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The linear stability of viscous flow between two rotating coaxial horizontal cylinders with a par-
tially filled gap is investigated. It is shown that, for a range of values of the rotation ratio p, the sta-
bility diagram for stationary modes consists of two separate curves connected by an oscillatory
branch. For 0.26&p(0.61 the critical point is on the oscillatory branch. Therefore it can be ex-
pected that, at onset, the instability will set in as an oscillatory mode. We have established the ex-
istence of codimension-2 points for two particular values of the rotation ratio p=0. 26 and 0.61,
where the onset of instability for stationary as well as oscillatory modes occurs for the same value of
the Taylor number.

I. INTRODUCTION

In the large field of hydrodynamical instabilities, those
instabilities of centrifugal nature play an important role.
From the fundamental point of view, the Taylor-Couette
instability is one of the most interesting, based on the role
it has played in the field of patterns in nonequilibrium
systems, and in the field of transition to turbulence in
dynamical systems of few degrees of freedom (determinis-
tic chaos).

The case of Poiseuille flow in curved channels has been
extensively treated by fluid dynamicists, and the centrifu-
gal instability produced in this geometry (Dean instabili-
ty) is an interesting problem that is still open. When a
centrifugal instability is produced in a boundary layer on
a concave wall, it takes the name of a Taylor-Gortler in-
stability. This instability is of practical interest for prob-
lems of turbine blade design, aerodynamics in general,
and in particular laminar-flow control (LFC). One case,
which includes the combination of all the above centrifu-
gal instabilities, is the one discovered by Brewster and
Nissan. It consists of the instability produced in the cir-
cular Couette geometry in horizontal position (i.e., two
coaxial cylinders with the internal one in rotation) and
with working fluid partially filling the gap between the
cylinders.

As Brewster and Nissan noticed, the existence of a
back flow, due to the mass conservation, imposes a pri-
mary flew as a combination of the flow occurring in clas-
sical Couette experiment and the Poiseuille flow in
curved channels due to the intrinsic azimuthal pressure
gradient. The tangential velocity distribution divides the
gap region into inner (Couette flow) and outer (Poiseuille
flow) regions, which are both potentially unstable accord-

ing to the inviscid Rayleigh circulation criterion. There-
fore, in this experiment there exists the possibility for
Taylor-Couette and Dean instabilities to occur. Detailed
calculations in the frame of the linear stability theory '

have shown that in the viscous case, as was predicted by
Brewster and Nissan, ' the inner part of the flow becomes
first unstable where the prevailing instability is the
Taylor-Couette. This problem has been designated as the
Taylor-Dean problem in hydrodynamical instability
literature. We have predicted, from experimental re-
sults, that, even in this problem, a boundary layer devel-
oping on the inner surface from the free interface may
precede the development of Couette velocity profile and
Gortler instability can occur; we have also observed trav-
eling nonaxisymmetric patterns at threshold.

But Brewster, Grossberg, and Nissan realized that, if
an external flow is introduced into the gap, the strength
of the back flow may be varied and therefore modifies the
conditions under which the centrifugal instability appears
in the outer part of the primary flow. They introduced a
parameter A, to measure the relative importance of the
imposed azimuthal pressure gradient compared to that
due to rotation. When A, exceeds a particular value A, *,
the Dean instability in the outer part of the flow may ap-
pear first at onset. Therefore, as it is found in many cases
of dynamical systems, for X=A,*, the two instabilities
may occur simultaneously, creating a competition which
may result in the existence of oscillatory instabilities.
Indeed, Raney and Chang have shown that for X=X*,
the critica1 Taylor number for the oscillatory mode is
lower than the critical Taylor numbers for stationary
modes, and the onset of instability is expected to occur as
an oscillatory one. Recently, Kachoyan has completely
reinvestigated the neutral stationary curve behavior for

39 763 1989 The American Physical Society



764 MUTABAZI, NORMAND, PEERHOSSAINI, AND WESFREID 39

the Taylor-Dean problem. The predictions by Raney and
Chang have not yet been verified experimentally, perhaps
because of the difficulties in realizing a controlled experi-
ment where the external flow can be kept homogeneous
throughout the gap.

