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Strongly Nonlinear Effect in Unstable Wakes
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We perform experiments and numerical simulations on the mean streamwise velocity field of
unstable cylinder wake. We show that the mean velocity exhibits two weak secondary minima as
consequence of nonlinear interactions, resulting in a strong mean flow correction of the unstable mo
This correction, dominating the basic flow, governs the decrease in the length of the recirculation reg
DLr in the supercritical regime. This explains the early classical observations of M. Nishioka an
H. Sato [J. Fluid Mech.89, 49 (1978)]. [S0031-9007(97)04455-4]

PACS numbers: 47.27.Vf, 47.20.Ky
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For many decades the classic example of flow around
circular cylinder presented a kaleidoscope of challengin
phenomena, many of which still remain unsolved, i
particular, the behavior governing the size of the eddi
behind the body. In the current work we present a seri
of experimental and numerical data that show a surprisi
spatial behavior of the mean flow in unstable wakes. W
study the mean (time averaged) longitudinal compone
of the velocity field in the vortex shedding regime. W
compare this stationary field with the basic (steady) flo
around the obstacle, and we focus our analysis on t
spatial properties of the mean flow corrections produc
by the hydrodynamic instability.

In the case of a circular cylinder a zone of negativ
values of the streamwise velocity (the recirculation zone
separated flow) appears as soon as the Reynolds numbe
reaches a value of about5 [1]. The prediction of separated
circulation in slow viscous flows around cylinders is
long-standing problem in applied mathematics, especia
in the theory of matched asymptotic expansions. Recen
Keller and Ward [2] gave a first estimation of the critica
Reynolds number, where the twin eddies appear to
Re  2.4, a lower value that is observed experimentall
and numerically. As the Reynolds number increases
the steady laminar regime, the streamwise profiles of t
streamwise (x axis) velocity componentUsx, 0d (on the
y  0 axis) present an increasingly longer and deep
recirculation [1,3,4]. The (negative) minimum reache
in this zone is the only local minimum of the profile
Past this minimum, the profile increases monotonical
to reach, asymptotically, the inflow velocity value. Th
size of the recirculation zone is given byUsx, 0d  0. At
the Reynolds number Rec of about46, the Bénard–von
Kármán instability sets in. The flow is no longer stead
and symmetric with respect to the plane defined by th
cylinder axis and the inflow velocity direction. However
the mean flow conserves this symmetry and allows o
to generalize the length of the recirculation zoneLr on
0031-9007y97y79(20)y3893(4)$10.00
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the basis of the longitudinal profile of the mean (tim
averaged) streamwise velocity. At supercritical Reyno
numbers the recirculation length starts to decrease,
was observed by Nishioka and Sato [5]. Until now, n
explanation was given for this strong decrease inLr 
Lr sRed. In the present paper we show that this decrea
is the result of a strong mean flow correction of th
unstable mode.

Furthermore, we show that at sufficiently high supe
critical Reynolds numbers the mean streamwise veloc
profile no longer grows monotonically downstream of th
recirculation zone but exhibits two consecutive minim
the second of which was reported by Williamson a
Prasad [6]. Their experimental investigation of the f
wake mean velocity deficit provides evidence of a min
mum far downstream (about50 cylinder diameters) of the
recirculation zone. Here we present evidence of the fi
minimum located at about 11 cylinder diameters, which
our knowledge was not previously reported.

To analyze more deeply the phenomena connected
the decrease ofLr for Re . Rec, we have carried out
experiments and numerical simulations in confined a
unconfined wake flow. The obtained experimental a
numerical results are explained on the basis of the rece
proposed nonlinear theory of the Bénard–von Kárm
instability [7] by analyzing separately the mean value, t
basic flow, and the nonlinear mean value correction.

