 2007). Mainly qualitative results are generally
obtained with these methods. Interferometric methods provide information on the refractive index of the
medium, whereas Schlieren methods provide information on its first derivative and Shadowgraph methods
on its second derivative. In this work we focus on Schlieren methods.

The refractive index of a gas can be considered proportional to the local density, following the Glad-
stone-Dale law. Therefore, depending on the experiment and the procedure used, one can obtain the density
field from Schlieren images. The information provided in a Schlieren image is ‘‘line-of-sight (l-o-s) inte-
grated’’. That is, the contrast in the image is proportional to the l-o-s integration of the first spatial derivative
of the refractive index perpendicular to the knife-edge (Fig. 4). The proportionality constant is related to the
optics (focal distance of the second mirror in our setup), and to the amount of light stopped by the knife-
edge.

If the flow under study is two-dimensional or axisymmetric, a single image suffices to obtain the
instantaneous refractive index field (and thus, the density field). On the other hand, if the flow is not
axisymmetric and the gradient of the density field changes along the integration line (as it occurs in many
three-dimensional flows), multiple projections are necessary to obtain the refractive index field. The
number of necessary projections increases with the complexity of the flow. The method used to reconstruct
the refractive index field is based on tomography. The tomographic data acquisition is conventionally
modeled by the Radon transform (Radon 1917), which collects line integrals across the medium at
different angles.

Mainly two methods are used in tomographic reconstruction: the algebraic reconstruction technique and
the filtered back projection (FBP) algorithm (Kak and Slaney 1988). The first one is an iterative method,
which is generally preferred when the number of projections is too low. The major disadvantage of this
method is that it is time consuming, and that the errors may increase after a certain number of iterations,
while FBP is faster and accurate, as long as the number of projections is high enough (Feng et al. 2002).

There are several studies regarding 3D density measurements that combine Schlieren or interferometric
techniques with tomographic reconstruction. Dalziel et al. (2000) measured wave amplitudes generated by
an oscillating cylinder using ‘‘Synthetic Schlieren’’. Timmerman and Watt (1995) developed a dual-refer-
ence beam, plane-wave illumination, holographic interferometry setup that provided six simultaneous views
of a compressible flow field for its reconstruction. Feng et al. (2002) used a Mach–Zehnder holographic
interferometer and FBP to study a stationary non-axisymmetric flow of a helium-air mixture. Venkata-
krishnan and Meier (2004) used background oriented schlieren (BOS) to obtain l-o-s integrated density
gradients of a stationary cone-cylinder flow (with rotational symmetry) at Mach 2. They derived those l-o-s
integrated density gradients and later integrated the resulting Poisson equation. The result was a l-o-s
integrated density field, which was then back projected to a density field slice using FBP. Later Venkata-
krishnan and Suriyanarayanan (2009) used BOS data to study the supersonic flow past an afterbody,
assuming axisymmetry for the 3D reconstruction. Goldhahn and Seume (2007) and Goldhahn et al. (2009)
also used BOS and FBP to study an under-expanded free jet of air and also the wake of a cascade wind
tunnel. Their procedure uses the BOS gradient data directly to reconstruct the 3D field. Masanori et al.
(2011) used colored-grid BOS (CGBOS) and laser interferometric computed tomography to study stationary
supersonic flow around an asymmetric body. Finally, Atcheson et al. (2008) used BOS and a novel
tomographic algorithm to study non-stationary gas flows, but they used as much as 16 cameras
simultaneously.