To overcome these difficulties, we propose a flow
geometry where the centrifugal instabilities discussed
above may arise simultaneously, with the particular ad-
vantage of experimental feasibility under controlled situa-
tions. The geometry that we have envisioned is the
Couette geometry in a horizontal position with the liquid
partially filling the gap between the cylinders, but with
the two cylinders in corotation. This last requirement
has the advantage of allowing a large spectrum of system
behaviors without need for an external flow as regulator.
The problem has never been treated in a systematic way
by the earlier authors and it is not possible to obtain any
results from their analysis to apply to our problem. The
main parameter in this problem is the intrinsic azimuthal
pressure gradient, which depends only on the rotation ra-
tio of the cylinders in the difference of that introduced
externally for the case treated by the preceding authors.
That is the reason why we have reconsidered the problem
and solved it again for predictions directly applicable to
the forthcoming experiment.

This paper is organized as follows. In Sec. II we recall
the velocity distribution of the basic flow in the limit of
the small-gap approximation. Then, in Sec. III we apply
the Rayleigh circulation criterion to determine the poten-
tial regions of centrifugal instabilities (Taylor-Couette
and Dean). Using a phenomenological argument, we
derive the approximate value of the rotation ratio at
which the two instabilities may occur simultaneously. By
solving numerically the eigenvalue problem of the linear
stability theory, in Sec. IV we derive the exact conditions
under which the oscillations may occur. Finally, we con-
clude that in such a system there are codimension-2
points at which instability sets in as a stationary as well
as an oscillatory mode.

II. EQUATIONS OF THE BASIC FLOW

We consider a system of two horizontal rotating
cylinders with the gap partially filled by a Newtonian in-
compressible liquid (Fig. 1) of viscosity v and density p.
The inner cylinder of radius R rotates with angular veloc-
ity A and the outer cylinder of radius R +d rotates with
angular velocity pQ, where p only takes positive values.
The gap size is d and the small-gap approximation will be
considered: (d/R) « l.

When the portion of the gap filled with liquid is large
compared to the portion filled with air, a two-scales ap-
proximation method of solution can be used. It is argued
that the radial velocity component only takes appreciable
values in small regions confined near the two free sur-
faces. Far from these free surfaces, in the so-called core
region, the velocity is purely azimuthal. Moreover, the
azimuthal velocity component is a slowly varying func-
tion of the azimuthal coordinate and even it can be con-
sidered as an independent function of this coordinate, in
the first approximation. The azimuthal velocity distribu-

FIG. 1. Sketch of the Aow geometry.

tion in the basic flow is given by

2+p, —(p +@+1)'
3(1+@)

2+p+(p +@+1)'i
3(1+@)

(2)

For corotating cylinders (p) 0) there are two nodal sur-
faces while for counterrotating cylinders (@&0) there is

only one nodal surface. In what follows we shall focus on
the case p&0, for which an internal reverse flow exists,
with an extremum value V = —(I+@+@)/3(1+@)
corresponding to BV/Bx =0 at x =(2+@)/3(1+@).
Figure 2 shows velocity profiles corresponding to the
value of p=0. 3802.

III. RAYLEIGH CRITERION
FOR CENTRIFUGAL INSTABILITY

The Rayleigh circulation criterion for an in viscid
liquid flow states that the necessary and sufficient condi-
tion for the instability of the flow to axisymmetric
infinitesimal perturbations is that the square of the circu-
lation decreases outwards from the axis of rotation. In
the present case the condition for instability is given by
V(BV/Bx ) & 0. Therefore, when p )0 the gap 0 & x & 1

divides into four sublayers (Fig. 2): 0 & x & x
&

is unstable
(Taylor-Couette instability), x, & x & x is stable,
x &x &x2 is unstable (Dean instability), x2 &x & 1 is
stable.