Numerical simulations were carried out using a spect
element solver NEKTON. We simulated an unconfin
and a confined 2D wake representing the experimen
configuration. For the unconfined case the same spec
element mesh and high resolution as that used in Refs.
and [8] were applied, which allowed us to bring th
numerical errors below 1% (see [9]). The characterist
of the cylinder wake obtained in [7,8] compare extreme
well with known experimental data, namely, those
Williamson [10]. The confined 2D configuration is
rectangular domain that is 16.6 cylinder diameters lar
© 1997 The American Physical Society 3893
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and 100 diameters long. The confined flow simulatio
can thus be considered to be of the same numeri
accuracy as that of the unconfined flow. The interest
this numerical experiment is to observe the same physi
trends as in real experiments.

In the unconfined domain, where Rec  46, we have
simulated the oscillating and basic flow fore  sRe 2

RecdyRec  2.26. The stationary basic flow was obtained
by forcing the symmetry with respect to thex axis by im-
posing a zero transverse velocity aty  0. In Fig. 1(a) we
plotted the basic flow and the mean (time averaged) val
of the streamwise velocity on the symmetry axis. The o
served mean velocity is negative immediately downstrea
from the obstacle. Further downstream, the mean velo
ity becomes positive and passes through two minima d
noted M1 and M2 before assuming the growing trend
the exit of the domain. The basic flow grows monoton
cally downstream of the recirculation region. The dif

FIG. 1. Longitudinal profile of the streamwise mean velocit
(dash-dotted line), basic flow (thick solid line), instantaneou
values (solid line), and mean value correction (dashed line
(a) for unconfined cylinder ande  sRe 2 RecdyRec  2.26
(V0 is the inflow velocity) and (b) for confined cylinder and
e  sRe 2 RecdyRec  0.73 (V0 is the average of the inflow
velocity). M1 and M2 denote the secondary minima in th
mean velocity profile. The inset in (b) enlarges the vicinity o
the point M1.
3894
n
cal
of
cal

ue
b-
m
c-
e-
at
i-
-

y
s
);

e
f

ference between both profiles, called themean flow cor-
rection, is also plotted in this figure. This correction is
quite large. Close to the recirculation region the max
mum of the mean flow correction is larger than the mea
oscillating flow velocity. The rapid increase of the ba
sic flow velocity causes the secondary minimum M1 in th
mean flow profile at about 11 diameters downstream of th
cylinder. Furthermore, we recover, at about50 diameters
downstream, the secondary minimum M2 reported expe
mentally by Cimbala [11] and Williamson and Prasad [6]
resulting from the minimum of the mean value correction
As a result, the profile has a wavy character with as muc
as three local minima: that lying in the recirculation zon
very close to the cylinder, and two secondary minima a
11 and50 cylinder diameters downstream.

The position of the last minimum agrees well with tha
found in [11] and [6]. The velocity deficit found by simu-
lation (0.4 of the inflow velocity) agrees rather well with
that in [11]. We found that this secondary minimum ap
pears as early ase  0.3, about 40 diameters downstream
of the cylinder, and its distance from the cylinder in
creases slightly with increasing Reynolds number. Th
velocity deficit grows with the Reynolds number: It is
of 0.2 of the inflow velocity at about 40 diameters for
e  0.3, of 0.3 at about 45 diameters fore  1.17, and
0.4 at about 50 diameters fore  2.26.

It should be noted that,32 diameters and further
downstream, the basic flow streamwise velocity becom
larger than the oscillating flow velocity. This means tha
on the symmetry axis the instability accelerates the flo
in the first30d and slows it down further downstream as
a consequence of a nonlinear saturation mechanism [12

In Fig. 1(a) we have also plotted the instantaneou
streamwise velocity profile showing that, downstream
of the minimum at 50 diameters, the oscillations of
the global mode of the second harmonic [13,14], th
fundamental mode being zero on the symmetry axis, a
imperceptible.