In this paper, we present a simple experimental method to obtain 3D reconstructions of non-stationary,
non-axisymmetric pulsed jet flows, using a classic Schlieren setup and one high-speed camera. In the next
section, the experimental setup and the algorithm used for the 3D reconstruction are presented. In the third
section, the results are presented. In the fourth section, different FBP filters are compared, and the density
fields are calculated. Finally, a time evolution of the 3D structure of the micro-jet is illustrated before
coming to the conclusion.
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2 Experimental setup

2.1 The micro-jet

The pulsed micro-jet setup is shown in Fig. 1. Helium is fed to the micro-nozzle at a given upstream
pressure. One can see guiding vanes inside the micro-nozzle, which correspond to the design of micro-
nozzles of MEMS actuators used for flow control experiments (Joseph et al. 2012, 2013). The micro-nozzle
cross-section is 0.38 mm thick (the ‘‘micro’’ dimension) and 12.5 mm long. The design of the micro-nozzle
is associated with the micro-fabrication process: MEMS pulsed micro-jets are drilled into SOI wafers and
therefore always have a planar geometry where the depth is limited by the thickness of the SOI wafer. Even
if the nozzle geometry can be seen as 2D, the flows obtained in this work are fully 3D, as it will be shown in
the next sections. The jet pulse frequency Fj is set by means of a fast solenoid valve (Matrix Mechatronics,
Model 821) and ranges between 0 and 500 Hz.

2.2 The Schlieren setup

The setup consists of a traditional z-type Schlieren system (Fig. 2): two spherical mirrors (diameter: 0.15 m,
focal distance: 1.50 m, Edmund Optics) are placed on the corners of an antivibration optical table. An AI
high intensity coaxial LED spot light illuminator (Edmund Optics) with a condenser is placed on one side of
the centerline, at the focal distance of the first mirror. On the other side, a vertical knife-edge (the edge is
parallel to z-axis) is placed at the focal distance of the second mirror, and after that, a high-speed camera
(Photron FASTCAM SA4) and lens (Nikon 70–300 mm f/4.5–5.6 G AF-S VR NIKKOR).

Both the light source and the knife-edge must be located as close to the centerline as possible to
minimize coma and astigmatism (Settles 2001). In our setup, the angle a between light rays was less than 6�
(Fig. 3). The test section is located at the middle of the centerline. In that region we placed the micro-jet.
The particularity of our experiment is to allow the micro-nozzle to turn around its vertical axis as indicated
by the arrow in Figs. 3 and 4.

The high-speed camera can record 1 Mpixels pictures at Fac = 3.5 kHz. The acquisition frequency Fac

can be increased up to 500 kHz by decreasing the region of interest of the sensor to 128 pixels by 16 pixels.
As shown in Figs. 2 and 3, two sets of coordinates are used.

2.3 The Radon transform and filtered back projection

As it was introduced earlier, the aim of this work is to perform a tomographic reconstruction of a micro-jet.
In this section, we present the mathematical basis of the algorithm used for that reconstruction, which is a
FBP. The tomographic data acquisition can be modeled by the Radon transform (Radon 1917), which
collects line integrals across the medium at different angles. Given a certain function f (x,y), its Radon
transform is:

Ph sð Þ ¼
Zþ1

�1

Zþ1

�1

f x; yð Þd xcoshþ ysinh� sð Þdxdy ¼
Z

h;sð Þline

f x; yð Þdl ð1Þ

where d is the Dirac delta function. The coordinate systems used are shown in Fig. 4.

(a) (b)

Solenoid 
valve

Micro-nozzle 
geometry

Micro-nozzle 
coverPackaging

Fig. 1 a Packaging and solenoid valve assembly. b Micro-nozzle geometry and packaging
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By the use of the Fourier slice theorem we know that the Fourier transform of a projection P(s) for a given h
represents the two-dimensional Fourier transform at a spatial frequency of (u = w cos h, v = w sin h):

Sh wð Þ ¼
Zþ1

�1

Ph sð Þe�j2pwsds ¼ F w; hð Þ ¼ F w cos h;w sin hð Þ ð2Þ

which is the two-dimensional Fourier transform on radial lines at an angle h. If a projection were obtained
for every angle h, the inverse two-dimensional Fourier transform would give the function f (x,y). Using the
property:

F w; hþ pð Þ ¼ F �w; hð Þ ð3Þ
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z

Fig. 2 Experimental setup: 1 spherical mirrors. 2 Light source. 3 Vertical knife-edge. 4 Camera and lens. 5 Micro-nozzle
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Fig. 3 Optical path: z-type Schlieren setup. The angles a \ 68 are small enough to minimize the coma and astigmatism. The
micro-nozzle can rotate (angle h) around the jet axis perpendicular to the horizontal plane. The micro-jet coordinates system (x,
y, z) is defined