In viscous flows, the Rayleigh circulation criterion
gives the necessary condition for instability. The onset of
the instability in each unstable layer depends on its exten-

V(x) =3(1+@)x —2(2+@)x+1,
where Vis expressed in units QR, x =(r —R)/d. The ve-
locity profile (1) is given by a quadratic polynomial and
can be seen as the superposition of linear Couette and
quadratic Poiseuille profiles. The resulting velocity van-
ishes on the nodal surfaces x =x, and x =x2 provided
that 0(x, 2 (1 with
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The two layers become simultaneously unstable for a
value of p at which the critical velocities given by Eqs. (3)
and (4) have the same value. This occurs at @=0.36, this
approximate value being close to the exact value that will
be found in Sec. VI (@=0.3802).

IV. LINEAR STABILITY THEORY

0.6 0.8 1.0

FIG. 2. Basic flow velocity profile for @=0.380. Potentially
stable and unstable layers of fluid after Rayleigh's stability cri-
terion.

sion (as a length scale) and thus through Eq. (2) on the ra-
tio p. However, the instability of the whole flow is deter-
mined by the smallest threshold of instability in the po-
tentially unstable layers. If the two potentially unstable
layers become simultaneously unstable, then the struc-
tures arising in these layers are competing strongly, and
give rise to oscillatory modes. One can appreciate the
value of p at which the two layers become simultaneously
unstable. In fact, for p) 0, the onset of instability for the
Couette inner layer 0&x &x, is approximately deter-
mined by the critical value of the Taylor number when
the external cylinder is at rest, and for a gap size equal to
x&. Thus, we have

l /2
QRXl XlT=

v R

and T, =41.3. [Usually, in the Taylor-Couette literature,
the Taylor number is defined by Ta =2T ( 1 —p ) with
Ta, =3416 for @=0.]

Replacing x, by its expression given in Eq. (2), we ar-
rive at the critical velocity for Taylor-Couette instability:

n, R =41.3 R'"
2+p —(I+@+@)'

(3)

The unstable Poiseuille layer x, & x & x 2 may be con-
sidered as a curved channel with free boundaries, and the
Dean number is defined as

l /2
( V)(x2 —x, ) x2 —x,

where ( V) is the mean velocity and the critical value of
the Dean number is D, =36.

Using Eqs. (1) and (2), we get the result that the critical
velocity for Dean instability is

Let v=(v„, u&, U, ) be the perturbation to the basic fiow

(0, V, O). The perturbation are expanded into normal
modes exp(st+ipy +iqz) with real axial q and azimuthal

p wave numbers because the perturbations are to be
bounded at infinity in both axial and azimuthal directions
(the infinity in azimuthal direction is valid in the small-

gap approximation), while s may be a complex quantity,
that is s=o. +iso. After elimination of the pressure and
the vertical component of the velocity from the general
equations, one obtains the following equations for the
amplitudes u and U of the radial and azimuthal com-
ponents of the perturbative velocity:

[D —
q

—(s +ipTV)]U+2q T u =0,, , av
Bx

(5b)

and the following boundary conditions:

u =Du =v=0 at x=0 and x=1, (6)

where the operator D =0/Bx and T is the Taylor number
defined as follows:

QRd d
v R

We realize that the term containing cl V/Qx in Eq.
(5a) is absent in the classical Taylor-Couette problem be-
cause it is identically equal to zero, while it has been
omitted for unknown reasons by Raney and Chang in
their analysis of the nonaxisymmetric perturbations.

The system of Eqs. (5) and (6) forms the basic eigenval-
ue problem which leads to a characteristic equation of
the form

F(p,p, q, s, T)=0 .

For a given value of p, it is necessary to determine the
minimum positive value of T and the corresponding
values of (p, q, s) with Re(s) =cr +0 at which the onset of
instability is assumed to occur.