A 2D computational domain with experimental geome
try and velocity profile, which was flat in the center and
had stick boundary conditions at the side walls, was als
considered. The critical Reynolds number Rec  62 was
calculated on the basis of the flat velocity value in the cen
ter at the inflow. Subsequently, this velocity was correcte
for the acceleration of the flow due to confinement (6%
increase in our case, see [15]). Fore  0.73 the mean
velocity profile obtained in numerical simulations is simi-
lar to the unconfined case [Fig. 1(b)]. The first seconda
minimum after the recirculation zone degenerates to a loc
minimum of the slope and is situated at about6d down-
stream [see inset in Fig. 1(b)]. This can be explained by
significantly smaller mean flow correction maximum. The
second minimum M2 occurs at about18d and, similarly,
to thee  2.26 unconfined case it also corresponds to th
end of the global mode. The fact that this minimum oc
curs much closer to the obstacle is due to the proximity o
the lateral walls, which prevent the wake from spreading
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We have performed experiments in a large blocka
ratio sdyly  1y16.6d low velocity water tunnel of square
section with lz  ly  5 cm (the experimental setup is
described in [14,16]) and a cylindrical obstacle attach
directly to the side walls. Hered  3 mm is the diameter
of the bluff body,ly is the vertical, andlz is the spanwise
extension of the tunnel. We measured the streamw
velocity with a laser Doppler anemometer. We foun
that the critical Reynolds number is equal to59.8 6 7,
estimated with the average velocity at the inflow. Th
probe scans the flow along the central planes y  0d from
x  dy2 (the downstream face of the bluff body) unt
x  34d, in steps of1.6d. We have measured the mea
velocity profile along the centraly  0 plane. Although
the experimental flow is characterized by 3D effects at t
considered aspect ratio, a very good qualitative agreem
with the confined 2D simulation was found [see Fig. 1(b
showing that the described phenomena are not restric
2D flows. The second secondary minimum M2 is clear
visible at15d, while the minimum M1 is only suggested
by the data.

We turn now to a more detailed study of the chan
of the recirculation length due to the development
the instability. For this purpose we have plotted,
Fig. 2(a), Lr for the basic and mean unstable flow as
function of the Reynolds number. Indeed whileLr grows
linearly for the basic flow, it starts decreasing as soon
the flow becomes unstable (here for Re 46). For the
basic flow we have foundLryd  0.0670s60.0008dRe 2

0.405s 6 0.035d giving Re 6.0 6 0.5 for the onset of
the recirculation, in agreement with earlier results [1
The difference inLr increases with the Reynolds numbe
suggesting that the mean flow correction becomes m
important. This differenceDLr depends on the distance
from the instability threshold, and the best fit of the da
gives a power lawDLr yd , e0.84 which is close to a
linear dependence on the Reynolds number [Fig. 2(b
A similar scaling was also observed recently in [17
Therefore it is the decrease in the recirculation lengthDLr

that characterizes the Bénard–von Kármán instability a
not the absolute length of the recirculation, for which n
scaling law as a function ofe can be found, as was shown
in [13]. This decrease in size of the eddies acts as a glo
order parameter.

Let us take a stream function formulation of the 2
Navier-Stokes equations as a starting point in order
reduce the flow characterization to just one scalar variab

In [7] it was shown that, if the unsteady Navier-Stoke
solution describing the instability is decomposed into t
sum c  c0 1 w of the steady but unstable flowc0
and of the oscillating perturbationw, the latter can be
expanded into the Fourier series,

wstd 
1X̀

n2`

cnstdeinvt , (1)

with v expressing the angular frequency of the wak
The Navier-Stokes equation for the perturbation writte
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FIG. 2. Reynolds number dependence of (a) the length of
recirculation zoneLr yd (unconfined circular cylinder). Circles
mean value; squares: basic flow. (b) The decrease of
recirculation lengthDLr yd. Solid line: best power law fit;
dashed line: best linear fit.

in a compact form as

≠=2w

≠t
1 L fc0gw 1 Bsw, wd  0 , (2)

with B andL fc0g standing, respectively, for the bilinea
operator defining the nonlinearity, and the Navier-Stok
operator can then be replaced by the following system
coupled nonlinear equations for the Fourier modescn:

≠=2cn

≠t
1 sL fc0g 1 inv=2dcn 1

1X̀
k2`

Bsck , cn2kd  0 .