≠
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Fig. 4 Sketch of a Schlieren measurement of the micro-jet whose longer axis is rotated a given h from the optical axis
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The inverse two-dimensional Fourier transform may be written as:

f x; yð Þ ¼
Zp

0

Zþ1

�1

Sh wð Þ wj jej2pwsdw

2
4

3
5dh ð4Þ

The term between brackets in Eq. (4) represents a filtering operation with a frequency response of the
filter given by |w|. Thus, it is called a ‘‘filtered projection’’. Equation (4) calls for the back projection of those
filtered projections.

2.4 Application to Schlieren images

In our setup, the reconstruction consists of several steps. The first one is to calculate phase-locked image
averages over 20 cycles for each projection direction. Then we subtract the image background (without the
jet). We are interested in reconstructing the jet morphology and to do that, we need information on the
refractive index n. However, in the images we obtain (with a vertical knife-edge) the intensity I is pro-
portional to the l-o-s integrated refractive index horizontal gradient (Figs. 5, 6, 7):

DI ¼ f2

ak

I0

Zþ1

�1

on

os
dl ð5Þ

where I is the intensity and I0 is the background intensity without flow, and f2 is the focal distance of the
second mirror. For a rectangular light source, which forms an image of size a 9 b at the knife-edge (b being
the dimension in the direction parallel to the knife-edge), ak is the size of the portion of that image
unstopped by the knife-edge in the direction perpendicular to the knife-edge.

Therefore, we need to integrate DI levels along the horizontal direction s to obtain the l-o-s integrated
refractive index difference, for a given projection angle h:

Zs

s0

DIds ¼ c2

Zþ1

�1

Zs

s0

on

os
ds dl ¼ c2

Zþ1

�1

n s; l; zið Þ � n s0; l; zið Þ½ � dl ð6Þ

    
t = 1.25ms t = 2.5ms t = 5ms t = 7.5ms 

12.5 mm 

Fig. 5 Time evolution of the line-of-sight integrated refractive index horizontal gradient. Images correspond to the fixed 908
position. Pj = 20 mbar, Fj = 20 Hz, Fac = 8 kHz. Image size: 16 9 16 mm

 
0º 30º 60º 120º 

Fig. 6 Schlieren images of different views of the jet, at a fixed time (t = 7.5 ms) from the jet’s cycle start. Pj = 20 mbar,
Fj = 20 Hz, Fac = 8 kHz. Image size: 16 9 16 mm
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If the horizontal position s0 is far enough from the jet, we can assume that the refractive index at that
position corresponds to that of the surrounding gas (nair):

n s0; l; zið Þ ¼ nair ð7Þ

After performing these integrations, the resulting images are fed to a FBP algorithm described in Kak
and Slaney (1988), which essentially is the numerical implementation of the Eqs. (2) and (4), using the result
of Eq. (6) as Ph(s). For a given zi position, the result of the FBP, G(x, y, zi), is a slice of scalar values that are
proportional to the refractive index field, minus the air’s (or the surrounding gas) refractive index:

n x; y; zið Þ � nair ¼ G x; y; zið Þ=c2 ð8Þ

The value of the constant c2 could be derived from the geometry of the setup and the background
intensity level I0, but that would require having a very good measure of the value of ak. In our setup,
f2 = 1.5 m, and a & 2 mm, we set the knife-edge at 50 % so ak & 1 mm. With this configuration, the
intensity value was 68 counts (for an 8 bit image). This gives a value of c2 = 1.02 9 105 counts. In practice,
having a good measure of ak is quite complicated; an error of 20 % in the measurement of ak, gives the same
amount of error in c2. Therefore we decided to estimate it considering that where G is maximum, the
refractive index is that of pure helium nHe = n(x, y, zi). The value obtained in such a way is
c2 = 1.18 9 105 counts, less than 20 % higher than the previous estimation.