We have listed in the Introduction other problems
which lead to a set of differential equations similar to
Eqs. (5) except that the velocity distribution V(x) does
not reduce in general to expression (1). Indeed, most of
these earlier studies were mainly concerned with the case
of axisymmetric disturbances (p =0) and were limited to
the particular value of p=0. An attempt to deal with
nonaxisymmetric disturbances has been pointed out in

8 V
[D q (s +—ipT—V)](D' q)u +i—pT u + VU =0,

Bx

(Sa)
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Ref. 7 but only integer values of azimuthal wave numbers

p = 1,2 have been considered.
In Sec. VI, results will be reported for values of p rang-

ing between 0 and 1.5, and noninteger values of p will be
considered.

V. METHOD OF SOLUTION

The eigenvalue problem defined by Eqs. (5) and (6) is
solved by a direct numerical procedure similar to that
used by Krueger et al. The set of Eqs. (5) is converted
into a system of first-order differential equations by intro-
ducing the unknowns Y,. (i = 1, . . . , 6) as follows:

Y) =u, Yq =Du,

Y3 =v, Y4=Dv,

Y5=(D —
q )u, Y6=D(D q)u .—

The boundary conditions given by Eqs. (6) require that

Y, =O (i =1,2, 3) at x =0, 1 .

(8)

The system of equations governing the Y, 's is integrated
by using a fourth-order Runge-Kutta method with a
mesh size of 0.02. Starting at x =0 with the given bound-
ary conditions (6), it is possible to choose arbitrarily three
other initial boundary conditions to form a set of three
linearly independent solutions:

Y~(0)=0 for i =1,2, 3,
YJ(0)=5, 3 for i =4, 5, 6,

(10)

VI. RESULTS AND DISCUSSION

We are interested in determining the threshold of sta-
tionary and oscillatory instabilities when both the
cylinders are rotating in the same direction. Hence we
have calculated the marginal stability curve for values of
p ranging from 0 to 1.5 corresponding to stationary ax-
isymmetric and to oscillatory axisymmetric and nonax-
isymmetric disturbances. The eigenfunctions correspond-
ing to the critical state give information about the spatial
localization of the rolls in the gap between the two
cylinders, the critical wave numbers giving the size of
rolls.

A. Stationary states (s =0), axisyrnmetric (p =0)

Typical neutral curves are shown in Fig. 3 for different
values of p, and critical values of the characteristic pa-
rameters are listed in Table I. The results for p=0 were

where 5, ~
is the Kronecker delta symbol and j= 1,2, 3.

A necessary condition that a linear combination of these
solutions also satisfies the boundary conditions (10) at
x = 1 is the vanishing of the determinant:

F(p,p, q, s, T)=~YJ(1)~=0 (i j =1,2, 3) .

The marginal states are determined by setting
Re(s)=o =0, s =ice, thus the determinant is complex-
valued and both its real and imaginary parts must vanish
simultaneously.

obtained as a check on the numerical solutions since they
can be partially recovered from the calculations of
Hugues and Reid for the particular values of their param-
eters p =0, k = —3. For p&0, we present results that
cannot be deduced from their calculations.

Figure 3(a) shows two neutral stability curves in the
plane (q, T) for p=O which do not intersect in any point.
As we increase p, these two curves gradually converge to-
ward each other at small wave numbers and for p=0. 1,
the two curves have coalesced leading to a semiopened
loop [Fig. 3(b)]. As the parameter p is increased further,
a second semiopened loop appears in the small-wave-
number region. The two semiopened loops are separated
by a gap of wave numbers within which no stationary
states have been found. Figure 3(d) illustrates the case
for p=0. 375 for which the minimum of the left loop is
located well beyond that of the right one. Still increasing

p the gap between the two loops shifts toward the larger
wave numbers and the minimum of the left loop de-
creases until it reaches the same value as the minimum of
the right loop for p=p'=0. 3802 [Fig. 3(e)]. Thus, the
minimum value of the Taylor number which determines
the critical state lies on the right loop for p &p' and on
the left loop for p) p*. We have followed the evolution
of the neutral curves until the rotation ratio reaches the
value @=1.5. Figure 3(i) shows that for p=O. 8, the gap
between the two loops has considerably reduced and for
p, = 1.0 [Fig. 3(j)], the gap is nearly vanishing. For values
of the rotation ratio slightly greater than 1, the width of
the gap becomes of the same order as the numerical accu-
racy and we are unable to decide if the two curves cross
over each other, but for p=1.2, they do not intersect on
the whole interval of considered wave numbers. Such a
behavior has been recently reported by Kachoyan for
the Taylor-Dean problem with an external pressure gra-
dient.