(3)

Equation (3) can easily be solved numerically [18] a
analyzed theoretically [7] due to the fact that the mod
cn  c2n have been shown to be rapidly decreasing
functions ofn.

This simple approach allows one to explain the ph
nomena described above. The mean value of the w
flow field is expressed as the sum of the (unperturbe
basic flow and the mean value of the nonlinear pertur
tion w:

kcl  c0 1 c0 . (4)
3895
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In [7] it has been shown that, at least in the neighborho
of the threshold, the dominant mode is the fundamen
n  1, the maxima of the higher harmonics being rough
proportional to thenth power of the ratio of the maximum
of the amplitude of the fundamental and the inflow
velocity. Extensive numerical analysis [8,18] confirme
the validity of this statement.

As far as the mean value correction is concerned,
is proportional to the square of the magnitude of th
fundamental close to the threshold; however, it so
becomes extremely significant, as shown in Figs. 1(a) a
1(b). Already quite close to the threshold, this correctio
is non-negligible (see [8]). At twice the threshold an
above, it dominates the wake. Contrary to the me
oscillating flow, the basic flow continues to have th
expected shape far above the threshold, and its evolut
with increasing Reynolds number follows the expecte
trend with a growing recirculation zone [see Fig. 2(a)—
squares] and slowing downstream growth of the profi
The nonlinear correctionc0 is primarily generated by the
fundamental, and has thus a similar simple shape.
contrast, their sum [dash-dotted lines in Figs. 1(a) a
1(b)] can be quite complex. The trend of the mea
streamwise velocity to increase or decrease is the res
of the balance of the downstream slopes of the ba
flow and the nonlinear mean velocity correction, an
depends strongly on the configuration and the Reyno
number. The nonlinear mean flow correction reach
values comparable to the inflow velocity [see Fig. 1(a)
which explains why it can lead to qualitatively differen
spatial structures of the mean and basic flows, and
Reynolds number dependence of the recirculation zo
plotted in Fig. 2.

In conclusion, we have shown the existence of two se
ondary minima in the mean longitudinal velocity profile
downstream of the bluff body, in the vortex sheddin
regime in both numerical simulations and experiment
data. We demonstrate that the deformation of the ba
flow is generated by the presence of the zeroth Four
component of the velocity perturbation playing the ro
of mean flow correction. Our results imply that the non
linear effects in unstable wakes appear to be extrem
significant at already moderate Reynolds numbers, re
gating linear and weakly nonlinear considerations on
to the relatively restrained domain of problems treatin
the very onset of the instability. The presented analy
shows that the aspect of the mean oscillating flow is t
result of nonlinear coupling between the basic flow an
the fundamental unstable mode.

The physical explanation of the supercritical decrea
in Lr is the existence of the strong mean flow correctio
concentrated within the recirculation zone of the bas
flow that can be interpreted as a source of positi
velocity pumping inside the region of negative velocity
This pumping shortens the recirculation zone and brin
the saddle point of the velocity field closer to the sheddin
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body. Consequently, the linear growth of the recirculatio
length Lr in the subcritical region is stopped andLr

starts to decrease, explaining an old and classical re
of fluid mechanics [5]. We show that this decreas
in the recirculation lengthDLr is a characteristic order
parameter of the Bénard–von Kármán instability an
scales withe. Indeed, for the stationary flowsRe ,

Recd Lr , V0 (where V0 is the basic flow), while for
sRe . Recd—the supercritical case—kV l  V0 2 dV ,
where dV is the nonlinear correction. This nonlinea
correction is of the second order in the parameter of t
instability (the amplitude of the oscillationsA , e1y2),
sodV , A2 , e. Consequently,Lr , sV0 2 ed. From
this simple consideration we deduce thatDLr , e, which
is close to the result obtained in numerical simulations.

A fully nonlinear theoretical approach to the instabilit
analysis leads to considering the nonlinear correction
the mean flow due to the instability onset. A combina
tion of numerical simulations and velocity measuremen
presented here allowed us to quantify its role, showed
extreme significance, and provided an explanation for se
eral well-known but puzzling features of wakes.
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