The FBP algorithm is highly sensitive to the number of projections used. In this work, 36 projections
were taken from 08 to 1758. The first position, 0�, is the position where the nozzle’s exit longer dimension is
aligned with the optical axis, as sketched in Fig. 4.

The algorithm uses each horizontal pixel line coming from the projections to retrieve a slice of the jet.
Therefore, each slice is reconstructed from 36 horizontal lines. Then the horizontal slices obtained for every
vertical position are assembled to reconstruct the 3D jet structure.

3 Results

The schlieren setup makes it possible to obtain pictures of the micro-jet like those presented in Fig. 5. In this
sequence, we present the time evolution of a helium jet obtained with an upstream pressure of
Pj = 20 mbar, at the 908 position.

t = 7.5ms, im. 1 t = 7.5ms, im. 9 t = 7.5ms, im. 17 t = 7.5ms, av. im.

Fig. 7 Comparison between instantaneous images and average image at the same relative time

    
 l-o-s 

integrated,  
t = 3.75ms  

(n-n0) l-o-s 
integrated,  
t = 3.75ms 

 l-o-s 

integrated,  
t = 7.5ms 

(n-n0) l-o-s 
integrated,  
t = 7.5ms 

Fig. 8 Horizontal integration of Schlieren images. 90� position
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In Fig. 6, we present images obtained with the same parameters but at a fixed time from the jet start and
for different angles of rotation of the micro-nozzle. The acquisition frequency was Fac = 8 kHz for Figs. 5
and 6. The solenoid valve was set at 20 Hz for the 20 mbar jet, giving 400 images per cycle.

Fig. 9 a Horizontal slices, b 3D iso-contours, c vertical slice at x = 0, and d vertical slice at y = 0 of the refractive index
difference. t = 10 ms, Pj = 20 mbar, Fj = 20 Hz
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These images are treated according to the procedure described in the previous section. This procedure is
based on the fact that the observed jet is so repeatable that at the same relative time, the structures observed
on different runs are the same. To confirm that, 20 cycles were observed for each projection. Figure 7 shows
three random picked images of those 20 cycles at the 908 position, and the average image of the 20 cycles,
showing that the repeatability observed at 20 mbar allows for this method to be applied. This was observed
for every angle.

Figure 8 shows the result of Eq. (6) applied to the Schlieren images at two different times, at the 908
position.

The result of the FBP algorithm is presented in Fig. 9. Figure 9a shows the slices that are assembled
together to reconstruct the 3D jet structure. A typical example is shown in Fig. 9b using refractive index iso-
contours.

The instantaneous 3D structure of the micro-jet is very well recovered with a good spatial resolution
(0.1 mm for each cubic voxel). To better understand the structure of the jet, two vertical slices are presented
in Fig. 9c (yz plane) and Fig. 9d (xz plane).

4 Analysis

4.1 Filter comparison

Different filters are typically used in the FBP algorithm, the most mathematically rigorous one is |w|, as
stated in Eq. (4). This filter, however, is quite sensitive to noise. In this work we have tried three different
filters: Ram-Lak, Hamming, and Shepp and Logan filters (Shepp and Logan 1974; Kak and Slaney 1988;
Oppenheim and Schafer 1989). To compare the FBP algorithm results using these filters, we performed a ‘‘l-
o-s’’ integration on our reconstruction results, and compared them to the horizontally integrated intensity on
the images. For the 08 projection we integrated the FBP result along y:

Zþ1

�1

n x; y; zið Þ � nair½ � dy ð9Þ

and for the 908 projection we integrated the FBP result along x:

Zþ1

�1

n x; y; zið Þ � nair½ � dx ð10Þ

The results of those integrals are presented in normalized form in Fig. 10 using a Hamming filter,
together with the source image intensity, and the horizontally integrated image intensity, both also

Fig. 10 Normalized Intensity levels along an image line, normalized intensity levels integral, and reconstructed (with a
Hamming filter) normalized intensity levels integral. Left: 0� position. Right: 90� position. Time = 10 ms
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normalized. There is a very good agreement between the reconstruction ‘‘l-o-s’’ integration, and the
horizontally integrated image. No significant difference was observed using the three mentioned filters for
our data. All the reconstructions presented hereafter were obtained with a Hamming filter.