A better understanding of the above results is provided
by the knowledge of the eigenfunctions corresponding to
the critical disturbances. Some of these eigenfunctions
are shown in Fig. 4. For @=0.1 [Fig. 4(a)], the eigen-
functions u and v corresponding to the absolute minimum
of the neutral curve show that the perturbed motion is
most intensive near the inner cylinder while those corre-
sponding to the secondary minimum are most intensive
near the outer cylinder. This behavior remains almost
true until p=p'. Thus for p &p*, it is justified to attri-
bute the absolute minimum of the neutral curves to the
destabilization of the Couette layer 0(x (x, leading to
the occurrence of the Taylor-Couette rolls at the onset of
the instability, while the secondary minimum may be at-
tributed to the subsequent destabilization of the half-
Poiseuille-layer x (x &x2, leading to the development
of the Dean rolls. For p) p*, the situation is illustrated
in Fig. 4(c) for the case @=1.0. The critical eigenfunc-
tions are now localized near the outer cylinder in the
Poiseuille layer leading to Dean rolls at the onset of the
instability. In the vicinity of the value p*, the eigenfunc-
tions exhibit two maxima of almost equal intensity corre-
sponding to the same critical Taylor number but different
wave numbers [Fig. 4(b)].

The discussion of the neutral stationary curves given
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'768 MUTABAZI NOORMAND, PEERHOSSAINI, AN D WESFREID 39

0.06

p = 0.1:q = 6.9, T = 154.9

0.1

0.1:q = 5.2, T = 236.2 p. = 0.3802: q = 4.08, T =194.6

0.20 0.04

0.3802: q = 9.02, T = 194.6

0.04 -0.1 0.15 0.02

0.02 -0.3

0.10 0.00

-0.02

004 I I I ~ I ~

0.0 0.2 0.4 0.6 0.8 1.0

-0.7

-0.9

I I I

0.0 0.2 0.4 0.6 0.8 1.0
X

0.05

0.00 I I I

0.0 0.2 0.4 0.6 0.8 1.0

-0.02

p04. I I . I I

0.0 0.2 0.4 0.6 0.8
X

Q 15

p = Q. 1:q = 6.9, T = 154.9

0.6

p=0. l: q=5.2, T= 36.2 p = 0.3802: q = 4.08, T = 194.6 p, = 0.3802: q = 9.02, T =194.6

0.15

0.10

0.4 0. 1

0.10

0.2 0.0

0.05 0.05

p QQ
I ~ I I ~ I

0.0 0.2 0.4 0.6 0.8 1.0
p g I ~ I . I . I

0.0 0.2 0.4 0.6 0.8 1.0
Q 2

I, I, I I

p. Q 0.2 0.4 0.6 0.8 1.0
X (b)

000
0.0 0.2 0.4 0.6 P. S 1.0

0.5

g= 1.0:q=3.8, T=87.9

0.03
p = 1:q = 9.8, T = 274.6

0.4
0.02,

0.3

0.2

0.01

0.1

p 0 I ~ I I ~ I

0.0 0.2 0.4 0.6 0.8 1.0
X

ppl I ~ I ~ I ~ I ~

0.0 0.2 0.4 0.6 0.8 1.0

0.3

p. = 1.0: q = 3.8, T =87.9
0.10

p. = 1.0: q = 9.8 . T = 274.6

0.08

-0.0
0.06

0.04

-0.3 ',

-Q.4

0.02,

0.00

P Qg
I ~ I . I ~ I

0.0 0.2 0.4 0.6 0.8 1.0
p 5

i \ ~ I I . I

0.0 0.2 0.4 0.6 0.8 1.0

FIG. 4. Th
'

s on inhe eigenfunctions corres ondin

(c)

q =6.9 T=
spon ing to absolute and relative g. P

( —. : . , = . and q=4. 08, T=194.6. (c) p, =1.0: q=3. 8, T=8 .=87.9



39 OSCILLATORY MODES IN THE FLOW BETWEEN TWO. . . 769

TABLE I. Critical values of the characteristic parameters
(wave number and Taylor number) of stationary modes for
different values of the rotation ratio p.

Ll
2

p, =05
p = 0.5

0.0
0.1

0.26
0.3802
0.61
0.8
1

6.4
6.9
7.9
9.02

143.1
154.9
176.2
194.6 4.08

4.6
4.0
3.8

194.6
126.6
104.7
87.9

-2

above is in agreement with the interpretation given by
Gerschuni and Zhukhovistkii' for Rayleigh-Benard con-
vection in two immiscible Auids and recently by Kachoy-
an for the Taylor-Dean problem with an external pres-
sure gradient. The evolution of the neutral curves (Fig. 3)
and the associated eigenfunctions (Fig. 4) confirm the
inadequacy of the interpretation given in Ref. 7 to ex-
plain the apparition of the gap between the two loops of
the neutral curve.

0.0 0.2 0.4 0.6 0.8 1.0
X

(a)

p. = 0.5

U
3

~ I ~ ~ I ~ I

3
0.0 0.2 0.4 0.6 0.8 i.0

(b)

p=0.5

B. Time-dependent states

TABLE II. Critical values of the characteristic parameters
(axial wave number, Taylor number, azimuthal wave number,
and frequency) of time-dependent modes for di8'erent values of
the rotation ratio p.

0.26
0.29
0.40
0.50
0.61

6.0
5.0
5.0
5.0
5.0

0.0
0.4
0.6
0.6
0.5

176.2
178.4
155.8
141.0
126.6

11.33
18.88
21.35
18.68
13.77

In the interval of wave numbers within which no sta-
tionary state has been found, we have searched for criti-
cal time-dependent states (axisymmetric, p =0, and
nonaxisymmetric, p&0). From @=0.2 to 0.25, axisym-
metric and nonaxisymmetric states have been found on
the left side of the stationary Ioop, but these states are not
critical because the corresponding minimal value is
higher than that of the stationary branch. From p=0. 26
to 0.29, the minimal value of the Taylor number lies on
the oscillatory axisymmetric branch. From p =0.29 to
0.61, the critical states are oscillatory nonaxisymmetric
(p&0). Table II gives critical values of the characteristic
parameters for selected values of the rotation ratio. For
the time-dependent states, we have plotted the radial
eigenfunction (Fig. 5) for p=0. 5 at different times. Spe-
cial attention must be devoted to the case of the oscillato-
ry nonaxisymmetric disturbances. %'e have found the
unexpected result that oscillatory states with p&0 exist
not only within the gap of wave numbers between the two
stationary loops of the axisymmetric states, but on a
much wider range of wave numbers. A typical example is
depicted in [Fig. 3(g)] for @=0.4. In the absence of ex-
perimental verification and to save computer time, we

I ~ I ~ I ~ I

0.0 0.2 0.4 0.6 0.8 1.0
-2
0.0 0.2 0.4 0.6 i).8 1.0

(~) X (d)

FIG. 5. Radial eigenfunction u of the oscillatory critical
states at different times for p =0.50.

have not determined the whole domain of the existence of
those states. For p&0. 61, the oscillatory states when
they exist are never critical.