4.2 Density field calculation

In this work, we were mainly interested in observing and describing the structure of the transient helium
micro-jet. However, it can be interesting to analyze the density field as well. If pressure and temperature are
considered constant and equal for helium and air, this field can be obtained through the Gladstone-Dale
equation for a helium-air mixture (Merzkirch 1974):

n� 1 ¼ KHeqHe þ KAirqAir ¼ KHevHeq0He þ KAir 1� vHeð Þq0Air ð11Þ

where qHe and qAir are the partial helium and air densities. vHe is the helium mole fraction. q0He and q0Air

are pure helium and pure air densities at the laboratory conditions (20 8C and 1 atm). KHe and KAir are the
Gladstone-Dale constants for both gases, which can be found in the literature (here we used

Fig. 11 3D Reconstruction at four different times. Iso-density = 0.75 kg/m3
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KHe = 1.96 9 10-4 m3/kg and KAir = 2.26 9 10-4 m3/kg). We can obtain the helium mole fraction
knowing that:

nAir � 1 ¼ KAirq0Air ð12Þ

and, consequently:

vHe ¼
n� nAir

KHeq0He � KAirq0Airð Þ ð13Þ

Finally, once the helium mole fraction is determined throughout the volume, we obtain the density field:

q ¼ vHeq0He þ 1� vHeð Þq0Air ð14Þ
4.3 Time evolution of the jet structure

To show a time evolution of the 3D structure of the micro-jet, a density iso-surface level of 0.75 kg/m3 was
chosen so that it defines the ‘‘jet frontier’’.

Figure 11 shows such time evolution of the jet coming from our divergent nozzle with a 12.5/0.38 aspect
ratio rectangular exit. Helium was fed to the nozzle at Pj = 20 mbar.

As shown in Fig. 1, there are several flow-guiding profiles inside the micro-nozzle that end up before the
outlet of the nozzle. The traces of these guiding vanes are clearly visible on the 3D iso-surfaces on the first
two time steps. The following time steps show the deformation of the front part of the micro-jet, with a bulb
growing in the transverse direction. The lower part of the jet is smooth as expected for a laminar jet.

For larger time steps one can also see a transverse deformation of the iso-surface, suggesting that axis-
switching (Grinstein et al. 1995; Krebs et al. 2012) may occur in these configurations. Such a phenomenon
could only be witnessed properly with our experimental method. This has to be confirmed in future study.

Plotting the density iso-contour value at the jet axis against time and then calculating its temporal
derivative, allowed for the calculation of the jet’s front velocity. On the other hand, Schlieren image
velocimetry (Arnaud et al. 2006) was performed on the images at the 908 position and the resulting velocity
fields were phase-averaged (over 20 fields), finding the same values for the front velocity. Then, an
estimation of the front velocity at the origin was made by a least square fit of the first five values (Fig. 12).
This velocity does not necessarily coincide with the instantaneous jet velocity at the exit, and it was just
used as a reference velocity. The value obtained was uj = 2.6 m s-1.

Fig. 12 Estimation of the micro-jet’s front velocity. A density iso-contour is followed at the jet’s axis as a function of time
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5 Conclusion

In this work a novel experimental method has been proposed that allows for the reconstruction of a 3D
density field using classical Schlieren images taken at different rotation angles. Periodic and highly
reproducible flows allow for phase-averaging of Schlieren pictures taken at different rotation angles (pro-
jections) with a single camera, one angle at the time. Using a single high-speed digital camera and a
classical z-type Schlieren setup, it is possible to reconstruct a time-resolved 3D density field. Finally, the
technique was applied to a pulsed micro-jet. It appears to be well suited to characterize the transitions,
especially three-dimensionalization, of such high-speed micro-flows.
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Argentinian International Associated Laboratory in Physics and Fluid Mechanics) and of the French Agence pour le Dével-
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