C. Phase diagram

The critical values of the Taylor number T for station-
ary and time-dependent states have been plotted as a
function of the rotation ratio p (Fig. 6). The different
branches corresponding to distinct physical states inter-
sect with each other at the following values of p:
p, =0.26, p2=0. 29, and p3=0. 61. For p, =0.26 and

p =0.61, the instability sets in as a stationary and (or) an
oscillatory state. For p2=0. 29, the instability sets in as
an oscillatory state with axisymmetric and (or) nonax-
isymmetric rolls. The points A =(p, T,"'), B =(p2, T,' '),
and C=(p3, T,' ') in which the different physical states
may coexist are sometimes called codimension-2 points. "
The point D =(p4, T,' ') with @4=0.3802 is not critical
but may be considered as a codimension-2 point in which
the stationary Dean and Taylor-Couette states coexist.
This point is important for the understanding of the basic
mechanism of the appearance of structures in the con-
sidered system. The points E and F of Fig. 6 are not crit-
ical: the point E represents the intersection of the oscilla-
tory axisymmetric branch with the stationary Dean
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FIG. 6. Phase diagram of stationary and oscillatory states:
AD is the Taylor stationary branch, DC is the Dean stationary
branch, AF is the oscillatory axisymmetric (p =0) branch, and
EC is the oscillatory nonaxisymmetric (p&0) branch.

FIG. 7. Critical wave number as a function of the rotation
ratio p.

branch, and the point F represents the intersection of the
oscillatory nonaxisymmetric (p&0) branch with the sta-
tionary Taylor branch.

D. Wave number and frequency

The critical wave number q, is found to be a function
of the rotation ratio p and this dependence possesses
discontinuities at codimension-2 points (Fig. 7). The
Taylor-Couette modes have smaller wavelengths than the
Dean modes. This may be attributed to the fact that the
Poiseuille layer (in which Dean rolls occur) has no rigid
boundaries and hence the Dean roll may penetrate more
easily in the whole gap than the Taylor-Couette rolls as
the Couette layer is bounded by the inner cylindrical
wall. The existence for stationary modes, in the vicinity
of the value p=0. 3802, of two neighboring states with
different uncorrelated critical wave numbers may be at
the origin of the oscillating states with modulated wave-
lengths. The oscillatory modes have critical wave num-
bers intermediate within those of the Dean and the
Taylor-Couette modes.

The onset frequency depends on the rotation ratio p
and, in particular, at codimension-2 points, the frequen-
cies are finite and do not vanish: cu( A ) = 11.33 and
cu(C) =13.77. However, it is not possible to decide in the
frame of the linear stability theory whether the oscilla-
tions are related to traveling or standing waves. This
must be done using a nonlinear analysis with amplitude
and phase equations.

There are many other physical systems in which sta-
tionary and oscillatory states coexist, the most known are
the convection in superposed immiscible fluids, ' the hy-
dromagnetic Taylor-Couette flow, ' the convection in
binary mixtures, ' and Taylor-Couette flow in counterro-
tating cylinders. '

Before concluding, it is useful to make some remarks
about the experimental verification of the present results.
Two main assumptions have been made which should
have an influence on the calculated values for threshold

of instability: the small-gap approximation and neglect
of the free-surfaces effects. In the finite-gap case, the
basic flow field has two velocity components, U(r, 9) and
V(r, 0). This case belongs to the class of problems of cen-
trifugal instabilities with nonparallel flow and with the
variation of the main component in the direction of the
basic flow; a typical example of such problems is the
Taylor-Gortler problem. ' The free-surfaces effects imply
the growth of the boundary layer due to the rotation of
the cylinders and then the existence of an entrance
length. Other effects such as interface instabilities may
be avoided by suitable choice of working fluid and system
dimensions so as to delay their threshold.

VII. CONCLUSION

The stability of the flow of a Newtonian liquid between
two coaxial horizontal corotating cylinders with a par-
tially filled gap has been investigated, with emphasis
given to the occurrence of neutral oscillatory modes at
the onset of instability in a range of values of the rotation
ratio 0.26 &p (0.61. We point out the existence of
codimension-2 points in such a system. After this paper
was submitted for publication, experiments were carried
out and preliminary results reported by Mutabazi et aI. '

which indicated a qualitative agreement with the present
theoretical results.
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